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DECOMPOSITION OF OPERATORS INTO SPAN OF UNITARY
OPERATORS

BADAL SAHOO1 and PABITRA KUMAR JENA2∗

Abstract. The span of unitary operators is crucial in the study of Bergman
space Toeplitz operators. This article delves mainly into the span of unitary
Toeplitz operators and unitary combination of certain transforms of Toeplitz
operators such as the Aluthge transform, the exponential transform, the Cayley
transform and the mean transform of operators on the Bergman space.

1. Introduction

Let B(H) be the Banach algebra of linear bounded operators (or transforma-
tions) on H, endowed with the standard operator norm ∥ · ∥. A transformation
T ∈ B(H) is unitary if it satisfies the condition T ∗T = TT ∗ = I.. In the early
years, unitary operators received greater attention to study. It is a classical re-
sult that the unit sphere of any C∗ − algebra M can be uniformly approximated
by convex combinations of unitary operators. If T ∈ M and ∥T∥ ≤ n−2

n
for

n > 2andn ∈ N, then by [11] T can be written as mean of the number of unit op-
erators n. Furthermore, a new approach was proposed to prove this result [8]. The
index of an operator T ∈ B(H) is defined as ind(T ) = dim ker(T )− dim ker(T ∗),
where ker(T ) denotes the kernel (null space) of T . In any von Neumann algebra
N, a partial isometry T can be transformed into a unitary operator U provided
that ind(T ) = 0(see [16]). Suppose N1 denotes the closed unit ball in N and
T ∈ N1. This paper also reveals that then T will be the average of two unitary
operators iff ind(T ) = 0. Further, ind(T ) = 0 is the sufficient condition for con-
verting the partial isometry to a unitary operator of a polar decomposition of T.
PK. Jena [9, 10] derived certain sufficient conditions for converting non-unitary
operators to unitary operators on the Bergman space. More general theory is
also available in the literature [20] that any bounded linear operator on a Hilbert
space can be decomposed into a linear combination of four unitary operators .

Now, we provide some definitions of certain transforms of bounded linear op-
erators which are instrumental for development of main results.

Every operator T ∈ B(H) has a polar decomposition T = U |T |, where |T | =
(T ∗T )

1
2 and U is a partial isometry. The Aluthge transform A(T ) and Duggal
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transform TD of T are defined as A(T ) = |T | 12U |T | 12 and TD = |T |U , respectively.
A rigorous discussion of the Aluthge transform and Duggal transform for binormal
operators and centered operators has been taken place in [15]. Also this paper
[15] establishes certain conditions under which the Duggal transform of T yields
the polar decomposition of T . The mean transform of T is denoted by µ(T ) and

defined by µ(T ) = U∥T∥+∥T∥U
2

= T+TD

2
, which is the average of polar decomposition

and Duggal transform. A comparison between the behavioral change of mean
transform and Aluthge transform is presented by S. H. Lee, W. Y. Lee and J.
Yoon [12]. For T ∈ B(H), the Cayley transform Cl(T ) of T is (I + T )−1(I − T ),
provided that (I+T ) is invertible. Cayley transform is considered as an extension
of the conformal mapping f(z) = 1−z

1+z
from the complex plane to itself, later

extended to the matrix classes.
An operator T is normaloid if its norm equals the supremum of the absolute

values of its numerical radii and T is quasinormal if it satisfies the equation
(TT

∗
)T = (T

∗
T )T . T ∈ B(H) is hyponormal if [T ∗, T ] = T ∗T − TT ∗ ≥ 0. The

operator T is paranormal if ∥Tx∥2 ≤ ∥T 2x∥∥x∥ for all x. Further, T is binormal
if its absolute values commute, i.e., [|T |, |T ∗|] = 0.

2. Preliminaries

Definition 2.1. The Bergman space A2(D) is the space of analytic functions on
D with inner product ⟨f, g⟩ =

∫
D f(z)g(z)dA(z). For ψ ∈ L∞(D), the Toeplitz

operator Tψ on A2(D) is defined by Tψf = P (ψf), where P is the orthogonal
projection from L2(D, dA) onto A2(D).

