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ON THE FREE BOUNDARY PROBLEM FOR A
PREDATOR-PREY MODEL WITH FEAR EFFECT

JOZIL TAKHIROV1∗ and BUNYODBEK ANVARJONOV1

Abstract. This manuscript proposes a three-species model with a free food
chain boundary to study the effects of fear. The well-posedness and uniform
estimates for the solution are proved, as well as the behavior of the components
of the solution and the unknown boundary over large time intervals. The
findings suggest that the effect of fear of predators can move a system from a
chaotic to a stable state. The results may provide useful biological information
about ecosystems in which predator-prey interactions occur.

1. Introduction

It is a common observation that species hunt one species and at the same time
are hunted by other species. These phenomena create complex networks within
ecosystems, and studying the influence of fear on the population of species expe-
riencing it is of great importance.

Fear of predators is a well-recognized phenomenon that occurs as a result of
predation in a natural food chain or food web ecosystem. Wang et al. [25]
published the first food chain model that considered the effect of fear of predators
on the growth rate of prey. The indirect effects of fear have been studied by
incorporating it into several food web models in different ecological contexts.

Due to the increasingly in-depth discussion of prey-predator models, more and
more elements were introduced into the model. By introducing the fear effect
[26, 20], it is concluded that the prey’s fear of a predator changes the rules
of its growth and development. The presence of a predator can significantly
change the behavior of the prey to the point that it can influence the prey more
influentially than direct predation. Recently, a large number of scientific articles
have been published on the influence of fear in predator-prey systems [3, 4, 6, 12,
17, 18]. More generally, some recent notable works analyzing nonlinear differential
equations can be found in [10, 7, 2].

For example, in [16] the authors develop a mathematical model of the food
chain dynamics of an ecological community, and in [15] the authors consider a
model of the predator-prey fear effect with mutual interference or group defense.
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For the mutual interference model, it is shown that the internal equilibrium is
globally stable, and mutual interference can stabilize the predator-prey system.
In [21], a prey-predator model with a linear functional response was considered
and it was shown that fear does not affect the stability of equilibrium, but the
time difference between the two populations has a positive effect.

The work [1] considers ”a predator-prey model with density-dependent prey
taxis and the structure of predator stages”. The existence of classical solutions
with a time-uniform boundary in the one-dimensional case is established. Zhang
et. al. [27] studied the influence of fear and prey refuge on the stability of the
predator-prey system and showed that the effect of fear can stabilize the system.
Tiwari et al. [23] examined a predator-prey model with a functional Beddington-
DeAngelis response and the influence of fear on prey, and discussed the stability
and bifurcations of the system.

2. Preliminaries

2.1. About ODE mathematical models. Here we present the main assump-
tions of [16] to substantiate the model and use them when constructing a spatial
model. In [16], the authors constructed an ODE model of the fear effect in
”a three-species food chain model of an ecological community with a general-
ist predator”. Three species are considered: prey, intermediate predator, and
main predator, and their densities are denoted by x(t), y(t), and z(t) under the
following assumptions:

1. ”In the absence of predators, prey species grow logistically at their growth
rate r, and carrying capacity r/d; d is the density-dependent mortality
rate.”

2. ”Abduction of prey species by intermediate predators is quantified using

the Holling type II functional response, which is defined as
α1xy

m+ x
, where

α1 is the capture rate and m is the half-saturation constant.”
3. Intermediate predators belong to a specialized type, i.e., their food source

is only the prey in question.
4. ”The density of intermediate predators decreases due to natural mortality,

as well as intraspecific competition. Let us denote natural mortality and
the coefficient of intraspecific competition of intermediate predators by δ1
and δ2, respectively. Their densities are also reduced by predation by top
predators, which is modeled by the bilinear functional response α2yz.”

5. ”The growth rate is proportional to the functional response with a con-
stant of proportionality θ2. The density of top predators decreases due to
natural mortality at a rate of δ3.”

6. ”Unlike intermediate predators, apex predators are universal. Growth is

determined by the relation
ηz

1 + η0z
, where η is the per capita reproduction

rate and η0 is the population size, depending on population density.”
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Then the model of [16] takes the following form:

dx

dt
= rx− dx2 − α1xy

m+ x
,

dy

dt
=
θ1α1xy

m+ x
− δ1y − δ2y2 − α2yz,

dz

dt
=

ηz

1 + η0z
+ θ2α2yz − δ3z,

(2.1)

where x(0) > 0, y(0) > 0 and z(0) > 0. Note that above, the value of η must
be greater than δ3 - the natural mortality of top predators.

