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ON THE SOLUTIONS OF THE SYSTEM OF RATIONAL
DIFFERENCE EQUATIONS a1 = 521, yuy = ;- 21, AND
Zn—1
xnynzn—lfl

Zn4+1 =
SALEEM AL-ASHHAB!*

ABSTRACT. In this paper, we introduce systems of difference equations, namely
= Sn-l = U1 _ " and = —Z%=1___ Tn additio e
Tnt1 = 210 Yntl = g4, =1 a0d Zpp1 = 7. 10 ition, w

obtain the general form of the solutions for these systems.

Zn—1

1. INTRODUCTION AND PRELIMINARIES

Recently many researchers are interested in the study of the behavior of solu-
tions of difference equations. In [1], the difference equation

1 A,
Tp1 = Max§ —,
Tn Tp—1

was considered and the general form of the solutions was explicitly computed
in some cases. In [2], the general form of the solutions of the difference equation

Tp—5
+1+ Tp-1Tn—3Tn-5

Tp+l =

was computed. In [3], Ginar studied the solutions of the system of rational
difference equations

1
Tpny1 = —
Yn
Yn
Yn+1
Tn—-1Yn—1

In [7], Kurbanli, Ginar and Yalcinkaya studied the behavior of positive solutions
of the system of rational difference equations

Tp-1
Tpnt1 = — 7>
- YnTn—-1 + 1
— Yn—1
Yot TnYn—1 + 1
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In [5], Kurbanli studied the system

. Tn—1
Tn+1 =
YnTp—1 — 1
o Yn—1
Yn+1 = 1
TnYn—1 —
Zn—1
Zn+1 1
YnZn—1 —

In this system, there is a similarity between x and y. The general formulae for
Tnat, Yni1, and 2,1 were computed. Using these formulae some limit properties

were proved. In [6], Kurbanli also studied the system
Tp-1 Yn—1
Tpp1 = ——— 5 Ynp1 =
YnTp—1 — 1 TnYn—1 — 1
1
“n+l = .
YnZn

Motivated by these works, we consider the two systems

g = —27L g =Yt
Tp—1 +1 TnYn—1 +1
In the case of negative sign, we obtain simple results, which can be used in the
study of the extension of the system to the system

o Tp—1 o Yn—1
Tnt1 = 17 Yn+1 =
Tp—1 —

d Zn—1
yand 2, 1 = ———
TnYn—1 — 1 i TnYnin—1 — 1

1.1. helpful result. We use basically the following two relations, which are easily
proven by mathematical induction on n.

Lemma 1.1. Let p,q € R such that p > 0. For every positive integers m and n

the following holds
L [(n+2%2)

[1(p+al) = ¢""' —5qzy— , and
=0
7 n+1

— q pt+q
le[_ﬂ(p + QZ) = mf(n + T)

2. SYSTEMS OF TWO EQUATIONS

We denote r by a positive fixed real number. We consider now the following
system of equations

Lp—1
Tn =
+1 T T
Yn—1
g = It 2.1
Yn+1 Tt + 7 (2.1)

We take the initial values
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rg = b, x_1=c,
Yo = a,andy_;=d
In this case, we obtain
T_q c Y_1 d
Tr1 = = = —_=
Yol 4+r o+ h Toy_1 +r  bd+r
I b v _ ale+r) alc+r)
2_950—1—1_b+r’y2_x1yo+r_ac+cr+r2_ac+r(c+7’)
c d(b+r)
T3 ="7""T"N., 2> ¥=
(r+1)c+r bd + r(bd+r)(b+ 1)
b

T 2

a(c+r)(r* +c(r+1))

y= ac(c+r)+acr((r+ Lc+1r2)+r2(c+r)((r+1)c+r?)

C

T S+ 1)

B d(b+7)(b(1+71)+1r?)
v = bd(b+r) +bdr(b(1+r) +r2) +r2(bd+r)(b+r)(b(1 + 1)+ 12)’

We use the notation

Gb,j)="+Q+r+..+r71)b)

Hence, using our notation we can rewrite y, and ys as follows

aG(c,1)G(c,2)
acG(c, 1) + G(c, 2)(acr 4 cr? +r3)

Yqa =

B dG(b, 1)G(b,2)
Y5 = 504G, 1) + bdrG(b,2) + r2(bd + 1)G(b, 1)G(b, 2)

From these calculations, we conclude that the general form of the solution of
T, 1S

Lok G(b,k)7 or ) Sy
C
—— f =12, ..
Tok+1 G(C,k"‘ 1)7 or k 3 4y

Further, we conclude that
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On the other hand, we obtain for all 0 < j < k that

