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k-FREE AND £k-FULL NUMBERS WITH PRIME FACTORS IN
ARITHMETIC PROGRESSION

RAFAEL JAKIMCZUK! *

ABSTRACT. We apply a classical Wirsing’s theorem and study k-free num-
bers, k-full numbers and perfect powers with prime factors in an arithmetic
progression.

1. k-FREE NUMBERS, k-FULL NUMBERS, PERFECT POWERS, ARITHMETIC
PROGRESSION

Let us consider the prime factorization of a positive integer n = ¢j* --- ¢;",
where the ¢; (i = 1,...,r) are the distinct primes and the s; (i = 1,...,r) are the
multiplicity or exponents. The positive integer is called k-free number (k > 2)
if and only if s, < k—1 (i =1,...,r). If k=2 then the numbers are called
square-free. The positive integer is called h-full (h > 2) if and only if s; > h
(t=1,...,7). If h =2 then the numbers are called square-full or powerful.

Theorem 1.1. Let ny, be a k-free number such that in their prime factorization
all prime factor does not exceed x and it is of the linear form mn + r, where
ged(m,r) = 1. We have the asymptotic formula

1 1 1 )
Z ~ l l L——]exp (Am,'r + —7) (log x)#tm) (1.1)
Nk, e p=r,mod(m) ( pk) 90<m>

In particular, for square-free numbers equation (1.1) becomes

1 1 1 .
~ l—— Jexp (Am,'r + —7) (log x)#tm (1.2)
; M2 pEr,lw:)[d(m) < p2> @(m)

Let us consider the fized square-free ¢ = q1---q,, where ¢; (i = 1,...,r) are the
distinct prime factors in the prime factorization, these prime factors are of the
linear form mn +r, where ged(m,r) = 1. If we consider only the square-free ng
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relatively prime to q then equation (1.2) becomes

1 U 1
S () I (-5)

p=r,mod(m)

exp (Amw + ﬁv) (log x)ﬁ (1.3)

Let n, be a a positive integer such that in their prime factorization all prime
factor does not exceed x and it is of the linear form mn+r, where ged(m,r) = 1.
We have the asymptotic formula

1 1 1
— ~exp | Amr + —7) log x) #(m) 1.4
2.5 ( o)) (187) (14)

where the constant A, , was defined in Example 1.5 of [8].
Proof. We have (see equation (1.22) in reference [3])

1
1 ( 1 1 1 ) 1— %

> = I (1+-+5++ = I v

2 k—1 1

Nk,x Mk p<w p p p p<z 1- P

p=r,mod(m) p=r,mod(m)
1 1 1
~ H 1——)exp | Apyr + ——7 | (logx)etm
p=r,mod(m) p gp(m)

That is, equation (1.1). The proof of equation (1.4) is the same. In this case we
consider the geometric formula

1 —+ 1 + i + .= 1

p P 1—

The theorem is proved. O

D=

Definition 1.2. Let us consider a set A of infinite primes p where the set of
exponents of p depends of p and it is a certain subset of the positive integers
denoted E(p). Now consider the positive integers whose prime factorization is of
the form n = ¢{"¢5? - - - ¢;*, where the distinct primes ¢; (i = 1,..., k) are in the
set A and the exponent a; is in the set F(¢;) (i = 1,...,k). The set of these
positive integers n will be denoted B. The set of primes p in the set A such that
E(p) contains the number 1 and consequently p is in the set B will be denoted
A; and the set of the rest of the primes p such that 1 is not in the set E(p) will
be denoted A,. The set B of positive integers n defined in this way is called
multiplicative set.

Theorem 1.3. Let us consider a multiplicative set B and consider the positive
integers n in the set B such that all their prime factors does not exceed x. We
denote these elements in the set B in the form n,. The following asymptotic
formula holds

1 1
Z — ~ CpgeXrses (1.5)

Ny

Ny
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where the sum run over all n, and Cpg is a positive constant similar to the con-
stants obtained in section 1 of the reference [3].