The aggregation process increases intraspecific competition between prey due
to limited resources. To model this mathematically, the cost of fear is taken into
account by adjusting parameters that control the prey population growth and
intraspecific competition. Specifically, the growth rate r of the prey species is

multiplied by a decreasing function
1

1 + ω1y
. The effect of fear on intraspecific

competition is taken into account by applying the increasing function 1 + ω2y to
d. Here, ω1 and ω2 are the fear parameters.

The predation rate of intermediate predators varies by a factor of
1

1 + ω3z
,

where ω3 is the fear parameter and z is the density of top predators. The period
of growth in a mesopredator population is proportional to the modified functional
response with a constant of proportionality θ1, including the same coefficient

1

1 + ω3z
. Consequently, the coefficient of intraspecific competition δ2 is adjusted

by an increasing function 1 + ω4z, where ω4 is the fear parameter. This modifi-
cation of the model formulation reflects the complex interaction of participants
and has the form

dx

dt
=

rx

1 + ω1y
− d(1 + ω2y)x2 − 1

1 + ω3z

α1xy

m+ x
,

dy

dt
=

1

1 + ω3z

θ1α1xy

m+ x
− δ1y − δ2(1 + ω4z)y2 − α2yz,

dz

dt
=

ηz

1 + η0z
+ θ2α2yz − δ3z,

(2.2)

with initial condition x(0) > 0, y(0) > 0 and z(0) > 0.
The positivity and condition of boundedness of solutions of system (2.2) are

established, ensuring the proposed system’s meaningfulness from an environmen-
tal point of view. Next, equilibrium points are determined to understand the
system’s long-term behavior. Equilibrium points represent stable states at which
changes in population size cease. It is easy to see that the last model has three
axial equilibria: E0(0, 0, 0), E1(x̂, 0, 0) and E2(0, 0, ẑ); flat equilibrium E3(x̂, 0, ẑ),

where x̂ =
r

d
and ẑ = (η − δ3)/η0δ3 > 0, since η > δ3.

The authors investigated the potential existence of a Hopf bifurcation by exam-
ining the direction and stability of the resulting periodic solution resulting from
this bifurcation phenomenon.
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The results demonstrate the stability of a predator-free intermediate equilib-
rium when the maximum growth rate falls below a critical threshold. In such
cases, the intermediate predator’s survival in the system is at risk. This is due to
the significant role of alternative food sources in accelerating the growth of apex
predators, which increases their population density and, in turn, reduces the pop-
ulation of intermediate predators. While prey species initially benefit from this,
their densities eventually reach saturation due to resource limitations. Conse-
quently, the ever-increasing density of apex predators, coupled with limited prey
availability, eventually leads to the extinction of intermediate predators. How-
ever, when fear of predators is minimal and natural mortality rates among apex
predators are higher, the role of additional food sources in supporting apex preda-
tor growth becomes crucial for maintaining the ecosystem’s dynamic stability.

It is noteworthy that all parameters of fear have a stabilizing effect, making a
significant contribution to the stability of the system.

2.2. Comparison principles. Here we recall some comparison principles that
were proven in [24, 9] and will be used in our work to evaluate the solution
and determine the criteria that determine propagation and attenuation. The
comparison principle for similar problems was first proven in [9], and in [24] the
authors adapted them to their problems.

[24] considers the DFB problem

ut − uxx = u(1− u− av), t > 0, 0 < x < h(t)

vt − dvxx = v(c− v + bu), t > 0, 0 < x < h(t)

u = v = 0, t > 0, x = 0,

u = v = 0, h′(t) = −µ(ux + ρvx), t > 0, x = h(t),

u(0, x) = u0(x), v(0, x) = v0(x), x ∈ [0, h0],

h(0) = h0.

(DFB)

If we accept the condition on the left boundary in the form ux = vx = 0, t > 0,
x = 0, then we obtain the NFB problem.

Lemma 2.1. [24] (Comparison principle). Let h ∈ C1([0,∞)) and h(t) > 0
in [0,∞) and u, v ∈ C(Ω)

⋂
C1,2(Ω), with Ω(t) =

{
(t, x) : t > 0, 0 < x < h(t)

}
.