For each a ∈ D, there exists a unique automorphism ψa ∈ Aut(D) satisfying:
1. ψa is an involution (i.e., ψa ◦ ψa = idD.)
2. ψa swaps 0 and a (i.e., ψa(0) = a and ψa(a) = 0.)
3. The disk automorphism ψa fixes exactly one point in the unit disk D.
The explicit form of the automorphism ψa on D is ψa(z) =

a−z
1−az , with derivative

equals −ka(z) at z. For a ∈ D, the operator Ua acts on the space of measurable
functions f in D via Uaf(t) = ka(t)f(ψa(t)). The Ua operator is a continuous
linear map on L2(D, dA) and A2(D), preserving the structure of the Hilbert space,
and it has the following properties: U2

a = I, U∗
a = Ua, Ua preserves the subspaces

A2(D) and (A2(D))⊥. The projection operator P commutes with Ua, that is,
PUa = UaP.

We now unfold this paper as follows. This research article consists of seven
sections, beginning with an introduction in Section 1, followed by a comprehensive
review of relevant notation and definitions in section 2. In Section-3, we consider
the span of unitary Toeplitz operators. Aluthge transform of Toeplitz operators
is studied in Section 4. Section 5,6 and 7 includes the exponential transform,
Cayley transform and mean transform of Toeplitz Operators on the Bergman
space, respectively.
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3. Main Results

3.1. Span of Unitary Toeplitz operators : This section provides sufficient
conditions for the decomposability of Toeplitz operators on the Bergman space
into a linear combination of unitary operators.

To guarantee the finite-rank property of Tψ, we now impose conditions on ψ,
enabling its application in the forthcoming theorem.

Theorem 3.1. Suppose ψ be the complex regular Borel measure on D, supported
on finitely many point masses, with ∥ψ∥∞ ≤ 1. Then, the Toeplitz operator Tψ
on A2(D) admits a representation as a span of eight unitary transformations.

Proof. Let Tψ = UQ be the polar decomposition of Tψ. If ψ is a finite linear
combination of point masses then by [13], Tψ is of finite rank. Thus, the partial
isometry U can be converted into a unitary operator. Again, as ∥ψ∥∞ ≤ 1 then
∥Tψ∥ ≤ 1. That implies ∥Q∥ ≤ 1, I − Q2 ≥ 0 and ∥I − Q2∥ ≤ 1. Define, U1 =

iQ+
√
I −Q2,U2 = iQ−

√
I −Q2,U3 = Q+i

√
I −Q2,U4 = Q−i

√
I −Q2,U5 =

−iQ +
√
I −Q2,U6 = −iQ −

√
I −Q2,U7 = −Q + i

√
I −Q2,U8 = −Q −

i
√
I −Q2. Now,

4∑
j=1

Uj −
8∑
j=5

Uj = 4(1 + i)Q.

Therefore, Q = 1
4(1+i)

{
4∑
j=1

Uj −
8∑
j=5

Uj}. Thus, Tψ = UQ = 1
4(1+i)

U{
4∑
j=1

Uj −

8∑
j=5

Uj}, where UUj are unitary operators for j = 1, 2, · · · , 8. Hence proven. □

In the following theorem, we are providing the sufficient condition ∥ψ∥∞ ≤ 1
ensures that the Toeplitz operator Tψ is a contraction mapping on the Bergman
space A2(D).

Theorem 3.2. Let ψ be an element of L∞(D) with ∥ψ∥∞ ≤ 1. Then, Tψ on
A2(D) can be represented as a linear combination of four unitary operators.

Proof. Consider the Cartesian decomposition Tψ = Tψ1 + iTψ2 , where ψ1, ψ2 ∈
L∞(D). Since ∥ψ∥∞ ≤ 1, then ∥Tψ∥ ≤ 1. Hence Tψ is a contraction operator.
Thus the real and imaginary part of Tψ are contractions. Thus, ∥Tψ1∥ ≤ 1 and
∥Tψ2∥ ≤ 1. So I−T 2

ψ1
and I−T 2

ψ2
are positive and ∥I−T 2

ψ1
∥ ≤ 1 and ∥I−T 2

ψ2
∥ ≤ 1.

