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HYDROSTATIC APPROXIMATION OF THE 3D
COMPRESSIBLE PRIMITIVE EQUATIONS

JULES OUYA ! and AROUNA OUEDRAOGO?**

ABSTRACT. In this paper, we obtain the 3D compressible primitive equations
approximation with gravity by taking the small aspect ratio limit to the Navier-
Stokes equations. We use the versatile relative entropy inequality to prove rig-
orously the limit from the compressible Navier-Stokes equations with a pressure
law of the form p(p) = p? to the compressible primitive equations.

1. INTRODUCTION

The motion and state of the atmosphere, which is a specific compressible fluid,
are modeled using the general hydrodynamic and thermodynamic equations that
incorporate Coriolis force and gravity. However, these equations are highly com-
plex and computationally demanding. To address this, the authors in [3] take
advantage of the significant difference in vertical and horizontal scales in the
atmosphere. They derive the compressible primitive equations (CPE) from the
compressible Navier-Stokes equations, exploiting the small aspect ratio between
these two directions, as in planetary-scale geophysical models. In the CPE, the
hydrostatic balance equation replaces the vertical momentum component, also
known as the quasi-static equilibrium equation. This hydrostatic approximation
proves to be accurate enough for practical applications and has become a fun-
damental equation in atmospheric science. It is reliable and useful because it
captures the dominance of gravity and pressure in the vertical direction, which
is challenging to observe in reality. Further insights from a meteorological stand-
point can be found in [18].

We note that atmospheric flow in meteorology, water flow in oceanography, and
limnology are all described by the Navier-Stokes equations. Large-scale geophys-
ical motions are constrained by an aspect ratio € where the depth is much smaller
than the horizontal width, defined by

characteristic depth

€= .

characteristic width
Since ¢ is very small in most geophysical domains, asymptotic models have been
used see, e.g., [2, 12]. One such model is the primitive equations model; see, e.g.,
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[4, 5], wherein the unknown flow variables are velocity, pressure, temperature, and
salinity (in the case of an ocean). Besides, most geophysical fluids are stratified
(i.e., density is a known function of the temperature (and salinity, if any)) and
have a free surface.

We consider this compressible anisotropic Navier-Stokes equations

Op + div(pU) = 0,
9 (pU) + div(pU @ U) + Vp(p) — AU — p120..U = pf, (1.1)
p(p) = p?

in the thin domain (0,7) x Q.. Here t > 0, 2 = (21, 22) and z are time, horizontal
and vertical variables respectively, Q. = {(x,2);2 € T?, 0 < z < &} with T? a
bi-dimensional torus. The unknown functions p, U = (u,v) and p represent the
density, velocities, and pressure of the medium, respectively. divU = div,u + 0,v
( with div, = 0., + 0,,) is divergence operator and V = (V,,d,) the gradient.
(11, j12) are viscosities in the horizontal and vertical directions respectively, which
are supposed to be constant in this work. The term f is the gravity strength given
as follows:

f=1gs,

where ¢ is the gravitational constant and x = (0,0,1)7 ( X7 stands for the
transpose of tensor X).

Pedlosky [17] highlighted that in the ocean and atmosphere, which are thin layers
compared to the radius of the sphere, the pressure variance between two points
on a vertical line is solely determined by the fluid weight between those points.
We invite readers to look at the paper [9] and the references mentioned for more
literature on CNS, PE, and CPE.

We suppose 1 = 1 and s = 2. According to Azérad and Guillén [1], it is crucial
to take into account the scaling of anisotropic viscosities mentioned above, as it
plays a fundamental role in deriving the Primitive Equations (PE). Based on this
assumption, the system is reconfigured as follows

Op + div,(pu) + 0.(pv) =0,

Oy (pu) + div,(pu @ u) + 0. (puv) + Vop(p) = Ayu + £20,,u,
A (pv) + divy(puv) + 9.(pv?) + 0.p(p) — Agv — 20,0 = Lgp,
p(p) = p*.

(1.2)

We perform a vertical scaling to make the domain-independent of ¢, that is, t = ¢,

x =2 and z = €z. Omitting the symbol "¢ilde”, the new fixed domain is written
Q={(z,2);2€T*0< 2z < 1}.
As in [11], the corresponding kinematic scaling is,

U. = (ue, ve), ue(t, @, 2) = u(t, x,e2), v(t, 2, 2) = 2o(t,x,e2), p.(t, x, 2) = p(t, z,e2),

for any (z,2) € Q := T? x (0,1). Then, the system (1.2) becomes the following
compressible scaled Navier-Stokes equations (CNS):
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(atpe + div, (psue) + 0, (peve) =0,

815(/05“6) + lem (peus X us) + az(pausva> + Vazp(pe) - Azus + azzuea

1.3
e? <8t<pz-:v€) + diva(peucv:) + 0:(pv2) — Agve — azzvg) + 9:p(pe) = gp-, .
(p(p:) = p2.
We make the following boundary conditions:
u. and p. are periodic in the directions xy, xo respectively,
Ve|z=0 = Ve|z=1 = 0, (1.4)

azua|z:O - azu£|z':1 = 0.
The initial conditions are
p=(0, 2, 2) U0, z, 2) = mo(x, 2), p:(0,2,2) = po(z, 2). (1.5)
In this work, our goal is to prove that as ¢ — 0, the system (1.3) converges in a
certain sense to the following compressible primitive equations (CPE):
(0,p + diva(pu) + 9.(pv) = 0,
O(pu) + divi(pu ® u) + 0. (puv) + Vup(p) = Ayu + 0,1,

(1.6)
2.p(p) = gp,

| p(p) = p*.

