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TOPOLOGICAL DEGREE METHOD FOR A NEW CLASS OF
»-HILFER FRACTIONAL DIFFERENTIAL LANGEVIN
EQUATION

HAMID LMOU*, KHADIJA ELKHALLOUFY!, KHALID HILAL! and AHMED
KAJOUNT!

ABSTRACT. This article’s goal is to examine the existence and uniqueness of
the solution for a novel class of ®-Hilfer fractional differential Langevin equa-
tions. The suggested work depends on several basic definitions of topological
degree theory and fractional calculus. Employing topological degree method,
we were able to obtain the existence result, and we establish the uniqueness
result using Banach’s fixed-point theorem. We provide an example to illustrate
our theoretical finding.

1. INTRODUCTION

Recently, fractional differential equations have garnered significant attention
due to their effectiveness in modeling various phenomena across multiple scientific
disciplines, including biology, physics, chemistry, mechanics and additional fields,
for example, refer to the works [17, 23, 1, 7, 13, 21, 14, 24, 12, 27].

Paul Langevin stated the Langevin equation of the following form M‘é%” =

—/\‘fl—lT“ + b(7),in 1908, where (fl—f is the velocity of the particle, and M is its
mass and a noise term h(7). Mathematicians employed fractional derivative to
eliminate the noise term, Consequently, it is crucial to study Langevin equations
employing ®-Hilfer fractional derivatives, for more details, see [28, 8, 11].
Although fractional integrals and derivatives have many definitions, the most
widely used ones in literature are Riemann-Liouville and Caputo fractional deriva-
tives. Hilfer fractional derivative, which has an order of ¢ and a parameter of
n € [0,1], is an extension of these derivatives that Hilfer [16] proposed. For a
more comprehensive understanding of Hilfer and ®-Hilfer fractional derivatives,
we recommend consulting the works in [3, 22, 15, 29]. Moreover, various ver-
sions of fixed point theorems are frequently employed to prove the existence and
uniqueness of solutions for different types of fractional differential equations. By
using coincidence degree theory, Isaia [17] demonstrated a new fixed theorem
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for condensing operators. Researchers used this fixed point theorem of Isaia to
prove the existence results for several kinds of nonlinear differential equations
[ () ) ]

Through the use of Banach contraction principle and topological degree theory
for condensing maps, Baitiche et al. [7] recently explored the existence results
for ¢)—Caputo fractional differential equations. Faree and Panchal [13] examined
the existence and uniqueness of solution by using topological structures under
certain pertinent criteria for Caputo fractional differential equation. Based on
Krasnoselskii, Banach fixed-point theorem and Leray—Schauder’s alternative, Hi-
lal et al. [15], discussed the existence and uniqueness of solution for a class of
Langevin equations and inclusions. In 2023, Lmou et al. [25] investigated the
existence and uniqueness of solution for a new class of ¢-Hilfer-type fractional
differential equation with two fractional derivatives of different order by using
topological degree theory, Building upon this previous work we extend its the-
oretical findings to study the Langevin equation, due to the importance of this
equation in the literature, and also this work shed light on the use of topological
degree method to study this equation.

Inspired by the preceding works, we unite these concepts to examine the exis-
tence and uniqueness results for the following problem:

H@gl,m;@(?{@gzm;@ + )\)’LU(T) — g(T,w(T)), 7Y = [&, B],

w(a) =0, wb) = Z L3P w(v;).

=1

(1.1)

Where #D21® is the ®-Hilfer fractional derivative of order g;, 0 < g; <1,
and parameter 7;, 0 < n; < 1,5 =1,2, a > 0, A € R, 3%% is the ®-Riemann-
Liouville fractional integral of order 5; > 0, v; € R, i =1,...,n,a < v; < ... <
U < b, g € €(T xR, R).

The originality of this work is studying an innovative case of fractional deriva-
tive named the ®-Hilfer fractional derivative [30], this kind of fractional derivative
generalize the well-known fractional derivatives (Riemman-Liouville, Caputo, ®-
Riemman-Liouville, Hilfer-Hadamard, Katugampola derivetive), to a variety of
values of function ® and parameters 7n;, j = 1,2 such as

* (1.1) simplifies to Riemman-Liouville problem when ®(7) = 7 and n; = 0.
1.1) simplifies Caputo problem when ®(7) = 7 and n; = 1.

.1) simplifies to ®-Riemman-Liouville problem when 7; = 0.

.1) simplifies to Hilfer problem when ®(7) = 7.

.1) simplifies to Hilfer-Hadamard problem when ®(7) = log(7).
* (1.1) simplifies to Katugampola problem when &(7) = 7.

