Gulf Journal of Mathematics ISSN: 2309-4966
Vol 18, Issue 2 (2024) 47-62 https://doi.org/10.56947 /gjom.v18i2.2228

ON THE LICHNEROWICZ-POISSON COHOMOLOGY
COMPLEX AND QUASI-POISSON ALGEBRAS

BRUNO ISKAMLE *, CALVIN TCHEKA 2 and JOSEPH DONGHO 3

ABSTRACT. This article explores F-commutative algebra (A,-) with Poisson
structure defined by a non-Lie algebra bivector ). We analyse the Lichnerowicz-
Poisson coboundary 4¢, and its implications as quasi-Poisson structure, where
the Schouten bracket does not vanishes, complicating cohomology computa-
tions. The examined open question is whether the deviating term is cobound-
ary of Poisson cohomology. Our main objectives are to construct Poisson sub-
algebra on which twisted term c% (@) vanishes and, to study the existence of
Poisson structures P on Poisson ideal satisfying condition 6%(-) = 522(Q)

1. INTRODUCTION

The Poisson cohomology complex is a mathematical framework used to analyze
the cohomology of Poisson structures, providing insights into their geometric and
topological properties. It allows for the identification of non-trivial cohomology
classes, which correspond to obstructions or invariants related to the Poisson
structure. The symplectic structure associated with Poisson structures provides
a geometric foundation for the hamiltonian formalism. However, the latter does
not automatically lead to a Poisson structure. Hence the term ”quasi-Poisson
structures”. According to [2], the terminology ”quasi” is motivated by the rela-
tion to quasi-Poisson Lie groups [I], which are the classical limits of quasi-Hopf
algebras. Historically, quasi-Poisson structures appeared as a finite-dimensional
alternative to infinite-dimensional constructions of Poisson structures on moduli
spaces, proposed particularly in [5, 4, 7, 8]. Quasi-Poisson structures then appear
as a more natural technique for constructing Poisson structures. They have in-
deed good reduction properties, allowing to obtain a Poisson structure when we
proceed to the quotient. For Poisson structure P, operator dp := [P, -] is differen-
tial (i.e. d% = 0), called the Lichnerowicz-Poisson differential (or LP-differential)
and the corresponding cohomology is the Lichnerowicz-Poisson cohomology (or
LP-cohomology) which plays an important role in obstruction to geometric quan-
tization [12]. The LP-cohomology complex was defined in [6]. Example of Poisson
cohomology of Poisson algebras are given in [10] and [I1]. A usefull reference
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for Poisson cohomology of Poisson algebras is [9]. However, for quasi-Poisson
structure (), differential does not exists. The approach for quasi-Poisson coho-
mology was first developped in [1, 2] as part of a G-manifold where G is a Lie
Group and g its corresponding Lie algebra which is equipped with an invari-
ant inner product. From the Poisson bracket {-,-} of g and the invariant inner
product, they constructed an invariant element ¢ € A3g, called the Cartan 3-
tensor of the Lie algebra with an invariant product. The quasi-manifolds that
were studied by these precursor authors are G-manifolds M together with an
invariant bivector field P, such that the Schouten-Nijenhuis bracket [P, P] equals
the trivector field ¢,; generated by ¢. In this paper, we consider quasi-Poisson
structure @ on affine space F? with its function algebra A = F[xy, 29, z3]. It
defines a skew-symmetric biderivation {-,-} on A and a bivector field @, such
that the Schouten bracket [@,Q] equals the trivector field ¢gs, derived from
its Jacobiator J. Notably, this structure does not satisfy the Jacobi iden-
tity, as ¢ps(dxy,dzy, dxs) = 2T (x1, 22, x3) where F is a field of characteristic
zero. The article also discusses the Lichnerowicz-Poisson coboundary operators
0y : X0(A) — X'(A), 0 : X'(A) — X*(A) and 63, : X*(A) — X*(A), which
map alternating k—derivations in X*(A). Importantly, the compositions 5&2 o 582
and f% o (55 does not vanishes, presenting significant challenges for cohomology
computations. The question that arises is : does there exist a subalgebra of A in
which these obstructions vanish? In other words, can a truly stable subcomplex
be constructed on subalgebra of A ? Another question is whether the twisted
term ¢ps (generated by Jacobiator J) is coboundary ? The analysis of all these
problems has, in turn, enabled us to obtain a certain number of main results.
Starting from initial algebra A, we establish the existence of a class of Poisson
structures P satisfying

3p() = [Q, Q] = ¢rs. (1.1)
We also propose some general properties of the quasi-Poisson structure associated
with the quasi-Poisson algebra. These properties will have helped to clarify the
conditions for obtaining a true Poisson structure in linear combinaison cases of
quasi-Poisson structures on F?. Condition (1.1) enables us to affirm that un-
der certain constraints, the Jacobi anomaly can be the coboundary of Poisson
cohomology. Finally, we construct a Poisson subalgebra, specifically a Poisson
Ideal in which we have subcomplex and we demonstrate its stability. For illus-
trations of main ;esults, Wg giveaan example of quasi-Poisson structure denoted

1 1

—_n 0 A0 1, 0 A O 1, 0 A O i
Qo = 5557 N 3a3 — n¥235; N 3o xlam/\axl,wherenzlbe an integer.