This is given in Theorem 3.4 which announces the main result of this study, the
convergence of a weak solution of the CNS (1.3) to the unique strong solution of
the CPE (1.6).

According to [13], this limit problem (1.6), by the change of variable p(¢,z, z) =

&(t, ) + ¢(z) with ¢(z) = 39z and £(¢, ) an unknown function, is equivalent to

€ +u- Vil + (§+ ) dive(u) + 9:(§v + pv) = 0,

(&4 @) (Ou+u-Vou+v0,u) +2(€ + ¢) Vo€ = Ayu+ 0,1, (1.7)
0.6 = 0.
Thus, they obtain
0.(pv) = i - Vo€ — &divy@i — §2div,u, (1.8)

where f: f— f with f = fol fdz.
Therefore, the vertical velocity v is determined, thanks to the boundary condition
(1.4), by the relation

pu(t,z,z) = — /OZ (divz(éﬂ) + %gzdivxu) dz. (1.9)
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The following sections of this document are structured as follows:

Section 2 : This section provides a review of essential inequalities that will be used
throughout the paper.

Section 3 : We introduce the concepts of weak solutions, strong solutions, and rel-
ative energy and establish the relative entropy inequality. The main the-
orem of the paper is also stated in this section.

Section 4 : This section focuses on proving convergence results, and establishing the
core findings of the paper.

2. PRELIMINARIES

This section lays the groundwork for subsequent proofs by presenting funda-
mental inequalities. We begin with the generalized Poincaré inequality, a key tool
that will be employed throughout our analysis.

Lemma 2.1. ([6], Lemma 3.2) Let 2 < q < 6, and p > 0 such that 0 <
Jopdrdz=m < oo and [, P’ dxdz < 0, with § > 1, then

[Allza) < ClIVA| L2 + VPR 2(0),
where C'= C(m, 0).

The following is the famous Gagliardo-Nirenberg inequality (for the proof, [16]).

Lemma 2.2. Let u : @ — R be a function defined on a bounded Lipschitz
domain @ C R", 1 < q, r < oo, and m a natural number. Suppose that a real
number 0 and a natural number j are such that

1 g 1 m 1—-6

A L Y andiSQSL
D n r n q m

then there exists constant C independent of u such that

|D7ull,< CID™ alle o lull ol

3. MAIN RESULT

Before showing our main result, we give the definition of a weak solution for
CNS and a strong solution for CPE.

3.1. Weak solutions of CNS.
Here, we give firstly the definition of weak solutions to (1.3) and second, give the
energy inequality.

Definition 3.1. We say that (p.,u.,v.) is a finite energy weak solution to the
system (1.3), with boundary conditions (1.4) and initial conditions (1.5) if

e we have the following regularities

p? e L>(0,T; L (), p- € C(0,T;LH(Q)),
VP=vs € L(0,T; L2()), /p=u. € L=(0,T; L*(2)?), (3.1)

v, € L2 (O,T; Hl(Q)), u. € L? (O,T; Hl(Q)Q),
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e the continuity equation

t=71 T
{/ ) dxdz} = / / (p€8t<p + peue - Ve + psveazgo) drdzdt, (3.2)
Q =0 0 Q

holds for all ¢ € C°([0,T) x Q);

e the momentum equations
t=1 T T

{/ Pele Op dwdz} - / /pgugat@q dxdzdt —/ /psusvsﬁz(bg drdzdt
Q t=0 0 JQ 0 JO

+/ /(V;,;u6 — pelle @ ue) : Vo dedzdt —i—/ / 0,u.0,¢y drdzdt
o Ja 0o Ja

—/ /p(pe) div,¢g drdzdt =0 (3.3)
0o Ja

and
t=1 T T
g2 {/ PeVe B3 dxdz} — 52/ / P0:-0403 drdzdt — 52/ / PelleVs - Vs drdzdt
Q t=0 0 JQ 0 JQ
82/ / Vv : Vieds drdzdt + 62/ / (322)5 — pavg)(?ngg dxdzdt
/ / p(pe)0,¢3 drdzdt = / / gpe3 drdzdt, (3.4)

hold for all ¢ € C([0,T) x )2, ¢3 € C>([0,T) x Q) and for a.a
€ (0, 7).
Combining (3.3) and (3.4), we obtain
t=1 T
[/ Pe (ua b + v, ¢3) d:vdz] — / / Pe (ueﬁtng + 52v68t¢3) dxdzdt
Q t=0 0 Q
—/ / Pe (uavaangH + 522)282%) drdzdt +/ / (qug : Vaeon +e°Vyu, ngbg) drdzdt
0o Ja 0o Ja
— / / pe (e @ ue : Viogy + 0., - Viogs dudzdt) + / / (0:u.0.0n + €°0.v.0.¢3) dudzdt
0o Ja 0o Ja

- /T / p(pe) ( diveoy + 0.¢3) drdzdt = /T / gpet3 drdzdt. (3.5)
o Ja o Jo

e the energy inequality

[/ [%pe (Juel® + %02) + P(pe)] dxdz}
Q 0
+/ /(|qu5]2+|(9zu€|2) dxdzdt+52/ /(yvzu€|2+yazv5|2) drdzdt
0 Q 0 Q

//gpgvg drdzdt

0o Jo

g (/ /padzzdzdt+/ /pgvfd:vdzdt), (3.6)
2\Jo Ja o Jo

T
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holds, where P(p) =p [ I%dy =p?—p.
We assume that the initial data satisfy

0<p<po==&+3592 <M< o0,
up € H*(Q), po € H*(R), 0.up|s=01 =0, (3.7)

Imol® & L1(6).

