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INTEGRAL OPERATOR ON WEIGHTED LORENTZ SPACE
Iy (@)

RENE ERLIN CASTILLO! AND HECTOR CAMILO CHAPARROZ2*

ABSTRACT. We study weighted Lorentz spaces, and by using a domination-
like property for integrals, we prove the compactness of an integral operator
defined on those spaces.

1. INTRODUCTION AND PRELIMINARIES

Lorentz spaces were introduced by George Gunter Lorentz (1910-2006) in [12,

] as a generalization of the classical Lebesgue spaces L,. Since then, Lorentz
spaces have become a standard tool in mathematical analysis c.f. [1, 2, 3, 1, 6, 7,

? ]'
The space I'? (X) was reintroduced in [5]. Some of its properties were studied,
as well as the weighted composition operator defined on it. In the present paper,
we would like to retake this concept to study the integral operator on I'P(X)
space.

In the sequel we gather some basic definitions and results which will be used
throughout this paper. Let (X, .4, u) be a v-finite measure space and f be an
A-measurable function. The function that measures the level sets of f for A > 0,
is defined as

Y

Di(A) = n({zr € X : [f(2)| > A}) (1.1)

named distribution function of f. In the case we need to emphasize the underlying
measure, we can write D’ ().

It is worth noting that D; depends solely on the absolute value |f| of the
function f, and it is possible for D to take the value +oo. Additionally, it is
essential to emphasize that Dy conveys information regarding the magnitude of
f, but does not offer insight into the behavior of f at any specific point.

In fact, a function on R™ and all of its translates share the same distribution
function. From (1.1), it follows that Dy is a (not necessarily strictly) decreasing
function of A and is right-continuous. For further details on distribution functions,
refer to [2, 9, 11].
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The distribution function allows us to define the non-increasing rearrangement
function, as follows
fft)=inf{A>0:D;\) <t}, t>0,

where we agree that inf ) = +00. Moreover, f* is decreasing and right-continuous.
Also, it should be clear that

SH0)inf {fa > 0: Dy(A) < 0} = [ f]]oc;
since
[fllc =inf{a>0:p({z e X:[f(z)]>a})=0}.
If Dy is strictly decreasing, then
[1(Ds(t)) =inf{XA > 0: Ds(\) < Dg(t)} =t.

This fact shows us that indeed f* is the inverse function of the distribution
function Dy.
The coming result is interesting itself.

Proposition 1.1. Let f be a strictly decreasing function (f > 0) on (0,00). Then
fr=1r@).
Proof. Let A > 0 and consider the Lebesgue measure m, then
m({z € (0,00) : f(z) > A}) =m({z € (0,00) : f7'(f(2)) > [T (N)})
=m({z € (0,00): 0 <2< f1(N)})
=f~' ().
Take t = f~1()\), then A = f(t). Thus
fr(t) =inf{A > 0: Ds(N) <t} = f(t),
that is

as we wanted to show. O

Let us denote by F(X,.A) the set of all A-measurable functions. The next
definition is needed.

Definition 1.2. Let (X, A, 1) and (Y, B,v) be two measure spaces. Two func-
tions f € F(X,A) and g € F(Y,B) are said to be equimeasurable if they have
the same distribution function, that is, if

D (A) = Dg(A)
for A > 0.

The following proposition encapsulates some important properties of the dis-
tribution and non-increasing rearrangement functions.

Proposition 1.3. Let f and g be two functions in F(X,A). For \i, Ay > 0 we
have:
(1) lg] < |f| p-a.e implies Dy < Dy;

(2) Des(N) = Dy (2) for all e € T\ {0}
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Diyg(M+X2) < Dp(A1) + Dy(N2);
Dyg(MA2) < Dp(A1) + Dy(A2);

f*(t) > A if and only if Dg(X\) >t
If|f] < liminf |fnl, then f* < liminf f};
n—oo

f
if B e A, then (xg)*(t) = X[0,(E)] (t);
if E€ A, then (fxe)*(t) < f*Xoue)(t).

f and f* are equimeasurable, that is

For the proof of all nine properties see [10].
The non-increasing rearrangement is unique, as the following result shows.