2. PRELIMINARIES

2.1. Conventions and notations.
In the sequel we consider once and for all the following conventions :

e [ is an arbitrary field of characteristic zero. Vector spaces, the (quasi-) Poisson

bracket and (quasi-) Poisson algebras are defined over F unless otherwise stated.

The coordinates on F? are (21,29, x3) and 0; is the partial derivative g.



ON LP COHOMOLOGY COMPLEX AND QUASI-POISSON ALGEBRAS 49

e [, ] is the Schouten-Nijenhuis bracket, @) the bivector wich does not form a Lie

algebra denoted by @) = ady A O + b0y A O3 + cO5 A 01 and J is its Jacobiator.
0 a -—c

6 = (b,c,a), a,b, c are generators brackets and Ag = | —a 0 b | denoted
c —b 0

quasi-Poisson matrix of ().

Notations - and x denote respectively the inner and the cross products in A3,
while ?, ?X, Div denote respectively the gradient, the curl and the divergence
operators, (-|-) is the standard inner product.

2.2. On commutative polynomial Poisson algebras and related struc-
tures.

2.2.1. Poisson algebras.

Definition 2.1. [9] A F-Poisson algebra is defined as an F-vector space A that is
equipped with two distinct multiplication operations (£, G) — F-G and (F,G) —
{F, G}, such that (A, -) forms a commutative and associative algebra over F, with
multiplicative identity denoted by 1, (A, {-,-}) constitutes a Lie algebra over [F
and the two multiplications are compatible in the sense that for any elements F',
Gand Hin A, {F-G,H}=F -{G,H}+G-{F,H}.

A Poisson structure {-, -} on A is entirely determined by the values of {1, x5},
{zg, 23} and {x3,x1}.

Remark 2.2. Let a,b,c € A. X'(A) = {ad; + b0y + D3}, X*(A) = {ady N Dy +
682 A\ 63 + 033 VAN 81}, %3(./4) = {a@l N 82 N 83} and %k(A) = {0}, for all & > 4.

Note that the biderivation property of the Poisson bracket leads to a funda-
mental operation which allows one to associate to elements of A, derivations of A.
This operation, which we define now, corresponds in the Hamiltonian formulation
of classical mechanics to deriving the equations of a given Hamiltonian.

Definition 2.3. Consider generators bracket. For any elements f and H in A,
(1) Ham(.A) = {CL181 + a282 + (1363} with a; = {xl,ﬁg}agH + {$1,$3}83H,
a9 — —{xl, J]Q}alH — {ZEQ, l’g}agH, as = {ZE3, Il}alH -+ {(L’Q,l‘g}aQH.
(2) CGS(A) = {H € ./4 | 6181H+b262H+b383H = 0} with b1 = —{$1,$2}82f+
{23, 21}03f, by = {@1, 22} 01 fH{ T2, 23} 03 f, b3 = —{w3, 11} 01 f —{w2, 23} D f .

Proposition 2.4. [9] Let (A,-,{,}) be a general Poisson algebra.

(1) Cas(A) is a subalgebra of (A, -), that includes the image of F in A, through
ar— a-1 and, Ham(A) is generally not an A-module.
(2) Ham(A) forms a Lie subalgebra of X'(A) and the following sequence of

Lie algebras is ezact : 0 — Cas(A) — A =% Ham(A) — 0.

Proposition 2.5. [J]

(1) The following bracket is Poisson structure on A.

{f, g} = i"(ﬁﬂ_ﬁﬂ) %(ﬁ@_ﬁﬁ) fﬁ(ﬂ@_ﬁﬂ)
%) Ox1 \ Oxg Ox3 Oxo Ox3 Oxo 88:133 ox1 Oxg Ox1 5 Oxz \Ox1 Oxo Ox1 88:132
with 2 f?g € A where {1’1,.%'2} = 3_;)037 {Ig,l’g} = 8_;2’; and {Ig,l’l} - 8_5202
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(2) There exists a Poisson bracket {-,-} on A if and only if,
{o1, 2} Qo) _Olesenly (o, g Oloen)  Slenen)) (g (Oloen)
Aty — ),

2.2.2. Poisson subalgebra and Poisson Ideals.

Definition 2.6. [9] Let (Ay,-1,{, }1) and (Asg, -1, {, }2) be two Poisson algebras
over F. A linear map ¢ : Ay — A is called a morphism of Poisson algebra if

for all F,G € Ay, ¢(f -19) = o(f) -2 ¢(g) and ¢({f, g}1) = {&(f), o(9) }2-

If 9 : Ay — A, is a morphism of Poisson algebras and ¢ is bijective, then
¢~ ': Ay — A is also a morphism of Poisson algebras.

Definition 2.7. [9] Let A = (A, -, {, }) be an arbitrary Poisson algebra. A vector
subspace B C A is called a Poisson subalgebra if

B-BCB and {B,B}CB. (2.1)

A vector subspace J C A is called a Poisson ideal if : J-A C Jand {J,A} CJ

Note that B becomes itself a Poisson algebra, when equipped with the restric-

tions of both multiplications to B and the inclusion map ¢ : B — A is as

a morphism of Poisson algebras. The quotient A /5 inherits a Poisson structure

from A, ensuring that the canonical projection p : A — A /5 serves as a morphism
of Poisson algebras.