Proof. We have

I EED S B IR EED O DI EET T OE

Ng p<z k)GEp p<z kGEp p<z kEEp
PEA PEA2 pEAL E>2
1 1 1
~ T+ D= T (=4 =
P p P
pEA2 kGEp p<z kEEp
pEAL k>2

The rest of the proof is as the proofs of the theorems in section 1 of reference [3].
The theorem is proved. Il

Example 1.4. Let us consider the positive integers of the form n = a? + b?
where a and b are nonnegative integers. That is, the numbers such that their
prime factors of the form 4n + 3 have even exponent in their prime factorization
[9]. Let B(x) be the number of these numbers not exceeding x. It is well-known
[9] the asymptotic formula

x

Vlog x

where B is Landau-Ramanujan constant and its value is [1]

e 0 5 ()

p=3,mod(4) p=1,mod(4)

B(x) ~ B (1.6)

Equation (1.6) and Abel summation give

1
> = ~2Bylogx (1.8)
n

n=a2+b2<zx

On the other hand, it is well-known that [!]

1 1
Z — = —loglogx
p 2

p<z
p=3,mod(4)

—- ln(i—i)—i—%-ﬁ- > <log<1—%)+%) +o(1)

p=3,mod(4)

1 1
Z — = —loglogx
p 2

p<z
p=1,mod(4)
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Let us consider the positive integers of the form n, = a® + b*> where a and b
are nonnegative integers and such that all their prime factors does not exceed .
Then we obtain (compare with (1.8))

1 o
Z — ~e2y/mBy/logx
ng=a2+b? z
We shall need the following general theorem.

Theorem 1.5. Let k > 1 fized. Let us consider the positive real numbers r;
(1=1,2,...,k) and consider the inequality

1Ty + 1oy + o+ TRl < X
Let Sg(x) be the number of solutions (1, s, ...,xx) where x; (i =1,2,...,k) are

positive integers. Then the following asymptotic formula holds

and the following inequality holds
Sk(z) <

o Hrl Tk
Proof. See [5], [6]. The theorem is proved. O

Let us consider a set A of infinite primes p such that the prime counting function
is denoted C'(x) and where the set of exponents of p are all positive integers, that
is E(p) is the set of all positive integers. Therefore the multiplicative set B is
formed by the numbers a such that their prime factorization is a = ¢i* - - - ¢i*,

1 2"

Elry---rg

1 2"

(z = 0)

where the distinct primes ¢; (i = 1,..., k) are in the set A and the exponents a;

are arbitrary. The counting function of the set B will be denoted A(x). We have
A

(z) (1.9)

z—oo (log )« B
for all @ > 0. Since given k fixed distinct primes ¢, ..., g in the infinite set A

the number of numbers a = ¢{* -- - ¢;* in the set B, denoted A,, .. 4 (z) will be
by Theorem 1.5,

1 (logx)*
k!'log qy - - -log qx
and if z > 1 we have the inequality

1 (log z)*
A <=
Q159K (ZE) = Kl log qi-- .log qx

Therefore an upper bound for A(zx) is

A(J?): Z Ath,wtpc(x>§ Z %log

Q1 qp<T q1qr<w

A

Q1 (z)

(log z)"
¢ - -log g

(1.10)

where the sum run over all square-free ¢ - - - gx not exceeding x in the set B.
The square-free numbers are an important number in the set of positive integers
since, as it is well-known, they have positive density ﬂ% [2]. On the other hand,
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the square-full numbers are negligible, since their number is o(x) = O (\/x), as it
is well-known [3] [4].

In the multiplicative sets such that the number of primes C(z) is very small,
for example, C(z) < loglogz the contrary case occur. Since the number of
square-free numbers in the multiplicative set B not exceeding = does not exceed

- (ogm)) N (Cé@) - <ggg) _ 90@) < Jogloge _ 1oy s

On the other hand, the number of square-full numbers not exceeding z in the
multiplicative set B is greater that (logz)® for all positive «. Since given k

arbitrarily large and k distinct primes ¢, . . ., ¢; in the set A the number of squares
of the form qf‘“ ‘e q,za’“ in the set B is by Theorem 1.5 asymptotically equal to
1 (logz)* 11 (loga)t

Klogg?---logqg? 2k kllogqr - --log g
i k

Therefore in the multiplicative set B the number of square-free is negligible com-
pared with the number of squares and consequently square-full numbers. We
have, by Theorem 1.5, the following upper bound for the number of perfect pow-
ers of the form ¢i* - - - ¢;*, where ¢; (1 =1, ..., k) are fixed,

11 log z)* 11 log z)* 1 log z)*
S+ ( g ) L4 ( ) _i_,,.:(g(]{;)_l)_ ( )
k!logqy - - - log gy

