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THE EQUATIONS COUPLED BY VON KARMAN SYSTEM
WITH THERMOELASTICITY

BRAHIM EL-AQQAD*

ABSTRACT. The objective of this paper is to study the model of the von Kar-
man evolution coupled to the thermoelastic equation, with rotational inertia
and clamped boundary conditions. We study the existence and uniqueness of
a weak solution related to the dynamic model. Finally, we employ the finite
difference method to approximate the solution to the problem.

1. INTRODUCTION

A dynamic von Karman equation incorporating rotational inertia (o > 0),[7],
describes the phenomenon of small nonlinear vibration with a vertical displace-
ment to the elastic plates. The model of the wave-structure interaction with
clamped boundary conditions, in the note account of rotational terms, can be
formulated as follows [5]. Find (u,,6) € L*([0,T], H*() x H3(Q) x H'())
such that

Poug + A%u — [ + Fy,u] + A0 = p(x,t)  in Qx[0,T]
(Po) 0 — AG — Ay = 0, in Qx10,1],
N gy = o, (W), =u1, 0),_, =0 in €,
u=0,u=0=0 on 00 x[0,7T],

and

v=0,040=0 on 002x][0,T].

Where, u is the displacement, 6 is the thermal function and ¥ denotes the Airy
stress function, € is the surface plate, A is the Laplace operator, P, = (1 — aA),

(Q){ A%+ [u,u) =0 in Qx[0,7T],

o, ¢1 and 0y are initials datums, d,u = % is the normal derivative inside the
boundary 02 and [.,.] is the so-called Monge-Ampere operator defined by [7]
[V, u] = 0119 090u + O11ud221) — 201210012u. (1.1)

Fy is a internal force and p(z, t) is interacted with an enclosed acoustic field filling
a bounded domain Y in R3, the aerodynamic pressure on the plate is given by
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the formula (see [5]):
p(x,t) = po(w1, 72) + p(Pt)|,,—0, with T = (21,79, 13), (1.2)

where py € L*(2) and i > 0 is proportional to the intensity of interaction between
the chamber of wave and the plate. The parameter a > 0 accounts for rotational
inertia and the acoustic velocity potential ¢(x,t) satisfies the following problem,

R

¢tt - A¢ in ¥ x [O,T] 7
(S) gb‘t:o = %o, <¢t>\t:0 =¢; n X,

&cg?b = Ut on 9 % [O, T] 7

%9 =0 on 9%/ x [0,7],

such that ¢y and ¢; are initials data, 7" > 0 and = = (x1, 25, x3 = 0).

Most authors study this type of problem theoretically, Chueshov and Lasiecka
using the theory of nonlinear semi-group and the Galerkin method in [2, 1, 3]
to show the existence and the uniqueness of a weak solution of our problem, for
the uniqueness weak solution the authors used the weak continuity of nonlin-
ear terms involving Airy stress function. On the other hand, in this paper our
approach is based on an iterative problem (PP,),>¢ whose the sequence-solution
(Uny Un, 0r)n>0 converges to the unique solution of the problem under considera-
tion [11, 10]. For illustrating our theoretical results, we apply the finite difference
method developed by Bilbao in [4].

The remainder of this paper is organized as follows. In section 2 we present
to some notations and some results needed in the sequel. In section 3 we use
the iterative method for established the existence and the uniqueness of a weak
solution of the considered problem. Finally in section 4 describe a numerical
simulation using the finite difference method.

2. PRELIMINARIES AND MAIN RESULTS

2.1. Notations and preliminary results. In this paper, X denotes a nonempty
bounded domain in R?, with regular boundary 9% and € is a nonempty bounded
open domain in R?, with Q C 9%. Let p > 1 is a positive real number and m > 1
be an integer. We denote by [.|, the classical norm of L?(§2) and by .|, that of

H™(Q). For u € H3(Q) we set ||jul| := |Aul? = /(Au)2 and for simplicity, we

Q
note for
lully, == llull + | Vaels + ful5 (2.1)
The following results are interesting.
Theorem 2.1. [6, 9] Let f € L*(Q). The following problem

ANw=f in Q,
(D)¢ w=0 on 01,
ow=0 on 0,

has one and only one solution w € HZ(Q) N H*(Q) thus satisfying

[wl| < colfly,
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where co > 0 is a constant depending only on mes(§2).

Remark 2.2. If f € L*([0,T],L*()), then the unique solution of the problem
(D) is in L2( [0, T], H*(Q) N H3(Q)).