2.2.3. LP-Poisson cohomology complex.

Definition 2.8. [J] Consider an arbitrary Poisson algebra (A,-,7 = {,}) and
let k be an integer. For all fy,..., fr € A and Q € X*(A), the LP-cohomology
coboundary 8% : X*(A) — X*T1(A) is given by :

k

5§(Q)(fo, .. ,fk) = Z<_1)i{fi; Q(fo, . ,]?Z', ce fk)} —+ Z (_1)i+j\11

i=0 0<i<j<k

with &% 0 8% = 0 where U = Q({fi, f;}, for-- -+ fir- -+ f5r-- s f2)) and (X*,6%) is
the Poisson complex of (A, -, {, }).

2.2.4. Schouten-Nijenhuis bracket and Quasi-Poisson structures.

Theorem 2.9. [13, 3] Consider the polynomial algebra A. There exists on X(.A)
a bracket |-, -] called the Schouten-Nijenhuis bracket and verifying :

(a) If A€ X*(A) and B € X°(A) then, [A, B] € X*T71(A).

(b) If A € X%(A) and B € X*(A) then, [A, B] = —(—1)"D0C-D[B, A].

(c) If A€ X4(A), B € X(A) and C € X°(A) then,
[A,BAC]=[A,BJAC + (—=1)"" VB A A, C],
[AANB,C)=ANA[B,C]+ (=1)Y[A,C] A B.

(d) If A€ X*(A), B € X*(A) and C € X°(A) then,

(~1){ DDA [B, O] + (-1 V[B, [0, Al) + (-1)\ DOV, [A, B
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Note that if X € X'(A), A € X(A) and f € C*(A), the Schouten-Nijenhuis
bracket of X and A coincides with the Lie bracket and [ X, f] = X (f).

Definition 2.10. [9] Let f € A, P € XP(A) and P € X?(A), [P, f] = ix P where
i P(fare s fy) = PUfs for s f) and i (P AQ) = i;P AQ+ (—1)PP AifQ with
f2,- -+, f» € A and, every derivation X € X'(A) defines a graded F-linear map of
degree 0, Lx : X*(A) — X*(A) which is called the Lie derivative with respect to

X defined by LxP(f1,..,fp) = X(P(f1,---, [) — éP(fl, S X)L
for P € XP(A), f1,.... [, € A -

Note that, for X € X'(A), i;X = X(f) and iyg := 0 with ¢ in X°(A).
It follows from the definition that for all P,@ € X*(A),

Lx(PANQ)=(LxP)NQ+ PANLxQ
and, for any bivector field Q € X?(A) and for every vectors field X, Y € X!(A),
Lo XANY)=LxQANY — X A LyQ. (2.2)
The coboundary operator to Schouten-Nijenhuis bracket is related as
07 () = =l ml.

Given a skew-symmetric biderivation {-, -} on A, the jacobiator J is the tri-linear
map A* — A given by

J (w1, w9, 23) = {1, {72, 23} } + {72, {3, 21} } + {23, {71, 72} }.

Definition 2.11. A quasi-Poisson structure on F? equipped with A, is a skew-
symmetric biderivation {-,-}¢ on A, equipped with a bivector () such that the
Schouten bracket [@, Q] equals the trivector field ¢ps generated by its Jacobiator
J, which is not satisfy the Jacobi identity; instead

¢ps(dzy, dzy, drs) = 2T (21, e, T3).
3. QUASI-POISSON MATRIX AND CONSTRUCTION OF A CLASS OF POISSON
STRUCTURES

Consider initial algebra A, we want to establish the existence of a class of
Poisson structures P satisfying condition (1.1). Before going to the essential
point, we need to clarify the following facts :

3.1. Some properties of Quasi-Poisson structures on F3.

Proposition 3.1. Consider bivector field () decomposes as

Q:a81A82+b82A83+083/\81. (31)

Q is Poisson structure if and only if (curl 6 | 6) =0 and ¢ps = 2{curl 5 ] 5>

Proof. Let QQ = a0y N\ Oy + b0y A O3 + cO3 N\ 0y. It satisfies the Jacobi identity if
and only if J(z1, 2, x3) = 0, which is equivalent to

a(01c — Oqb) 4 b(Oea — O5¢) + ¢(03b — d1a) = 0. (3.2)
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Using vector 6 given by (b, ¢, a), the standard inner product and the curl opera-
tor, condition (3.2) can be rewritten as () | curl 6> = 0. From Definition 2.11,
we have ¢ps = 2(6 | curl Q). O

Proposition 3.2. For every function p € A (p #0), fQ is also quasi-Poisson

structure on 2. However, if p(Q) is the gradient of a polynomial function o, i.e.
such that 22 = pa, 9 — pb and 92 — pc. Then, pQ is Poisson structure.
oz or dy

Proof. Let p be a polynomial function. A simple computation shows that

[0Q, pQ] = p*[Q, Q).

Since @ is a quasi-Poisson structure, [@, Q] # 0, so that p@ is Poisson structure
if and only if p = 0. This shows that for p # 0, pQ is quasi-Poisson structure.

It follows that when p() is the gradient of a polynomial function ¢, i.e. :

g—f = pa, g—i = pb, g—;‘: = pc. Then, p@) becomes a Poisson structure and it admits
¢ as Casimir function. O
Note that

Q.Ql =2 (curl G| ) AdyADs.