*
* (1
* (1
* (1

The remainder of the work is arranged as follows : In section 2, we cover
some theorems, notations, lemmas, and definitions from fractional calculus as
well as significant findings from the topological degree approach that will be
applied throughout this research. In section 3, we discuss the existence result
for the problem (1.1) applying the topological degree method, and we verify the
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uniqueness of solution by using Banach’s contraction principle . In section 4, we
give an example to support the main result.

2. PRELIMINARIES

Throughout the work, this section will be used to provide definitions, lem-
mas, and useful notations.

Let X be a Banach space and I'x the class of non-empty and bounded subsets
of X. The space €(T,R) represents the Banach space of all continuous functions
from Y to R, equipped with the norm ||g|| = sup-evx{|g(7)|}. We define €™ (T, R)

as the set of m-times absolutely continuous functions given by €™(T, R) = < g :
T — R; g™ ¢ g(T, R)} The closed ball is denoted by B,(0).

Definition 2.1. [20]  Consider the interval (@,b), where —co < & < b < 400,
be a finite or infinite interval of the half-axis (0, +00), and let o > 0. Let ®(7)
be a positive increasing function on (a, E], that possesses a continuous derivative
®'(7) on (a, l~)) The ®-Riemann-Liouville fractional integral of a function g with
respect to another function ® on [, b] is given by

Wg(r) = %g) / ' (r)((7) — @) g(v)dv, (2.1)

where I'(.) denoted the Gamma function.

Definition 2.2. [20] Let ®'(7) > 0 and ¢ > 0, m € N. The ®-Riemann-Liouville
derivative of a function g with respect to another function ® of order o is defined

by

DEg(7) = <ﬁ%> Ia (7, (2:2)

1 1od\ [
= o O (7)(D(1) — ®(v))" ¢ g(v)dv, (2.
I'(m — o) (‘P'(T) dT) /a (T(2(7) = 2W)™* glv)dr, (23)
where m — 1 < p < m,m = [p| + 1, and [g] denotes the integer part of the real
number o.

Definition 2.3. [20] Let m — 1 < ¢ < m with m € N, and let [a, b] be an interval
where —oo < @ < b < +00. Suppose g, d € ¢"(T,R) are two functions such that
® is increasing and ®'(7) > 0 for all 7 € ¢ > 0. The ®-Hilfer fractional derivative
of a function g of order p and type 0 < n <1, is defined by

. N A T A VR
"D (r) = T >< ) 3y ), (2.4)

&' (1) dr
= 35700 g(7),

where m — 1 < o < m and m = [g| + 1, with § = o+ n(m — o).
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Lemma 2.4. [20] Let o,n > 0, the following semigroup property holds
2P g(1) = 32 g(1), T > @ (2.5)
Proposition 2.5. [20] Let a >0, z > 0 and T > a, then
: r
() I @) ~ $(@) (1) = () - (@) ),
.. , _ ['(2) N
HY%® (1) —d(a)) (1) = ——L(D(v)—D(a))* 2 (1), m—1< o<
(i) 7D (B(v) = 8(0)*(r) = Fr (0~ 0(@) (), 0
m7
Z>m.
Lemma 2.6. [20] If g € € (T,R), m—1<p<m, 0<n<1andd =
o+ n(m — o), then
: . " (D(T) — (@) F ek () (m—o)id o~
Ja+( :Da+ kz:; T —k+1) P at g(a), (2.6)
1 d \m—k
for all T € Y, where g[m ] (1) := <(I>'(7') E> g(7).
Definition 2.7. [9] The Kuratowski measure of non-compactness k : I'y — R,

is defined by:

k(B) = inf{s > 0: B covered by a limited number of sets with diameter < ¢}.
(2.7)

Proposition 2.8. [9] k satisfies the following properties

1- /i(A) =0 if and only zfA is relatively compact,

QACB:>K(A>§H(B> B

3- k(A) = k(A) = /{(conv(fl)), where A and conv(A) denote the closure and

the_convex hull of A respectively,
k(A+B) < (A) + K(B),

5— If()\A) IA|k(A), A € R.
Definition 2.9. Consider a continuous bounded map G : A —» X. The operator
G is called k-Lipschitz if there exists p > 0 such that

k(G(B)) < pk(B), for every B C A. (2.8)
Moreover, if p < 1, then G is considered a strict k-contraction.
Definition 2.10. G : A — X is said to be x-condensing if
k(G(B)) < k(B), (2.9)
for any bounded and nonprecompact subset B of A, such that K(B) > 0.