Theorem 2.3. [J] Let g € H*(Q) and wy € L*(Q). Then the following problem:
—Aw=Ag in Qx]0,T],
w),_, = Wo o €,
w =0 on 0 x1[0,T],
has one and only one solutionw € C([0,T]; H*(Q)NH(Q))NC*([0,T]; L3 (1)),
satisfies the following inequality:

t t
Vo<e<T, fuli+ [ Vol <fuli+ [ Vel 2.2
0 0

Theorem 2.4. [5] For f € L*(Q), a > 0 and (wo, w;) € HE(Q) x H}(). Then
the problem

Py + AN*w = f in Qx1[0,7],
w=0w=0 on 092 x (0,17,
W,y = Wo, (W), = w1 in

has a unique solution w € C([0,T],H3(Q)), w, € C([0,T],Hi()) and the
enerqy equality

EO(wawt) Eo wo,w1 //fwt

holds, here
1
Enfuwo,w) = 5 [ (luoll3 + il + a[Fusf}).
Q

Theorem 2.5. [11] Let g € L*([0,T], L*(Q)), ¢o € L*([0,T], H'(X)) and ¢1 €
L2([0,T], L*(X)). Then the following problem:

G = A¢ in X x[0,T7],

(S) Cb\t:o = o, (Qst)\t:o =¢ in X,
Opsd = ¢ on Qx[0,T],
0,9 =0 on 0¥/ x 0,17,

has one and only one solution ¢ € L*([0,T], H (X)) and ¢, € L*([0,T), L*(%)).
In addition we have the following inequality:

T
V0St<T, o+ IVl <e (Vo +laii+ [ 1o)
0
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2.2. Main results. In this subsection, we will demonstrate Some results that
we will use in section 3. We are considering the following problem:

( Pouy + N°u+ A0 — p(dy),,., = in Qx[0,T],
0y — A = Auy, in Qx[0,T7],
P = Ao in X x[0,7T],
(S1) u=0,u=0=0 on 00 x[0,7T],
! (u)|t:0 = o, (ut>\t:0 = ur, (0)|t:0 =0ty in 0,
¢|t:0 = ¢07 ((bt)h:o = ¢1 m Ea
Oy = Uy on Qx[0,T7],
L 0,0 =0 on 0%/Q x[0,T],

Theorem 2.6. Let f € L*([0,T], L*(Q)), 6y € H3 (), (up,u1) € HZ(Q) x H}(Q)
and (¢g, ¢1) € H(X) x L3(X). Then the problem (Sy) has one and only one weak
solution (u,0,¢) such that (u,0¢) € C°([0,T],HZ(Q) x H}(Q) x H (X)) and
(ug, ¢¢) € HY(Q) x L*(X). Moreover we have this inequality

t
lull, + 161 + 2/ V013 + lnf} + 1Vl < e (Iluoll® + o [V 3 + 3 + 160
0

T
o+ Vel + [UR). 23)

Proof. For Demonstrating this result, We will employ a comparable approach as
in [2, 8]. We consider the n-order approximate solution of problem (S;) and its
associate variational problem. We divide the proof into fourth steps.

Step 1: Let { e}, 3, €3 } be a basis in the space HZ(Q) x H} () x H'(X). We de-
scribe an n-order Galerkin approximate solution to the problem (S;) with clamped
boundary conditions on the interval [ 0, T ], as a function (u™(t),0"(t), ¢™(t)) such
that:

ut = Z hi(t)ey, 0" = th(t)ei and ¢" = Zhi(t)ei n=123,..,
k=1 k=1 k=1

where (hj(t), hi(t), hi(t)) € W2T(0, T, IR)x (W*+>(0, T, [R))2. Let (u", 0", ¢™)
be a solution of the iterative problem (S}) associated with the problem (S;) given
by:

( Poul 4+ A%u" + A" — (D) pyo = [ in Qx10,7],

0f — A" = Auy in Qx[0,T],

P = A" in % x[0,T],

(S u" =0du" =0"=0 on 092 x (0,77,

! (un)|t:0 = Uno, (u?)|t:0 = Un1, (gn)h:o = HTLO m Qa
ﬁ:o = ¢n0> (¢?)|t:0 = ¢nl mn 2,

Oz @™ = uy on Qx1[0,T],

[ 09" =0 on 0%/Q x[0,7T],

where the initial data (g, On0, dno) and (un1, dn1) are chosen such that (u,g, no, Pro)
converges to (ug, 0y, ¢o) in L2([0,T'], HZ(Q2) x HY(Q) x H' (X)) and (up1, ¢n1) con-
verges to (u, ¢) in L*([0,T], H3(Q) x L*(X)).
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Now, we multiply the first equation of (S}) by u', the second equation by "™ and
the third equation by ¢} and we then integrate both them over €2, by applying
standard integral techniques, we get

/uttut +a/VuttVut /Au”Au? / "y —M/Cbt uy = /fu?,

Q Q
[~ [y = [ swer wa [ g+ [ vorver—- [
Q Q Q 2 > Q

Since (ul,0™) € HZ(Q) x H}(92) and AH”u? = / 0™ A}, we have
0
1d n n n
odt (| ‘2"“”“ H —I—a\Vu|) 9Aut—,u Cbtut qut7

o 0B 98" = [ A0nap and g (160 +1V6°8) =~ [ uper.