If C(z) is small then we have the following upper bound for the number of ele-
ments A(x) in the multiplicative set B

2k kllogqy -+ -logqr 3 k!logqy - - -log gy

1 (logx)*
Alz) = Z Ag..oqr () < E -
""" !
a1 <e oo Kllog g -+ log gy
k
< S A (T b
< ; ‘
k=0 k q<z 0gq k:
k 2
= 7 | V1 — 2./1 3
N kzzo B! e q<Zas log g P o8t o log ¢

where the sum run over all prime ¢ not exceeding x in the set A. We study the
following cases,
Case 1) C(z) < (log z)®, where 0 < a < 1. In this case Abel summation gives
L — C >0, that is, the series converges. Therefore

Ax) < exp (2v/logev/C) = o(a)

q logq

for all € > 0.
Case 2) C'(x) < logx. In this case Abel summation gives »
where C' is a positive constant. Therefore

A(z) < exp <2\/log 2+/C log log a:) = o (z9)

1
<z logq

< C'loglog x,
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for all € > 0.
Case 3) C(x) < (logx)®, where 1 < a < 2. In this case Abel summation gives

Y g<a loéq < C(logz)>~!, where C'is a positive constant. Therefore

A(x) < exp (2\/5(10g x)%> = o (%)

for all € > 0.

Now, we shall prove the following theorem about composite numbers, in the
sequence of all positive integers. As usual, p denotes a positive prime.

Theorem 1.6. Let B(x) be the number of composite numbers not exceeding x such
that their prime factorization is of the form ¢i* - -- qi¥ (qi < xﬁ) (k=2,3,...).

The number of these composite numbers is negligible, more precise, their magni-

tude order is —%—.
log“ x

Proof. Abel summation gives

1
Zl = :c2 +0( l; )<C’—$2 (x >2)
<2 logp log” x log” x log” x

Now, we have

B(z) > (W <;§>) > Chs ot

where (5 is a positive constant. On the other hand, we have

k
B(z) < i E Z L —(log x)"
- k!  logp | !
k=2 p<at
() 1 k oo 2 k
1 Tk (k") ( C >
C logz)f =z
- kz:; (k1) ( log2xilc> (log z) kz:; (k1?2 \logx
o0 k 2
1
S J}Z eC — eC ~ <Cl ZL‘2
—~ log x logz ) 1— 15@ log” x

where (] is a positive constant. Therefore C’Qlog%m < B(z) < C’lﬁ. The
theorem is proved. Il

If Cy, () is the number of primes not exceeding x in the arithmetic progression
mn + r, where ged(m,r) = 1, then the prime number theorem for arithmetic
progressions is [9]

1 1 x 1
m,r = dt |~ T
Cn.r () gp(m)/g logt 0 (eavlogf) o(m) log x

where a is a positive constant.
We have the following fundamental result of Wirsing [10]
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Theorem 1.7. Let us consider the set of numbers such that in their prime fac-
torization all prime factor is of the linear form mn + r, where ged(m,r) = 1.
A generic number of this set will be denoted n,,,. Let A, (x) be the number of
these numbers not e:cceedz'ng x. Then

=Y 1~Cpp— (1.11)
Nm, r<x log Qj) <p(m)
where Cy,» 15 a positive constant and its value is Cy, , = %, where T'(s) is
o(m)
the Gamma function and the constant A,,, was defined in equation (1.20) of the

reference [8].
The following asymptotic formula holds.
1 1
Z ~ (m)Cpr (log z)#tm (1.12)
nm,TSI T

Proof. Equation (1.12) is an immediate consequence of equation (1.11) and Abel

summation. Equation (1.11) was proved by Wirsing [10]. The theorem is proved.
O

Remark 1.8. Compare equation (1.12) with equation (1.4). They have the same
1
magnitude order, namely (logx)#tm™.

Theorem 1.9. Suppose that the primes in the set A have a counting function

C(z) of magnitude order m, where d > 1. That s, there exist two positive

constants Dy and Dy such that

x T
Di—— < C(x) < Dy-———= 1.13
"(log z)° (z) *(log z)° (1.13)
If A(z) = >, 1, where the a belong to the multiplicative set B, we have also
x T
— < A(z)< D 1.14
*(log z)° (@) *(log z)? (1.14)

where D3 and D, are positive constants.