Proposition 3.3. Consider the following quasi-Poisson structures :

Ql = (llal A (92 + blag N 83 + 6183 N 817
QQ = a261 VAN 82 + 6282 N 83 + 0283 N 81.

Q1 + Qs is quasi-Poisson on F3 if and only if
—> e —>
Ops + s + (Q1 | curl Qa) + (Q2 | curl Q1) = 0.
Proof. This result follows from the following computation
1 1 1
5[@1 + Qa, Q1 + Q2] = (§[Q17Q1] + 5[@2;@2] + A>31 N2 A O3
with A = b1 (agag — 8302) “+ (8362 — 81(12) “+ ay (8102 — azbg) + bg(agal — 8301) +
02(8361 — 81a1) + ag(ﬁlcl — 8261).
OJ

Let’s give an example of quasi-Poisson structure.

Example 3.4. Bivector field ()¢ defined as follows is quasi-Poisson structure.
1 1
Q(] = —Jfgal N 82 — —ZL’QaQ A 83 — —13183 A 81
n n

where n > 1 be an integer, (curl @ | @> = b and [Q, Q] = 22501 A 02 N\ 0.
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3.2. Quasi-Poisson Matrix on [F3.

In this section, we present how the quasi-Poisson structure (), can be encoded in
a skew-symmetric matrix. For f,g € A,
Q(dF. dG) :aaF oG +b8F oG C@F OG‘
61’1 8@ 8!)32 8x3 8x3 8951
If we review the structure functions (generators) a, b, ¢ as the elements of a (skew-
symmetric) 3 x 3 matrix Ag, then the quasi-Poisson structure be expressed in a

compact form by Q(dF, dG) = (?F)AQ(gG)T where ¥ is the gradient operator.
The matrix Ag is called the quasi-Poisson matriz of Q).

Definition 3.5. We call quasi-Poisson matriz of (), any skew-symmetric matrix
denoted Ag which amounts to the condition

Q(AF,dG) = (VF)Ag(V Q)T

0 a -—c
Explicitly, we have: Ag = | —a 0 b | when Q = a0 AOy+b03AO5+cO3N\0.
c —-b 0

The following lemma will be used in the following result.

3 3
Lemma 3.6. Let X = > X;0; andY = Y_Y;0; be two vectors field on F3. Then,
=1

=1 i
(CUT’Z 5—AQ§) = <82a+a82—330—cc93, —81a—a(91+83b+b337 —agb—b82+8lc+cal) y

—
[X/\Y,Q] = <CUTZ6—AQ€ | X/\Y>81/\82/\83

where X NY is the vector (XoYs — X3Ys, X3Y1 — X1Ys, XiYs — XoY)) and Ag

the quasi-Poisson matriz of A.

Proof. By definition,
curl G — AN = (950 — dye+ads — cdy, D3b— ya—ady +bdy, Dy — Dab-+cdy —bdy).
Since [ X AY, Q] = Lo(X ANY) and according to (2.2), we have
(X AY,Q=LxQANY — X N LyQ.

By computation, we obtain
ﬁxQ = (( ‘ €a>—aale—i-bagXl—aﬁng—i—cang)@l/\ag—l—((Y | ?bH—C(%XQ—
bang—i-aang—683X3)82A83+(( ‘ ?C)—661X1+662X1+a(92X3—C(93X3)83/\81,

LyQ = (Y | Va)—ad Vi +b0yY1 —adsYs+cdsYs)h Ao+ (Y | Vb +cd, Ya—
bé?ng%—a@lYg—b@gY;;) 82/\83—|— ((7 | ?C) —6811/1 +b@2}/1 +a82Y},—083Y3) (93/\61,

and

Osa — Ozc 0 —a c XY — X3Y,
LyQNY —XALyQ = < ob—da|l+| o 0 —b|¥ ‘ X5V — X, Y >
816 — 82b —C b 0 X11/2 — X21/1

It follows that [X AY, Q] = (curl 5 - AQe | X AY)01 A Oy A Os. O
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3.3. Construction of a class of Poisson structures.

Theorem 3.7. Consider quasi-Poisson Q on F? equipped with A. Let B be an
arbitrary bivector defined as B = agdy A Oy + bgOs N\ 03 + cg03 A 01 and let P
be non-zero bivector defined by P = apOy N\ Oy + bpOa N\ O3 + cpOs N\ Oy verifying
[P, B] = ¢ps01 ANOy ANO3 where ¢ps equals [Q, Q)(dxy, dxy, dxs). Then, P is Poisson

structure if and only if
(V| BAP)+ém =0 (3.3)
(curl P | ?> =0, (3.4)

and

which are equivalent to :
81(—GBCP + CBCLP) + 82(—bBap + CLBbP) + 03(—CBbP + bBCp) = quB (35)
and
apalcp + bpaQCLp + Cpagbp = Cpal(lp + (Ipagbp + bp@ng (36)
respectively.
Proof. Since @ is quasi-Poisson, [@, Q] equals ¢psd; A O3 A J3 which does not
vanish. According to Lemma 3.6, [P, B] = (curlB — AB€ | ? Y01 A Oy A O3

where curl B (Osap — Oscp, O3bp — O1ap, O1cp — Oabp), = (bp,cp,ap) and
0 ap —CB
Agp = |—ag 0  bg |. Then, [P, B](dxy,dxs, drs) equals (curl§ ] ?> +
(63 —bB 0
(curl — ABQ | ?> Let us calculate <curl§ | ?> and (curl — ABg | ?)
By simple computation, (curl B | P) equals