PO

3.2. Strong solution of CPE.

Xin Liu and Edriss S. Titi demonstrated in [13] that the CPE system (1.6),
with boundary conditions (1.4) and initial conditions (3.7), has a unique strong
solution in © x (0, 7). This solution depends continuously on the initial data.
From their theorem 1, it follows that the couple solution (r, ¢), (where ¢ = (¢y =
(d1H, P21 ), P3) ) satisfies following regularities

re L™ (0,T; H*(Q)), O € L= (0,T; H'(Q)), r > 0 for all (¢,z,z),
¢n € L= (0, T; H*(Q) N L2 (0, T; H*())
Dby € L2 (0,T: HY(Q)) N L (0,T: L*(Q)) .

3.3. Relative entropy inequality.
Motivated by [7, 8] and [10, 15], for any finite energy weak solution (U, p), where
U = (u,v), to the CNS system (1.3), we introduce the relative energy functional

B (10 Ul01) = | (olu—ou*+ = olv— af? + P(o) — Pr) = P'(r)(p — ) ) dadz
= /Q (%pIUI2 + §p|v|2 + P(p))dxdz - /Q (puqu - 62pv¢3> dadz

2
+/{2p<%|¢1{|2 + %]¢3|2 — P’(T))dacdz + /Qp(r)d:cdz. (3.8)

(r,¢) = (r,¢u, ¢3) designates the strong solution of problem (1.6) showed in [13].
7 is a strictly positive function define on Q x (0, T').

From [15], we derive the following lemma.

Lemma 3.2. A general function G = G(p) can be decomposed into an essential
and residual part, namely,

G = Gess + Gres>
where
G on pe(5,2r),

Gess =
0 otherwise.
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Let 0 < a; < ag < oo. Then there exists C = C(ay,az) > 0 such that for all
p €10,00) and r € [ay,as],

E([p, Ull[r, cb]) > C/Q (plu = oul* +eplv — ¢3” + [p = 7[25 + Lres + pies) dwd2(3.9)
Thus, we deduce from (3.9) that

)

fQ ‘p - T|gssdl’d2 = fQ X{g<p<2r}(p - T)dedz S CE([pE7 UE”[T’ ¢]> (t)v

Jo Lresdrdz < CE ([,og, Uelllr, ¢]) (1),

(3.10)
Jo PRtz < CE([p-, U]l 01) (1),
oo (1u= 0 f? + 2o = 6 ?) dudz < CE ([p-, U] |Ir, 0]) (1)
Moreover, from [7] subsection 4.1, we have
1/
E([pa,UeH[n ¢])(t) € L=(0,T),  lpllzecpz2ry) < CE([pa,Ua]l[h ¢]> ' 3.11)

1/2
o2tz < OB ([pes Uil 6]) o> 1

The symbol C' denotes a generic positive constant, which may vary from time to
time.
Thanks to the relative entropy, we derive this lemma.

Lemma 3.3. Let 0 < a; < ag < co. We can find ¢ = c(ay,az) > 0 such that for
all p € [0,00) and r € [ay, as], we have

P(p) = P(r) — (p—7)P'(r) > c(p—7)?,  wherever p € (%,2r) (3.12)
and
P(p) = P(r) — (p—r)P'(r) > c(p* + 1), wherever p € R*\(%,2r). (3.13)
Our main result is the following.

Theorem 3.4. Let (p.,u.,v:.) be a sequence of dissipative weak solutions to the
CNS system (1.3) from the initial data (po,uo,ve) depending on € and satisfies
(3.7). Suppose that

B([po, Uoll[ro, 60 ) — 0,
then
ess sup E([pg,Ua]HT, ¢]> — 0, (3.14)

te(0,T)

as e — 0, and where the couple (r, ) satisfies the CPE system (1.6) on the time
interval [0, T).



RIGOROUS JUSTIFICATION OF CPE FOR p(p) = p? 79

Remark 3.5. To see more clearly the sense of the limit above, we notice that
(3.14) implies, for example

p. — 1 strongly in L™ (0, T, Lz(Q)) ,

VPU: — \/r¢ strongly in L (0, T; L*(2)?) ,
p-U. — r¢ strongly in L™ (O, T; L4/3(Q)3) )

To establish the relative entropy inequality, we proceed as:
First, we take p = %|¢H|2, as a test function in weak formulation of the continuity
equation (3.2). We obtain, using identity 0;(¢;¢;) = 2¢;0;¢;,

1

3 | potDlomPemdeds = 5 [ (o, 0)dad:

+/ / (p€¢Hat¢H + psus¢H ' vm¢H + psU€¢Haz¢H) dxdzdt. (315)
0 Q

Second, we take ¢ = §‘¢3’2 as test function in weak formulation of the continuity
equation (3.2) again to get

2 2
5 | bl rideds = 5 [ poC)ienl( 00wz

+52/ /Q (p5¢38t¢3 + paue¢3 . Vx¢3 + p505¢382¢3) dxdzdt. (316)
0

Again, in the weak formulation of the continuity equation, taking ¢ = P'(r) as
test function, we have

/pg(',T)P/(T’)(',’T)dZL’dZ = / po(-)P'(r)(-,0)dxdz
0 Q
+/ / (p0,P'(r) + p-u-V,P'(r) + p.v-0.P'(r)) dudzdt. (3.17)
0 Jo
Next, we rewrite (3.5) as

/st (ue ¢p + %ve ¢3) (-, 7) dwdz — /on (uo mo + €%vo ¢3) (+) dadz
— /OT/ng (w01 + °0.0003) dadzdt — /OT /Q pe (u0:0.05 + €*020.¢3) drdzdt
+ /0 ' /Q (Vate : Voo + 2V, : Viogs) dudzdt
_ /0 ’ /Q (te ® te : Vobpy + e2ucve - Vs ) dudzdlt
+ /0 ' /Q p=(0:u:0.0p + £20,0:0.¢3) dudzdt