Assume that (u, v, h) satisfies

ut − uxx > u(1− u), t > 0, 0 < x < h(t),

vt − dvxx > v(c− − v + bu), t > 0, 0 < x < h(t),

u(t, 0) > 0, v(t, 0) > 0,

u(t, h(t)) = v(t, h(t)) = 0, t > 0,

h
′
(t) > −µ(ux(t, h(t) + ρvx(t, h(t)), t > 0,

(2.3)

If h(0) > h0, u(0, x), v(0, x) > 0 on [0, h(0)], and u(0, x) > u0(x), v(0, x) > v0(x)
on [0, h0]. Then the solution (u, v, h) of (DFB) satisfies h(t) 6 h(t) on [0,∞),
and u 6 u, v 6 v on D, where

D(t) = {(t, x) : t > 0, 0 6 x 6 h(t)} .



106 J. TAKHIROV, B. ANVARJONOV

In (2.3), if the conditions u(t, 0) > 0 and v(t, 0) > 0 are replaced by ux(t, 0) 6 0
and vx(t, 0) 6 0, then the conclusion still holds for the solution of (NFB).

Lemma 2.2. [24] (Comparison principle). Let h ∈ C1([0,∞)) with h(t) > 0 for
all t ∈ [0,∞), and v ∈ C(Ω1)

⋂
C1,2(Ω1) with

Ω1(t) = {(t, x) : t > 0, 0 < x < h(t)} .

Assume that (v, h) satisfies
vt − dvxx 6 v(c− v), t > 0, 0 < x < h(t),

v(t, 0) = v(t, h(t)) = 0, t > 0,

h′(t) 6 −µρvx(t, v(t)), t > 0,

(2.4)

and 0 < h(0) 6 h0, 0 6 v(0, x) 6 v0(x) on [0, h(0)]. Then the solution (u, v, h)
of (DFB) satisfies h(t) > h on [0,∞), and v(t, x) > v(t, x) on Ω1(t). If, in (2.4),
the condition v(t, 0) = 0 is replaced by vx(t, 0) > 0, then the conclusion still holds
for the solution of (NFB).

3. Mathematical Model With A Free Boundary

Next, we shall build a model to control the spatial and temporal evolution
of prey, intermediate predators (specialists), and top predators (generalists), as
well as free boundaries represented by the predator distribution front. Moreover,
we assume that top predators can survive in the ecosystem even when the inter-
mediate predators are absent. It should be noted that the theoretical studies of
predator-prey dynamics and food web structure have largely focused on specialist
predators.

Keeping in mind that due to mobility the distribution of individuals across
an area is uneven, modeling this phenomenon often leads to reaction-diffusion
equations. To compensate for the gradual spread of predators, the best modeling
method is to introduce a free boundary.

Currently, the Stefan problem has become widely used to describe biomedical
and environmental processes [28, 5, 14, 22]. To describe the process of gradual
expansion and change of the region under consideration, a free boundary was
introduced, which represents the propagation front of the main component of the
model.

From the authors’ perspective, the introduction of free boundary problems into
the theory of nonlinear dissipative structures is completely reasonable, as they
more adequately describe natural processes.

Therefore, based on (2.4), we propose a model with a free boundary to control
the spatial and temporal evolution of predators and prey in limited areas

Q = {(t, x) : t > 0, 0 < x < l}, D = {(t, x) : t > 0, 0 < x < h(t)},
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ut − (d1(u)ux)x =
ru

1 + ω1v
− d(1 + ω2v)u2 − α1uv

(m+ u)(1 + ω3w)
, (t, x) ∈ Q

vt − (d2(v)vx)x =
θ1α1uv

(m+ u)(1 + ω3w)
− δ1v

− δ2(1 + ω4w)v2 − α2vw, (t, x) ∈ D,

wt − (d3(w)wx)x =
ηw

(1 + η0)
+ θ2α2vw − δ3w, (t, x) ∈ D, (3.1)

ux(t, 0) = ux(t, l) = 0, v(t, h(t)) = w(t, h(t)) = 0, t > 0,

vx(t, 0) = wx(t, 0) = 0, h′(t) = −µ(wx(t, h(t)) + ρvx(t, h(t)), t > 0,

u(0, x) = u0(x), 0 6 x 6 l,

v(0, x) = v0(x), w(0, x) = w0(x), 0 6 x 6 h0 = h(0),

where u(t, x), v(t, x), and w(t, x) represent the populations of prey, intermediate
predators (specialists), and top predators (generalists), respectively. Here we use
the variation region (0, h(t)) to denote the predatory habitat of the predators,
where the free boundary x = h(t) represents the expansion front of the predators.
Above, x = h(t) is a moving boundary that is defined together with u(t, x), v(t, x)
and w(t, x). Moreover, ωi, δi(i = 1, 2, 3), di, αi, Ci, (i = 1, 2), ω4, r, d,m, η, η0 and
h0 are positive constants. We emphasize that the boundary conditions for u(t, x)
are set based on biological considerations.

