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MERTENS’S FORMULA, k-FULL NUMBERS AND SUM OF
TWO SQUARES

RAFAEL JAKIMCZUK! *

ABSTRACT. In this article we prove generalizations of the well-known Mertens’s
formula. We also define some arithmetic functions related to the exponents of
the primes in the prime factorization of the positive integers and study its aver-
age. Finally, we study square-free numbers, s-full numbers and perfect powers
not exceeding x which can be represented as sums of two squares.

1. GENERALIZATIONS OF MERTENS’S FORMULA

The Mertens’s formula [3] is stated as follow:

[(-3)- 5 (0 ) - 5 (o ) 00

p<w
where a is a positive constant, m is an arbitrary positive integer and p denotes a
positive prime. Williams [9] generalized this formula for arithmetic progressions.

As usual, {(s) = >_»°, &, denotes the Riemann zeta function.

We begin with the following generalizations.

Theorem 1.1. Let k > 2 a positive integer. The following asymptotic formula

holds
1 1 1 e 1
1 — — PN _ = 1 1 . 12
H( +p+p2+ +p’“> C(k) Ogm( +O(logmw>) (12

p<z

If k > 2 is even then the following asymptotic formula holds
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If k > 3 is odd then the following asymptotic formula holds

11 o 1

p<z

e |

Proof. We have (sum of a geometric progression)

1 1 1 1— =%
1+_ J— ...+ — p
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Since (see (1.1))

Hlil I <1+(1)< 1 )) :e”Ogm(lJrO(log}q@x))

p<z p log z log™ x

and ((—log(l —xz) ~x) as x — 0)
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p>x p>x p>x
that is,
1 1
> ((-5)) -0 (5)
p>x p X
that is,
1 1 1
(L) =t -1e0(1).
P x
p>x

Therefore equation (1.2) is proved.
Analogously if k is even we have (sum of a geometric progression)
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and if £ is odd we have

1,1 1 144\ e (1+3)
H(l__+—2—"~+(—1)k_1 k_l):H<1 pl’“>: p< pl
p<z p p p o + » Hpgx <1 4 5)
Therefore equations (1.3) and (1.4) are proved. The theorem is proved. O

Now, we generalize Theorem 1.1 We have the following theorem.

Theorem 1.2. Let k be an arbitrary fized positive integer. Let a; (i = 1,2,...,k)
be real numbers and a; # 0. Then the following asymptotic formula holds

ay (e5) ay, 1
1+—4+Z=24...4 ) =1 @1 1.
H( + ) +p2+ +pk) C(logx) ( +O(logm$)), (1.5)

p<w

where C' s a positive constant and its value is

C’zexp(aleLZ(%—i—-u—i—%)

p
> 1 a;  as ar\'
—1)z T i
+ ;( ) i%:(p+p2+ +pk)>

a a
— exp a1M+Z<—§+-~+—:>
—\p p
aq Qs ag a1 a2 ag
+ 10g(1+——|——+---+—)—(—+—+---+—)) (1.6
Z( p P P p P P (16)

p

where M = v+ 3 <log (1 - }—17> + %) is the Mertens’s constant [2] and ~ is
Euler’s constant [2].
Proof. We have the well-known logarithmic power series
L, 13
log(1+$):x—§:v Tt (Jz] < 1).
Note that there exists a prime p’ > 2 such that if p > p’ then

a a a
— b= <1,
PP p

since (%1 + ;—3 +-+ Z—,’:) ~ % as p — oo. Without loss generality and for sake

of simplicity we suppose in the theorem and in this proof that p’ = 2. Therefore
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we have
CL a a a a
Stog (14 % B ) =Y (R B )
= G p c\p p p
pyil ar | ap ar '\’
T z Z(;*ﬁ*“'*ﬁ)- (17)

p<z

On the other hand, we have the well-known equation [%]

1 L 1
ZZ_) =loglogz + M + O <ea\/@) = loglogxz + M + O <logmx)'

p<z

where a is a positive constant, M = ~ + Zp <log (1 — %) + %) is Mertens’s
constant and m is an arbitrary positive integer.
Now, we put

+ i(—l)”l%Z <@+%+---+%)i (1.8)

This definition of log C' is correct because the series in the right hand converges
since it is absolutely convergent as it is showed by the following inequalities

)Z.

Qg
+——|—---+ﬁ

BN 1M (
sy (Fa) zz( Zialel)

_ g (Za:pl \%I) - <;T> (1.9)

where clearly the last series converges and consequently the series that defines
log C' is absolutely convergent.

IA
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Now, the absolute value of the error between (1.7) and (1.8) is O (1), since
(compare with (1.9))

a ar [\’
> z( ) <zz( Ll )
= p>x =2 p>x p

] 1 ]a]\ j 1 \aj\

)3 -yy

=2 p>x p>x =2

2
. a;

. > las] L gcl,

ot p L <zj_pl|aj|) x

where c is a positive constant. The theorem is proved. 0

A more general theorem than Theorem 1.2 can be established, namely

Theorem 1.3. Let k be an arbitrary fized positive integer. Let a; (i = 1,2,...,k)
be real numbers and a; # 0. Let B; (i = 2,...,k) be positive real numbers such
that 1 < By < B3 < --- < Bi. Then the following asymptotic formula holds

aq as Qg _ al 1
(1o g eooe i) = ctosn (100 () ) 00

p<z

where C'is a positive constant and its value is

C:exp<a1M+Z(Z%+m+&)
+ i )itz Z(p+—+ +—)> (1.11)

pﬁZ pﬁk
l
where M is Mertens’s constant.