Let us define the operators M1 = Tψ1 + i
√
I − T 2

ψ1
,M2 = Tψ1 − i

√
I − T 2

ψ1
,M3 =

iTψ2 +
√
I − T 2

ψ2
,M4 = iTψ2 −

√
I − T 2

ψ2
. It is easy to verify thatMj, j = 1, · · · , 4

are unitary operators. Thus, Tψ = Tψ1 + iTψ2 = 1
2

4∑
j=1

Mj which is a linear

combination of four unitary operators. □
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Corollary 3.3. Suppose ψ ∈ L∞(D) and Tψ satisfies the norm inequality ∥Tψf∥ ≤
∥f∥ for all f ∈ A2(D). Then, there exist unitary operatorsMi and scalars ci where

i = 1, · · · , 8 such that Tψ =
8∑
i=1

ciMi.

Proof. Since ∥Tψf∥ ≤ ∥f∥ for all f ∈ A2(D), then ∥Tψ∥ ≤ 1. Therefore, by Theo-
rem (3.2), real and imaginary parts of Tψ are contractions. Define the operators

M1 = Tψ1 + i
√
I − T 2

ψ1
,M2 = Tψ1 − i

√
I − T 2

ψ1
,M3 = −Tψ1 + i

√
I − T 2

ψ1
,M4 =

−Tψ1 − i
√
I − T 2

ψ1
,M5 = iTψ2 +

√
I − T 2

ψ2
,M6 = iTψ2 −

√
I − T 2

ψ2
,M7 = −iTψ2 +√

I − T 2
ψ2
,M8 = −iTψ2−

√
I − T 2

ψ2
.Direct computation shows {Mi : i = 1, 2 · · · 8}

are unitary operators. Hence Tψ = Tψ1 + iTψ2 = span{Mi : i = 1, 2, · · · , 8}. Thus
proof is accomplished. □

Remark 3.4. Let ψ ∈ L∞(D) with ∥Tψ∥ ≤ 1, then Tψ is the linear combination of
sixteen unitary operators.

Proof. By the similar arguments of corollary (3.3), we may extend the idea to

define another eight unitary operators as M9 = iTψ1 +
√
I − T 2

ψ1
,M10 = iTψ1 −√

I − T 2
ψ1
,M11 = −iTψ1 +

√
I − T 2

ψ1
,M12 = −iTψ1 −

√
I − T 2

ψ1
,M13 = Tψ2 +

i
√
I − T 2

ψ2
,M14 = Tψ2 − i

√
I − T 2

ψ2
,M15 = −Tψ2 + i

√
I − T 2

ψ2
,M16 = −Tψ2 −

i
√
I − T 2

ψ2
. Consequently, this leads to the result. □

Theorem 3.5. Consider ψ ∈ L∞(D) with ∥ψ∥∞ ≤ 1. Then Tψ on A2(D) can be
written as sum of five unitary operators.

Proof. As ∥ψ∥∞ ≤ 1, then ∥Tψ∥ ≤ ∥ψ∥∞ ≤ 1. Suppose Tψ = Tψ1 + iTψ2

be the cartesian decomposition of Tψ for some ψ1, ψ2 ∈ L∞(D). Notice that
Tψ1 and Tψ2 are contractions. As I − T 2

ψ2
is contraction, so we define C =

1
2(1+i)

(Tψ1 −
√
I − T 2

ψ2
). Now, ∥C∥ ≤ 1

2
√
2
(∥Tψ1∥ + ∥I − T 2

ψ2
∥) ≤ 1. This im-

plies C is a contraction operator. Let’s now construct V1 = C + i
√
I − C2, V2 =

C−i
√
I − C2, V3 = iC+

√
I − C2, V4 = iC−

√
I − C2 and V5 = iTψ2+

√
I − T 2

ψ2
.

One can easily verify that Vi,∀i = 1, · · · , 5 are unitary operators. Therefore,

Tψ =
5∑
i=1

Vi = Tψ1 + iTψ2 . This yields the desired result. □

Corollary 3.6. Let ψ ∈ L∞(D) with ∥ψ∥∞ ≤ 1. The operator Tψ will be the sum
of nine unitary operators.

Proof. Since ∥ψ∥∞ ≤ 1., then ∥Tψ∥ ≤ 1. Let Tψ = Tψ1 + iTψ2 be the cartesian

decomposition of Tψ with ψ1, ψ2 ∈ L∞(D). Define C = 1
4(1+i)

(Tψ1 −
√
I − T 2

ψ2
).