Hence

[ | e [V [ )+

o 0 4 VO gy (69 0) = [

2dt

Integrating this latter equality over [0, ¢], using the fact that Ujj_g = Uno, (up ) =0 =
Unt, Ot = bnos @li—g = Pno and (¢})ji=0 = ¢n1 , We deduce that

t
Hunlla+|9”\§+u(|¢?!§+\V¢”|§)+2/ V0" |5 = Junt |y + e [Vt 5+ o |+ (0ol
0

t
|l + 1 Vol + 2/ / fur.
0 Q

For s € [0, 7], we have
t

!\u"!|a+!9”\§+u(\¢?|§+|V¢"!§)+2/ V0" 3 < [ty +0 [ Vet 5+ ol "+ 0ol
0

T t s
rilbu i Vol [ 1+ [ (el Ben(lerie Vo) +2 [ 9om).

(2.4)
Step 2: For any 0 < s < t, we put

J(s) = ™l + 107 + w1601 + V6" 2) + 2 / Vo2,

The inequality (2.4) yields

e (I(s) - / J(@)do) < e (3 + o [Vaal} + lunoll® + 6a0l3 + st 6

2 T 2
s lVoul+ [ I1).
0
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It follows that

S [ aen) =eats) = [atoris = (36~ [ sioyin)

< e (funt 3 + @ [Vt 3 + ol + 1003 + 1|6

T
sulVouli+ [ I71).
0
and
2 2 2 2 2 2 r 2 r 2
it - [Vt 2 [ t0]? 6o 1 a2+ 12 [ Voo / B = J0)+ / P
0 0

does not depend on s, then

! d B ¢ 2 2 2 2
[ s < —s
/Ods<€ /Oj(a)da)ds_ (/0 e ds)<|un1|2+oz|Vun1|2+||un0|| + G0l

T
0

from which we deduce

t
e [ 0ydr < (1= O Junll + 0 [Vall + ol + Bl + 1160
0

T
Vol + [ 1113).
0
Since
t t
| (10 + ot +1962)) = [ storae,

then we have

t ot
/ J(o)do < = (funy + o [V} + lunol” + 8nol3 + 2 6} + 121V 0ol
0

v [ 1R),

< (" = 1) (a2 + @[Vt 2+ ltwoll* + 000f2 + 1|62+ 11T 00l

v [ 1R),

< (" = 1) fuma 2+ 0 [Viina 2+ noll® + Buol2 + e Smal3 + 1 [V

v [ 1),
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This, with (2.4), yields

Il + 107 + 62+ 196) +2 [ (96 < (o + 0 [V + ol
100+ plomll + Tl + / 78 + (" = 1) (a4 @ Va2 + ol
o+ ol + 090 [ 1) < (b iVl + ol + ol

T
Flom -+ Vol + [ 172)
0

This estimate implies that there exists a subsequence (u™,0",¢™) such that
(u™, 0™, ¢™) — (u, 0, ¢) weakly in HZ(Q2)x L*(Q) x H*(X) and ((u™);, VO™, (¢™);) —
(ut, VO, ¢y) weakly in HJ(Q) x L2(Q2) x L*(%).

Step 3: In this step, we will establish that (u, 6, ¢) is a weak solution of the prob-
lem (S;), by following the same way as in [3]. Let ¢; € C'(0,T), 1 < j < jo, such
that ¢,;(7") =0 and

Jo Jo Jo
P=) ¢;®e), o=) ©;®e, xX=» @
j=1 Jj=1 Jj=1

After the variational problem, we have

_/T/ugl¢t+a/T/vuglwt+/:/9ve"lw+/OT/QAu"ZAw
u / [ o= / [ ro= [ wnv0 o [ eavoo. 25
_/0 </Qenl()0 -|-/V6’”1Vgo /VU”ZV%> = —/ 0@ (0 /VUnMVSO

nd
a / /gb"lx +/V¢nlvx_ /uth‘l’/anllX(O). 2

Letting nl — +o00, in (2.5) ) and (2.7), we deduce that

/ /utz/Jt—i—a/ /Vutdet / /vew+/ /Aump u/ /@
:/0 /fzf@z)—/gulzb(O)—a/s)VulViﬁ(O),
—/0T</9990t+/QV9V90—/QVuV90t> - /9090 /Vulw