Proof. The proof is identical to the proof of Theorem 1.2 The theorem is proved.
O

Theorems 1.1, 1.2 and 1.3 for primes are particular cases of a more general
theorem valid for many integer sequences, namely

Theorem 1.4. Let ¢, be a strictly increasing sequence of positive integers. We
shall denote a generic element of the sequence c. Suppose that Zc% diverges. Let

a; (1=1,2,...,k) be real numbers and a; # 0. The following asymptotic formula
holds

a;  as a 1
H(l—l—?—f-c—z‘f‘"""g) DeXp( Zg): (1'12)

cLlx cLlzx



268 RAFAEL JAKIMCZUK

where D is a positive constant and its value is

a a
Dzexp(Z(c—;+---+c—Z>

C

> .1 a; Qo ap\?
_1)iis (— . —) . 1.13
F s Grat s e
Proof. The proof is the same as the proof of Theorem 1.2. The theorem is proved.
OJ

Example 1.5. Suppose that ¢, is the sequence of all positive integers, that is
¢, = n. If we put ¢ = n then, as it is well-known [4],

1 1
Z—zlogx+7+0(—). (1.14)
i T

As application we shall obtain an Euler’s formula for v in terms of the Riemann
zeta function. Consider the trivial product

H(H%):H("Zl):qxjﬂ)wx. (1.15)

n<lx n<lx

On the other hand equations (1.12), (1.13) and (1.14) give

H (1 + %) ~ exp (logz + v+ o(1)) exp(—%((?) + %C(S) —--).  (1.16)

n<x

Therefore equations (1.15) and (1.16) give the Euler’s formula [2]

1 1 1
7= 562) = 5CB) + (W — -+

Let us consider the sequence ¢ = 2,3,4,5,... (all positive integers except 1).
Consider the trivial product

0617

c<x c<zx

On the other hand, we have

1 1
Z—:logm+’y—1+0(—).
= c x

Therefore equations (1.12) and (1.13) give

H(1—%) ~ exp (= loga — v+ 14 o(1))

c<zx

1 1

exp (=5 €)= D= 5 (€B) - D - {CH -1 =+ )



MERTENS’S FORMULA, NUMBERS SUM OF TWO SQUARES. 269

Therefore we obtain another Euler’s formula for v in terms of the zeta function,
namely

1 1

1=1-502)-1)=-5€B) -1 -4 -1~ (1.17)

Formula (1.17) for 7 in terms of the zeta function appear in [2].
Formula (1.17) can be generalized. We recall the generalized harmonic number
(k>1)(i>1)

1 1
Hz k’ - 1 - - e
(k) totmtoot g
If i = 1 then we obtain the harmonic number
1 1 1
Hi(k) =14+ =4+ =4...4 =
k) =14c g+

The constant v is defined by the limit related with the harmonic number and the
logarithm

. . 1 1 1
kh_}IEO(Hl(k:)—logk)—kh_)IEO (1+§+§+---+E—logk> =
We shall prove a formula for H;(k) — logk that generalize (1.17) and where the
zeta function and generalized harmonic numbers are related. We consider the
sequence ¢ = k+ 1,k + 2,k + 3, ... where k is an arbitrary fixed positive integer.
Now consider the trivial product

1(-2)-0(2)- g2

c<z c<z

we have

1 1
Z—zlogx—f-v—Hl(k)—l—O(—)
c x

c<z

Therefore by use of (1.12) and (1.13) as in the proof of (1.17) we obtain the
wished formula generalization of (1.17), namely

3 = Halk) —logh — > = (1) — Hilh) (1.18)
If k=1 then (1.18) becomes (1.17).

If ¢, is the sequence of primes in the arithmetic progression m n + r, where m
and r are relatively prime, then, as it is well-known [3],

1 1 1
Z o= o) loglogz + M, + O (ea\/@)

p<z
p=r,mod(m)

1
logloga:—l—Mm7r+O( S ), (1.19)
log” x

1
p(m)
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where M,, , is a constant depending of the modulus m and the residue r relatively
prime to m, a is a positive constant, ¢(m) is the Euler’s function and s is an
arbitrary positive integer.

Suppose that the modulus m is constant. The constant M,, ,, depending of r,
can be written in the form

1 1 1
My, =Am, +—F——7+ (log (1 — —) + —) , 1.20
p(m) pz p) p (120

where A,,, is a certain constant depending of r.
Now, we have

Z% :Z ! loglogzc—l—Z%%—ZMm,r—i—o(l)

— p(m) o
1 1
= loglogz+» —+>» A,,+> —
2t 2 et 2
1 1 1
+ ZZ <log <1 — ];) + 5) +o(1) = loglogx + Z;
r  p=r plm

+ ZAm,T+M_§ <log (1-%) +%) +o(1),

where the sums runs over all residue r relatively prime to m. Therefore we find
that

1
A = - -
Er - E log (1 p> ;

plm

that is,
eXp(; Ama) =] (1 - ]19) = %m).

Now, equation (1.13) becomes

= exp (Z (log (1 - %) + %)) : (1.21)
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Therefore equation (1.12) becomes (see equations (1.19), (1.20) and (1.21))

1 1 1
H (1 — —) = exp (— loglogx — A, — ——7

p p(m)

e p(m)

p=r,mod(m)

- (b)) -9

p<z
p=r,mod(m)

- (~Ame = o) (140 (1)) (122)

for all positive integer s, that is, a generalization of the Mertens’s formula (1.1)
if m = 1, since in this case Ao =0 and p(1) = 1.
Note that equation (1.22) gives

_ 0 : _ BRI
et 5 (we(e- D)o

p<z
p=r,mod(m)

Now, we establish two very general theorems.