(Osap — Os3cp)bp + (03bp — Ovap)cp + (O1cp — Osbp)ap
and
(curl — AN | P) = (—apds + cpds)bp + (apdi — bpds)ep + (—cpdy + bpds)ap
It follows that,
[P, B](dx1, dxs, dxs) = 01(apcp — cgap) + O2(bpap — apbp) + O3(cgbp — bpcp)

which is equivalent to : €|§ A ? with ? (01,02,03). Then, the differen-
tial equation (3.3), which corresponds to (3.5). Furthermore, we know that the
condition P is Poisson structure is equivalent to [P, P] = 0, which implies (3.4)
and corresponds to (3.6). This completes the proof of this theorem. |

Corollary 3.8. Let Q) be quasi-Poisson where [Q, Q] equals ¢pgs0y ANOy A5 and let
B be an arbitrary non-zero bivector defined as B = ag0; AOo+bgOs AO3+cg03 N0, .

Let P be Poisson structure defined by
dp dp Op
P=220 70+ 20N+ L0 N0
D, 1 2 + 5z, 2N 08 + Bz, 2 M 1

where ¢ € A. Then, P satisfies the condition [P, B] = [Q, Q] if and only if
(curl B | ¥) = s (3.7)
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In particular,

For curl § =e; = (1,0,0), ¢ equals /éysdxl. (3.8)
For curl B := e, = (0,1,0), ¢ equals /¢F3d1}2. (3.9)
For curl § =e,=(0,1,0), ¢ equals /(ngdmg. (3.10)

Proof. Let @ be quasi-Poisson where [@, Q] equals ¢psd; A 02 A O3 and let
B = a0 N0y +bg0Os A 83 +cp0s3 AN 0; be an arbltrary non-zero bivector. Consider
Poisson structure P = —‘58 A Oy + —‘ﬂag A Og + iﬁg A 01 with p € A.

Let us show that [P, B] = [@Q, Q] if and only if §|curl v ) = ¢ps(day, dxy, dxs).

Since P is Poisson structure by assumption, it follows from Theorem 3.7 that,

dp

0 Do 9,
31(—a38—;’;+038—%)+82( bBa_i—HLBBx )+05(— CBa_‘f‘bBai) Prs (3.11)
which is equivalent to
dp O0p 0
(00,02, 05) (b e, ) A (57, 5=, 55)) o s = 0
where ? = (01,09, 03), § (b, cp,ap) and ? am, %%, 6%%) = ?gp.

It follows from (3.11) that,

b (0(52) - 052 )~ en(A(52) - a52) ) —an (5 - (D)

0 0 0
+—90 Osap — O3¢cp | + bl Osbp — Ovap | + 4 Oicg — Oabp | = ops.
0y 019 0x3

which corresponds to
<—§|curl 3@) + (curl §|€gp> = ¢ps. (3.12)

By simple computation, we have curl(?gp) = 0. It implies that (—§|cm’l ?@

equals zero. So, that (3.12) becomes (curl B|V¢) = ¢ps. This completes the
proof of (3.10). Let’s now demonstrate relations (3.8), (3.9) and (3.10). To do
this, let us consider the three cases that need to be distinguished.

e For curl(g) =e, = (1,0,0), (curl§|€gp) = ((1,0,0)|(§—£, g—;‘;, %PS)) = 38—51.
Applying (3.10), it follows that ¢ = [ ¢psda;.

e For curl(?) =e, =(0,1,0), curl?\?cp ((0, 1,0)](8%‘%, g—;‘;, %%)) = 92
Applying (3.10), it follows that ¢ = [ ¢psdas.

e For curl(?) =e, =(0,0,1), curl§|€<p ((0,0, 1)|(§f : g;‘;, gz» = -
Applying (3.10), it follows that ¢ = [ dpsdus.
This concludes the proof of the corollary. O
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Example 3.9. Consider quasi-Poisson structure )y defined in Example 3.4. Let’s
determine a Poisson bivector P verifying [Qo, Qo] = [P, B] where B is an arbi-
trary bivector field described in Corollary 3.8. Since [Q, Q] = ¢psO1 A O3 A Os,
¢ps(dxy, dxy, drs) = 2J = 2zl and according to (3.8), (3.9) and (3.10) respec-
tively,

(i) P =920, A0y + (21125 + k3)0y A Os + (2nmiay ™" + 522)05 A Oy

for curl ? =e, = (1,0,0) with kes € Flxo, 23].

(i) P =220, A O, + %1302 N Os + (bt + k)05 A Oy

for curl B = ey = (0,1,0), with k3 € F[xl,azg]
(111) P = (2562133 + ku)@l VAN 82 + akm 32 VAN 83 + (QLC 133 + ‘%12)03 A 81

for curl B := e. = (0,0,1), Wlth kia € Flay, z4].