and .
_/0 /E¢xt+/V¢VX: /utx+/¢1x

hold true for all b € L?([0,T], HZ(Q)), ¥ € L*([0,T], H(2)), ¢ € L*([0,T), H} (%)),
oy € L*([0,T], L*(Q)), x € L*([0,T], H'(X)) and x; € LQ([O T] L?(X)) such that
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W(T) = p(T) = x(0) = 0. It means that (u, 8, ¢) is a weak solution of the problem
(S1), by the some method as in the last proof, we deduce the following inequality:

t
lull, +1613-+2 | 1V013+ o + 1190l < ¢ (Thuol® + [Vl + fun 3+ 6ol
0

T
sl + e+ [ 17R).
0

Step 4: Now we show the uniqueness, let (uy, 61, ¢1) and (ug, 02, ¢2) be two so-
lutions of the problem (S;). Then (u; — ug,0; — 02, ¢1 — ¢2) is a solution of the
following problem:

( Pa(ul - u2>tt + A2(U1 — Ug) -+ A(Gl — 92)
—u((¢1 — d2)¢))., =0 in Qx[0,7],
(01 — 02); — A(O0 — 02) = A(uy — un)y in Qx[0,7],
(@1 — P2)ue = A(P1 — o) in ¥ x[0,7],
up —ug = 0y (ur —ug) =61 — 0, =0 on 092 x [0,T7],
(ur — u2)\t:o =0, ((u1 — u2)t)\t:0 =0, (01 — Q2)|t:0 =0 1n €,
(D1 = D2),0 = 0, (D1 — D2)1)),ey =0 in X,
Ous (91 — h2) = (w1 — ua)y on Qx (0,77,
L Ou(d1— ¢2) =0 on 0%/Q x [0,T7.

According to (2.3), we have
t
lur — usl|, + |61 — 6af5 + 2/ IV (01 — 02) |5 + (P — da)il3 + 1|V (d1 — bo)3
0
< €T< (w1 — u2)oll* + |V (w1 — ua)ifs + [(wr — ua)ils + (61 — O2)ol;

+ul(91 = 613 + IV (61 — 62)0f3)

Then we deduce u; = ug, #; = 05 and ¢ = ¢9. Hence the demonstration is
complete. O

For the sake of simplicity, let us put
G(u, ) = [¥ + Fo, u] + p.
we also need this result after.

Proposition 2.7. Let (w,2) € (H2(Q))? and Fy € H*(Q) be with small norms.
Let 1, € H2(QY) be the solutions of the following two problems:

A% = —[w,w] and A%p = —[z, 2].
Then the following estimations:
w,9] - [0l |, < el 2

and
1G(w,9) = G(2,9)| 2y < 1w — 2]
hold for some 0 < ¢y < 1.



198 B. EL-AQQAD

Proof. Using [5], we have

[, v] =[] || < colwll* + 11207 ) oo = 211

for some ¢g > 0. Let ¢ > 0 be small enough such that ||w|| < ¢ and ||z|| < c. We
have

[ w,9] = [z, 6] || < 200" = 2]
and so
1G(w,¥) = G(z, )12 <| W0+ Fo,w]— o+ Fo,2]]|
<|Wowl=lp2) | + | Fow—z]]
< (200 + 4[| Fyllyg) I = 2

1 1_4||F0||4Q
||FOH4,Q<Z1 and 0<c< \/;’

0 < =2c0 +4|Fllq <1,

we then conclude the proof. O

If we choose

we have

3. ITERATIVE APPROACH

To establish the existence and the uniqueness of a weak solution for (Py) and
(Q), with rotational terms « > 0, we will use the following iterative approach.
Let n > 2 and let 0 # u; € HZ(Q) be given. First we find ¢, 1 € HZ(Q) as the
unique solution of the equation A%, | = — [u,_1,u,_1] and (uy, 0., ¢n) as the
solution of the following problem:

( Pa(un)tt + Azun - M(((ﬁn)t)/m:o = F(unfla ¢n717 en) m Q X [07 T] 9
(B)1 — MGy, = A in Qx[0,7],
(an)tt = A¢n n XX [0, T] s
(P,) Up = Oy, =0, =0 on 00 x[0,7T],
! (un)|t=0 = Up, ((un>t)\t=0 = U1, (Qn)lt:O = 90 m Q;
(¢n)\t:o = oo, ((¢n)t)|t:() = ¢ in o X,
8x3¢n == (un)t on )X [O,T] ,
L Ov¢n =0 on 0L/ x[0,T7].