Theorem 1.6. Let a; (i > 1) be an infinite sequence of real numbers such that

a; # 0. Let ; (i > 2) be an infinite sequence of real numbers such that 1 < By <
53 < e
Suppose that

ay as as laa| | las| | las] €1
p pﬂz pﬁiﬂ ’ p p/B2 p/BZS p
and
a2 a3 |a2\ |a3\ Co
o5 T B ""Spﬁﬁpﬂs S e

where ¢; and co are positive constant and o > 1.
Then the following asymptotic formula holds

H(1+@+2+£+---):C(logx)‘“ (1+0< ! ))

s P p/BQ pﬁS logm T
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where C s a positive constant and its value is

a a
CZGXP<G1M+Z(7Z+733+“')
- p p

> o1 a a ‘
E:_ z+1_§: s ST

+ ( 1) ; (p+p52+ ))
=2 p

a a
- exp<a1M+Z(722+7i+“')
> p p

451 5] ai a2
+ 1og(1+—+—+---)—(—+—+---)> ,

p

where M =~ + Zp (log (1 — %) + é) 15 the Mertens’s constant and vy is Fuler’s
constant.

Proof. The proof is the same as the proof of Theorem 1.2. The theorem is proved.
O

Theorem 1.7. Let ¢, be a strictly increasing sequence of positive integers. We
shall denote a generic element of the sequence c. Suppose that ZC% diverges. Let
a; (1 > 1) be an infinite sequence of real numbers such that a; # 0. Let B; (i > 2)
be an infinite sequence of real numbers such that 1 < By < B3 < - --

Suppose that

a; . s as lai| | las| | as] €1
PR R T Bl b~ R
and
a2 as |a2| |a3| C2
R R R e

where ¢1 and co are positive constant and o > 1.
Then the following asymptotic formula holds
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where D is a positive constant and its value is

. as as
D—GXp(Z(CE-FCE"F“')

[e.e]

+ Z(—n”l% (2 )i>

1=2

= exp (Z(CE-I—C&#L )

C

b Y (os(1+ B ) (%+C%2+>))

C

Proof. The proof is the same as the proof of Theorem 1.2. The theorem is proved.
O

2. SOME NEWS ARITHMETIC FUNCTIONS

Let us consider the prime factorization of a positive integer n = ¢j*--- ¢,
where the ¢; (i = 1,...,r) are the distinct primes and the s; (i = 1,...,r) are the
multiplicity or exponents. The number of distinct primes in the prime factoriza-
tion of n is denoted as usual w(n), that is, w(n) = r. The total number of primes
in the prime factorization of n is denoted as usual Q(n), that is, Q(n) = s;+- - -+s,
[4]. We put w(1) =0 and (1) = 1. Let s = 0 + it be a complex number. The
prime zeta function is P(s) = > z% defined for o > 1. This function is related
with the prime counting function 7(x), the arithmetical function w(n) and the
zeta function ((s) since we have [!]

RSSO 1C) B U () B
Yo SRRt >

n=1

Let us consider newly the prime factorization of n = ¢j* ---¢. We define the
arithmetical function a(n) = m Clearly it is a multiplicative arithmetical
function. Its generating Dirichlet series is related to the prime zeta function since

we have for o > 1

(o) 1 1 \
ST (1 g ) =T e e

n=1 D

If s =1 then we have

Z@ H(1+1+L+ ) [Ter = eXrss

|
n p<z p 2 p p<z

= Mlogx (1 +0 (loglmx>> (2.1)

Note that in the first sum n run over all positive integer such that all its prime
factors does not exceed x. This include all n < x.
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We shall study the average of a(n). Before, we need some definitions and lemmas.

A number is square-free or quadratfrei [4] if either it is the product of distinct
primes or 1, that is, its prime factorization is of the form ¢ - - - ¢, where the g;
(t=1,...,7) (r > 1) are the distinct primes. We denote a generic square-free
number q.

Lemma 2.1. Let Q,,..q.(z) the number of square-free not exceeding x relatively
primes to the square-free q, - - - q.. The following formula holds.

6 qg
™ (q+1)-- (g +1)

Qura () = 2+ o(a).

Proof. See [5]. The lemma is proved. O

A number is square-full if all the distinct primes in its prime factorization
have multiplicity (or exponent) greater than or equal to 2, that is, the number

q;' - is square-full if s; > 2 (i = 1,...,r). We denote a generic square-full
number (). The sum of reciprocal of square-full numbers ZQ% is a convergent
series [3]

Now, we can study the average of a(n) in the following theorem.

Theorem 2.2. The following asymptotic formulas hold.

Z a(n) =Mz + o(x) (2.2)

n<x

Z aln) =M ogx + o(log 7) (2.3)

Compare with (2.1).
Remember that M —~y =3 <log <1 - %) + l).

p

Proof. Equation (2.3) is an immediate consequence of equation (2.2) and Abel
summation. Therefore we shall prove equation (2.2).

The number of square-free numbers not exceeding x is [1] >

On the other hand a(q) = 77— = 1. Therefore we have

Z a(q) = Z 1= %x + o(x) (2.4)

g<z q<z

gz 1 = %x%—o(m).

The rest of the numbers is the product of a square-free and a square-full, that is,
of the form ¢(@Q, where ¢ is the product of the primes with exponent 1 in the prime
factorization and @) is the product of the rest of the prime powers in the prime
factorization. Note that then ged(q, @) = 1 and a(¢Q) = a(q)a(Q) = 1a(Q) =
a(Q).