Definition 2.11. The function G : A —» X is Lipschitz if there exists p > 0
satisfies

1G(w) — G)|| < pllw —v|, forallw,v e A. (2.10)
Moreover, if p < 1, then G is a strict contraction.
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Proposition 2.12. [17, 9] If G,Z : A — X, are k-Lipschitz mapping with
constants py and py respectively, then G+ Z : A — X s also a k-Lipschitz
mapping with constant py + ps.

Proposition 2.13. [I7, 9] If G : A — X, is compact, then G is r-Lipschitz
mapping with constant p = 0.

Proposition 2.14. [17, 9] If G : A — X, is a Lipschitz mapping with constant
p, then G is a k-Lipschitz mapping with the same constant p.

Theorem 2.15. [17] Let C: A — X be r-condensing and define
Ac={we X :w=eCw, for some0 < e < 1}. (2.11)

If A is a bounded set in X, then there exists p > 0, such that A, € B,(0).
Consequently, the degree

deg(I — £C,B,(0),0) =1, for all e € [0,1]. (2.12)
As a result, there is at least one fixed point in C, and the set of all fized points is
included in B,(0).
3. MAIN RESULT

Definition 3.1. A function w € €(T,R) is said to be a solution of problem (1.1),
if w satisfies the equation 72" "1@(7"@92 i —I—/\) (1) =g(m,w(1)), a.e on Y and

the conditions w(a) =0, w(b Z

Lemma 3.2. Leta>0,0<9; <1,0<n; <1,94; =0;+n,—0;n;, J =1,2 and
h € €Y,R). Then, the following problem has a solution given by the function w:

H@@lvm@(*‘@@%”%q’ +Aw(r) =hir), 7 €T :=a, bl,

w(a) = Z 1;355% Vi), @ < v; < E, (3.1)
if and only if
w(r) = JOTePh(1) — AT Pw(T) + <@(T>A;(?l@):;)+ - lﬁgﬁ‘-’”‘ph@)
— AJ%%w Z L IOTeTRR (1) + A Z 1300y ] (3.2)
where .
m S1402+8i—1 7Y — ®(5)\61+o2—1

i=1

Proof. We may formulate the problem (3.1) as
oot gone® [H’DQQ’"Q“D + Aw(r) =h(r), T€T. (3.4)
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Where 6, = o1 + m1 — o1m- By applying the ®-Riemann-Liouville fractional
integral of order g; to both sides of equation (3.4), and utilizing Lemma 2.6, we
get
lo N -
O(1) — P(a)) -, 3.5
F(51)((() (@)) (3.5)
where a constant [y is used. The equation (3.5) may thus be expressed as

~02—02;® 2;® _ ~o1;® lo ~\\01—1
g (H@5 w(r)) =J%%h(1) — Mw(T) + T(r) (®(r) — ®(a)™t, (3.6)

Hexmi®y (1) + \w(T) = JPh(T) +

here d9 = 09 + 12 — 0212. By applying the ®-Riemann-Liouville fractional integral
of order gy to both sides of equation (3.6), and utilizing Lemma 2.6, we have

w(r) = JNHePh(7) — AT2Pw(r) + TS 5111 2 ((®() — ®(a))™+e!
Iy -
+F®ﬁ«¢v>—@m»6 : (3.7)

where a constant [y is used. After that, we get that [y = 0 by applying the
boundary condition z(a) = 0 in (3.7). Subsequently, we obtain

b (@) —s@)te. (38

w — jeitex®p, — \Je%y, + _
Q o D+ T+

Using w(b) = Z t;w(v;) as the boundary condition, we derive in (3.8)
i=1

ly = X j@1+92;¢>h(b) AT2%%, Z joi+o+Bi; <I>h (v; +)\ZL o2 +Bi;® w(v;) |

B = (3.9)

The integral equation in (3.2) may be obtained by substituting the value of Iy in

(3.8). Direct calculation yields the result. O

To make the calculations easier, we employ the following notation.
o,  (@(F) — ®@)
(o1 + 02+ 1)
N (@(6) _ @(&))514’@2*1 [(@(5) gl+gz Z| | @(d))g1+92+6¢
[A[T(0r + 02) F(@1+@2+1 91+@2+@+1) ’
(3.10)

(o2 +1)

(D(b) — (@) et | (B(D) — B(a)2 =, (D(v;) — (@)=t
" |A|LC(6, + 02) [ (o2 +1) +Z|Li| (oo + B+ 1) ] }

00— I\ { (2(0) — ®(a))”

i=1

(3.11)

Assume that
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(H1): A constant £, > 0 exists in order to

lg(T,w) — g(7,v)| < Ly|lw — ]|, for eachT € T andw,v € €(YT,R).  (3.12)