With F(u,v,0) = G(u,v) —Af and G is defined above. We are now in a position

to present the main result of this section.

Theorem 3.1. Let p € L*(Q), (uo, w1) € HF(Q) x Hi(Q), b6y € Hy(Q) and
(¢, #1) € HY(X) x L*(X). We assume that all the following norms

1Follaas [Py luoll® + lualy, [Vudly 6ol [Vols and [énl;
are small enough. Then the problem (Py) has one and only one weak solution
(u, 0,0, ¢) in L2([0,T], HZ(Q) x HZ(Q) x Hi(Q) x HY(X)) such that (ug, ¢;) €
L2([0,T], Hy(Q) x L*(X)) and uy € L*([0,T], L*(w)).
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Proof. We divide it into four steps.
Step 1: Using the problem (IP,,), where 0 # u;. We will use the following notation
throughout this proof

¢
(e, O, = [l + 1615 + 2/0 VOl;, and (6]l := 63 + VoI5
Where ||.||, is defined by (2.1). By using an induction method, We will show that
¥n € N, luall, = lluall® + [V (un)el + [(un)ely < [lual® and ]l < [lual]
for all t € [0,T]. For n = 1, we have

2 2 2 2
[urlly = [lua]l™ + |V (un)ely + |(ua)ely = fJual]

since u; independent of t. Furthermore, let 1; be the solution of A%y, =
— [ w1, uy ], Theorem 2.1 ensures that there exists ¢y > 0 such that

[nll < co|[ursun ]y,

using the proof of Proposition 2.7 with ||u;|| < ¢ and 0 < 4cpe < 1, we can deduce
that
lnll < deo [lua||* < deoelfun | < Jlual]

This implies that inequalities are true for n = 1. Assume that for £k = 2,...,n and
0<t<T, we have

2
[ukllq < ]l and [Joe]| < fluall.
According to Proposition 2.7 and Theorem 2.1, we have
1nll < co | tnsun I, < deo [|unll* < deocfunll < e flull -

Since (Upy1, i1, Pni1) is a solution of (P, 1), Theorem 2.6, Proposition 2.7 and
Theorem 2.1 imply that there exists 0 < ¢; = 2coc® + 4[| Fyll,, < 1 such that

| (g1, O 1) ||y 4 pllSrga [|on < GT( [uol|® + o [Vu[5 + [wr]; + |60l + 11l 1|3
T
2
Vol + [ 16 vl )

T

< (JJuol? + [Vl + a3+ 18l + o+ Fulg + 2 [ (@llual + 1)
0

< e (Iluoll* + o [Vr[§ + a3 + 160f3 + lén |3 + 1l Vool3 + 2T pl3 ) + 27eT ek |

Because [|u,||? < ||u]]?. If we choose ¢ > 0 sufficiently small, then 0 < ¢; <
1, 0 < ¢y :=2TeTc? < 1 and we can choose

(1 _02> u H2

[uoll* + o [Vualy + Jur]3 + [6o]5 + wlé1]3 + 1l Veol3 + 2T |pl3 < T [[ua

We have

(w1, On1) |l + palldnt e < ]|,
It follows that
lnsally < lunll®.
Further, we have
[niall < col [tnsr, tngr 11,
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with [|u1]] < ¢ and 0 < 4ege < 1, hence
[onall < dco [unga|® < deg [Ju|* < deoe flua |l < Jluall
In summary, we have proved that for all n > 1 and any VO <t < T, we have
2
[unlly < [lwal]” and libn]] < [jua]-

Moreover, we have

t
1
2 2 2
[6n 5 +2/0 VOuly < (s, ) < [lwa]|” and |l < EHMHZ-

Step 2: For n > 2, let (uy, 6, ¢,) be a solution of (P,). Let 2 < m < n, then it is

easy to see that u,,, = u, — Um, Opm = 0, — 0,, and ¢,,, = ¢, — ¢, are solutions
of the following problem:

( Pa(unm)tt + AZ(unm) ‘I‘ Agnm - ﬂ((QSnm)t)/ZS:O
= G(unfb @anla en) - G(umfla wmfla em) -

x (0,77,
(9nm)t - Aenm = A(unm>t zn Q X [0, T] ,
(¢nm>tt = A(bnm in XX [0, T] ,
Upm = az/unm - enm =0 on 0f) x [0, T] s
(Unm)lt:() - Oa ((unm) )\t 0 0 (Qnm)h:o = 90 m Q,
(¢nm)\z=o =0, ((¢nm) )|t 0o — 0 m Z,
8x3¢nm - (unm)t on )X [O,T] s
auqbnm =0 on OE/Q X [O,T] .