Let us consider the prime factorization of a square-full number (), that is,
Q = qi" - -q;". Let us consider the numbers of the form ¢@), where @ is fixed,
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that is, the numbers with the same Q) = ¢{* - - - ¢;*. The number of these numbers
not exceeding z, that is, ¢@Q < x will be (see Lemma 2.1)
6 qi-- - g T 6

Par) (grng W= @@g e

and the contribution of these numbers to the sum ) _ a(n) will be

6

T2

b(@a(@)g +o(x) (2.5)

where by sake of simplicity we put b(Q) = %.

Let € > 0. We choose B such that (remember that the series of the reciprocal
of square-full numbers converges)

> % <e (2.6)

Therefore we have (see (2.4), (2.5) and (2.6))

Za(n):£<l+zw>x+o(@+}7(m)

n<lz 7T2 Q<B Q
6 b(Q)a(Q
= Cx—;(é%)xjto(x)—i—F(x) (2.7)
where F(x) is the contribution of @) such that B < @ < x and consequently (see
(2.6))
0<F@) <3 a@ |5 <Y Sca (28)

Q>B Q>B

since if @) is fixed, the number of numbers ¢@) < x does not exceed the number
of positive integers n that satisfies the inequality n < % and this number is L%J .
On the other hand C' is the sum of the series

_6 b(Q)a(@)
C= <1+ZQ: o ) (2.9)

where the sum run over all square-full Q.
Consequently (see (2.7), (2.6) and (2.8))

‘ 2 n<a (1)

—C’§€+€+€:36 (x > x)

That is, since € > 0 can be arbitrarily small,

> a(n) = Cz + o(z) (2.10)

n<zx
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Now, we have prove that C' = eM~7. We have (see (2.9))

o= (HZ b<@>5<cz>>

Q

p<
1 1
= hmH(l——z) P_eb = lim <]_——)6117
T—00 <o p p<o P +1 —00 s P
1 1
= i — — Z <z p — M—~
xlgr;@ (H (1 p)) ersrp = ¢ (2.11)
p<z
Equations (2.10) and (2.11) give (2.2). The theorem is proved. O

We define the arithmetical functions g(n) = sysq - - - S, that is, the product of

the exponents in the prime factorization of n, and the arithmetical function g;%

In the following two theorems we study their average.

Theorem 2.3. The following asymptotic formula holds

> g(n) = Cx +o(x), (2.12)

n<x

where the positive constant C' is C' = Hp <1 + ﬁ)

Proof. The proof is the same as the proof of Theorem 2.2. The theorem is proved.

OJ
Theorem 2.4. The following asymptotic formula holds
2w(n)

n<x

where the positive constant C is C' = Hp <1 — m)

Proof. Note that if n = ¢ then w(q) = Q(¢q) and consequently gg—iii = 1. On the

other hand, if n = ¢@ then §§§j§§ = QQ(Q){MQ). Now, the proof is the same as the
proof of Theorem 2.2. The theorem is proved. 0

Let us consider newly the prime factorization of n = ¢;* - - - ¢57. We define the
arithmetical function (:IQ.JFZ,) L = 51!22(??-!&!‘ As it is well known of combinatorial

calculus this arithmetical function give us the number of permutations of all
primes in the prime factorization of n. Its generating Dirichlet series is also
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related to the prime zeta function since we have (we consider s real).

2 3
Z‘” Q) 1 Z1 Z1 Z1
n:1m¥_1+<p]¥>+<p]¥)+< E) T

1 B 1
1— <pri5) N 1—P(s)

Note that there exist a real number sy such that P(sq) = 1. Therefore the
Dirichlet series converges for P(s) < 1, that is, s > s and diverges for P(s) > 1,
that is, 1 < s < sg3. Now,

(2.14)

1
p n=2

and consequently 1 < sy < 2. By application of Abel summation we obtain some
information on the average of this arithmetical function, namely

SR (et (215)

sylsyl- v s,
n<e 1:92 r

for all o > 0.
The normal order of Q(n) is loglogn [1], that is, for all € > 0 we have

(1+¢)loglogn < Q(n) < (1+ ¢)loglogn (2.16)

where n € A and A is a set of 1 density, that is, an’ nea L ~ x and consequently
the complementary set B where equation (2.16) does not hold has zero density,
that is, >, ., ,epl =o0(x). The sets A and B depend of €. Note that AU B is
the set of all positive integers. We shall prove that the series (2.14) diverges for
1 < 5 < s as consequence of the zero density set B of abnormal numbers. We
have the well-known Stirling’s formula n! ~ \/%nn‘/ﬁ

. Therefore there exists a
6"
positive constant ¢ such that

nl < cen™2 (2.17)
from a certain value of n. Now, for the elements of the set A we have (see (2.16))
Q(n) < (1+e¢)loglogn < (14 ¢€)loglogn] + 1 (2.18)
and consequently (see (2.17) and (2.18))
Q(n)!
% < Q(n)! < (|(1 +€)loglogn| +1)! < n°® (2.19)
spl- e8!