Gb k}]l k
H“—] I1 (1 +w) H (14 1b) =

G(bk ) 1=0 =k—j+1
bkﬁjr(k;—j—w%b) bkt ( 1+b):
I'(3) bt (k — j + ) b
1. _ 1+0 . 1+0,
(C() T+ ——)k—j—1+——)"
b b b
Hence,
_,G(b bE+1d 1+b oo 1
Zbdﬂ b.3) - L(k + iy : % —
bk—]) I'(5) b k- 144
bFt1d 1+0b 1+0b 1+0b
—T(k+ —)(U(k -
F(%)(er)((er) (b))

where the symbol U denotes the Psi (Digamma) function. We obtain now the
formula

1+0 1+ 1.
Yo = (U(k + ——=) = ¥(——=) +b+ o)
b b d
Similarly, we obtain
1+e¢ 1+¢ 1
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We consider also the special case that r = 1. We conclude first that the general
form of the solution for z,, is

b
e {F
Topp1 = { i g :/31:_2[1
—1

where [ =0,1,2, ...

Secondly, the general form of yor 11 (for k=1,2,3,...) is dg’(;i),
where b—(I+1)db?* +2(l+1)bd -1, k=2l+1

E(k) = { Q422 —b— (2A+3)bd+1, k=242 ©CTI=05L2.

The general form of yo (for k = 2,3,4,5,...) is a](jc(_ki),

where c+(l+1)ac —2(l+1)ac—1,k=20+2

D(k) = { (2l + 3)ac — ¢ — (I + Dac® + 1, k=243 rR=12.

3. SYSTEMS OF THREE EQUATIONS

In this section, we extend the results for the system (2.1) in the special case
that »r = —1. To perform this extension, we use the existing formulae of system
(2.1). We consider now the following system

Tn—1
Tpag = —t 3.1
" Tp—1 — ]—7 ( )
_ Yn—1
Yn+1 = )
TplYn_1 — 1
Zn—1
Zn+l =

TnlUYnZn_1 — 1

In the general case, we take the initial values as

g = b, x1=c (3.2)
Yo = a, y-1=d
20 = f7 Z-1=4

Let
p=">b—b*d+2bd — 1,q = 2bd — b*d and r = 2b*d — b — 3bd + 1.

Then, we express the E(k)’s as follows

E(2141) = b—(14+1)db?+2(1+1)bd—1 = (2bd—b2d)l+(b—b*d+2bd—1) = p+ql,
B(21+2) = (14+2)db? —b— (21+3)bd+1 = (b2d—2bd)l+ (2b2d—b—3bd+1) = r—ql.

According to system (3.1) and (3.2) we obtain
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Tr_q C
€T et g
! z_1—1 c¢—1
= y_l = d
4 ToY—-1 — 1 bd — 1
Z = Z_l = g
' ToYoz-1 —1  bag —1
Zo b
€T et et
2 o — 1 b— 17
Yy a  alc—1) a(c—1)
v2 = Tiyo—1 SHa—1 ac—c+1  D(1)
L 20 B f _ fle=1)(bd - 1)
2 —_ prmm— pu
niyizo— 1 S f—1 cdf —(c—1)(bd —1)
L1
T3 = =c
3 T — 1 )
d
s — oo b1 _ dib—1) _ d(b—1)
Ty -1 21 bd—(b—1)(bd—1)  E(1)
b -1
23 = ( a(C ) g _ 1)—1 g _
b—1 D(1) bag—1 bag — 1
g(b-1)D(1)
bag(c —1) — (b—1)(bag — 1)D(1)
X2
= prm— b
o To — 1
_ Yy ;C(:i)l _ a(lc—1) _ a(c—1)
Ya T3y — 1 C;c(i_;_l)l —1 aclc—1)—(ac—c+1) D(2)
fle=1)(bd—1)
. <2 . cd—(c—1)(bd—1) .
4= Tayzzg — 1 od0-D _JleDd—1) |

E(1) cdf—(c—1)(bd—1)
fle=1)(bd = 1)E(1)
cdf (b—1)(c—1)(bd — 1) — E(1)(cdf — (¢ — 1)(bd — 1))
fle=1)(bd = )E()
H
We adopt the following notations for the next work
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H =cdf(b—1)(c—1)(bd — 1) — E(1)(cdf — (¢ — 1)(bd — 1)),
T =bag(c—1) — (b—1)(bag — 1)D(1).