And v,,, = ¥,, — ¥, is a solution of the following problem:

A%y + [y Unm) =0 in Q x [0,T],

Using Proposition 2.7 and Theorem 2.1 we deduce, for all 0 <t < T,
1Vn-1 = Ym—1|| < 4coc||tin-1 — Up—1]| .

According to Theorem 2.6 and Proposition 2.7, again we have, with 0 < ¢3 =
Tel'c? <1,

T
2
|t B L, + 1l Gl < €7 / |G (-1 ¥n-1) = Glttm—, Ym1)[ 2

0
T

< / & ot — |2,
0

It follows that

T
unma nm M nm || xx > 6 Cl Up—1 — Um—1 27
I )+ 22l [l < H |

< () / / T—
T n— m+1
(efehym / / (e'c}) / / HU2_U1H

n—m-+1

< ()" ) (03)'?(2IIU1|!2)‘

k=0
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Consequently
n—m+1
it =ty < ()™ Y (en)* 2 flua]?).
k=0
The sequence (u,, ¥y_1)n>2 is a Cauchy sequence in L*([0, T, (H3(€2))?), it fol-

lows that (un,,¥,—1) converges to L*([0,T7], (H3(2))?), (un): converges to u in
L2([0, 7], L*(Q)) and V(u,); converges to Vu, in L*([0,T7], L*(2)).
Step 3: Using the inequality (2.2), we have

|9n—1_€m—1|§ / |v n—1 " m 1 |2 / |V Up—1 — Um— 1) |§

We deduce that 6, is a Cauchy sequence in L?([0,T], H;(f2)), then 6, con-
verges to 6 in L?*([0,T],Hi(2)). By Proposition 2. 7 we have G(up—1,%n-1)
converges to G(u,) in L*(Q). In addition, ((¢,):, V@) is also Cauchy se-
quence in L?([0,T7], (L*(X))?) and hence ((¢y):, V) converges to (¢, Vo) in
L2([0,T7], (L*(X))?). By the continuity of the operators ”trace” and ”9,”,

(Uns Yn—1)on = (Oytin, OPp—1) = (0,0) and ((un)i)jq
imply that
(u,9)an = (Dyu, 1p) = (0,0) and (()i)}s0-
Thanks to Theorem 2.6, we have (u,, (un)i, ¢n, (0n):) € C([0,T], H () x Hg (2 )><
H(Z)x L2(8)) with (un)),_y = o, (tn)e)—g = ti1, ($n)}oy = oaﬂd(( On)t)lizo =

[t=0
¢1, which implies that (u)),_, = w0, ((4)¢)|,_y = U1, (9)},o = ¢0 and (()¢)),_, =
1.
For showing that (u,,6, ¢) is a weak solution of the problems (Py) and (Q),
we follow the same way as in [8]. Let p; € C'(0,T), 1 < j < jo, such that
©;(T) =0 and

Jo Jo Jo
v=) ¢i®e, o=) ¢;®e, x=» @®c,
j=1 j=1 j=1

where (e'), (€?) and (e*) are basis of HZ(Q), HJ(Q2) and H'(X). We have the
following variational problem:

_/T/ugl¢t+a/T/vug’wt+/T/v9”lw+/oT/QAunlAw
— / / gl = / / (R / (0 / Vi, Vi5(0), (3.1)
— /O ( /Q 0", + / VOV — / Vu”lw - / Oni0p(0) + /Q Vi Ve (0)
(3.2)

d
h - /0 ' /Z ¢"xe + /E Vo"Vx = — / uf'x + / G x(0 (3:3)
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If nl — 400, 1in (3.1), (3.2) and (3.3), we deduce that for all v» € L*([0, T], HZ(%)),
0

Vi € LA(0, T, H' (), ¢ € LA([0, T], Hy (€2), 1 € LA([0, T] L2(Q)), x € L*([0,T], H'(%))

and x; € L%([0,T], L*(X2)) such that ¥(T) = ¢(T) = x(0) = 0, we have

/ /utwt—i—a/ /vutwt / /vew+/ /Aqu u/ /@
:/ /G(u,@z)w_/ﬂum(())—a/QVulW(O),
_ /0 T( / br + / VOV, - / VuVe) = / oo (0 / Vi Vip(0

and
/ /¢xt+/V¢VX— /UtX‘l'/Cle

Hence, we have proved that (u, 1,0, ¢) is a weak solution of the problem studied.
Step 4: Now we prove the uniqueness. Assume that there exist two solutions
(u, 9,0, ¢") and (u?, 4?2, 6% ¢?) in L2([0,T], (HZ(2))* x Hy(2) x H'(X)) such
that, for some ¢ > 0 being sufficiently small, we have |[u!|| < ¢ and [|u?]| < c.
This implies that u'? = u! — u?, 62 = 9! — 62 and ¢'2 = ¢! — ¢? satisfies the
following problem:

(Pt A (o) =Gl )~ G W) i Qx (0.7,
012 — AG12 — Ay2 in Qx0,7].
(gbl?) = A¢p'? in ¥ x[0,7],

(Py) ul? =90,u? =62 =0 on 00 x1[0,7T],

(u*)iery = 0, ((™)e)ypy =0, (67);, =0 in Q,
( )\z:o = 07 ((¢ ) )|t 0o — 0 m 27
Oy 2 = u}? on Qx[0,7T],

[ 9,0 =0 on 0%/Q x [0,T].

Which means that (u'? 62, $'?) is a solution of the problem (Py). Proposition
2.7, Theorem 2.6 and Theorem 2.1 ensure that there exists ¢; > 0 such that

T
I 02+l <" [ G006 — G )y
0
T
<o [ =
0

Since ¢; is small and thus 0 < ¢z = Te”c? < 1, it follows that

T T
/ H<u12’912) . " S 63/ H(u12’912) .
0 0

which, with 0 < ¢3 < 1, we then deduce that u! = u?, ¥! = 2, ' = 6? and
¢l = ¢2

We conclude that the dynamic von Karman equation has one and only one weak
solution (u, ¢, 0, ¢) in L2( [0, T], (HZ(Q))? x HE(Q) x H (2)) . The demonstration
of the theorem is finished. OJ

kk 9y
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Proposition 3.2. Let (u, 1,6, ¢) € L2([o, 1], (Hg(Q))QxH(}(Q)xﬂl(z)). Then

the following equalitieS'

~ ~ 1

E(u(t), uy(t), v I% /lwt!g (|3 +|Vol3) = E1<uo,u1,wo>+§reo|§
+5 (1613 + Vo)

with

~ 1 1 )

E(u(t), uy(t),v) = §(|m|2+||u|! +a V) + 4/Q(|A¢| — 2 [u, Fo]u — 4pu)

and

~ 1 1
Eq(ug, uy, o) = 5( ’U1\§+Oé !Vu1!§+ HUOH2 ) +—/ ( ’A%’Q — 2 [uo, Fy Uo—4puo)
Q

4

holds for any 0 <t < T, where vy € HZ(Q) is the unique solution of the equation
Athy = — [0, U

Proof. Thanks to Theorem 2.6, for any V0 < t < T and f = G(u,v) = [u, ¢ +
Fo]l 4+ p(x1, x2), (u,d, @) satisfies the following variational problems:

/uttut+a/VuttVut+/QAuAut—|—/A0ut /(btut /QG(u,w)ut,
/Qt / (V)? /QAth and /2¢tt¢t+/zv¢v¢t: —/Qutgbt,

this implies that

d

welo+||u||"+a |Vu 0|,+|Vo +|V /Gu, Uy,
o Bl (V) o 0905+ 22 (10+1V6l3) = [ Gluwpu

(3.4)
First we have
/ / p(r1, z0)uy = /p($1,$2)u(t)—/p($17$2)uo.
Q Q

Otherwise, see [5], one has, with A%y = [u,

/O/Q[u,w—i—Fo]ut://[u, ut—l—//uFo w,
//dt““ //dtupo
== f1aut g [P+ 5 [ f-3 [ ol R

and
t t k td t
Aeuz//eAu=—/—92—/ Vo2
/O/Q ' 0 JQ ! 20dt||2 0| |2

k 2 k 2 /t 2
= — 0], — =165 — Vol .
2||2 2|0|2 0| |2
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If we integrate 3.4 with t € [0, T], we conclude that

~ ~ 1

B0 u0).0) + 3108 [ 19003+ 516 + [V0) = B o r, o) + 3 6
+§(!¢1|3 +[Veol3).

4. NUMERICAL APPLICATION

In this section, we present a numerical resolution of the previous theoretical
study using the finite difference method.

4.1. Preliminaries. We take Q =]0,1[x]0,1[C R?, ¥ =]0,1[x]0,1[x]0,1[C R?
and let T > 0. For solving numerically the problem (Py), We apply the finite
difference method by considering a uniform mesh of width h. Let us denote by
2, the set of all mesh points within the € with internal points: z; = th, y; =
gh, 4,5 =1,.N -1, h = NLH, At = % On the other hand €, the set
of boundary mesh points and wu;, the finite-difference that approximates u. In
[1], the author examined a numerical analysis of the convergence and stability of
conservative finite difference schemes applied to the dynamic von Karman plate
equations. To numerically approximate the unique weak solution of our problem,

we employ the discrete von-Karman evolution model outlined in [, 12].