Theorem 1.4. There exits only one right-continuous decreasing function f*
equimeasurable with f.

For a proof of the previous theorem see [10]. We shall end this section with
the next result, which shows that the L,-norms of f and f* are equal.

Theorem 1.5. Let (X, A, n) be a o-finite measure space . Then for 1 < p < co.

/ P dp = / (F ()7 dt. (1.2)

Proof. (1.2) is obtained from the fact that f and f* are equimeasurable. For
details see [10]. O

2. WEIGHTED LORENTZ SPACE I'} (w)

Let f** denote the maximal function of f*, which is defined by

/f t>0.

Some elementary properties of f**

(1) fr<f

(2) f** is non decreasing;
3) (f+9)™" < f"+g™.
A weight w is a non negative locally integrable function in R" that takes values
n (0, 00).
The weighted Lorentz space I'}, (w) are the space of all functions f € F(X,.A)

for which
[ fllre ) = (/o |5 ()[Pw(t) dt>

is finite. Here w is a weight on R™ and 1 < p < oo. Specifically, in a set notation
we define I'}, (w) as

() = {f € F(XGA) <1 g < 00
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3. A “RECIPROCAL” DOMINATION PROPERTY FOR INTEGRALS

The following is a well known result and its proof can be find in any Measure
and Integration as well as in any Real Analysis books.

Theorem 3.1. Let (X, A, ) be a measure space and f,g be two integrable func-
tions on X. If g < f a.e [u] in X, then

/gduﬁx/fdu-

X

We state and prove the theorem below, which we could not find among the
literature. It is a kind of reciprocal of the domination property above. The
aforementioned theorem will be the corner stone in the proof of our main result.

Theorem 3.2. Let (X, A, i) be a o-finite measure space. Suppose f and g mea-

surable functions such that
/ fdu and / gdu
b's

X

exist (through not necessarily finite). Also suppose

/ﬁMS/gw

E

for all E € A. Then f < g a.e [u] in X.
Proof. First assume pu(X) < co. Let
A={re X:

g(a)| < oo}

D={reX: f(x)>gn)}.
We have X = AUBUC, so
D=DnNX
=(AND)u(BND)U(CND,).
Clearly BN D = (), hence D = (AN D)U(CND). So
w(D) = (AN D)+ p(CND). (3.1)
We shall show (AN D) =0=pu(CND). Define for each n € N

En:{a:EX:f(x)>g(m)+%}ﬂ{:v€X:\g(x)|§n}
and
F,={zeX: f(z)>-n}nC.
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Then E,, F,, € A for all n € N. On E,, |g| is integrable since u(X) < oco. Hence
g is integrable on F,,. By hypothesis

E, E, E,
that is
/gdu > /gdu + —p(En),
Ey, Ey
since
/ gdp < oo,
E,

we conclude p(E,) < 0.
Hence p(E,) =0 for all n € N and so

u([’jE) “0

But
U E,=AND,
n=1
thus
w(AnD)=0. (3.2)

Claim u(F,) =0 for all n € N.

Proof of Claim. Suppose that p(F,) # 0 for some n € N, then there exists m € N
such that p(F,,) > 0, hence

[ odu= [ (=00 du = (~o0)u(Fn) = ~cx.

/gdu zF[fdu

Fm
(by hypothesis), that is —oo > —mu(F,,).
This entails pu(F),) = oo which is a contradiction since pu(F),) < oo. Hence the
claim is true. O]

Thus pu(F,) =0 for all n € N. So

M@Fn):o.

GFn:CﬂD,

n=1

But
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then

wCnND)=0. (3.3)
From (3.1), (3.2) and (3.3) we conclude p(D) = 0. Hence f < g a.e [p] in X.