(H2): Two constants Ky, P, > 0, and o € (0, 1) exist such that

lg(T,w)| < KCglw|® + Py foreveryt € T and w € €(T,R). (3.13)

The definition of the operators G, Z : €(T,R) — &(Y,R) comes from
Lemma 3.2. through

(B(r) — B(a))" e

__ ~o1+o02;®
Guw(t) =397 %g(1,w(T)) + AT(0; + 03)

x |39 g (b, w(b)) — Zaﬁgﬁ@ﬁﬁ“q’g(vi,w(vi))]> TeT,  (314)
i=1

and

B(r) — (@)’
AT(61 + 02)

Zu(r) = — X2 u(r)+ [—U”;‘Dw@)ﬂz L3 P w(wy) |
=1

(3.15)
Next, the fractional integral formula (3.2) may be expressed in the following way:

Cw(t) =Guw(r) + Zw(r), T € T. (3.16)

Theorem 3.3. Assuming that (Hi)—(Hs) fulfill their requirements, there exists
at least one solution to the problem (1.1) such that w € €(T,R), provided that
©, < 1. Additionally, the problem (1.1) solution set is confined in €(T,R).

To prove Theorem 3.3, we will demonstrate it through a series of lemmas.

Lemma 3.4. Z is k-Lipschitz with the constant O, where ©y is given by (5.11).
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Proof. Considering that w,v € €(T,R), we obtain

|Zw(r) — Zu(7)] < |)\|392;@|w(7) —o(7)| + (®(7) — @(d))51+@2—1

[Wﬁmm@—mw

|A[T(61 + 02)
+ (Al Z |04 352w (v;) — U(Ui)!] >
(D(b) — ®(a))> (@(5) — ®(a))re!
<M a0 = O ARG, )
(R ) o)

['(o2 + Bi +1)
< W{ @(b)( —B(a)2 (b)) — d(a)) e

m v:) — D(q))e2tbi
HA Y =) hmm—wm17

+
02+ 1) |AIT(61 + 02)

(B(D) — (a)2 =, (D(v;) — D(a))etF
Mo r1) 2l T'(o2+ 8; +1)

< Ogflw — vl

}”w - UH’

=1

If we take the supremum over 7, we get
|20 — Zv]| < Oyflw ]|

Finally, Z is Lipschitz with the constant ©,, and according to Proposition 2.14,
Z is also k-Lipschitz with the same constant O,. 0

Lemma 3.5. G is continuous and fulfills the following inequality.
IGwll < 1 (Kgllw]* + Py), (3.17)
where ©1 given by (3.10).

Proof. Let w,,w € €(T,R) such that w,, converges to w in €(Y,R). This means
there exists p > 0 such that ||w,,| < wp for all m > 1. Additionally, by taking
limits, we have ||w|| < p. Utilizing the continuity of ¢ and condition (Hs), for
every 7 € T, we obtain:

19(7, w0 (7)) = g(7, w (7)) < [g(7, Wi (7))] + |9 (7, w(T)|
<2(Kgu® + Py).

For s € [0,7],7 € T, the function s — 2(K,u* + P,) is integrable. By using the
Lebesgue Dominated Convergence theorem, we obtain
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(©(r) — (@)

(Guom(7) = Gu(r)] < T2 g(7, wn(7) = g(m WP+ = omm =

X |35 g(b, w (b)) — (b, w(b))|

+ 37 a3 g 0wy (v)) — glr, w(w1))]
=1

consequently, as m — 00, ||Gw,, — Gw|| — 0, suggests that G is continuous.
In addition, for every 7 € T we get

(3(r) — @(@)’+e!
|AL(6y + 02)

j@l+92 CI)‘g(b w + Z ’L ’ng+g2+/81 cb‘g(U“ (U2)|] )
i=1

g (7, w(r)) +

Q

|Guw(r)| <

X
1

(2() = B(@)e+e | (D(b) — D(a))’ e

INA
——

T(o1 + 02+ 1) IAID(0, + 0)
(®(b) — ))erte: — O(a))orteathi

K 1P,

[ F(Q1+92+1 Z| | 91+QQ+51+1) ( gllwl|* + g)

implies that |G| < ©1(K,llw||* + P,). O
Lemma 3.6. As a result of G being compact, G is k-Lipschitz with zero constant.