We assume that the initial functions di,u0, v0 and w0 satisfy

A) di(ξ) > di(0) > 0, i = 1, 2, 3; di(ξ) ∈ C1+α(Ω) for all x belonging to a
closed set;

B) u0(x) ∈ C2[0, l], v0(x), w0(x) ∈ C2([0, h0]);
C) u0 > 0 in (0, l), v0, w0 > 0 in (0, h0);
D) The corresponding alignment conditions at the corner points are met.

In [19], the fear effect and stage structure are introduced into a space-time
problem with a free boundary predator-prey model.

The goal of this work is to study the properties of the solution and prove
the global solvability of problem (3.1). Moreover, we develop a new method
for obtaining Schauder-type a priori estimates for a new class of free boundary
problems for mixed two-phase equations. We also study the properties of free
boundaries in the region under consideration and the asymptotic regime of t →
∞.

4. A Priori Estimates

It is known that the results of local existence and uniqueness are valid for
any quasi-linear parabolic equation if the given functions are sufficiently smooth,
without any restrictions on the type of growth of these functions from the un-
known and its derivative with respect to x (see, for example, [11, 13]). They are
necessary when considering the global solvability of boundary value problems.

4.1. Positivity and boundedness of solutions. Herein we obtain a positivity
result and establish a boundedness condition of the solutions of (3.1), which
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ensures that the proposed system (3.1) makes sense from a mathematical and
environmental point of view. It is important to ensure that the formulated model
reflects interactions between species and real ecological principles, such as the
stability of populations, their limitation, and the absence of endless growth or
extinction.

Lemma 4.1. Assume that (u, v, w, h(t)) is a solution of (3.1). Then ∃ Mi > 0,
i = 1, 4, independent of T , such that

0 < u(t, x) ≤M1 = max
{
||u0||,

r

d

}
in QT = [(t, x) : 0 < t ≤ T, 0 < x < l],

0 < v(t, x) ≤M2 in DT = [(t, x) : 0 < t ≤ T, 0 < x < h(t)],
0 < w(t, x) ≤M3 in DT ,

0 < h′(t) ≤M4, 0 < t ≤ T.

Proof. The positivity of the original functions and the homogeneity of the bound-
ary functions imply that the sought functions inside the domain are positive.
Indeed, let P0(t0, x0) be the first interior point from below, where u(P0) = 0,
0 < t0 < T . This will be the minimum for u(t, x) in the region {(t, x) : 0 < t <
t0; 0 < x < l}. Then the equation for u(t, x) at point P0 leads to a contradiction.
Similar reasoning is valid for v(t, x), w(t, x). Thus, v(P0) > 0 and w(P0) > 0.
Then, since P0 is arbitrary, we obtain the positivity of v(p), w(P ) for any P ∈ DT .
Therefore, v(t, x) > 0, w(t, x) > 0. By Hopf’s boundary lemma we obtain that
vx(t;h(t)) < 0, wx(t;h(t)) < 0. Then the Stefan condition gives h′(t) > 0.

Next, we set upper bounds for u, v, w. From the first equation of (3.1) with
y(t) = u(t, const) we obtain

y′ =
ry

1 + ω1v
–d(1 + ω2v)y2–

α1yv

(m+ y)(1 + ω3w)
6 ry–dy2.

Therefore,

lim
t→∞

sup y(t) 6M1 = max
{
‖u0‖,

r

d

}
.

Apply the comparison theorem, we find that u(t, x) 6 y(t) 6M1.
The estimate for v(t, x) can be established as follows. Let v(t, x) reach a positive

maximum at some interior point P ∈ DT . Consider the second equation for v(t, x)
at point P . We have

0 6 vt − (d2vx)x =
θ1α1uv

(m+ u)(1 + ω3w)
− δ1v − δ2(1 + ω4w)v2 − α2vw

< θ1α1v − δ1v − δ2v2,

giving

V (P ) 6
θ1α1 − δ1

δ2
, θ1α1 − δ1 > 0.