Here C is a contraction operator. Suppose V6 = −C + i
√
I − C2, V7 = −C −

i
√
I − C2, V8 = −iC +

√
I − C2, V9 = −iC −

√
I − C2. Here V6, V7, V8 and V9 are
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unitary operators. Thus from Theorem- (3.5),
5∑
i=1

Vi−
9∑
j=6

Vj = Tψ1 + iTψ2 . Hence

the result proven. □

Corollary 3.7. If ψ ∈ L∞(D) with ∥ψ∥∞ ≤ 1, then Tψ has the representation of
addition of thirty six unitary operators.

Proof. Since ∥ψ∥∞ ≤ 1., then ∥Tψ∥ ≤ 1. Let Tψ = Tψ1 + iTψ2 be the cartesian de-

composition of Tψ with ψ1, ψ2 ∈ L∞(D). Define C1 =
1

4(1+i)
(Tψ1+

√
I − T 2

ψ2
), C2 =

1
4(1+i)

(Tψ1−
√
I − T 2

ψ2
), C3 =

i
4(1+i)

(Tψ2−
√
I − T 2

ψ1
), C4 =

i
4(1+i)

(Tψ2−
√
I − T 2

ψ1
).

Here Cj are contraction operators. Let’s define the operators

W
(1)
j = ±Cj ∓ i

√
I − C2

j , W
(2)
j = ±iCj ∓

√
I − C2

j , j = 1, · · · , 4. Notice that

W
(1)
j ,W

(2)
j are unitary operators ∀ j. Now, W ⋄1 = iTψ2 +

√
I − (Tψ2)

2 W ⋄2 =

iTψ2 −
√
I − (Tψ2)

2 W ⋄3 = Tψ1 + i
√
I − (Tψ1)

2 W ⋄4 = Tψ1 − i
√
I − (Tψ1)

2. Thus,

W ⋄1 ,W ⋄2 ,W ⋄3 ,W ⋄4 are unitary operators. Hence, Tψ =
4∑
j=1

W
(1)
j +W

(2)
j +W ⋄j

which is the span of thirty six unitary operators. We thus obtained the result. □

Theorem 3.8. Let ψi ∈ L∞(D) with ∥ψi∥∞ ≤ 1 for i = 1, 2. If ψ = ψ1+ψ2, then
Tψ can be written as sum of two unitary operators.

Proof. Let C = 1
2
(Tψ1 + Tψ2), where ∥C∥ ≤ 1 as ∥ψi∥∞ ≤ 1 for i = 1, 2. Define

V1 = C+ i
√
I − C2,V2 = C− i

√
I − C2, where V1 and V2 are unitary operators.

Here V1 +V2 = Tψ1 + Tψ2 = Tψ. This yields the desired result. □

Corollary 3.9. Let ψi ∈ L∞(D) with ∥ψi∥∞ ≤ 1 for i = 1, 2. If ψ = ψ1 + ψ2,
then Tψ can be written as linear combination of eight unitary operators.

Proof. Let C = 1
4(1+i)

(Tψ1 + Tψ2), where ∥C∥ ≤ 1 as ∥ψi∥∞ ≤ 1 for i = 1, 2.

Define V1 = C + i
√
I − C2,V2 = C − i

√
I − C2,V3 = −C + i

√
I − C2,V4 =

−C−i
√
I − C2,V5 = iC+

√
I − C2,V6 = iC−

√
I − C2,V7 = −iC+

√
I − C2,V8 =

−iC −
√
I − C2 where Vi, i = 1, 2, · · · 8 are unitary operators. Here V1 + V2 −

V3 − V4 + V5 + V6 − V7 − V8 = 4(1 + i)C = Tψ1 + Tψ2 = Tψ. This yields the
desired outcome. □

4. Aluthge transform of Toeplitz Operators

In this section, we investigate the Aluthge transform A(Tψ) through its repre-
sentation as a linear combination of unitary operators.

Theorem 4.1. If ψ ∈ L∞(D) with ∥ψ∥∞ ≤ 1, then the Aluthge transform A(Tψ)
of Tψ can be expressed as the sum of five unitary transformations.

Proof. If Tψ = Tψ1 + iTψ2 is the cartesian decomposition of Tψ with ψ1, ψ2 ∈
L∞(D), then, A(Tψ) = A(Tψ1) + iA(Tψ2). Since ∥ψ∥∞ ≤ 1, then ∥A(Tψ)∥∞ ≤ 1.