Therefore the series (2.14) over the numbers of the set A of 1 density converges,
since (see (2.19))

Qn)! 1 ne) /
2 silselne 2. et et < >

neA neA n2 nea v

(1 <s<sp)

—1
1+52

where ¢ is a positive constant. Hence the series (2.14) diverges for 1 < s < sq as
consequence of the zero density set B of rare abnormal numbers, as desired.
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3. SQUARE-FREE AND s-FULL NUMBERS NOT EXCEEDING 2
REPRESENTABLE AS THE SUM OF TwWO SQUARES

Let Q(z) be the number of square-free not exceeding x. It is well-known (see
[1]) these numbers have positive density <. That is,

Qz) = %x + o(z) (3.1)

We recall that a number is representable as the sum of two squares if and only
if all prime factor of the form 4n — 1 in its prime factorization (if there is some)
has even exponent. In Example 1.4 of the reference [6] we observe that if B(z) is
the number of positive integers not exceeding x representable as the sum of two
nonnegative squares then we have

X

Vlogx

where B is the Landau-Ramanujan constant.

B(z) ~ B (3.2)

We are interested in the number of square-free not exceeding x representable as
the sum of two squares. We have the following theorem.

Theorem 3.1. Let N(x) be the number of square-free not exceeding x repre-
sentable as the sum of two squares. The following formula holds

6Bx
2" fog s

Proof. We shall give two proofs. Now, we give a proof where we use former
theorems and formulas. In the end of the section we give a proof that use only
equation (3.2) and equation (1.7) of the reference [6]. Equation (3.2) was proved
by Landau with a contour integral (see [7]).

First proof. Note that the square-free sum of two nonnegative squares are a
product of primes of the form 4n 4+ 1 and or 2.

We have the following formula (see Example 1.4 of the reference [0] and equa-
tion 1.19)

N(z) ~

(3.3)

1 1
Z — = —loglogx
p 2

p<z

p=1,mod(4)
N3 0l 1 1
m(YE) 42 log (1— =)+~ 1
- n<4B tot 1Zd(4) og p —|—p +o(1)
p=1,mo

Therefore (see equation 1.19 in Example 1.5) we have

1 1
M4,1:ln<g)+%+ Z <log<1——>—|——)
(@) p p

p=1,mod



MERTENS’S FORMULA, NUMBERS SUM OF TWO SQUARES. 279
and since (see equation 1.20 in Example 1.5)

ol 1 1
Mys=A41+ =+ (log(l——)-i——)
4,1 415 g » »

p=1,mod(4)

A4’1 = IOg (4—@)

we obtain

Therefore by Wirsing’s Theorem 1.7 in the reference [6] we obtain that the number
Ay 1(z) of numbers not exceeding x whose prime factors are of the form 4n +1 is

A T 1 T

[(1/2)Viogz 4B logz

A471(l’) ~

since I'(1/2) = /7.
Therefore, by Corollary 1.11 in the reference [6], the number of square-free such
that their prime factors are of the form 4n + 1 will be

1 1 x
sw~g5 11 (1-3) 7

p=1,mod(4)

and the number of square-free multiple of 2 such that the rest of their prime
factors are of the form 4n + 1 will be

g (x) 11 1 1 x
22 24B i) p?) logx

p=1,mo

Therefore if S(z) is the number of square-free not exceeding x representable as
the sum of two squares, then

1\ 1 1 x 6 x
Sa)~(14+=) = 1— — - 2B
(@) ( N 2) 4B W < p2> Viogx 7w /logx

The theorem is proved. Il

The s-th powers not exceeding x and sum of two squares can be studied easily.
If s is even then the s-th power is a square and consequently a sum of two squares.
Therefore all s-th power such that s is even is sum of two squares and then there

are L.ﬂ:lJ =15 40 (:1:1> not exceeding z. If s is odd then a® is sum of two squares

if and only if a is sum of two squares. Therefore their number not exceeding z
will be

1
€T s

Viogx

Hence, if s is odd, the proportion of s-th powers not exceeding = representable
as the sum of two squares is negligible compared with the number of s-th powers

B <x> ~ /3B

not exceeding x, namely LILJ =25 +o ($l>
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Theorem 3.2. Let Ny, 4,...4.(2) be the number of square-free multiple of the

primes qi,qe, - - -,qs (s > 1) not exceeding x and representable as the sum of two
squares. The following formula holds.

1 6 T
N, x) o~ =B
0102, (T) (i + 1)@ +1)--- (g +1) 7 logx

Proof. For sake of simplicity we put (see equations (3.3) and (3.4))

(3.4)

C’o(x):N(m):%B\/lzﬂ—i-O(%):AO\/%—FO(\/%) (3.5)

1 6 T
Cs_1(x) = N, = —B
1(£L‘) (I1,Q2,---7qsf1<x) (q1 + 1)(@2 + 1) . (qS—l + 1) 7T2 /logx

+ 0(%):1451\/1‘3@—1—0(\/1‘3@) (s=2,3,...) (3.6)

(x >2) (s=1,2,3,...) (3.7)

Suppose that the theorem is true for s—1 (s > 1), we shall prove that the theorem
is also true for s. If we put 7= = g1+ ¢s—19s (s = 2) or ;- = g5 (s = 1) then we
have

Cs(z) = Ngy..gumras(7) = LTZJ(—l)"“Csl (%)

n=1

A
+ (_1)LTJ+2CS_1 (qu) (3.8)

Note that

Cos (ﬁ) —0(1) =0 (\/I:E) (3.9)

Let € > 0. We choose M depending of e such that

> 1o (3.10)

n=M+1
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Now

n=1

M
1 =z x x
— —1)"tA,  ———— — | = A, ——
<n21< ) 1q§‘ \/logx> o <\/logx> Vdog x

> 1 T T
— —)Ht =) A ——— —_— 3.11
(3 ) e o () o1
Besides

i (=)™ Cys (3) < szj Con (i) (3.12)

n
n=M+1 ds

Now, we have (see equations (3.7) and (3.10))