( (67 — a2 (0% + (52))u + (02 + 52)9” A%uz = [ufj vy + Fij | +pij in S,
0107 — (62 + (52)9” — (5t((52 + (52) =0 m Qp,

(1) AO}%UZ - [ uz] uz] ] Zn Qp,
Ui = (@D)ma 5tul] = (Spl)ij7 9?] = (90)ij m &’

uy = v =0 on K,

[ dug; = Oy} =0 on Qp,

and we also approach the problem (S) using the following finite-difference system:
¢?jk (¢0)z]k7 0 dlyy, = (P1)ije in D,

2
(2) 0.0 = 5tuwo on XN Qy,
(8u¢)z‘jk on 2h/Qh;
with the following discrete differential operators:
1 1 —1
s = T
K At ’ £ (At)? ’
§2yn = g T 20 U §2yn = i = 2
alij = (h)Q ) Yy (h)2 )
52 Ut — Uiy 1jp1 = Uiprjo1 — Wilqj W
(2h)? ’

2, n —4
Ajuy = h"" [wijn + uijo + Uimgj + Uiyaj — 8(ugj—1 + Uijr1 + Ui1j + Uit1)

+ 2(Uim1j—1 + Uim1j41 + Uig1j—1 + Uiprj41) — 20u4; ],
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i Vi ] = (551@%(52 "—252 umdiyv —i—(52uZ§fE V-
In summary, we have effectively transformed the above problem to a numerical
resolution three steps:
First step: We approximate the velocity of potential gas using the finite difference
method for the following semilinear wave equations, [1].

[u

ou = A¢ in X x[0,T7,
(*) ¢|t:0 = ¢07 (¢t)|t:0 = ¢1 mn E;
Ops® = Wy on Qx[0,7],
0,0 =0 on 0%/Q x10,T],
Second step: We utilize the numerical procedure of 13-point formula of finite
difference discussed in [7]. We used this method to illustrate the weak solution

to the following problem:
AW =f in Q,
(%) ¢ v =0 on T,
dv=gy on T.

Third step: In this step, we use the discrete model of von Karman evolution
(%) for illustrating the the solution of the thermoelastic model coupled with the
dynamic von-Karman evolution.

4.2. Non-coupled approach. In [7], Gubta Showcased a numerical analysis of
finite-difference method about the numerical resolution of the Biharmonic equa-
tion. Such method is known as the non-coupled method of 13-point, can be
summed up by the following result:

Proposition 4.1. The 13-point approzimation of the Biharmonic equation for
approaching the unique solution w of the problem (P) is defined by:

1
X
Fwiy15) + 2(Wi—1j-1 + Wi—1j41 + Wig1j—1 + Wig1j41) — ZOwij] = fi(@i, y;)

Lyw;; = Wij—2 + Wijyo + Wi—oj + Wita; — 8(Wij—1 + Wijp1 + Wiy,

(1)

where w;; = w(x;,y;), fori,j=1,2,.. N —1.

If the mesh point (z;,y;,) is adjacent to the boundary Q,, then the undefined
values of wy, are conventionally calculated by the following approximation of 0,w:

_1 3
Wiz = 5Wis1j — Wij + 5Wim1; — W(Opw)i—1 4,
Wij—2 = 3Wij41 — Wij + 5wi1 — h(Oyw)ij1,
Witnj = 5Wiy1j — Wij + 5Wi—1j — h(Opw)it1 5,
Wijt2 = 5Wijt1 — Wij + 5Wi -1 — h(Oyw)i -
4.3. Numerical test. Let us consider the following body forces:
2 2

Fy(w,y) = 0.001ze"Vcos*(we),  pla,y) = 0.00Le(z—1)*(y—1)% ",
©o = 1510 % (sin(mrz) sin(7y))?, o1 = 1510822y (z—y—1)*(y—1)%e V",
by = 10222y — 1Py — (e — )
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F1GURE 3. Displacement of plate and Thermal value 6, T' = 23s.

5. CONCLUSION

In this paper, we have presented an iterative method to obtain a unique weak
solution to the von Karman dynamic equations coupled to the thermoelastic
equation with a flexible phenomenon of small nonlinear vibration displacement in
nonlinear oscillation of the elastic plate, with rotational inertia and not clamped
boundary conditions subject to thermal dissipation. Our approach is in fact a
good tool for justifying the theoretical results and we then use the method of
finite difference for approaching the unique solution of the theoretical problem.
These results have potential for application in the fields of physics. Future work
can be devoted to the study for the models of dynamic von Karman equations
with thermal dissipation and for free boundary conditions of the shell could.
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