So, ∥A(Tψ1)∥ ≤ 1 and ∥A(Tψ2)∥ ≤ 1. Thus, 1 − A(Tψ)
2 ≥ 0. Let’s construct
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C = 1
2(1+i)

(A(Tψ1 +
√
I − A(Tψ2)

2). Now, ∥C∥ ≤ 1. Let’s define the unitary

operators W1 = C + i
√
I − C2,W2 = C − i

√
I − C2,W3 = iC +

√
I − C2,W4 =

iC −
√
I − C2,W ⋄ = iA(Tψ2) −

√
I − A(Tψ)2. Hence, A(Tψ) =

4∑
i=1

Wi +W ⋄ =

2(1 + i)C + iA(Tψ2)−
√
I − A(Tψ)2 = A(Tψ1) + iA(Tψ2) = A(Tψ). □

Corollary 4.2. Let ψ ∈ L∞(D) with ∥ψ∥∞ ≤ 1. Then the Aluthge transform
A(Tψ) of Tψ can be expressed as the span of ten unitary operators.

Proof. It follows from the Theorem (4.1) that A(Tψ) = A(Tψ1) + iA(Tψ2) and
A(Tψ),A(Tψ1),A(Tψ2) are contractions.

Let’s define C1 =
1

2(1+i)
(A(Tψ1)−

√
I − A(Tψ2)

2), C2 =
1

2(1+i)
(A(Tψ1)+

√
I − A(Tψ2)

2).

Here ∥C1∥ ≤ 1and∥C2∥ ≤ 1. Introduce the operators W1 = C2+ i
√
I − C2

2 ,W2 =

C2−i
√
I − C2

2 ,W3 = iC2+
√
I − C2

2 ,W4 = iC2−
√
I − C2

2 ,W5 = C1+i
√
I − C2

1 ,W6 =

C1 − i
√
I − C2

1 ,W7 = iC1 +
√
I − C2

1 ,W8 = iC1 −
√
I − C2

1 ,W
⋄1 = iA(Tψ2) −√

I − A(Tψ2)
2,W ⋄2 = iA(Tψ2) −

√
I − A(Tψ2)

2. Notice that W ⋄1 ,W ⋄2 are uni-

tary operators. Hence, A(Tψ) = 1
2
(

8∑
j=1

Wj + W ⋄1 + W ⋄2). Thus the result is

obtained. □

Corollary 4.3. Let ψ ∈ L∞(D) with ∥ψ∥∞ ≤ 1. Then A(Tψ) can be expressed as
span of thirty six unitary operators.

Proof. Let us define the operators

C1 =
1

4(1 + i)
(A(Tψ1) +

√
I − A(Tψ2)

2)

C2 =
1

4(1 + i)
(A(Tψ1)−

√
I − A(Tψ2)

2)

C3 =
i

4(1 + i)
(A(Tψ2) +

√
I − A(Tψ1)

2)

C4 =
i

4(1 + i)
(A(Tψ2)−

√
I − A(Tψ1)

2)

Further, define

W
(1)
j = ±Cj ∓ i

√
I − C2

j , j = 1, 2, 3, 4. W
(2)
j = ±iCj ∓

√
I − C2

j , j = 1, 2, 3, 4.

Here W
(1)
j ,W

(2)
j are unitary operators ∀ j. Now,

W ⋄1 = iA(Tψ2) +
√
I − A(Tψ2)

2

W ⋄2 = iA(Tψ2)−
√
I − A(Tψ2)

2

W ⋄3 = A(Tψ1) + i
√
I − A(Tψ1)

2

W ⋄4 = A(Tψ1)− i
√
I − A(Tψ1)

2
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Thus, W ⋄1 , W ⋄2 , W ⋄3 , W ⋄4 are unitary operators.

Therefore, A(Tψ) =
4∑
j=1

W
(1)
j +W

(2)
j +W ⋄j equals to span of thirty six unitary

operators.
□

Theorem 4.4. Let ψ ∈ L∞(D) with ∥ψ∥∞ ≤ 1. Then, Aluthge transform A(Tψ)
of Tψ can be decomposed into the span of four unitaries.