4. QUASI-POISSON STRUCTURES ON A AND POISSON SUBALGEBRAS
ASSOCIATED

4.1. LP-cohomology complex and isomorphism of complexes.

In the following, we construct a complex (X*, d%) isomorphic to (X*,0%) in the
case where A is A. Suppose that (A, -, {,}) be an Poisson algebra. Its
LP-cohomology complex is defined as follows

(X%,07) = (0 0 004) T w1 (A) Do x2(A) T X3(A) — 0) (4.1)

computes it Poisson cohomology. Each of the Poisson coboundary operators
associated to the Poisson algebra (A, -, {,}) denoted 6% can now be written in
compact form :

O(F) = VF x ?cp, VE € A;
SUF) = —V((F | ¥) + Div(F)Vy, VF € A
2(F) = —Dio(F x Vy), VE A
with ?(p = ({x2, z3}, {x3, 21}, {x1, 22}). Then, (X*,6%) is LP-cohomology com-
plex. Indeed, for all F € A and F = (Fy, Fy, F3) € A3, we have
5L 0 60(F) = —(curl Vo | V)V, (4.2)
and
62 o 5;(?) = (curl ?(p | ?@)Div(?). (4.3)
Since m = {, } is Poisson structure, it follows that ¢! o 6° and 62 o §' defined in
(4.2) and (4.3) equals zero.

Proposition 4.1. The LP-Cohomology Poisson complex of Poisson algebra (A, -, {, })
18 1somorphic to

(%*,d;):(Oi>Ad—9T>A><A><Ad—’IT>A><A><Ad—’2T>A—>O) (4.4)
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with
d-=9;.
Proof. For the sake of simplicity, we consider the following isomorphisms :

fo: XA — A, ar—a, (4.5)

f1 : %1<A> — Ax AXx A, CLl&w + agﬁy —+ agaz — ((1,1, as, CL3), (46)

fo: X2(A) — Ax Ax A, ady ADy+bdy A3+ cO3 AOy — (a,b,c) (4.7)
and

f3:X%A) — A, ad, NI, NO, — a. (4.8)

We have f1 082 =d° o fy, fo00: =dlo fi and f3082 = d2 o fo. Tt follows that

the following diagram is commutative

0 — XO(A) — 7 X1 (A) — T X2(A) — e X (A) —— 0
lfo lfl jfz jf:&
do dL dz
0 A AXAXA——AxAXx A A 0

where fy, f1, f2 and f3 are defined in (4.5), (4.6), (4.7) and (4.8). The above com-
mutator diagram involves that the Poisson complex defined by (4.1) is isomorphic
to the Poisson complex (X, dy ) defined by (4.4). O

4.2. Construction of Poisson subalgebras associated with Q).

Our problem in this section is to construct Poisson subalgebras associated to any
quasi-Poisson structures ) = {, }¢. According to Definition 2.7, the problem
can be reduced to constructing a vector subspace B C A satisfying (2.1) (i.e.
B-BC Band {B,B} C B). In the following proposition, we are demonstrating
that C'as(.A) makes a Poisson subalgebra of every Poisson algebra (A, -, {, }p).

Proposition 4.2. Cas(A) is Poisson subalgebra of any Poisson algebra (A, -, {, }p).

Proof. Indeed, for Hy, Hy in Cas(A), a,b in F and for every polynomial function
F of A, {F,aH, + bHy}p = a{F, H,}p + b{F, Hy} p which equals zero since
Hy, Hy € Cas(A) since, {-,-}p is a biderivation, H; - Hy € Cas(A). Additionally,
{F,{H,, Hy}p}p equals zero, which means that {Cas(A),Cas(A)}p C Cas(A).
Cas(A) is therefore a Poisson algebra of (A, -, {, }p). O

Remark 4.3. Cas(A) do not leads automatically to Poisson subalgebra for quasi-
Poisson algebra (A, -, Q = {, }o).

Example 4.4. Consider the quasi-Poisson structure Q).
Its jacobiator J which does not satisfy the Jacobi identity is defined as J (x1, 22, x3) =
x%. The question arises is to know if J € Cas(A). For all F' in A, we have :
oJ oF  OF
" Oxy 01, * 8x3)'
Since @) is a quasi-Poisson structure, its Jacobiator J is not zero, which implies
that J is not a Casimir.

{F.J}e=J(
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Let B the set of functions F' € A which are solutions of the following differential

equation
<AQ(?j)T | ?F> —0

where Ag is the quasi-Poisson matrix of quasi-Poisson structure @ = {, }o. Then,
B is non-empty subspace of A.

Proposition 4.5. For any quasi-Poisson structure Q) = {, }o on A, Cas(B) is
Poisson subalgebra of (A, -, {, }qo) with

B= {F eA: <AQ(?j)T y ?F> = 0}, (4.9)

where Aq is the quasi-Poisson matriz of QQ, J its Jacobiator and ? the gradient
operator.