This proves Theorem 3.2 for the case u(X) < oo.
Case pu(X) = oo. By o-finiteness

X =|JB.
n=1
where B, € A; B, N B,, =0 if n # m and u(B,) < oo for all n € N. Then

D= G(DﬂBn).

n=1
By finite case u(D N B,) =0 for all n € N. So u(D) = 0. Thus f < g a.e [y] in
X. 0J

4. COMPACTNESS OF AN INTEGRAL OPERATOR ON I'} (w) SPACE

With all the previous results at hand, we are ready to prove the compactness
of an integral operator on I'},(w) space.

Theorem 4.1. Let (X, d) be a metric space with u(X) < oo. Let K : X x X —»
R be a continuous function such that

tﬂmemmwsc weyeX

and

/|K(x,y)|du(y) <C aexelX.

For 1 < p < oo, the opemtor T :T%(w) — I (w) given by

/ny duly)

Proof. Suppose 1 < p < co. Taking ¢ as the conjugate exponent of p, and using
Holder inequality in the product

K (2, 9)f ()] = | K @ )[5 (1K (@9l ()])

18 compact.

we obtain
1

Lﬂny o)) duly) /nywu L[nyf P du(y)
<&{!mxyw )P dyu(y)

=
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for almost z € X. By Tonelli’s Theorem we get

p

/ / K ()|l f@)P duly) | dpu(x) <C / / K ()| f )P dia(y)dpu(z)
SCvil/V(y)!pdu(y)-

Hence

/ [75(e)P duta) < M [ 170)P duy

X

Since pu(X) < oo, then X is o-finite. By Theorem 1.5, we obtain

/0 (rf)y ”dt<M/ )P dt.

Now, by Theorem 3.2, we get

(TF)"(8))" < M(f*(t))"  a.e [m] in (0,00).
Thus
(Tf)"(t) < Mof*(t) a.e [m]in (0,00),
where My = M'/?. Next, for t > 0 we arrive at

s [ <t [rea

thus
(Tf)(t) < Mof™ (1),
which implies

([Crnwrama) <an( [T oroo )

1T fllrz @) < Mol fllre (w)-

Which means that 7" is bounded. Now, let us fix a yg € X and let € > 0. By the
continuity of K in X x X, there exists 0 > 0 such that if d(y, yo) < 0 then

That is

|K(x,y) — K(z,90)| <€



56 RENE ERLIN CASTILLO, HECTOR CAMILO CHAPARRO

for each z € X. Then if d(y,y) < 0 and f € I'\(w) satisfies || f||rz (.,
Holder’s inequality and Theorem 1.5 and the fact that f* < f** imply

< 1

T (2) — T (w0)| = / K (2,) — K (2o, 9))f () dia(y)

S

( | reraoa) ’l’

Therefore, we have proved that {T flf sz;( w < 1} is a subset of C'(X), which

is || - sz;{ (w)-bounded and equicontinuous. The Arzela-Ascoli theorem allows us
to conclude that T' is a compact operator. Il

DISCLOSURE STATEMENT

No potential competing interest was reported by the authors.

Acknowledgments. The authors would like to thank the Editor and the
anonymous reviewers for their suggestions and comments that made it possible
to improve the quality of the submitted manuscript.

REFERENCES

1. Arino, M. A., & Muckenhoupt, B. (1990). Maximal functions on classical Lorentz
spaces and Hardy’s inequality with weights for nonincreasing functions. Transactions
of the American Mathematical Society, 320(2), 727-735. https://doi.org/10.1090/
s0002-9947-1990-0989570-0

2. Bennett, C., & Sharpley, R. C. (1988). Interpolation of operators. Academic press. https:
//doi.org/10.1016/s0079-8169(08)x6053-2

3. Carro, M., Pick, L., Soria, J., & Stepanov, V. D. (2001). On embeddings between classical
Lorentz spaces. Mathematical Inequalities and Applications, 3, 397-428. https://doi.
org/10.7153/mia-04-37