Proof. Since ∥Tψ∥ ≤ ∥ψ∥∞ ≤ 1, then by [3], ∥A(Tψ)∥ ≤ ∥Tψ∥ ≤ 1. So, A(Tψ)
is a contraction transformation on A2(D). Let A(Tψ) = A(Tψ1) + iA(Tψ1) be
the cartesian decomposition of A(Tψ) with ψ1, ψ2 ∈ L∞(D). Again, since A(Tψ)
be a contraction operator, then its real and imaginary parts are contractions.
So, ∥A(Tψ1)∥ ≤ 1 and ∥A(Tψ2)∥ ≤ 1. Thus, 1 − A(Tψ)

2 ≥ 0. Now, define

P1 = A(Tψ1) + i
√
I − A(Tψ1)

2, P2 = A(Tψ1) − i
√
I − A(Tψ1)

2, Q1 = iA(Tψ2) +√
I − A(Tψ2)

2, Q2 = iA(Tψ2)−
√
I − A(Tψ2)

2.
Hence A(Tψ) =

1
2
(P1 + P2 +Q1 +Q2). □

Corollary 4.5. Let ψ ∈ L∞(D) with ∥ψ∥∞ ≤ 1. Then, the Aluthge transform
A(Tψ) of Tψ can be expressed additive combination of sixteen unitary operators.

Proof. Since ∥ψ∥∞ ≤ 1, then from Theorem (4.4), we get A(Tψ) is a contraction
transformaton on A2(D). Let A(Tψ) = A(Tψ1) + iA(Tψ1) represents the carte-
sian decomposition of A(Tψ) with ψ1, ψ2 ∈ L∞(D). Thus, ∥A(Tψ1)∥ ≤ 1 and

∥A(Tψ2)∥ ≤ 1. Then, 1−A(Tψ)
2 ≥ 0. Let us define P1 = A(Tψ1)+ i

√
I − A(Tψ1)

2,

P2 = A(Tψ1) − i
√
I − A(Tψ1)

2, P3 = iA(Tψ2) +
√
I − A(Tψ2)

2, P4 = iA(Tψ2) −√
I − A(Tψ2)

2, P5 = iA(Tψ2)−
√
I − A(Tψ2)

2, P6 = iA(Tψ2)−
√
I − A(Tψ2)

2, P7 =

iA(Tψ2) −
√
I − A(Tψ2)

2, P8 = iA(Tψ2) −
√
I − A(Tψ2)

2. Hence A(Tψ) =
1
2
(P1 +

P2 +Q1 +Q2). □

Theorem 4.6. Let ψ ∈ L∞(D) with ∥ψ∥∞ ≤ 1. Then, the Aluthge transform of
the Toeplitz operator Tψ, denoted by A(Tψ), can be represented as the sum of two
unitary operators.

Proof. The cartesian decomposition of Tψ is Tψ1 + iTψ2 . So by [3], A(Tψ) =
A(Tψ1) + iA(Tψ2). Again, since ∥ψ∥∞ ≤ 1, then by [3], ∥A(Tψ)∥ ≤ ∥Tψ∥ ≤ 1. So,
A(Tψ) is a contraction operator, then its real and imaginary parts are contrac-
tions i.e ∥A(Tψ1)∥ ≤ 1 and ∥A(Tψ2)∥ ≤ 1. Construct C = 1

2
(A(Tψ1) + iA(Tψ2)).

Here ∥C∥ ≤ 1. Let us define V1 = C + i
√
I − C2, V2 = C − i

√
I − C2. Now,

V1 + V2 = 2C = A(Tψ). Hence proven. □

5. Exponential transform of Toeplitz Operators

The representation of the exponential transform of Toeplitz operators on A2(D)
as a linear combination of unitary operators is explored in this section.

Theorem 5.1. Let ψ ∈ L∞(D) with ψ ≥ 0. Then cos(Tψ), sin(Tψ) can be ex-
pressed as span of two unitary operators.
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Proof. Since ψ ≥ 0, then Tψ ≥ 0. Thus, we can define two operators eiTψ , e−iTψ ,

which are unitary operators. Hence cos(Tψ) =
e
iTψ+e

−iTψ

2
, which is the average of

two unitary operators. The proof of sin(Tψ) parallels that of cos(Tψ). □

Theorem 5.2. Let ψ ∈ L∞(D) and Tψ = V − V ∗ for any V ∈ L(A2(D)), then
eTψ is unitary.