—/T/P(Pe) (diva¢y + 0.¢3) dvdzdt = /T/ gp=t3 dxdzdt. (3.18)
0 Jo 0 Jo
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We multiply (3.17) and (3.18) by (—1) and sum up with (3.15), (3.16) and the
energy inequality (3.6) to deduce

1 g2 ,
/Q (5pelue = 6ul? + Spelve = 6af* + Pp.) = poP (1) ) (-, 7)oz
1 2 52 2 /
= | (Goelue = 0nl + Spulve = 65" + P(p.) = pe (7)), 0)dd=
/ / Vaue|? 4 |0.u.)?) dedzdt + £ / / Vave]? + |00 %) dedzdt

pe (U011 + £70.0,03) da:dzdt+/ /p6 u0:0,¢y + £7020.¢3) dudzdt

+

(Vaue : Vadu + 2V, - Viugs) dedzdt — / / (0:u-0.01 + £°0,v.0.¢3) drdzdt
o Ja

+

Pe (ug ® ue : Vaou + 2uv, - ngzﬁg) dxdzdt

(pE¢Hat¢H + psu€¢H ’ V1¢H + p€U€¢Haz¢H) drdzdt

A |

2 [0 (petndion + posctn¥oin + puvnd.n) dudza
o Ja
/ / ( r) + puVi P'(r) + pv.0,P'(r )) dxdzdt—/ /gp€¢3 dxdzdt
0o Jao
+/ /gpgvsda:dzdt—/ /p(pa)(divanH—i—@Zqﬁg) dxdzdt. (3.19)
0o Jao 0o Jo

Observing that the definition of P(p) implies
p(r) =r*=rP'(r) = P(r),

we immediately achieve

Op(r) = ro,P'(r).

Hence, we compute

/ (rP'(r) — P(r)) (-, 7)dzdz — / (rP'(r) — P(r)(-,0)) dedz
Q Q

_ /0 ' /Q Oyp(r)dadzdt. (3.20)

Considering that ¢ satisfies no-slop boundary conditions, we have

/ (rd,P'(r) + ré- VP'(r) + p(r)dive) dudz = / / Op(r)dudz. (3.21)
Q 0 Q
From (3.20) and (3.21), we conclude that

/ (rP'(r) — P(r)) (-, 7)dzdz — / (rP'(r) — P(r)(-,0)) dedz
Q Q

= /Q (rO,P'(r) 4+ r¢ - VP'(r) + p(r)dive) dedz. (3.22)
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Moreover, we have
[ (p-0mdin + 2060065~ p. (w016 + 0.0.0n) )
Q

= [ o~ w)dion dudz 1 [ pu(6s— v)Ondudz. (323
Q Q

We have by direct computation, [, div, (peue ® ue) ¢g dedz = — [, peue(u:Vadp)drdz.
So,

- /st (ug R us : Voodu + 2uov. - Vx¢3) dxdz — /OT /Q Pe (UEU50Z¢H + 620582%) dxdzdt
+ /Q (petictn - Vb + pevep-0n + €2 petic 3V a3 + €°pv.¢30.¢3) dadz
= /Q,og (Ve +v:0.0n) ¢ drdzdt — /Qpa(uE Ve + 0:0,05)u. drdzdt
w2 [ o (0.00+ 00.00) dudz =2 [ (- Vit -+ 0.0.00) vdads
= [ b2 T+ 0.0.6m) (0 ) dd
+ €2 /Q pe (UeV i3 + v:0,03) (p3 — ve)dxdz. (3.24)

The sum of (3.24) and (3.23) gives

| (omdnin + p.ondiin = p. (wdioms + 0.0n) ) o
— /Q pe (Ue @ ue : Viody + 2uev, - Viugs) dedz — /OT /Q pe (U:0:0,01 + £2020.¢3) dxdzdt
+/Q (petctn - Vodu + pev-00:0m + €°puied3Vaps + €2 pv¢30.¢3) dadz
= /Qpa (0br + uVadn +v:0.9m) (or — ue) drdzdt
fe? /Q e (Bubs + 1V as + 0:0,65) (65 — v2)dadz. (3.25)

Furthermore, we have

(’Vmus‘z + 52lvx7)£’2) - (vxus : V1¢H + EQVQSUE : Vm¢3)
+|azus’2 + €2|azvs‘2 - azusaz¢H + EQazUsaz(bS
= Vuz-: : V(“e - (bH) + 52VU€ ’ v(”s - ¢3) (326)

Putting these remarks (3.22) (3.25),(3.26) , we get the relative entropy inequality
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defined by

E([pE,U r, ¢ / / Vu : — ¢g) + | Vo ? )d:t:dzdt

< [ [ (tr= 00 + (o) = plpo)idive + (76 = p.U2) - VP (1))
0 Q

+/ / pe (01 + uVodog + v.0.0n) (b — u.) dedzdt
0 Q

T / ' / . (Ours + 1.V a5 + 0.0.) (s — v.) dadzdt

0 Q

— /T / gpe(¢3 — ve) drdzdt + €2 /T/ Vo, - Vs drdzdt. (3.27)

0 Q 0 Q

4. CONVERGENCE

In this section, we will prove our main result. This proof is strongly on the
relative energy inequality (3.27). We consider the strong solution (r, ¢), where
¢ = (¢m, ¢3), as test function in the relative entropy (3.8). Next, in three steps
we prove our main result.