4. Carro, M. J., & Soria, J. (1993). Weighted Lorentz Spaces and the Hardy Operator. Journal
of Functional Analysis, 112(2), 480-494. https://doi.org/10.1006/jfan.1993.1042


https://doi.org/10.1090/s0002-9947-1990-0989570-0
https://doi.org/10.1090/s0002-9947-1990-0989570-0
https://doi.org/10.1016/s0079-8169(08)x6053-2
https://doi.org/10.1016/s0079-8169(08)x6053-2
https://doi.org/10.7153/mia-04-37
https://doi.org/10.7153/mia-04-37
https://doi.org/10.1006/jfan.1993.1042

INTEGRAL OPERATOR ON WEIGHTED LORENTZ SPACE TI'% (w) 57

5. Castillo, R. E., Sdnchez, R., & Trousselot, E. (2021). Weighted composition operator on
the gamma spaces I'x (w). Analysis and Mathematical Physics, 11(4). https://doi.org/
10.1007/s13324-021-00593-2

6. Castillo, R. E., Chaparro, H. C., & Ramos Ferndndez, J. C. (2015). Orlicz-Lorentz Spaces
and their Composition Operators. Proyecciones (Antofagasta), 34(1), 85-105. https://
doi.org/10.4067/s0716-09172015000100007

7. Castillo, R. E., Chaparro, H. C., & Ferndndez, J. C. R. (2015). Orlicz-Lorentz spaces and
their multiplication operators. Hacettepe Journal of Mathematics and Statistics, 44(5),
991-1009. https://doi.org/10.15672/hjms.2015449663

8. Castillo, R. E., Ledn, R., & Trousselot, E. (2009). Multiplication operator on L(p, q) spaces.
Panamer. Math. J, 19(1), 37-44.

9. Castillo, R. E., Vallejo Narvaez, F. A., & Ramos Ferndndez, J. C. (2014). Multiplication
and Composition Operators on Weak L, Spaces. Bulletin of the Malaysian Mathematical
Sciences Society, 38(3), 927-973. https://doi.org/10.1007/s40840-014-0081~1

10. Castillo, R. E., & Rafeiro, H. (2016). An Introductory Course in Lebesgue Spaces. In
CMS Books in Mathematics. Springer International Publishing. https://doi.org/10.
1007/978-3-319-30034-4

11. Grafakos, L. (2008). Classical Fourier Analysis. In Graduate Texts in Mathematics. Springer
New York. https://doi.org/10.1007/978-0-387-09432-8

12. Lorentz, G. G. (1950). Some New Functional Spaces. The Annals of Mathematics, 51(1),
37. https://doi.org/10.2307/1969496

13. Lorentz, G. G. (1997). On The Theory of Spaces A. Mathematics from Leningrad to Austin,
649-667. https://doi.org/10.1007/978-1-4612-5329-7_59

! DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD NACIONAL DE COLOMBIA, BOGOTA,
COLOMBIA
Email address: recastillo@unal.edu.co

2 PROGRAMA DE MATEMATICAS, UNIVERSIDAD DE CARTAGENA, CARTAGENA DE INDIAS,
COLOMBIA
Email address: hchaparrog@unicartagena.edu.co


https://doi.org/10.1007/s13324-021-00593-2
https://doi.org/10.1007/s13324-021-00593-2
https://doi.org/10.4067/s0716-09172015000100007
https://doi.org/10.4067/s0716-09172015000100007
https://doi.org/10.15672/hjms.2015449663
https://doi.org/10.1007/s40840-014-0081-1
https://doi.org/10.1007/978-3-319-30034-4
https://doi.org/10.1007/978-3-319-30034-4
https://doi.org/10.1007/978-0-387-09432-8
https://doi.org/10.2307/1969496
https://doi.org/10.1007/978-1-4612-5329-7_59

	1. Introduction and Preliminaries
	2. Weighted Lorentz space Xp()
	3. A ``Reciprocal" Domination Property for Integrals
	4. Compactness of an integral operator on Xp() space
	Disclosure statement
	References