Proof. Since Tψ = V − V ∗, let us define the operator U = eTψ =
∞∑
n=0

1

n
T nψ . Now,

T ∗
ψ = −Tψ. Thus, U∗ = eT

∗
ψ = e−Tψ = U−1. Hence U is unitary. □

Corollary 5.3. Let ψ ∈ L∞(D) with ψ ≥ 0. Then eTψ is unitary.

Proof. Since ψ ≥ 0, Tψ ≥ 0. Hence, Tψ is self-adjoint. As we know that every self-
adjoint can be expressed as difference of two positive operators, let’s say (P, P ∗)
so Tψ = P − P ∗ where P and P ∗ are two positive operators. Hence, the proof
follows from Theorem 5.2. □

The Schatten p-class Cp(H) or Cp, 1 ≤ p < ∞, comprises compact operators
T on Hilbert space H whose singular values satisfy (λn) ∈ lp. For more details
see [6].

Theorem 5.4. Let ψ ∈ Lp(D, dA), 1 ≤ p <∞ and ψ1, ψ2 ∈ L∞(D) with ψ2−ψ̄2 ≥
0. If (Tψ1−ψ̄1

)(Tψ2−ψ̄2
) = (Tψ2−ψ̄2

)(Tψ1−ψ̄1
), then eTψ is unitary on A2(D).

Proof. Since ψ ∈ Lp(D, dA), then by ([20], page-125), Tψ ∈ Cp. Thus, there
exists four positive operators ([20], p-125), Tψ1 , T

∗
ψ1
, Tψ2 , T

∗
ψ2

in Cp such that Tψ =
(Tψ1 − T ∗

ψ1
) + i(Tψ2 − T ∗

ψ2
). Again, since (Tψ1−ψ̄1

)(Tψ2−ψ̄2
) = (Tψ2−ψ̄2

)(Tψ1−ψ̄1
),

so eTψ = e(Tψ1−T
∗
ψ1

)+i(Tψ2−T
∗
ψ2

) = e(Tψ1−T
∗
ψ1

)ei(Tψ2−T
∗
ψ2

). Thus, by Theorem (5.2),

e(Tψ1−T
∗
ψ1

) is unitary. As ψ2 − ψ̄2 ≥ 0, then Tψ2 − T ∗
ψ2

= Tψ2−ψ̄2
≥ 0. Therefore,

ei(Tψ2−T
∗
ψ2

). is unitary on A2(D). Hence eTψ is unitary. □

Corollary 5.5. Let Tψ ∈ L(H) with ∥Tψf∥ ≤ ∥f∥ for all f ∈ A2(D). If

Tψ = UP be the polar decomposition of Tψ with U1 = iP +
√
I − P 2, U2 = iP −√

I − P 2, U3 = −iP + i
√
I − P 2, U4 = −iP − i

√
I − P 2 then eU1+U2 , eU1+U2−U3−U4

are unitary operators.

Proof. From the corollary (5.5), U1 + U2 = 2iP. Thus, eU1+U2 is unitary. Other
cases can be verified in the similar manner. □

Corollary 5.6. Let U = ±P ± i
√
I − P 2 or W = ±iP ±

√
I − P 2, then eU−U∗

and eW−W ∗
are unitary operators.

Corollary 5.7. Let U = ±A(Tψ1)±i
√
I − A(Tψ1)

2 and V = ±iA(Tψ1)±i
√
I − A(Tψ1)

2,
then eU−U∗

and eV−V ∗
are unitary operators.

Corollary 5.8. Let U = ±Cl(Tψ) ± i
√
I − Cl(Tψ)2 and V = ±iCl(Tψ) ±√

I − Cl(Tψ)2, then e
U−U∗

and eV−V ∗
are unitary operators.

Corollary 5.9. Let U = ±µ(Tψ)±i
√
I − µ(Tψ)2 and V = ±iµ(Tψ)±

√
I − µ(Tψ)2,

then eU−U∗
and eV−V ∗

are unitary operators.
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6. Cayley transform of Toeplitz Operators

The Cayley transform of Tψ is analyzed here, showcasing its expression as a
linear combination of unitary operators.