Proof. The numbers a in the multiplicative set B can be divided in three disjoint
sets Ay, A; and Az. The set A; contains the numbers a which are square-free,
we shall denote ¢ these square-free and A;(z) the number of these square-free
not exceeding x. The set Az contains the numbers a which are square-full, we
shall denote P these square-full and As(z) the number of these square-full not
exceeding x. The set Ay contains the numbers a of the form ¢P, where ¢ and
P are relatively prime, that is (¢, P) = 1. We shall denote As(x) the number of
these numbers not exceeding z. We have (p denotes a positive prime)

Clz)= Y 1<c (z>2) (1.15)

p<z, p€A

(log z)°

and consequently the series of the reciprocal converges, that is

21:01 >0 (1.16)

pEA p
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Let us consider a square-free ¢ € A; with k prime factors, thatis, g = py - - - pr._1pg,

where p; < --- < pp_1 < pi are distinct primes. The number of these square-free
not exceeding x will be denoted Dy(x). Let 3 =1 — 5- < 1. Note that there

are not square-free p; - - - pr_1pr not exceeding x such that p; - - - pr_1 > 2”. Since
. . B
if p1---pr_1 > 2° we obtain p, > pr_1 > 2% 1 and consequently p; - - pr_1pr >

o > . Note also that the inequality p; - - - pr_1 < 2° implies the inequality
L < —L. Therefore equations (1.15) and (1.16) give

1 log(p1--Pk—1) — 1-f"
- log =

Dy(z) < Z ¢ (1%]31{1)

Pl"'Pk—lSzﬁ

x 1 < c x Ccrt
Z Cpl"'pk—l <10g <L>)‘5 ~ (1-p)° (logx)? (k—1)!

P1Pk—1

IN

pl...pk_lgxﬁ
pi€A,(i=1,....k—1)

x (Czcl)k_l

C(logx)5 (k—1)! (1.17)

Note that (2/{)(Sﬁ — 1 and consequently if k£ > 2 we have (Qk)‘sﬁ < Cy, where
02 > 0.
Therefore we have

- x  (CyC)M! x CsC
A < — 201
i) < ;C@gz)é k-1l “(logay©
Xz
< Oy > 2 1.18
= 3(10g3§')6 (‘T = ) ( )
Equation (1.18) gives
As(z) < < v 1
DD DIRY = P og? ()
P<t \a<t p<t P
e % ! (1.19)
o B ()
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Let P, be the n-th square—full If we put z = 2P, then we obtain
> 7 DI

PSPnP (1 logP >

1 log P J
log 2P, log 2P,
n

) 1ngi 16]+1
_— <C
;H<1_logP> _Z ( 10g2) !

log 2P,

where Cj is a positive constant. Note that the series ), log b

a > 0.
Note also that if x € [2P,, 2P, 1) the function (P; fixed)

converges for all

1 1 . .
EW 1S strlctly
( “ Togz )

decreasing. Therefore we have

<C 1.20

Z:I P( M)é 4 ( )
<35 log x

and consequently (see (1.19) and (1.20))
As(z) < Cs

1.21
log’ x ( )

where Cj is a positive constant. On the other hand, we have [3][1]
Ay(x) < Co/z (1.22)
Therefore (see (1.18), (1.21) and (1.22))

x
Alx)=A A A <D 1.23
(x) 1(7) + Az(z) + As(x) log ) (1.23)
where D, is a positive constant. On the other hand, we have the trivial inequality
C(z) < A(z). This proves equation (1.14). The theorem is proved. O]

Theorem 1.10. Let us consider the set Sy, of k-free numbers such that in
their prime factorization all prime factor is of the linear form mn + r, where

ged(m,r) = 1. Let Sp,r(x) be the number of these numbers not exceeding .

Then
T

Sm,r,k(x) ~ Sm,r,kT (124)
(ng :L') @(m)

where Sy, 1 15 the positive constant

1
Smak = Cms ] (1 — —) (1.25)

e
p=r,mod(m) p
Note that C,, , is the constant in Theorem 1.7.

Proof. We have (Theorem 1.7)

x x
Am r = C1m r N Mo Na 1.26
0= Cns o+ () 120
where for sake of simplicity we put a = 1 — —*

@(m)”
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Therefore we have

Amp(z) < Ot

log o) (x >2) (1.27)

where C' is a positive constant.