Then

0 < v(t, x) 6M2 = max

{
‖v0‖,

θ1α1 − δ1
δ2

}
.
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For the function w, using similar reasoning, we find

0 6 wt–(d3wx)x =
ηw

1 + η0w
+ θ2α2vw − δ3w <

η

η0
+

(
θ2α2

(θ1α1 − δ1)
δ2

− δ3
)
w.

As a result, we get that

W (P ) <
1

δ3 −
θ1α1 − δ1

δ2

η

η0
= M3.

Then 0 < w(t, x) 6M3 = max{‖w0‖,M3}.
To establish estimates for h′(t) from above, we look at following the problem

for w(t, x)v(t, x):

wt–(d3wx)x + a(v, w)w = 0,

w(0, x) = w0(x), 0 6 x 6 h0,

wx(t, 0) = w(t, h(t)) = 0, t > 0,

h′(t) = −µ(wx(t, h(t)) + ρvx(t, h(t))), t > 0,

where a(v, w) = −θ2α2vw + δ3 −
η

1 + η0v
< 0.

Introducing a new function U(t, x) = w(t, x) +N(x−h(t)), gives the following
problem for U(x, t):

Ut–(d3Ux)x −Nd′3(U)Ux + a(v, w)U = −Nh′(t) + a(v, w)N(x− h(t) < 0,

U(0, x) = v0(x) +N(x− h0) 6 0,

Ux(t, 0) = N > 0, U(t, h(t)) = 0, t > 0.

Therefore, according to the maximum principle, U(t, x) 6 0. Then Ux(t, h(t)) > 0
or wx(t, h(t)) > −N , vx(t, h(t)) > −N . Stefan’s condition then gives

h′(t) = −µ(wx(t, h(t)) + ρvx(t, h(t))) 6 2µN = M4.

Lemma 4.1 is proved. �

4.2. High-order prior estimates. We will derive Hölder norm bounds | · |1+α
and | · |2+α in QT and DT . For each equation of the system, we formulate the
corresponding problems:

(d1(u)ux)x + ua1(u, v, w)− ut = 0 in QT = {(t, x) : 0 < t 6 T ; 0 < x < l},
u(0, x) = u0(x), 0 6 x 6 l,

u(t, 0) = u(t, l) = 0,
(4.1)

where a1(u, v, w) =
ru

1 + ω1u
− d(1 + ω2v)u2 − α1uv

(m+ u)(1 + ω3w)
,

(d2(v)vx)x + a2(u, v, w)− vt = 0, in DT = {(t, x) : 0 < t 6 T ; 0 < x < h(t)},
v(0, x) = v0(x), 0 6 x 6 h0,

vx(t, 0) = 0, v(t, h(t)) = 0, t > 0,
h′(t) = −µ(wx(t, h(t)) + ρvx(t, h(t))), t > 0

(4.2)
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where a2(u, v, w) =
θ1α1uv

(m+ u)(1 + ω3w)
− δ1v − δ2(1 + ω4w)v2 − α2vw, and

wt–(d3(w)wx)x + a3(v, w)w = 0,
w(0, x) = w0(x), 0 6 x 6 h0,
wx(t, 0) = w(t, h(t)) = 0, t > 0,

h′(t) = −µ(wx(t, h(t)) + ρvx(t, h(t))), t > 0,

(4.3)

where a3(u, v, w) =
ηw

1 + η0w
+ θ2α2vw − δ3w.

Theorem 4.2. Assume that u(t, x), ux(t, x) are continuous in QT and suppose
that u(t, x) is a solution of (4.1). Then

|ux(t, x)| 6 C1(M1,M2) in QT . (4.4)

Moreover, if Uxx, Utx ∈ L2(QT ), then there exists α = α(M1), such that

|u|1+α,QT 6 C2(M1, C1). (4.5)

Additionally, assume that, u(t, x) satisfying (4.1) in QT ,is continuous with its
derivatives ut, ux, uxx and |u|2+α,QT <∞. Then

|u|2+α,QT 6 C3(M1, C1, C2). (4.6)

Proof. Estimates (4.4)-(4.6) for (t, x) ∈ QT are a direct consequence of the results
of [11].