Step 1: Estimate on the relative energy inequality (3.27)
We begin by

/ paua(ng - Ua) : Vx¢H dzdz = / pa(ua - ¢H)(¢H - Ua) : Vx¢H dzdz
Q

Q

+/ pOu (P — ue) - Voog drdz. (4.1)
Q

As [r, ¢y, ¢3] is a strong solution, concerning the first term of (4.1), we have
(recall that V, ¢y is a bounded function) by using (3.10)

/pa(ua - ¢H)(¢H - ua) : Vx¢H dzdz S / ’pa Ue ¢H ¢H - ua) Vx¢H’ dxdz
Q

< C R — ue|” dxd

< /Qp oy — u ] xdz

< CE(lp- UlIr.0). (42)

Again, since [r, ¢, ¢3] is a strong solution of (1.6), we can rearrange the momen-
tum equation (1.6)y as follows:

7 [0ibn + 1 - Veou + ¢30.01] + ¢ [Opr + dive(rén) + 0.(rés)]
= Am¢H + az<az¢H) - pr(T),

which by the means of the continuity equation reduces to

Dbt + dr1 - Vadir + dudobir — %(quﬁH L 0.(0.00) — Vap(r)).  (4.3)
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So we rewrite p. (0;¢on + uV0y + v:0.05) as

Pe (at¢H + usvxd)H + Usaz¢H)
= (06w + OnVubu + 05001 + (ue = Gu)Vabss + (v = 64)0.01 )

= (D06 +0.00:0) = Vup(r)) + p(utc = 610 Vo + pelve = 60)0. 1.
Hence, we use (4.2) to get
/T/ Pe (&sch + u:Veon + ve Z¢H> (pr — ue) drdzdt
/ / P (ubm + 0.(0.0m) — Vap(r) ) (6 — ue)dudzdt
+ /0 /Q pe(ve — 63) (b1 — ue)Dsppydadzdt — / / pe(dn — ue) dudzdt
< [ [ (8sou+ 0.00.0m - vxp<r>) (6 — we)dudzd
/ / pe(ve — 63) (51 — 1) D dpdadzdt + C’E([pE, Ui, ¢]). (4.4)

Moreover, we have

Orp3 4+ U Va3 + v:0.03 = Opd3 + ¢uVads + 03003 + (ue — i) Vads + (Ve — $3)0: 3.

Thus, using Cauchy’s inequality and (3.10), we get
e / ' / pe at¢3+u£vx¢3+vaaz¢3) (63 — v.)dwdzdt
/ / p(65 — v.)2drdzdt + & / / p(Bus + uV oy + v qug) drdzdt
SE([pg,UE]Hr, ¢l) +¢ /O /Q pe at¢3+u5vx¢3+vsaz¢3) drdzdt
< E([,og, Uel|[r, qb] + gt / ' /Q pe <at¢3 + ¢uV.03 + qsgaz(pg)zdxdzdt
te / / o (e — G Vatss + (v ¢3)(9z¢3)2d:cdzdt. (4.5)

2
We estimate fQ Pe <8tgz53 + o Vi3 + gbgﬁngg) dxdz as follows:

2 2
[ (8100 4+ 0uVan + 000.00) iz = [ (3 oo (160 + 6uVan + 6n0.00) dad:
Q Q

2 2
[ Xgpezy e (90 + 0n Vs + 630.05 ) dadz + | X200 (0105 + 615 Vas + 650:05 ) dad
Q {p5_2} QO
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2
X(E <po<any(Pe =) ((%cbg +0nVads + ¢302¢3) dxdz

{% p5<27‘}( ) drdz + CE([pav Ua]HT, ¢]> +C /Q X{p522r}P§dId2’ +C

o= Ul ¢]) +C.

Using (4.6) in (4.5) holds

Ab

£? / / pe (a@g u Vs +veaz¢3)(¢3 — v.)dzdzdt
0 Q

< CE([p-, Ull|[r,6]) + (). (47)

Moreover, we apply Cauchy-Schwarz’s inequality as

T T 2 T 2
82/ / Vo, - Vosdrdzdt < g2 (/ / Vel drdzdt —|—/ / Vs dxdzdt)
0 JQ 0o Jo 2 o Ja 2

2 T
< % / / Vo, 2dxdzdt + o(c2). (4.8)

Thus, entropy inequality (3.27) becomes

t=0 / / Ve - V(uz = o) + §|VUE|2> dxdzdt
SC’E([PE,UEH[T,Gﬁ] +/ /& AI¢H+0Z(82¢H)>(¢H_Ug)d.fl?dzdt

/ /Q H - us zp ddedt"‘/ /9,05 ¢3 d{L‘dZdt

+ / / (r = pe)0 P (1) + (p(r) — p(pe))dive + (ré — p.Ue) - VP’(T))d:cdzdt
0 Q

+/0 /Qpa(va — ¢3)(¢n — u)0.0p drdzdt. (4.9)

Step 2: Estimate for the non-linear term [ [, p-(ve — ¢3)(dn — ue)d.ppdrdzdt
of (4.9).

E([ps, r, ¢

Establishing an estimate for the non-linear term [ [(, p-(v-—¢3)(pr—u.)0. ¢ pdadzdt

is a major difficulty in our analysis. We have

/ /pE — ¢3) (P — u:)0.0p drdzdt
/ /psve - Z¢Hd:cdzdt—/ /pe¢3 o — u:)0,¢p drdzdt. (4.10)

2 2
ey (010 + Vs + 6n0.6) dods [ ipsanyp. (96 + 6Van + 6u0.01) dads
- Q

(4.6)
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In a similar way to [7, 9, 10] and using Lemma 2.1., we estimate fQ p03(on —
ue)0,¢ drdz as follows:

/QpaQSB(CbH - ua)az¢H drdzdt = /QX{§<,05<27“}p5¢3(¢H - Ua)az¢H dxdz

+/ X{pg<g}p6¢3<¢H - ue)az¢H dzdz + / X{pEZQr}ps¢3(¢H - us>az¢H dxdz
Q - Q

< ClIX(z <p.<on (P = )l 22 |020: Ol o) |0 — el o0
X<y Ulez@ Il o) | 030: Gnll 3o | — tell oo

+/ X{p->2r} Pe®3(Om — ue) 0.0 drdz

< C/X{2<p5<2r}( ) d:L‘dZ—i—C/ X{p. 7" ld:cdz

+C [ Npsantdads + Xow = el
< CE([Pa, Uel|[r, ¢]> + AVt — Vw“e||2L2(Q) + M[0-0n — 82u6||%2(9). (4.11)

The crucial and difficult challenge of our proof is the analysis of the first term of
the right hand of (4.10). Using (1.9), we have

/ Pve(dy — ue)0,0y drdz = /Q {— /OZ (divw(gﬂe) + %gzme) dz} (o — u:)0,0y dxdz
/ / .0 (6nr — 12)0.V by dacliodz + / / .0 0,611 V(b1 — ue) dz dudz
_Q/ (/“2gﬁi;gédz)(¢H~—z%ﬁL¢dedz (4.12)
Q 0

In the following, we will estimate the terms on the right hand side of (4.12).
Firstly, we deal with [, {&te(dn — ue)0.Vaoy dzdz in the following,

/ it (b — )0V oy davd

- [ (- ¢>H) 0.9.0m+ (on — u)dudz + [ €.6u0.5,6m - (0 — ) dodz
Q Q
— I+ (4.13)

Using Cauchy’s inequality, it follows that
]1 = / ge aa - gg;[) 8zva:¢H : (ng - u&) dxdz
— [ & (e = ) 0.5 s (00— )z + [ & (6 = 0) 0.5 - (6 — u.) dad
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< 110V on e / & u, — by Pded:
Q

1 _
+§||8zvx¢H”L°°(Q) (/ galua - ¢H|2dIdZ + / €a|ﬂa - ¢H|2d$dz)
Q Q

SCA&

<0 [ & ([ e onltas) dodz + 0l Ul )
<0 [ [ o= ouPtszds + (1. Ul )

[ = omisias dods + B ((p. U]

< C [ elu = ouPdods + OB ([p. U .61
< B ([p-, U |[r-4]). (4.14)
As in the analysis (4.11), we deal with I, as follows:
L= [ &on0.50u (00— o) dud:
= /QX{pE<§}€a$;{8sz¢H (on — ue) dudz
[ o §On0N s - (o — ) dand
+ /Q X{p522r}§6§gf/{azvx¢H (¢n — ue) dvdz
< gy, <ty Uz Il =@ 10m 0=V otoa | oy a1 — well ooy
HOlX < cony (& = )| 2@ 1 010:V b | ey | 6n — el o)

X 1o 22 e T2 108 0:-Vatou | sy |0 — uell s
< CE([p-, UlIr,01) (8) + MV = Ve 3o (4.15)

Let’s consider another non-linear term, fﬂ £U0,0n - Vio(og — ue)dedz. We
have

/gsasaz¢H : vx(¢H - us) drdz = / X{ps<2T}£Ea€aZ¢H : vz(¢H - ue) drdz
Q Q
+/ X{p522r}£aﬁaaz¢H : vx(¢H - ua) drdz = Ml + MQ- (4'16)
Q
The term M; of (4.16) is decomposed as

M, = /X{Ps<2r}§sﬁsaz¢H : Va:((b[—[ — UE) dxdz
Q
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- / Vipr<anyée (it = 0nr) 0:011 - Vel — uo) dadz
Q

+/ X{pg<2r}£e(g;18z¢H : Vﬂc((bH - U5> dxdz
Q
= My + M. (4.17)

My, and M, are treated in a similar way as Iy and I respectively. Namely,

My, = / X{p5<2r}£e (ﬂa - EJ) 8zQZ)H : vm(¢H - ua) drdz
Q
= / X{Pe<2r}§s (UE - (bH) az(ﬁH : V$(¢H - UE) drdz
Q

+ /Q X{p5<2r}£€ (ﬂa - QEH) aszH : vm(¢H - us) dzdz

1
< §”X{pg<zr}\/gHLOO(Q)Hazd)HHLw(Q) / X(po<ry&e [ue — dp|” dadz
Q
1
+§||X{ps<2r}\/EHLOO(Q)”anbH”L“’(Q) /QX{p5<27"}|vw(¢H — ue)*dedz + CE([pa U|[r, ¢]> (t)
SCE(V&@“%¢D@)+Mﬁh@¥—vﬂ%M%m (4.18)

and

Miz = [ Xy can€eOndetn - Volow - u.) dods
Q

+/QX{p5<%}§a§/b\I/{8z¢H : vm(QbH - us) drdz

< X<ty U@ Irlle @) ll6a0:0mll e @) I Vedn — Voue 2@
+‘|X{%<p5<2r}€€”L2(Q)||¢H82¢HHL°°(Q)”V1‘¢H - quaHL?(Q)
< M|Vadn — Vaue| 720 (4.19)

Similarly, we decomposition M as

M2 = / X{pszgr}faﬂgang[{ . Vx(ng — ug) dZEdZ
Q
= / X{p522r}€s (as - @I) az(bH : vm<¢H - us) dxdz
Q

+/ X{%ZZT}&E@I@,ZQSH . V:v(¢H - ua) dxdz
Q
= My + Mos. (4.20)
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We have, by using (3.11),

M22 = /X{p€22r}€5%82¢H ' vx(¢H - us) dzxdz
Q

< / X{p522r}§?/2$;{az¢H - Va(on — ue) dedz
Q
< X221 2 | 0102 1 | Lo @) | Vadrr — Vatie|| 120
< C||X{P522T}§?/2H%2(Q) + AVt — Vm“aH%?(Q)
< CE([p-, ULlIlr, 8]) () + A Vatrnr — Vel 3. (4:21)