Let p,, be the n-th prime in the linear form mn+r. We work with this sequence
of primes.

Let Ay, () be the number of numbers with their prime factors of the linear
form mn +r such that the prime pj, is the least prime with exponent greater than
or equal to k in their prime factorization. The inclusion-exclusion principle and

(1.26) give
) Z " (P oy )
1<i<h—1 hti

I
=
>
/‘\
r?r&

We choose m such that

and consequently also
00 1 7j—1 1
> —kH(l——k)<e (1.30)
Besides, we put
[e'e) 1 7j—1
Cer—k (1 —~ —) = (1.31)
7

Let A(z) be the number of not k-free numbers not exceeding = with their prime
factors of the linear form mn + r. We have (see (1.28), (1.30) and (1.31))

= Z Ap, () = ZAPj(x) + F(z)

p}ﬁ<:ﬂ

log:c (Z Py 11( )) <(10;‘)“) H

it (S0 ) v (i)

+ F(x) (1.32)
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Now (see (1.32) and (1.27))

z 1
0<F@) = Y A< ) Cﬁ a
h X
Pm 1 <pn <ok st <pn<Eh <p§>
2k
x
4 Z — (1.33)
1 Dy,
ok +
T <pp<zck
2k
where
EY fk§221§2xi:o(L) (1.34)
1 Py 1 (log x)oz
%<Ph§$% phszk
2k
and if we put 8 = 1 + L then we obtain
T 1
Yo A< Y O
1 e (7)
Pmt1SPRSTH Pmi1<pp<EE Ph
2k
T 1 1
— C -
(log .73)0‘ Z ;@L <1 _ logph>
g logx
Pm+1<pp<zk &
x 1 1 C T 1
+ C - 6] < "
(log z)~ 2 . D (1 _ M) (1 —pB)* (log ) ; Py
B =k log x PhZPm+1
Tk <pp<*r
2k
Cx 1 ( C T
+ — < |le———+ 0(1)> _— (1.35)
(log 2)« , Z LD (1—pB)e (log z)>
$E<Ph§%
2k

Equations (1.32), (1.29), (1.30), (1.33), (1.34) and (1.35) give (as in Theorem 2.2
of the reference [3])

A(l’) = AW +o0 (W) (136)

Now, note that we have the following equality (use mathematical induction)

S0 =T

pj i=1 i=1
Therefore
A=Ch,y (“ﬁ(l—%)) = Chr <1—H<1—ik)>
i=1 P p=r P

Now Sy, k(%) = A (2) — A(z). The theorem is proved. O
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Corollary 1.11. Let us consider the set Sy, ,2 of square-free numbers such that
in their prime factorization all prime factor is of the linear form mn + r, where
ged(m,r) = 1. Let Sy, .2(x) be the number of these numbers not exceeding .
Then

Sm,T,Q(x) ~ Sm,T,Q% (137)
(log )™~ #tm

where Sy, 2 s the positive constant

1
Smaz2=Cms  |] (1 - —) (1.38)

2
p=r,mod(m) p

Theorem 1.12. Let us consider the fized square-free ¢ = ¢ - - - g, where ¢; (i =
1,...,r)are the distinct prime factors in the prime factorization, these prime
factors are of the linear form mn + r, where gcd(m,r) = 1. Let us consider the
set Symr Of square-free numbers relatively prime to q such that in their prime
factorization all prime factor is of the linear form mn + r, where ged(m,r) = 1.
Let Ay m.(z) be the number of these numbers not exceeding x. Then

,
qi T

S m.ar\L) ~ Sm,r,2 1.39
e () i 4t (IOgﬂc)l_m 9
where Sy, o s the positive constant of the former theorem.
Proof. We have (Theorem 1.7)
x
Am7T<IL') = Z ]_ ~ meT (140)

By use of the inclusion-exclusion principle, we eliminate the primes ¢; (i =
1,...,7) and obtain

BB
1<i<r 4 1<i<j<r qij
T ) e D
19‘;/%9 495 9k H (logx) #lm)

v <<10gx>1—m> o
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Now, the same proof as the proof of Theorem 1.10 gives

d 1 1 T
Semr(@) = Crp 1—— l—= | ——
amr(?) ’ 11( Qi) 11 ( p2) (log )"~ #m

p=r,mod(m)

P#Gi
T ! i i
+ 0] i :Smm,Q 4 1 i
(log )"~ 1 6L (log ) =7

that is, equation (1.39). The theorem is proved. O

[y

Let s > 1 be and let A4(x) be the number of s-full numbers not exceeding x.
It was proved by Ivié¢ and Shiu (see [1], Chapter 14, or [3])

As(z) = 70,5%% + VLsxFII +--- 4 WS_LSxﬁ + Ag(x), (1.43)
where Ag(z) = O (2”) for p small.