Proof. 1t is sufficient to prove that J € Cas(B) which means that for every
polynomial function ¢ € B, {¢, J} is zero. Since {y, J} equals Q(dy,dJ), the

bracket {¢, J} becomes (égp)AQ(gj )" which is equivalent to

(0.7} = (V)| VF).
Since ¢ € B, it follows that {¢, J} =0, so J is a Casimir of 5. O

Let J be an ideal of polynomial functions vanishing on F2. For an element F' in
A, we denote the coset F+7J as A = A/5, with @, b, € representing the generators
of A. Consequently, J includes all relations among these generators. Let @ be
the bivector field on A% defined in (3.1), such that Q(dF,dG) = {F, G}q, where
Q(dF,dG) = {F, G}g denotes the quasi-Poisson bracket. The quotient A inherits
the structure of an associative algebra from A. Given that ) = {-,-}¢ represents
quasi-Poisson structure on A, a pertinent question arises : what conditions must
be ideal J satisfy for A to possess a Poisson structure P = {-,-} p, that is derived
from @ ? We would like to define Poisson structure {-,-}p of A by setting

{F7 G}Q = {F7 E}P
for all F,G € A and F,G € A. In general, this problem is not well-defined.

Proposition 4.6. Let J be an ideal of A. Let (Q = a0y AOo+b0s NO3+cO3N0; be a
quasi-Poisson bivector field on F? (a,b,c € A). There exists a unique well-defined

Poisson bivector field P on A = A/5 defined by
P(dF,dG)=Q(dF,dG) for F,Gec A= A/y (4.10)
if and only if
ops €7 (4.11)
where ¢gs is the trivector field defined in Definition 2.11.
Proof. Let {-,-}g on A and {-,-}p on A be two skew-symmetries biderivations

verifying {F,G}q = Q(dF,dG), {F,G}p = P(dF,dG) and satisfying condition
(4.10).
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It is clear that P is well-defined. Also P is a skew-symmetric biderivation since
@ is one. Since P is well-defined,

{F.G}yp, HYp = {{F.G}o, H}q
for all F,G,H € A, so that {-,-}p is a Poisson bracket on A if and only if
{{F,G}q,H}g +{{G,H}q, F}o+{{H,F}q,G}g €T, forall FG,HeE A
which is equivalent to (4.11) :
¢ps (dy, dxg, dag) = 2T (21, 29, x3) € J.

Conversely, given a Poisson structure {-,-}p on A, the Poisson bracket {F,-}p
of any two elements F' and G of A can be computed from the skew-symmetric
biderivation {-,-}¢ of A, namely

— — _0F 0G _0F 0G _OF 0G
= +0b +c ,
81'1 6372 8I2 81’3 (‘9953 81‘1
Finally, let us consider the canonical projection p : A — A, F = p(F) = F.

Since this projection is surjective, if such a Poisson structure P exists, then it is
unique. O

Proposition 4.7. The complex described in Proposition 4.1 becomes a Poisson
complex for Q) if and only if (curl 5 | €F>6 =0 and (curl 5 | 6 Dw(?) =0
for all F € A,? e A3

Proof. Let (X*,dg) be the complex defined by
(3, ) = (0 0, x0(A) 2 1) 9 x200) 22 4 0)
where
d(F) = VFx{, YFeA~X(A),
iy(F) = —V(F | @) +Div(F)J, VF € A ~x'(A),
B(G) = —Di(F x G), VG e A~ x2(A)

where 6 (b, c,a) Dz’v(?) = gg + gF2 + 7 8F3 and x the cross product.

By computation, we obtain dg, o dgy(F curl 6 | VF a and
d3 0 di(F) = (curl 5 | O)Div(F

Since @Q is quasi-Poisson structure, dg,ody)(F') and d%Odé(?) does not vanishes.
0

Lemma 4.8. Let B’ be an ideal {F € A | (curl 5 | ?F)} and consider
I=B(\B (4.12)

where B is described in Proposition 4.5 by (4.9). Then, I is a non-trivial ideal of
A.



60 B. ISKAMLE, C. TCHEKA, J. DONGHO

Proof. Since B and B’ are ideals of A, their intersection is obviously an ideal of
A containing at least the trivial element. It remains to prove that I contains at
least one non-trivial element. Their intersection contains the zero polynomial as
well as all constant polynomials. Explicitly,

B/ = {F € ./4 . (—a82j+683j>81F+(a81j—bagj)82F+(—C@lj+b@2j)83F = 0},
and B = {F € ./4 (82a — 830)81F + (agb 810,)6217 + (810 — 82 ) = 0}

Using the curl operator, the problem can be summarized as finding a non-trivial
vector V F that is simultaneously orthogonal to non-zero vectors Ag(V J)" and

Curl 5 O
Example 4.9. Consider quasi-Poisson structure )g. By computation, we have

dgy, © doy,(F) = a5 (=0 F, —x125 'O\ F, —nay 'OV F), dp, o déo(?) = xsz(?)

Bog,={Fe€A:—ay O, F+03F)=0}and Bg, ={F € A: —nazy 'O, F = 0}.
It follows that its jacobiator x5 € I = Bg, (Bq,-

In the following theorem, we present a LP-cohomology subcomplex induced by
(X%, 05)-

Theorem 4.10. Consider the following graded map
59 51 52
(X7, 05) = <o — X1 % XM = 22(1) -5 X)) — 0)

with
SO(F) = VFx @, YFel~x(I);
S5(F) = —V(F | Q)+ Di(F)G, VF e’ ~x\(I);
53(G) = —Din(F x @), VG eI’ ~x2(I).
Then, (X7,65) is a stable LP-cohomology subcomplex which computes Poisson

cohomology of the quasi-Poisson algebra (A,Q = {, }q) when A is reduced to
Ideal I defined on (4.12).