Due to Holder inequality and Lemma 2.2, it follows that

My = / X{PeZQr}gs (as - E{) 0-9m - Vm<¢H - ue) dxdz
Q

< X gpez2ne L@ X o2y (e — )10 0| Lo (@) | Vatbir — Viotie 12y
< X g z2m &l a0 IX (o220 (T — 5;1)’\%4(9) + AMVedr — Vaue| T2
< ||X{p522r}§a||2L4(Q)||X{p522r}(ﬁa - &)HL%Q)HX{%ZQT}(VQS — VEJ)HLZ(Q)
FAVedn — Vaue| 720
< Pgpez2nell oy X (oe 2203 (e = S) [F3() + AllVirlic = Vbl 7o)
Tzt — -0 7210) + Al Vot = Vit 20
< ||X{p522r}§a||4L4(Q)||X{paz2r}(ﬁa - g/b\;I)HL?(Q)”X{paZQr} (e — CEI/J)HHI(Q)
+A[ Vet — Vm@f“i%m + A0t — 3z</25;1|’%2(9) + AV — Vatie] 720
< ||X{/3522r}§€||%4(9)||X{,0522r}(a€ - Q/S}/J)H%Q(Q) + )\||X{psz2r}(ﬂe - EI)H%?(Q)
+A| Ve iie — Vxﬂ?;l”%%g) + A||0. 1. — @GEEH%%Q) + A\ Vadn — Vaue|7. (4.22)
Lemma 2.2 is used as follows

IF e < UV Azl fllze - and ([ fl1Es < I f 2l f ]l
We deduce from (3.11),

8/4 )
sl = ([ gastz) " <cp(pvline)’. @)
PeZal

Recalling (4.14) we have
A
Pe=ar

1 —
— / —pe|iic — ¢r|Pdwdz
p

>2r Pe

B([p- Uil 6l). (429

7]l o= ()
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Asin (4.14), we have

{Hvxﬁs = Vatulizq) < Vatie = VadnZaq) (4.25)

Combining the estimates (4.23), (4.24) and (4.25), we conclude that
Ry O AT
0 0
A /0 IV stte — Va2 gyt + A /0 0.1 — Ol |2ct, (4.26)
where h(t) € L'(0,T).
Using similar approach, the estimation of remaining quantity in (4.12),

— o (foz %gzmg dZ) (g — u.)0.¢5 drdz, can be determined as follows.
Indeed, we have

_/ (/ %QZdiV:v“s dz) (o — ue)0,0y dz dxdz
o \Jo

i 1
_ _/ / s9zdivus(on — u.)0.¢y dz dudz + / / Lgzdivyus(dur — ue)0.¢n dz dudz
aJo oo

_ /Q /0 Y92uc (b — ue)0.V o dz drdz + /Q /0 192u.0.05V o (n — u.) dz dudz
+ /Q /01 Lgzdivou. (¢ — u.)0.¢y dz dudz
— /Q/OZ 397 (ue — o) (pp — ue)0. Voo dz dudz + /Q/OZ L9260,V obn - (b — uz) dz dadz
+ /Q /OZ 592u0.05V o (dg — uc) dz drdz + /Q /01 Lgzdivau (on — u.)d.pn dz dudz
< 10.Fsulimo) | leNom = ultdods + 1+ (-4 38+ [ o (o = )00 doc

< CB([pe: U1, 81) + M Vadir — Veteaiay + 10:10 — 0.0 30y + N (427)

Furthermore, using Cauchy’s and Holder inequalities, we have

1
N = /g}divgcug(qu —ug)aquH‘ dxdz Z/g‘(qu —us)azgzﬁg/ div,u. dz| drdz
Q 0

Q

IN

g/ w0,V 20 + (o — ue)|dxdz + / |u:0,05 - Vi(oy — u.)|dxdz

Q Q

< 9/ 0.V o 0u| - |o — uc|*dzdz + 9/ |010.V o 0p - (b — ue)|drdz
Q Q

+/ ’(us - ¢H)8z¢H : V:p(¢H - Us)|d$dz + / ’¢Haz¢H : Vx(qﬁH — u5)|d:cdz
Q Q
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< gC/ |prr — ue|*drdz + 9llou0.-Vadu| L= (a) (/ 12dxdz +/ loy — u€|2dxdz>
Q Q Q
+g\|8Z¢HI|Loo(Q) (/ |ng — u6|2dl‘dz + / |V$(§Z§H — u6)|2d:(:d2)
Q Q

+9|0H0:0H| 120 (/ 12dxdz +/ |V — qug|2dxdz)
Q Q
< M Vadn — Vauel 72y + M0:00 — 0:uc||72(g) + C. (4.28)

In summary, here is what we have demonstrated so far.