Proof. In order to demonstrate the compactness of G, let Q be a bounded set
such that Q@ C B,, it remains to demonstrate the relative compactness of G(Q)
in ¢(T,R). To this end, let w € Q C B,. Using (3.17), we may therefore get

[Gw]| < 61(Kgp® + Py) := v, (3.18)

therefore G(Q) C B,, as a result G(Q) is bounded.
To establish the equicontinuity of G, let 71,75 € Y such that 7 < 75, and let
w € Q, then we get
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IGw(ms) — Gu ()| < 30122 g(1y, w(1)) — g(1, w(r1))|
n (D(73) — B(a))+er—1 — &(7y) — B(a))h+ex-!
|A’F<51 + QQ)

% [3@1+Q2;¢|g<b7 w([;)” + Z |Li|jgl+92+ﬂi§‘b|g(vi’ w(vz)|] )

i=1
(Kgp™ + Pg)
~ T'(o1 + 02) a

(P(71) — <I>(l/))91+92_1>ds + /T2 ' (5)(P(1y) — B(v))2 T2 Nds

T1

" w(s) ((@(m) - @) -

(P(m2) — q)(d))61+9271 — ®(7y) — CI)(ZL))51+92*1
|AIL(01 + Qz)

. [(q)(;;) — o(q))ote Z\ D(a))erteth

+

F(Q1+Q2+1 Q1+Q2+51+1) (Ko +7,).
By leveraging the continuity property of the function ®, the expression on the
right-hand side of the preceding inequality approaches 0 as 7o approaches 7.
This indicates that G(Q) exhibits equicontinuity. Consequently, by applying the
Arzela-Ascoli theorem, we deduce that the operator G is compact. Furthermore,
according to Proposition 2.13, G is Lipschitz with a constant 0. O

We prove that our primary result, Theorem 3.3, is valid since all necessary
conditions are fulfilled.

Proof. of Theorem 3.3 Consider the operators G, Z, and C, which are, respec-

tively, represented by (3.14), (3.15), and (3.16). These operators are bounded and

continuous. Moreover, by employing Lemma 3.4, Z is x-Lipschitz with constant

O, , and by utilizing Lemma 3.6, G is k-Lipschitz with constant 0. Consequently, C

is a strict k-contraction with constant ©,. Lastly, since ©, < 1, C isk-condensing.
After that, taking consideration for the subsequent set

Ae ={we X :w=eCuw, for some0 <e < 1}. (3.19)

The set A. must still be shown to be bounded in €(T,R). To do this, allow
w € A.. From there, we obtain w = eCw = ¢(Gw + Zw). Then, Lemmas 3.5 and
3.4 are utilized to obtain

) = ellguw + Zu]
< |G| + 2]
< 04 (K, Juw]* + P,) + ©slju]
_ Ou(Kyllw] +Py)
N

Where 0, and ©, are determined by (3.10) and (3.11), respectively, then the set
A is bounded in €(Y,R). In the case where A, is not bounded, then we assume
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that x := ||w|| tends to infinity. By utilizing the inequality above, we obtain

1< lim O1 (Ko X" +Py)
x—+oo  x(1 —Os)

=0 (3.20)

This leads to a contradiction. Therefore, by employing Theorem 2.15, C has at
least one fixed point, which serves as the solution to problem (1.1). Furthermore,
the set of solutions to problem (1.1) is bounded in €(T,R). O]

Next, we employ Banach’s Contraction Theorem to establish the uniqueness of
solutions for problem (1.1).

Theorem 3.7. Suppose (H1) is valid. The problem (1.1) admits a unique solution
on €(T,R) if L,0; + O, < 1.

Proof. For every w,v € €(YT,R), and 7 € T we obtain
[Cw(T) — Co(7)]

< [Gw(r) = Gu(r) + Zw(T) — Zv(7)]
< [Guw(T) = Gu(T)| + |Zw(T) — Zu(7)|

qortes (2(r) — 2(@) e
< 3Bl w(n) = 9 v+ K55 o)

x |39 g(b, w(b)) — g(b,v(b))|

£ 37 oo B g, w(w) - (o v<w>>|]

. (@(7) — (@)
AT + )

ALY 3255w () v(m)l] :

=1

+ |/\|3@2;¢|w(7) —o(T)| +

[IM’J”‘@Iw(@) o)

+
F(Ql + 02 + 1) |A|F((51 + Qz)

y (®(b) — yerte N Z| | — O(q))ortets
F(Ql+02+1 Ql+@2+ﬁz+1>

+ |)\|{ ((I)(B) - <D<C~L))92 n ((I)(i)) — q)(a))51+92—1

< { ((I)(E) — ®(a))rte ((I)(l;) _ cI)(d))‘leer*l

}Eglw(T) —o(7)]

F<Q2 + 1) ’A‘F((Sl + 02)
(®(b) — D(a))eth
FQ —|—1 Z’ ‘ Q +/87,+1) }‘W<T)—U<’7')’,

< (£y01 4 0s)[w — vII,
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where ©; and O, are given by (3.10) and (3.11) respectively, then when we take
the supremum over 7 we obtain

|Cw — Cv|| < (L£,01 + Oq)||w — v]|.