Proof. Tt follows from Lemma 4.8 that is equivalent to 6, 0 d¢)(F) and 6g, o 0 (F)
simultaneously vanish on I. The stability of the COI%IGX needs to be justified. To

do this, we must show that the values d¢(F), d5(F') and 55(8) are absolutely
contained in I, I? and I° respectively. Specifically, (X}, df,) is equivalent to

0 e dg a4
0—1—=IxIx]—=IxIxI—I-—0)

with dOQ(F) (0, d0,d2), dby(Fy, Fy, Fy) = (d&,d},d}) and db(Gh,Ga, Gy) = &

€T y? VA €T’ y? VA
where d) = afl — 5L d) = baF —afE, A = gf —bg;;
d1 = alel + (- —cz +68§2)F2 + (=2~ —ax +b823)F3,
(_3_:1:2 — b822 + C )Fl 81:2F2 (—8—5 — (1822 —+ Caxg)F3’
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1_ (_ b P ) oc o o fa
d! - (_%a_ 3_3’38+ az2-)F) _|_8(—8—x3 ;— age- — ca—?)FQ —aEF&
and d* = (CL% — Ca_zg)Gl + (—aa—wl + bE)G2 + <C(9_:1:1 — ba_m)Gii

Explicitly, I is the set of polynomials F' satisfying equations
(Oga — O3¢)O0 F + (03b — 01a) 0o F + (01¢ — O2b)0sF = 0 (4.13)
and
(—a0e T + cO3T )W F + (a1 T — b T )0 F + (—cO1 T + b0 T )0sF = 0. (4.14)

The objective is to demonstrate that each of the polynomials d2, dg, do, dl, d?lJ,

an is an element o . computation, we have :
d! and d?, 1 t of I. By tation, we h

__ Oa 0b dc 9b b dc da_ Oc Jdc_ Oa b da 0%a 03¢
81j = + Ox10x2 +

Oxo Oz Ox3 Oz Ox3 Oz Ox1 Ox1 Ox1 Ox1 Oxo Ox1 T 911073
b 0a., Pc,  Pb g 7 _ Oa b 0Oc 0 | 0b dc _ da de , dc Oa _
Ox10x3 Ba:% 8@% Oxr10x9 2 " Oxzo Oxa Oxs Oxo Oxs Oxo 0x1 Oxo 0x1 Oxo

2 2
Db da | 9

o%ayp c 9% . 9% &%c _ 9% __ Oa 0b Oc_ 0b
Oxo Oxo 87902() Ox20x3 _'_8:1:239036 8x18120+8x1812a Wan” 83"7_ +

Oxs Oxry  Oxz Ox3

Ob dc _ da dc | dc da _ b da . &a_p 0y, b, % )
Ox3 Ox3  Ox1 Ox3 + Ox1 O0x3  Oxo Oxs3 + amang Ox2 b+ 022 € Ox10x3 ct axlazga Ox20x3 a,
0 _ Oa OF _0c OF __O°F _  O°F 0 _ Da OF _ 9c OF | 0°F _ . 0°F
aldz " Ox1 Oz Ox1 Ox3 +a8:v1812 Caxlaz37 a2d$ T Oxo Oxa  Oxo Ox3 ta Ox2 68:1:289:3
0 _ da OF _ 9c OF | F  _ °F
and a3d$ ~ Ox3 Oxo Ox3 O3 Ox20x3 ox2 *

By substituting the partial derivatives with their values, we demonstrate that
d° satisfies conditions (4.13) and (4.14). Consequently, d° € I. Similarly, we
establish the membership of dj), 2, dy, d,, d. and d* in I. O

To illustrate Theorem 4.10, let’s consider an example of application.

Example 4.11. Consider quasi-Poisson structure Qo with a = —z2, b = —%1'2,
c= —%xl and J = z. The LP-cohomology subcomplex described in Theorem
4.10 is equivalent to

0

0 on dé?o d%o
0—1—=IxIx]—=IxIxI—I1-—70)

with dOD(F) = (dg,do d(])’ db(Fl,FQ,Fg) = (dl dl dl) and d%(Gl,GQ,Gg) = d2

yr Yz x) Yy Yz
where
0 _ _moF , 1. 0F 40 _ _ 1, OF ndF 40 _ _ 1, OF , 1, OF
dﬂC =TI Oza + nxl 8m37dy - nx26z3 + ) Oz dz - nxlaxl + nx28$2’

dy = (4 + 150 — roag ) P + (2 52 — Lwag) F,
dy = (5 + 3 oogh — at150 ) P+ (nay ™+ a0 — %xla%s)Fg’
and d? = (—xgaizg + %xla%r,)G1 + (x?% N %x2%)G2 + <_%I16%1 * %%3%2)(;3'

Explicitly, I is the set of polynomials F' satisfying equation
J(nzy 0 F) =0 (4.15)
and
J(nay o F — 0sF) = 0. (4.16)
Since J vanishes on Ideal I , automatically every polynomial F' of I satisfies the

required conditions (4.15) and (4.16). It is sufficient to conclude that each of the

polynomials d, d, d?, d}, dy, d} and d* were in I. This consolidates the result

obtained in Theorem 4.10.
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