E([pe, U|[r, &] Ty /T/Q (Vug :V(ue — og) + 52|Vv5|2> dxdzdt
= 0

< [ 1B (1o V) 0t A [ (1920 = Vam ey + 10:0 — Dedmle)
/ / (r = p)OP' () + (p(r) = plpe))dive + (g — p.U) - V(7)) dad

/ /Q (¢ — ue) Vop(r)drdadt — / / gp=(p3 — v.) dedzdt

+/ / % Aydn + az(azqﬁH)) (bpr — uo)dzdzdt + o(e?). (4.29)
Then we deduce that ( can be rewritten as
([:057 [r, </5 » / / ) Va(ue — ¢p) + |0.(ue — op)|* + 82|Vv5\2) drdzdt

<[ h(t)E([pa,Um ) (0t + / (||v e = Vo lagoy + 1920 — 0.0l )
/ / P 1) (Debur + 0.0 ) (b1 — o) dodzdt
Q
/ / = 1)AP'(r) + (plpe) = p(r)dive + (p.U. = 16) - VP'(r) ) dwdzdt

_ /0 /Q 9p-(cbs — v.) dad=dt — / /Q bu — u)Vap(r)dzdzdt + o). (4.30)

Step 3: Estimate the remaining quantities in the relative energy inequality (4.30)
Here, we begin by the decomposition of the term fQ ——1) <Ax¢H+azz¢H> (o —

ue)dzdzdt of (4.30) into two parts and we use the regularlty of the strong solution
to get

/Q %(Pe —7) <quz5H + 8ZZ§Z5H) (om — Ua)dedZdt‘

<c / e — Ploss 611 — waldzdz + C / pe = Flroslon — uc|dadz
Q Q
— K, + K>, (4.31)
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According to (3.9), we have by using the inequality of Cauchy

1
K, < C/ |pe = Tess\/Pelm — ue|drdz
Q

/P
< C/ (|/0€ _T|gss +p€‘¢H —U€’2> dxdz
Q
< CB([p-, Ui, 9)) (4.32)

We split K5 as follows
Ko C [ o= rllon — wldndz+C [ |p. = rllow - w.fdud
pe>2r p5<§r

where the first integral may be treated in the same way as K; and the second
integral is estimated with the help of the inequality of Poincaré as follows

C ) lpe — 7||on — ue|drdz < C/|¢H—u5\da:dz
Q

ps<§’l"

IN

C’/ 12, drdz + )\/ o — ue|*dzdz
0 Q

CE ([p=, Uollir,61) + AVt = Vo320
021z — 008|720 (4.33)

IA

Furthermore, we have

_ /OT/Q %(qu —u)Vep(r) + (pe — )0 P'(r) + (p(p.) — p(r))dive + (p.U. — r¢) - VP (r)dzdzdt
_ /OT /Q %(qu —u)Vup(r) + (pe — r)P"(r)0r + ¢uVaep(r) + ¢30.p(r)dzdzdt

[ TP )+ 08P 1) — 1oV () = rs0.P (1) + plpe)iv dod
0 Q

Il
S~

/ pP"(r) (¢ Ver + Oyr) — rP"(r)owr + p(p.)dive dxdzdt
Q

T

¢38zp(7‘) + Pavaazpl(r) - T¢352P/(T)d$dzdt

|
S—
S~

pP" (1) (=rdive¢y — rd.¢s — ¢30.7) drdzdt

I
|
S
S~

TP”O") (rdivx¢H + OuVar +10.¢3 + ¢38Z7”) dxdzdt

|
S
S—

(p(pa) —p(r) —p'(r)(p. — r))divgb dxdzdt

I
|
S
S~

pv-0.P' (1) — r30.P'(r) — (p- — 1) ¢30.0' (1) dadzdt, (4.34)

|
S
S—
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where we used the fact that rV,P'(r) = V.p(r) = p'(r)Ver, 0,P'(r) = P"(r)o,r,
V.P'(r) = P"(r)V,r and 0yr + rdiv,oy + ¢gVar + 10,03 + ¢30,7 = 0.

Using the analogous argument as in [I5] Section 2.2.5, we can carry out the
following estimate:

p(r) —p'(r)(p: — T))div¢ dxdzdt‘

<c / (1o ULl 1) . (4.35)

Indeed, as far as the first term is concerned of (4.34) we use the Taylor formula
together with the regularity C? of the pressure p, to estimate the essential part

[ ] (00 =) = 010 =) divo o

<c / vz (@ | (s — e 2ot
<c / (-, ULl ]t (4.36)

where h(t) = [|dive|| <o)

For the residual part, we show that

(plo2) = p() = # (1) 7))

< C (Lyes + (02)res) - (4.37)

res

Thus, we have

- /0 ' /Q (p(ps) —p(r) = p'(r)(pe —T))resdiwdmdzdt
<0 [ aivollner [ (net (D) dndeat
<c / (1= U1 ] . (4.38)

In (4.34), r¢30.P'(r) is a bounded function then [ [, 7¢30.P'(r)dzdzdt < C.
We show as in (4.12) that

/QpavaazP’(r)da:dz = / [— /z (divr(ﬁaﬂa) gzmg>dz} 9. P'(r)dxdz

= // a0,V P'(r dzd:vdz—// gzdlvxuga P'(r)dzdzdz

< CE(lp, Ul 0).

(4.39)
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For the remainder term of (4.34), we have, similarly to (4.31)

/ (pé‘ - T) ¢3azp/(r) dxdz S ||¢3azp/<’f’)||[,°0((2) (/ |p6 - Tless dzdz +/ |p8 - T|res d(L'dZ)
Q Q Q

< B (lp, UIIr.9]).

Moreover, using the inequalities of Cauchy and Holder and the fact that p. is
bounded, we get from (3.10)

/ pe(¢p3 — v.)dadz < / %pz drdz + / %|¢3 — v.|? drdz
Q Q Q
< C+ ||V, — Vos||2.dt. (4.41)

Therefore, the relative entropy inequality can be written as

B (e Ul 1) () + € [ (190 = Voul + 2 Voulf)
< [ nOE(lp- Ul o1 ) 0t + B fpo Ul 0] 0

—l—)\/ Vue — Vou||3.dt + o(?). (4.42)
0

We deduce that when ¢ tends towards 0 in (4.42),

B(l Ul al) ) < € [ hOB(puUlinal) i (43
Then applying Gronwall’s inequality, the proof of Theorem 3.4 is complete.
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