By leveraging the condition £,0; + ©, < 1, it can be deduced that C is a con-
traction. Consequently, applying the Banach Fixed Point Theorem, C possesses
a unique fixed point, which serves as the unique solution to problem (1.1).

O
4. EXAMPLE
Let us examine the following problem:
1 3.¢" 2 1.¢" -7
D55 T | D5 5T 4 L w(r) = Wl 1 g<r<,
9 7T+e |14 |w(T) (4.1)
0) =0 w(1) = 35 Fu(z) + 235 Fu()
w = w = -J2 6 w(- =J27 6 w(=
’ 8 3 8 2
1 2 3 1 1 ~
Wh = - = - = - =—-A=—,a=0,b=1,T=]0,1 =2
er; 01 g>Q2 ganl '%57772 137 Sl)aa ) 7T [ ) ]7” 5
e
leg,LQZg,ﬁlzg,ﬁgzé,Ulzg,in:§and(I)(T):E.
For (1,w) € T x Ry, let g(7,w) = 7(:_ = (1 :l_)w) This function g is contin-
uous. Moreover, for each 7 € T and every w,v € R, , we obtain
e’ w— v
T,w)—g(T,v)] <
l9(r,w) = g(r, ) ‘7+6T (1 +w)(1+0)
1
< —|w —w|.
8

1
Therefore, the assumption (#;) holds with £, = 3 > 0. Moreover, for each
7€ Y and w,v € Ry, we get

lg(T, w)| <

(Jw| +1)

E

e
7+ e

< —(jw] +1).

ool —

1
Thus, the conditions (#2) hold with K, = P, = 3 > 0 and o = 1. Furthermore,

O, = 0.107986 < 1. Consequently, all the requirements of Theorem 3.3 are met.
Therefore, the problem (4.1) has at least one solution defined on [0, 1].
For uniqueness, utilizing the provided data, we find that é; = o1 + 171 — 0171 =

3= 0.6, |A| ~ 0.801289, ©; = 0.369497, O, = 0.107986 < 1, and L, = = =

8
0.125.
Then £,01 + O3 = 0.125 x 0.369497 4- 0.107986 ~ 0.154173 < 1.
Accordingly, by Theorem 3.7 the problem (4.1) has a unique solution on [0, 1].
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5. CONCLUSION

In this study, we have explored the existence and uniqueness of solutions for
a novel class of ®-Hilfer fractional differential Langevin equations. Our investi-
gation relies on fundamental definitions from fractional calculus and the topo-
logical degree method. The novelty of this research lies in its generality com-
pared to previous works focusing on famous type of fractional derivatives such as
Caputo, Riemann-Liouville, ®-Riemann-Liouville, Hilfer, Hilfer-Hadamard, and
Katugampola, considering various values of the function ® and parameters n;,
7 = 1,2. By employing the topological degree method and Banach’s fixed point
theorem, we established both existence and uniqueness results for problem (1.1).
Additionally, we provided a numerical example to illustrate the theoretical find-
ings.

Acknowledgement. The authors would like to thank the referees for the
valuable comments and suggestions that improve the quality of our paper.

REFERENCES

1. Ahmed, W. F. S., Salamooni, A. Y. A., & Pawar, D. D. (2022). Solution of fractional
kinetic equation for Hadamard type fractional integral via Mellin transform. Gulf Journal
of Mathematics, 12(1), 15-27. https://doi.org/10.56947/gjom.v12i1.781

2. Ali, A., Samet, B. , Shah, K. & Khan, R. A. (2017). Existence and stability of solution to
a coppled systems of differential equations of non-integer order, Bound. Value Probl., 2017
, Paper No. 16, 13 pp. https://doi.org/10.1186/s13661-017-0749-1

3. Almalahi, A., & Panchal, K. (2020).Existence results of ¢-Hilfer integro-differential equa-
tions with fractional order in Banach space, Ann. Univ. Paedagog. Crac. Stud. Math, 19 ,
171-192. http://eudml.org/doc/296827

4. Alzabut, J., Mohammadaliee, B., & Samei, M. E. (2020) Solutions of two fractional
g-integro-differential equations under sum and integral boundary value conditions on
a time scale, Adv. Differ. Equ., vol. 2020, pp. 1-33 . https://doi.org/10.1186/
513662-020-02766-y