A priori estimates for (4.2) and (4.3) are constructed as follows. Internal es-
timates in {(t, x) : 0 6 t 6 T ; 0 6 x 6 h0} are shown in the same way as
in [11]. To obtain bounds near unknown curves, we carry out the transforma-

tion τ = t; y =
x

h(t)
, to straighten the boundary out. Then Dt is mapped to

Ω = {(τ, y) : 0 < τ 6 T, 0 < y < 1}, while for the V (y; τ) = v(ys(τ), τ) we obtain
an equation with bounded coefficients and a right-hand side.

Using the results of [11, 13], we establish the estimates |Vy|, |V |1+γ in Ω. For
higher order derivatives, estimates were obtained using linear theory [13, Chapter
IV, Thms 5.2 and 5.3]. Estimates for w(t, x) are established similarly.

�

5. The Existence And Uniqueness Of The Solution

5.1. The uniqueness of a solution. First, we derive an integral expression for
the free boundary. For this equations for the functions v(t, x), w(t, x) we integrate
over the domain Dt and obtain∫

∂Dt

(d2vxdy + vdξ) = −
∫∫
Dt

f(u, v, w)dydξ,

∫
∂Dt

(d3wxdy + wdξ) = −
∫∫
Dt

g(v, w)dydξ
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where

f(u, v, w) =
θ1α1uv

(m+ u)(1 + ω3w)
− δ1v − δ2(1 + ω4w)v2 − α2vw,

g(v, w) =
ηw

1 + η0w
+ θ2α2vw − δ3w.

Realizing the boundary conditions, we find that

h(t) = h0 +
µ

d0

h0∫
0

(v0(ξ) + ρw0(ξ))dξ −
µ

d0

s(t)∫
0

(v(ξ, ξ) + ρw(t, ξ))dξ

+

∫∫
Dt

(f + ρg)dydξ. (5.1)

Theorem 5.1. If the conditions of Lemma 4.1 and Theorem 4.2 are satisfied,
then there is at most one solution to problem (3.1).

Proof. Let the functions ui, vi, wi, hi(t), i = 1, 2 are a solutions to system (3.1)
and let s1(t) = min (h1(t), h2(t)), s2(t) = max{h1(t), h2(t)}.

Considering the problem for the difference between these two classes of solu-
tions and, using (5.1), we have that

|h1(t)− h2(t)| 6C1

 s2(t)∫
s1(t)

|zj(t, ξ)|dξ +

s2(y)∫
s1(y)

|F (uj, vj, wj)|dξ

+

t∫
0

dy

s1(y)∫
0

|F (u1, v1, w1)− F (u2, v2, w2)|dξ

 ,

where

zj(t, ξ) = vj(t, ξ) + ρwj(t, ξ),

F (u, v, w) = f(u, v, w) + ρg(u, v, w),

(uj, vj, wj) =
{
u1,v1,w1, if h1(t)>h2(t)
u2,v2,w2, if h1(t)<h2(t)

, j = 1, 2.

Using the ideas and results of [22, Thm 2], we finish the proof of Theorem 5.1. �

5.2. On the existence of a solution.

Theorem 5.2. For any given (u0, v0, w0) satisfying conditions A) − C) and for
0 < t 6 T <∞ problem (3.1) admits a unique global solution

(u, v, w, h(t)) ∈ C1+α,2+α(QT )× [C1+α,2+α(DT )]2 × [C1+α([0, T ])],

and there holds

|u|C1+α,α(QT ) + |v|C1+α,2+α(DT ) + |w|C1+α,2+α(DT ) + |h|C1+α([0,T ]) 6 C,

where α ∈ (0, 1), C-depends on h0, α, |u0, v0, w0|C2
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Proof. To prove the solvability of nonlinear problems, you can use various theo-
rems from the theory of nonlinear equations, taking into account that the unique-
ness theorems of the classical solution are valid for them. Usually, the Leray-
Schoeder principle is used [11], which uses established a priori estimates | · |1+α
for all possible solutions of nonlinear problems and the solvability theorem in
Hölder classes for linear problems. Here the existence theorems for systems are
the same as for the case of one equation since each of the equations can be con-
sidered as a linear equation with continuous Hölder coefficients. More complete
information on the application of the technique can be found, for example, in the
works (section VI, [13]; section VII, [8]). �

6. Asymptotic Behavior Of The Free Boundary

Now we will show that the free boundary x = h(t) does not intersect the
lateral boundary x = l, which means that predators do not completely occupy
the territory under consideration. This is also necessary for the coexistence of all
species and the correctness of the mathematical problem on any time interval.
In light of Lemma 4.1, we get that x = h(t) is monotonically increasing and,
therefore, ∃h∞ ∈ (0,∞] such that lim

t→∞
h(t) = h∞.