Theorem 6.1. Let ψ1, ψ2, ψ ∈ L∞(D) with ψ1 ≥ 0 and ψ2 ≥ 0. If Tψ is a quasi
unitary operator, then Cl(Tψ), Cayley transform of Tψ is the span of four unitary
operators.

Proof. Since ψ1 and ψ2 are positive, then Tψ1 ≥ 0 and Tψ2 ≥ 0. Let Cl(Tψ) = Tψ1+
iTψ2 be any cartesian decomposition of Cl(Tψ). Again, Since Tψ is quasiunitary ,
then Tψ−I is unitary. Thus by [18], Cl(Tψ) is a contraction operator. Hence, the
real and imaginary part of Cl(Tψ) are contractions i.e. ∥Tψ1∥ ≤ 1 and ∥Tψ2∥ ≤ 1.
Thus, I − T 2

ψ1
is positive and contraction operator. Similarly, ∥I − Tψ2∥ ≤ 1 and

I−T 2
ψ2

is positive. Let’s defineN1 = Tψ1+i
√
I − T 2

ψ1
, N2 = Tψ1−i

√
I − T 2

ψ1
, N3 =

iTψ2 +
√
I − T 2

ψ2
and N4 = iTψ2 −

√
I − T 2

ψ2
. Here N1, N2, N3 and N4 are unitary

operators. Therefore, Cl(Tψ) = Tψ1 + iTψ1 =
1
2
(N1 +N2 +N3 +N4), which is the

span of four unitary operators. □

7. Mean transform of Toeplitz Operators

In this section, we study the mean transform of Tψ, uncovering its unitary
decomposition.

Theorem 7.1. Let ψ ∈ L∞(D) with ∥ψ∥∞ ≤ 1. If Tψ is invertible, then the mean

transform of Tψ i.e T̂ψ can be expressed as the span of sixteen unitary operators.

Proof. Let Tψ = U |Tψ| be the polar decomposition of Tψ with U as partial isom-
etry. Since Tψ is invertible, then U can be converted into unitary operator.
Since ∥Tψ∥ ≤ 1, then ∥|Tψ|∥ ≤ 1. Thus I − |Tψ|2 ≥ 0 and ∥I − |Tψ|2∥ ≤
1. Let us define W1 = |Tψ| + i

√
I − |Tψ|2,W2 = |Tψ| − i

√
I − |Tψ|2,W3 =

i|Tψ| +
√
I − |Tψ|2, W4 = i|Tψ| −

√
I − |Tψ|2,W5 = −|Tψ| + i

√
I − |Tψ|2, W6 =

−|Tψ|−i
√
I − |Tψ|2,W7 = −i|Tψ|+

√
I − |Tψ|2,W8 = −i|Tψ|−

√
I − |Tψ|2. Now,

|Tψ| = 1
4(1+i)

(
4∑
j=1

Wj −
8∑
j=5

Wj).

Hence Tψ = U |Tψ| = U
4(1+i)

(
4∑
j=1

Wj−
8∑
j=5

Wj) =
U

4(1 + i)
(

4∑
j=1

Uj−
8∑
j=5

Uj), where

Ui = UWi are unitary operators for all i = 1, 2, · · · 8. Now the Duggal transform

of Tψ is TD = |T |U = |Tψ|U =

( 4∑
j=1

Wj −
8∑
j=5

Wj

)
U

4(1+i)
=

4∑
j=1

Vj −
8∑
j=5

Vj

4(1+i)
, where
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Vi = WiU are unitary operators for i = 1, 2 · · · 8.

µ(Tψ) =
U |Tψ|+ |Tψ|U

2

=

4∑
j=1

Uj −
8∑
j=5

Uj +
4∑
j=1

Vj −
8∑
j=5

Vj

8(1 + i)

= span{U1, U2, · · ·U8, V1, V2, · · ·V8}.

Hence Proven. □

Theorem 7.2. Let µ(Tψ) =
Tψ+T

∗
ψ

2
. If µ(T ) = 0, then the mean of Cayley trans-

form of Tψ i.e µ(Cl(Tψ)) can be represented as average of two unitary operators.

Proof. Notice that Tψ is skew-hermitian implies Cl(Tψ) = (I + iTψ)(I − iTψ)
−1 is

unitary. Hence µ(Cl(Tψ)) =
Cl(Tψ)+Cl(Tψ)

∗

2
. Hence proven. □
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