M+1 M+1
g T <gn<yz gt <<z

x T 1
Z Com (E) : Z CS?lE . /log é

v 1 1 x 1
- Z Com1—1 < Z Cso1— V2
n 1 no T n

" <qr<vaz ¢¢ Viogx \/1 — % MH<gn< /i q Vlogx
T

Vdiogz

. . . . . . . 1
since the inequality ¢ < y/z implies the inequality \/TW <+2.
ogx

On the other hand, note that the inequality /= < ¢” implies the inequality q% <

< eCo V2 (3.13)

Vx. Besides, the equation =1 Gs-1Gs (see above) implies the inequality
> q% > g1 (Qs_1qs, that is, the inequality ¢ < (n < r) and this

@ - — 41 9s—19s
last inequality implies the inequality L < V0BT . Therefore we
\/1—% V/1og(q1-+qs-145)
have
x x 1
Y o (B Y e, it
ag a4 /log &
Va<ar<ql” Va<ar<al” &

C T 1 1 < Z Os—l\/E
= § s—1 >~

s Vlogx log g2 ] e 1Gs
IR A \/ 1R T e VIoB(agas)

1 x
S TCS_I \/IOg(QI e QS—IQS> \/E —° < \% IOgZL’) (314)

log ©
loggs

since r ~
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Substituting equations (3.14), (3.13), (3.11) and (3.9) into equation (3.8) (see
also (3.10)) we obtain

Cs(z)

Vlogx

— Al <e+ €A, +e+eCy V2 +e (x > x)

That is, equation (3.4), since € can be arbitrarily small. The theorem is proved.
O

-----

to the square-free sum of two squares qiqa, ... ¢y, (m > 1) not exceeding x and
representable as the sum of two squares. The following formula holds

Q192" Gm 6 x
Lo (L) ™ — 3.15
Q‘]:‘]y »q ( ) (q1+1)(q2+1)(qm+1)ﬂ.2 /logx ( )

Proof. By the inclusion exclusion principle, we have

Quigaran (@) = N(@) = D No()+ D Ny, () — -+

1<i<m 1<i<j<m

6 T 1 x

2 \/logxl,[{( qi—|—1> 0(\/logx)
That is, equation (3.15). The theorem is proved. O

Let Ap(x) be the number of A-full numbers not exceeding x. We recall (see [])
that

6
Ap(x) = —QChx% +o (a:%) ,
T
where C}, is a positive constant depending of h and if s > 1 is an arbitrary but
fixed integer then the following series converges.

> o

ait g (@~ q77)
where the sum runs on all (s + 1)-full numbers ¢;* - - - ¢:".

Theorem 3.4. Let gi* --- ¢ be a square-full number such that ¢; (1 <i <t) is
the prime 2 or a prime of the form 4n + 1 and the rest of the primes (if there is
some) are primes of the form 4n — 1 with even exponent. If t = 0 then all the
primes are primes of the form 4n—1. Ift > 0 we put A (¢;* -+ - ¢7) = %
and if t =0 we put A(qi*---q2) = 1. We have

Sp 6

S1... sr 1 r

s s 1 72
1+ Y Ag ) ST T g (3.16)
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Proof. We have

1 P o= 1
R e (T or)
=1 1 1 T

q p

where p denotes the prime 2 or a prime of the form 4n + 1 and ¢ denotes a prime
of the form 4n — 1. The theorem is proved. 0

Theorem 3.5. Let s be an odd number. Let us consider the s-full numbers not
exceeding x representable as the sum of two squares. The number of these s-full
numbers not exceeding x will be denote Cy(x). The following formula holds.

1

€T s
Vlog x

where C' is a positive constant and its value is

6 1 1 11 ps 1
C:\/E—B<1+— . ) (1+—1 ) 1+
2 325 —1 H p+lps —1 H(4) pp§—1

p=1,mod(4) p=3,mod

Cy(z) ~C (3.17)

Proof. Let q be a square-free sum of two squares. If the s-full number sum of
two squares is of the form ¢° then the number of s-full numbers that satisfy the
inequality ¢* < x will be (see Theorem 3.1)

S pys s +o< ik ) (3.18)

72 Viog x Viogx

If the s-full number sum of two squares is of the form ¢°¢j* - - - ¢°~, where ¢;* - - - ¢°

is a (s + 1)-full number sum of two squares, and consequently the primes of the
form 4n — 1 (if there is some) have even exponent, then the number of s-full
numbers that satisfy the inequality ¢°¢;" - - - ¢ < x will be

6 I's 1 T’
—BA(q" - q7) T To

r

2 s <
& <q11 T TT> ° log a;%
(g7 q37)

6 1 T s
— 2 BVRA(G - q) : fol 2o (3.19)
2 ! (g5 ---qsr)s Viogx Viog x
Let € > 0. There exists M depending of € such that

> ; <e (3.20)

S1. L. gsr
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Equations (3.18), (3.19) and (3.20) give

g <M
+ Ei(x)
: 6 1 zs
Xs s
S ot S Y Al i
logx 7r2 qfl.,.qi’r'ZM_;'_l (qll e ﬁr)g logl'

+ 0 (%@) + Ey(x) (3.21)

Note that there exists a positive constant ¢; such that (see (3.3))

T

Vlog x

N(z) <y (x >2) (3.22)

Let o = % We have (see equations (3.21) and (3.22))