Using the established a priori estimates from problem (3.1), we can isolate the
problem in the form (2.3) for v(t, x) and, using Lemma 2.2 [24]., obtain a lower
bound for v(t, x) > v∗ > 0.

Lemma 6.1. Let (u, v, w, h) be the unique solution of (3.1) and

d1(0) = d2(0) = d0,
1

θ2
= ρ, η ≤ δ3 + δ2θ2v

∗, α1 <
δ1
θ1
,

h0 +
1

θ1

h0∫
0

(v0(x) + ρw0(x))dx < l.

Then 0 < h(t) < l and h∞ < l.
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Proof. Let’s consider

I =
d

dt

h(t)∫
0

(
1

θ1
v +

1

θ1θ2
w

)
dx =

h(t)∫
0

(
1

θ1
vt +

1

θ1θ2
wt

)
dx

=

h(t)∫
0

1

θ1

[
(d2(v)vx)x +

θ1α1uv

(m+ u)(1 + ω3w)
− δ1v − δ2(1 + ω4w)v2 − α2vw

]
dx

+

h(t)∫
0

1

θ1θ2

[
(d3(w)wx)x +

ηw

1 + η0w
+ θ2α2vw − δ3w

]
dx

=
1

θ1
d2(0)vx(t, h(t)) +

1

θ1θ2
d3(0)wx(t, h(t))

+

h(t)∫
0

[
α1uv

(m+ u)(1 + ω3w)
− δ1
θ1
v − δ2

θ1
(1 + ω4w)v2 − α2

θ1
vw

+
ηw

θ1θ2(1 + η0w)
+
α2

θ1
vw − δ3

θ1θ2
w

]
dx.

Considering that
u

m+ u
< 1,

w

1 + ω4w
< 1,

we find that

I ≤− d2(0)

µθ1
h′(t)

+

h(t)∫
0

[
α1v −

δ1
θ1
v − δ2

θ1
(1 + ω4w)v2 − α2

θ1
vw +

ηw

θ1θ2(1 + η0w)
+
α2

θ1
vw − δ3

θ1θ2
w

]

≤− Ah′(t) +

h(t)∫
0

[
w

(
η

θ1θ2
− δ3
θ1θ2

− δ2
θ1
v∗
)

+ v

(
α1 −

δ1
θ1

)]
dη,

where we set

A =
d0
µθ1

.

Thus

d

dt

h(t)∫
0

(
1

θ1
v(t, x) +

1

θ1θ2
w(t, x)

)
dx ≤ −Ah′(t).

Integrating the last inequality from 0 to t gives

h(t)∫
0

(
v(t, x)

θ1
+
w(t, x)

θ1θ2

)
dx−

h0∫
0

(
v0(x)

θ1
+
w0(x)

θ1θ2

)
dx ≤ −Ah(t) + Ah0,
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or

h(t) ≤ h0 +
1

θ1

h0∫
0

(v0(x) + ρw0(x))dx.

Letting t→∞, we have h∞ < l. �

7. Conclusions

A free-boundary model consisting of systems of parabolic equations for a three-
species food web ecosystem is proposed, in which various parameters capture the
effects of fear.

Qualitative studies were conducted to obtain results about the long-term dy-
namics of the model. The solution’s properties have been analyzed and the global
solvability of the problem has been established. A method has been developed
to obtain Schauder-type priori estimates for a new class of problems with a free
boundary. The properties of the free boundary in the region under consideration,
as well as in the asymptotic regime of t→∞ are studied.

It has been proven that the unknown boundary x = h(t) is always to the
left of the lateral boundary x = l for ∀t > 0, meaning that predators do not
completely occupy the territory under consideration. On the other hand, this is
necessary for the coexistence of all types of populations and the correctness of
the mathematical problem on any time interval.

The results are described in terms of model parameters and enable us to un-
derstand how fear effects could impact the outcomes of interactions within a food
web system.

The dynamics detected by the system may have some biological and environ-
mental implications for biological control. Depending on the particular species
in the food chain, these species may have different objectives regarding their
extinction or persistence.
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