Thus
fle=1)(bd — 1)E(1)
24 = H
XT3 C
:L‘5 = —=
r3 — 1 c—1
d(b—1
T bd—(b(—l)(lZd—l) B dib—1) _db-1)
5 = d(b—1) - _1) — _(h— _ -
bm —1 bdb—1)—(bd— (b—1)(bd—1)) E(2)
g9(b=1)D(1)
o Z3 _ bag(c—1)—(b—1)(bag—1)D(1) _
> Tayszs — 1 pale=l) 9(b—1)D(1) 1

D(2) bag(c—1)—(b—1)(bag—1)D(1)
o(b - D)D) .
bag(b— (e~ DD(1) — (bagle — 1) — (b — 1)(bag — DD(1)D(2)
g(b—1)D(1)D(2)
bag(b— D(c— D)D(1) — TD(2)

_alc—1)
Yo = —D(3)

- He= (b1 EQ)

- Tsysza — 1 C_leg(—z;) f(C—l)(bg—l)E‘(l) 1
(

 fle=1)(bd—1)E(1)E(2)
~cdf(b—1)(bd — 1)E(1) — HE(2)
d(b—1)

E(3)

zZ

Y7 =

g(b—1)D(1)D(2)
<5 bag(b—1)(c—1)D(1)—TD(2)

17 b a1 (b—D)D()D(2) -
T6Yszs — 1 -1 D(3) bag(bfl)(cfl)D(l)fTD@) —1

g(b—1)D(1)D(2)D(3)
bag(c — 1)D(1)D(2) — bag(b — 1)(c — 1)D(1)D(3) + TD(2)D(3)

2y =

f(c=1)(bd—1)E(1)E(2)

7 = 26 . cdf (b—1)(bd—1)E(1)—HE(2) -
- 1 db-1) f(c=1)(bd—1)EQ1)E(2) -

rryrze — 1 e BG) el -1 (bd—T)E()-HE®@) — L

fle=1)(bd = 1)E(1)E(2)E(3)
cdf(b—1)(c—1)(bd — 1)E(1)E(2) — cdf (b—1)(bd — 1)E(1)E(3) + HE(2)E(3)
We denote the denominator of zo, by F(k). We set
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K =cdf(b—1)(bd —1).
We set
Product(1,...M)=E(1)E(2)...E(M)

For all numbers k = 2n 4+ 3 we conclude in general

F(k) — K{Sl . (C . 1)82} - HProduct(l ..... 2n+2)

E(1)

and for all numbers k& = 2n + 2:

F(k) = K{Ss+ (c — 1)S,} + HPrOducgg};)"»2n+l>.

o n Product(1,...,2n+2)
S1="2 1m0 E@m+2)
o n Product(1,...,2n+2)
Sy = mel E(2m+1) ’
_ n—1 Product(1,...,2n+1)
53 - Zm:O E(2m+2) ’
_ n Product(1,...,2n+1)
84 - Zmzl E(2m+1)
Our helpful lemma (1.1) implies
m—1 n—1 n
1) Breduetleentl) — (T (r —gl))( I (r—a))(T1(p +al) =
=0 I=m+1 =0
m—1 i D(m—1-"24)
H (7” - ql) = ( Q) r(—I)
=0 a
T (" iy 1 T
l:g+1(r - ql) T q)m+1p(m,7qq) n—1- T)
n nt1 D(n+P)
[T +4l) = 4" =5z
=0

Hence, we obtain

Product(1,...,2n+1)
E(@2m+2) =

(=@ (O (=HT(E) T~ 1= 590w + 259)

I'(m—1— r;q)
q F(mf%;q)

—L(n)T(n—1—"2)(m—1—=4)"!

q

n—1 m—1 n

g) Broductlundut) _ (L6 =g o+a) 11 (p+aD) =

) et — ([l +a)(fL o —a)( 11 0—a) -
gL(m)T(n— =2)(m — 1 — =)
4) Prodl;(tz(i;liQ)n+2):(H<r —ql))( ]:[ p+a))( IT (p+al)) =

where

113
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In general we obtain for even numbers k = 2n + 2:

F(k) = L(n)C(n — 1 = =4)(K(S5 + (¢ = 1)5) +  H)

where
n—1 r—q\—
S5 =3 mep(m — 1 —4)7h,
Se = e (m — 14 EH)!
Hence
F(k)=L(n)I'(n—1-— T;q)Y(kz)
where

Y (n) = K{U(=2) = W(=3) + (c = (V(225E20) — w(20)} + 411
On the other hand we have
Zn_ Product(1,...,2n+2) _ qL(n)F(n r— )( (q T‘+TLQ) \Ij(_i))

m=0 E(2m+2) p
n Product(1,..., n n
S SR L )0 - SO (D) — 9230

In general we obtain the following formula for F'(k) in case of k = 2n + 3:

Product(1,...,2n+2) n Product(1,...,2n+2) Product(1,...,2n42) __
K{> o 2m+2) —(c=1) 2 E@m+1) y—H E(1) =

—¢*L(n)T'(n — =1) Z (k)

where

Z(n) = K{U(T5H) = W(=1) + (¢ = D)(U(HL) — W(2H)} + 2H.

q
The numerator of zy is equal to

fle=1)(bd—1)EQ)E(2)...E(k —1).
Regarding the numerator of 2o, we have two cases:
(1) Assume k = 2n + 3 : In this case
EMWE2)..E(k—1)=E1)E(2)...E(2n +2),

n n+Pta
B()EE). B@n+1)=1p+d) =g T,
-0 q

B@EW..E@n+2) = [T - a) = (-0 s
Hence, we obtain the relation
E()..E2n+2) = —¢*L(n)l'(n — =1).
(2) Assume k = 2n + 2 : In this case
E(1)E?2)..E(k—1)=E(1)..E2n+1) =
nl n P(n—1-72)  D(n42F9)

H (T’ - ql) H(p + ql) = (_Q)n T(-I) q T(D)

1=0 1=0
3 r—q
¢’ L(n)I'(n —1—=1).

QI

So, we reach the following formulae

Zor = qf (¢ —1)(bd — ) pif k= 2n+2,
2o, = —qf(c—1)(bd — 1) ,if k=2n+3.

1’L

We set
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W(n) = K (e~ D(W(E429) - $(229)) — W(=2)) + 4H

q q q

We rewrite the general solution as
2o = —qf(c = 1)(bd = 1)(KW( (g —r +ng)) + W(n))™,
ifk=20+3 (forl=1,2,...),
2 = qf(c = 1)(bd — D)(EV(—(r —nq)) + W(n))™*,
ifk=2n+2(forn=2,3,...).
We rewrite also

D2l +1) = (2ac — ac®)l + (ac —c+ 1) = v+ ul
D2l +2) = (ac® = 2ac)l + (¢ + ac®* — 2ac — 1) = s — ul
We use the notation
X(1) = bag(c — D{W (L) — W(wE) — (b= 1)U(=2))} + 4T
We can anologous to our previous computations conclude that: The general
solution can be written (for n =1,2,3,...) as

Zop1 = gu(b — 1)(X (n) + bag(b — 1)(c — 1)¥(—1(s — nu)) ™
if k=20 41,
a1 = —gu(b — 1)(X(n) + bag(b — 1)(c = 1) (5 (u — s + nu))) ™
it k=2n+2.

We summarize our calculations in the next theorem.

Theorem 3.1. Let a,b,c,d € R. If

xrg = b, x_1=c
Yo = a, y-1=d
20 = [, z2a1=9
then the solution of the system (3.1) and (3.2) is given by

. B { c,k=20+1
2k+1 Cfl; — 9
b k=20+1
— b—1
ok { b, k=2
forl=0,1,2,3,..
dib—1)
Yok+1 E(k:)
a(c—1)
Yok = D(k)
fork=23,4,..
— —1)(bd — 1
2ok af(c = 1) ) Jk=20+3

T KU(X(g 1+ ng) + W (D)
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_ _ gu(b —1) _
LTI N ) bag(b— 1) (e — 1)W(—2(s — lu))’k =2+l
_ —gu(b—1) B
T X (1) + bag(b— D)(c — DU(L(u— s + [u))’ k=242
forl=1,2,3, ..
~ qfle=1)(bd—1) B
@”_Kwegw—m»+wwyk_%+2
forl=2,3,4,..

Next we list some special cases of theorem 3.1.
Corollary 3.2. Let a,b,c,d € R. If

ro=a, T1=byo=y-1=0,20=¢, 2.1 =d
then the solution of the system (3.1) and (3.2) is

{b,k 20+ 1
Top+1 =

b
—1’ k': l
B = k=2+
=Y a, k=2+2
forl1=0,1,2,3,...
Yn = 0
form=1,23, ...
zoe1 = (1), zgpg0 = (=) e

fork=20,1,2,3,...

Corollary 3.3. Let a,b,c,d € R. If
ro=a,r_1=d,yo=>b,y_1=0,20=c,, and z_1 =0,
then the solution of the system (3.1) and (3.2) is

. {d,k:%+1
2k+1 — d .
" 4 k=2
_ L k=20+1
ok = a, k=2l
b(d—1) B
Yor = { ;(dW7 k=20+1
Tt k=20+2
forl1=0,1,2,3,...

Yors1 = 0, Zopr1 =0, zopro = (—)Fc
fork=20,1,2,3,...
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