1
Sl Sr
4" g
0< Ey(x) < > O —
MA1<g] g <av 4[]0 <_x )
g qil,_,qﬁ'r
1

R S SN

1
s s
Z‘Oé<q11..,qi’r§2is \/log< 8150 ST) s 2%<q11_,.q7fr§$
q1"qr

Note that (see Lemma 1.13 in the reference [(]) there exists a positive constant
o such that Asq(z) < ¢+, Therefore (see (3.23)) we have

) o
Z 1 <czstt =0 (\/@) (3.24)

Note that the inequality * < ¢;* - - - ¢&" implies the inequality (—qslqu> P
1 r

Besides the function f(x) = T 18 positive and strictly increasing since f(z) >
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0 (z > 2). Consequently we have (see equation (3.23))

1
S 1-a
c P c X s
E 1 E 1
1—
zoaLgit gt <L 1 o< pr<X lOgI .
1 PE] og (] qr =35
1
S

-«
T s 1
< L coxtl = 3.25
< ¢ T 0(\/@> (3.25)

logz 5"

Finally, note that the inequality ¢;* - - - ¢7 < z® implies the inequality !

5 >
l_log(qllmtﬁr)

log =

\/1177 and hence we have (see equations (3.23) and (3.20))

1
xT S
2

C1

1

S S

M+1<q;* g <z \/lOg <q51 xq&«) g
1 dr

_ Z c1v/5 T 1
MJrlSq:l-..q?erxa (QIl T qr ) \/IOgI \/1 _ IOg(‘{égx%ﬂ )
1
< o (3.26)
T Vl—a ylogx

Substituting equations (3.26), (3.25) and (3.24) into (3.23) and then substituting
(3.23) into (3.21) (see also (3.20)) we obtain

C’w() C<—B\/§e+e+e+e+\/c%e (x > x)

Viogz
That is, equation (3.17), since € can be arbitrarily small. Note that

6 9 1 s+1 1 s+2
C=vieB|1+2
Vs ( +3 <(21> + (21) -
D 1 s+1 1 s+2
(e (G ()
p=1,mod(4) p b+ ps
1 s+1 1 s+3
11 <1+(1> +(1) +> (3.27)
p=3,mod(4) b D

The theorem is proved. O]

Remark 3.6. If s = 1 then we have the 1-full numbers representable as sum
of two squares, that is, the set of all positive integers representable as sum of
two squares. In this case C' = B (see equation (3.27) and Theorem 3.4) and
consequently equation (3.17) becomes equation (3.2) as must be.
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Theorem 3.7. Let s be an even number. Let us consider the s-full numbers not
exceeding x representable as the sum of two squares. The number of these s-full
numbers not exceeding x will be denote Cys(x). The following formula holds.

Cy(z) ~ Cxs (3.28)
where C' s a positive constant and its value is

6 1 1 1 1 1 1
C=—(1+= 1+ —— 14+ ——
71'2( 32i_1> H ( p+1pi_1) H ( p+1p§_1>

p=1,mod(4) p=3,mod(4)

Proof. Let q be any square-free. If the s-full number is of the form ¢® then the
number of s-full numbers sum of two squares that satisfy the inequality ¢° < z

will be
6 1 1
—Ts +o0 (xs)
2

If the s-full number sum of two squares is of the form ¢°¢j* - - - ¢2", where ¢;* - - - ¢¥
is a (s + 1)-full number sum of two squares, and consequently the primes of the
form 4n — 1 (if there is some) have even exponent, then the number of s-full
numbers that satisfy the inequality ¢°¢;* - - - ¢~ < x will be (note that the square-
free ¢ is not necessarily sum of two squares)

LY "t o(s)
(g +1)- (¢ +1)) (g - - ﬁr)i

The rest of the proof is as the former theorems. Note that

1 s+1 1 s+2
CZ%(l—Fg((l) —|—(1) 4.
s 3 2 2s
s+1 s+2
ot )
p=1,mod(4) p b bs

D 1 s+2 1
H 1 + 1 ( 1) + ( 1
p=3,mod(4) P b ps

The theorem is proved. ]

We now give the second proof of Theorem 3.1 using equation (3.2) proved by
Landau by use of a contour integral [7]

Theorem 3.8. Let N(x) be the number of square-free not exceeding x repre-
sentable as the sum of two squares. The following formula holds
6, x
2" Jogx

Proof. We need the prime number theorem, namely, if 7(z) is the prime counting
function then m(x)

N(z) ~ (3.29)

~Y
logz*®
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If B(x) = Ni(z) is the number of numbers not exceeding x which are sum of
two squares we have (see equation (3.2))

B(:E):B\A:@jLo(\/lj@)

Therefore we have

’ x> 2)

\/@ ( =

where we can suppose C' > v/2 and
B(z) =1 (1<z<2)

B(z) < CB

The numbers representable as sum of two squares are the numbers such that in
their prime factorization the primes (if there is some) p = 3(mod4) have even
exponent. Therefore the number of numbers representable as the sum of two
squares multiples of the square n? is B (%) That is

x z 1 1 z 1 1
B(%) =B, to| =
n? n?y/log x \/1 _ logn? n? /log x \/1 _ logn?

logz logx

z 1 x
= B— + — 3.30
n?/logx ¢ <\/10gx> (8:30)

Let A,, (z) be the number of numbers representable as the sum of two squares
such that the prime pj, is the least prime with exponent greater than 1 in their
prime factorization. The inclusion-exclusion principle and (3.30) give

X i X
A =5~ - B(5 Y4y _1“3(_)
(@) <pi) 2 (p%p?> = papt-piy

1<i<h—1

- B% (%Zﬁ(l—}%))Jro(\ﬂjE) (3.31)