5. Asawasamrit, S., Kijjathanakorn, A., Ntouya, S. K., & Tariboon, J. (2018). Nonlocal bound-
ary value problems for Hilfer fractional differential equations, B. Korean Math. Soc., 55 ,
1639-1657. https://doi.org/10.4134/BKMS.b170887

6. Bahadur Zada, M., Shah, K. & Khan, R. A. (2018). Existence theory to a coupled sys-
tem of higher order fractional hybrid differential equations by topological degree the-
ory, Int. J. Appl. Comput. Math., 4 , Art. 102, 19 pp. https://doi.org/10.1007/
s40819-018-0534-6

7. Baitiche, Z. , Derbazi, C., & Benchohra, M. (2020). ¥-Caputo fractional differential equa-
tions with multi-point boundary conditions by Topological Degree Theory. Results in
Nonlinear Analysis, 3(4), 167-178. https://nonlinear-analysis.com/index.php/pub/
article/view/54

8. Coffey, W. T., Kalmykov, Y. P.; & Waldron, J. T. (2004). The Langevin Equation, vol. 14
of World Scientific Series in Contemporary Chemical Physics, World Scientific Publishing,
River Edge, NJ, USA, 2nd edition. https://doi.org/10.1142/5343

9. Deimling, K. (1985). Nonlinear Functional Analysis, New York, Springer-Verlag, .

10. Diethelm, K. (2010) The Analysis of Fractional Differential Equations; Lecture
Notes in Mathematics; Springer: New York, NY, USA . https://doi.org/10.1007/
978-3-642-14574-2

11. Denisov, S. I., Kantz, H., & Héanggi, P. (2010). Langevin equation with super-heavy-tailed
noise. Journal of Physics A: Mathematical and Theoretical, 43(28), 285004. https://doi.
org/10.1088/1751-8113/43/28/285004


https://doi.org/10.56947/gjom.v12i1.781
https://doi.org/10.1186/s13661-017-0749-1
http://eudml.org/doc/296827 
https://doi.org/10.1186/s13662-020-02766-y 
https://doi.org/10.1186/s13662-020-02766-y 
https://doi.org/10.4134/BKMS.b170887 
 https://doi.org/10.1007/s40819-018-0534-6 
 https://doi.org/10.1007/s40819-018-0534-6 
https://nonlinear-analysis.com/index.php/pub/article/view/54
https://nonlinear-analysis.com/index.php/pub/article/view/54
https://doi.org/10.1142/5343 
https://doi.org/10.1007/978-3-642-14574-2 
https://doi.org/10.1007/978-3-642-14574-2 
https://doi.org/10.1088/1751-8113/43/28/285004 
https://doi.org/10.1088/1751-8113/43/28/285004 

18

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

H. LMOU, K. ELKHALLOUFY, K. HILAL, A. KAJOUNI

Diouf, M., Faye, 1., & Ba, D. B. (2023). Stochastic fractional integrodifferential equations
with continuous conditions. Gulf Journal of Mathematics, 15(2), 133-147. https://doi.
org/10.56947/gjom.v1512.1604

Faree, T. A., & Panchal, S. K. (2022). Existence and Uniqueness of the Solution to a Class
of Fractional Boundary Value Problems Using Topological Methods. https://doi.org/
10.17516/1997-1397-2022-15-5-615-622

Hilal, K., Kajouni, A., & Lmou, H. (2023). Existence and stability results for a coupled
system of Hilfer fractional Langevin equation with non local integral boundary value con-
ditions. Filomat. 37, 1241-1259. https://doi.org/10.2298/FIL2304241H

Hilal, K., Kajouni, A., & Lmou, H. (2022). Boundary Value Problem for the Langevin
Equation and Inclusion with the Hilfer Fractional Derivative. International Journal of Dif-
ferential Equations, 2022. https://doi.org/10.1155/2022/3386198

Hilfer, R. (2000).Applications of Fractional Calculus in Physics, World Scientific, Singapore.
Isaia, F. (2006). On a nonlinear integral equation without compactness, Acta Math. Univ.
Comenian. (N.S.) 75, 233-240. http://eudnl.org/doc/130176

Khan, A., Syam, M. 1., Zada, A., & Khan, H. (2018). Stability analysis of nonlinear frac-
tional differential equations with Caputo and Riemann-Liouville derivatives. The European
Physical Journal Plus, 133(7), 1-9. https://doi.org/10.1140/epjp/i2018-12119-6
Khan, R.A., & Shah, K. (2015).Existence and uniqueness of solutions to fractional order
multi-point boundary value problems, Commun. Appl. Anal. 19 , 515-526. https://doi.
org/10.19079/caa.19.4.515

Kilbas, A. A., Srivastava, H. M., & Trujillo, J. J. (2006). Theory and applications of
fractional differential equations, Amsterdam: Elsevier.