We choose m such that

and consequently also

Besides, we put
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Let A(z) be the number of not square-free not exceeding = representable as the
sum of two squares. We have

On the other hand, we have

A) =Y A (@) <) Ay()+ Y A+ Y Ayl)

pi<z J=1 pA<pi<VT Va<pi<%
+ ) A (x) (3.33)
7<p2 <z

Now

ZA,,J < \/mfwo(wj@) (3.34)

If p?, < p? < /x then we have

1ogp% \/5
1- log x
xr
> s ¥ op(%
PR<pi<VE pzn<pigﬁ h
1 CB T 1
< > 0OBg > =
Py pr \/logx \/1 1?Oggp; \/_\/logx o
C T
< e— 3.35
L .
2 x Viog x
If /o < pj <% then we have ) logp% < \/%and < y/z. Hence
" ogx
ZA(:(;)<ZB£<ZCB£1 !
PrAl = pr) p? /logx log p2
VE<pi<% VE<pi<% VE<pE<E g
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Finally, if £ < p; < « then we have B (:z%

h
x
2; Anla) S 2 5 (e ) Z t<n (V) = o (o) 67
<z 2<ph<
Subst1tut1ng (3.34), (3.35), (3.36) and (3.37) into (3.33) we obtain
x eC x x
Y A+ 2B -
Viog x * V2 Vdogw o (x/logx)
C x
< (A4+2—7=¢| B— 3.38
< (1) e 09
Equations (3.32) and (3.38) give

) = 1. Therefore

A(z) < B

lim Alz) =
z—o0 B(x)

Now, note that we have the following equality (use mathematical induction)

SR ) =0 5)

szl P

Consequently using the well-known limit

- 1 1 6
li l-=5)=—=—
nliilog ( p3> @
we find that A =1 — %. Therefore the following limit holds
B(x) — A(x) 6

lim = —

T—00 B(x) 2
where B(x) — A(z) is the number of square-free not exceeding x representable as
the sum of two squares. The theorem is proved. Il

Now, we prove the following theorem. Let P(n) be the greatest prime factor
of n. We denote r a number representable as the sum of two squares and B(x) is
their counting function (see (3.2)).

Theorem 3.9. The following asymptotz’c formula holds

I‘2 ZL’Z
P(r .
> P lgx+0(logx> (3.39)

r<z

where the positive constant Fy, . 1s

ZB (k2 - %1)2) (3.40)

Proof. In this proof p denotes a prime of the form 4n 4+ 1. The prime number

theorem is
1 =« T
1=- 3.41
Z 210ga:+0(logx> (3:41)

p<w
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Therefore Abel summation gives

1 2?2 z?
= - 3.42
Zp 4log$ (logx) (342)

p<lz

and if k is a positive integer

1 x? x?
E = — 4
ﬁp (k‘2 (k+1)2> 10g93+0<10g93) (3.43)
+1 E

Let s be a positive integer. Let us consider the numbers k = 1,2,...,s and the
inequalities

k+1

x
k:—i—1<pSk: (3.44)
Then the multiple of p not exceeding x are p.1,p.2, ..., p.k and if z is sufficiently
large p is the greatest prime factor with exponent 1 of these numbers and con-
sequently p is a prime of the form 4n + 1. The number of numbers r in the set
1,2,...,k is B(k). Now, the proof follows as the proof of Theorem 1.19 in the
reference [6]. The theorem is proved. O

Theorem 3.10. Let us consider the numbers r not exceeding x. Their counting
function is B(x). Let N(z) be the number of numbers r not exceeding x such
that P(r) has exponent 1 in the prime factorization of r and consequently P(r)
is a prime of the form 4n + 1. Then N(z) ~ B(x) ~ B\AOL—“, that 1is, almost
all greatest prime factor has exponent 1 in the numbers r and it is of the form
dn+ 1. Therefore the numbers r such that P(r) is a prime of the form 4n — 1 or

> that

of the form 4n + 1 with exponent greater than 1 are in quantity o ( N

18, negligible.

Proof. The proof is the same as the proof of Theorem 3.5 with s = 1 (see also
Remark 3.6 and the proof of Theorem 1.21 in the reference [0]). The theorem is
proved. O

The numbers not exceeding x representable as the sum of two squares such that
all their prime factors are of the form 4n + 3 are squares. Therefore their number
is negligible, namely O (y/x). Perhaps we can to think that also the numbers sum
of two squares with some prime factor of the form 4n + 3 are negligible. This is
not true, as we shall prove in the following theorem.

Theorem 3.11. Suppose that p; is the sequence of primes of the linear form
4dn + 3. Then the number N(x) of numbers sum of two squares not exceeding
and multiple of some prime p; (i = 1,...,n) has positive density 0 < 1 —a < 1

such that the value of a s
1
I (-5)
(4)

p=3,mod(4
That is
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Proof. By inclusion-exclusion principle the number of numbers sum of two squares

and multiple of some prime p; (i =1,...,n) is
x x
Sp(n)- X 8()
Pi<pn Pi Pi<p;<pn PiPj

- B\/l‘s@ 1—212{(1—%2) +o< m)+F(x)

T n
= B 1—a)—
\/logx( 2 g( log:v 0( logx)
1
2

where by use of the inequality B(z) < ) and if we put 5 < < 1
we find that

T 1 1

0<F(x)<c —
p2+1<p2<x5 " logw
1
rei Y ALy s
ng
CCB<p2<I 1— Tog z<p2<x

Now, the proof follows as the former theorems. The theorem is proved. O
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