Lakshmikantham, V., Leela, S., & Devi, J.V. (2009). Theory of Fractional Dynamic Sys-
tems; Cambridge Scientific Publishers: Newcastle upon Tyne, UK. https://doi.org/10.
4236/am.2017.82016

Lmou, H., Hilal, K., & Kajouni, A. (2022).A New Result for ¢-Hilfer Fractional Pantograph-
Type Langevin Equation and Inclusions. Journal of Mathematics. https://doi.org/10.
46793/KgIMat2602.231L

Lmou, H., Hilal, K., & Kajouni, A. (2024). On a new class of ®-Caputo-type fractional
differential Langevin equations involving the p-Laplacian operator. Bol. Soc. Mat. Mex. 30,
61 . https://doi.org/10.1007/s40590-024-00641-4

Lmou, H., Hilal K., & Kajouni A. (2023). On a class of fractional Langevin inclusion with
multi-point boundary conditions. Boletim da Sociedade Paranaense de Matematica. , 41.
https://doi.org/10.5269/bspm.62725

Lmou, H., Hilal, K., & Kajouni, A. (2024). Topological degree method for a ¢-Hilfer frac-
tional differential equation involving two different fractional orders. Journal of Mathemat-
ical Sciences, 280(2), 212-223. https://doi.org/10.1007/s10958-023-06809-z

Miller, K.S., & Ross, B. (1993). An Introduction to the Fractional Calculus and Differential
Equations, John Wiley: New York, NY, USA.

Prasad, K. N. V. V. V., Mishra, V., & Surendra, H. (2024). Application on Atangana-
Baleanu fractional derivative via (7, a)-weak contractive mappings. Gulf Journal of Math-
ematics, 16(2), 232-246. https://doi.org/10.56947/gjom.v16i2.1883

Rizwan, R. (2019). Existence theory and stability analysis of fractional Langevin equation.
International Journal of Nonlinear Sciences and Numerical Simulation, 20(7-8), 833-848.
10.3934/math.2022345

Sousa, J.V.D.C., & Capelas de Oliveira, E.C. (2019). A Gronwall inequality and the Cauchy-
type problem by means of i-Hilfer operator, Differ. Equ. Appl. 11 , 87-106. doi:10.7153/
dea-2019-11-02

Sousa, J.V.D.C., & Capelas de Oliveira, E.C.(2018) .On the -Hilfer fractional derivative.
Commun. Nonlinear Sci. Numer. Simul. 60, 72-91 . https://doi.org/10.1016/j.cnsns.
2018.01.005


https://doi.org/10.56947/gjom.v15i2.1604
https://doi.org/10.56947/gjom.v15i2.1604
https://doi.org/10.17516/1997-1397-2022-15-5-615-622 
https://doi.org/10.17516/1997-1397-2022-15-5-615-622 
https://doi.org/10.2298/FIL2304241H
 https://doi.org/10.1155/2022/3386198
http://eudml.org/doc/130176
https://doi.org/10.1140/epjp/i2018-12119-6 
https://doi.org/ 10.19079/caa.19.4.515 
https://doi.org/ 10.19079/caa.19.4.515 
https://doi.org/10.4236/am.2017.82016 
https://doi.org/10.4236/am.2017.82016 
https://doi.org/10.46793/KgJMat2602.231L
https://doi.org/10.46793/KgJMat2602.231L
https://doi.org/10.1007/s40590-024-00641-4
https://doi.org/10.5269/bspm.62725 
https://doi.org/10.1007/s10958-023-06809-z
https://doi.org/10.56947/gjom.v16i2.1883
10.3934/math.2022345 
doi:10.7153/dea-2019-11-02
doi:10.7153/dea-2019-11-02
https://doi.org/10.1016/j.cnsns.2018.01.005 
https://doi.org/10.1016/j.cnsns.2018.01.005 

$-HILFER FRACTIONAL DIFFERENTIAL LANGEVIN EQUATION 19

! LABORATORY OF APPLIED MATHEMATICS AND SCIENTIFIC COMPUTING, SULTAN MOULAY
SLIMANE UNIVERSITY, BENT MELLAL, MOROCCO.

Email address: 1mou.hamid@gmail.com

Email address: khadija.elkhalloufyQusms.ma

Email address: hilalkhalid2005@yahoo. fr

Email address: kajjouni@gmail . com



	1. Introduction
	2. Preliminaries
	3. Main Result
	4. Example
	5. conclusion
	References