We need the weaker lemma.

Lemma 1.13. The following asymptotic formula holds
Ag(x) = 70,356% +o0 (xl> : (1.44)

where

6 1
Yos = — 1+ (1.45)
w2 ( (p+1)(p1—1>

Note that if s = 1 then we obtain the trivial formula A;(x) = x + o(x).

Proof. Equation (1.44) is a weak consequence of (1.43). For equation (1.45) see
the reference [7] . The lemma is proved. O

Lemma 1.14. Let s > 1 be an arbitrary but fixed integer. The following series
converges.

where the sum runs on all (s + 1)-full numbers Q.

Proof. Let a, be the n-th (s 4+ 1)-full number and let Ay 1(z) be the number
of (s 4 1)-full numbers not exceeding x. We have (see Lemma 1.13) Ay q(x) ~
Yo,s “/x. Therefore if = a, we obtain n = Ay1(a,) ~ Y5 “W/ay, that is,

s+1 . . . . .
a, ~ “=r. Now, the lemma follows by the Comparison Criterion since the series
0,s

S —L+ converges. The lemma is proved. O

n s
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Theorem 1.15. Let us consider the set H,,, of s-full numbers such that in
their prime factorization all prime factor is of the linear form mn + r, where
ged(m,r) = 1. Let H,,,(x) be the number of these numbers not exceeding .
Then

1
€T s

Hm,r(-T) ~ Hm,rT (1.46)
(log ;13) @(m)
where H,, , is the positive constant
1——L 1
Hmr:SmTZS e(m) H 1+
) A 1
p=r,mod(m) (p + 1) (ps - 1)
L 1 1
e | = II 1+ - 1.47)
p=r,mod(m) p=r,mod(m) (p + 1) <ps - 1)

Proof. Let us consider the s-full numbers of the form ¢®, where ¢ is a square-free
product of primes of the linear form mn + r , where ged(m,r) = 1. Then ¢* < z
if and only if ¢ < zs and consequently by Corollary 1.11 the number of these
s-full numbers not exceeding x will be

1 1
€Ts €Ts
S as® 1.4
Sm,r,28 (log 7)° +o <(10gx)0‘> (1.48)

1
w(m)”
The rest of the s-full numbers is of the form ¢°(Q), where ¢ is a square-free

product of primes of the linear form mn + r and @ is a (s + 1)-full number
product of primes of the linear form mn 4 r. Note that ¢ and @ are relatively
prime.

Let us consider the prime factorization of the (s + 1)-full number @, that is,
Q = q*---q'. Let us consider the numbers of the form ¢°Q), where @ is fixed,
that is, the numbers with the same @ = ¢;* - - - ¢;*. The number of these numbers

For sake of simplicity we put a« =1 —

1
not exceeding x, that is, ¢°Q) < x will be since ¢°(Q) < zx if and only if ¢ < Z)_l (see
Theorem 1.12)

LI & E +o(( - )a) (1.49)

T



306 RAFAEL JAKIMCZUK

Given € > 0 there exists M such that (Lemma 1.14)

> 11 <e (1.50)

where
a
Hm,r - m,r,Qsa +Zsm,r,28a <C£>
Q Q5
o D 1 1
= Sm,r,QSH 1+p+1 ls+1+ ls+2+
=TT )

- Sm,r,Qsl_ﬁH 1+ 1
=\ D) (p 1)

and F'(x) is the contribution of the numbers ¢°Q) < z such that M < @ < x.
Note that there exists a positive constant ¢ such that the following inequality

holds (Corollary 1.11) Sy, r2(7) < czme (€= 2).

Therefore we have

1 H
0< F(x) < Z 1< a T {le
M<Q<ZE Q- (108; (;;)) 2<Q<a Q-

1 1 1
Csa<1 - )a Z 11 log Q¢ + xl
og T 5 o 5

& M<Q<gz% Q <1 B logga:) 55 <Q<w Q

L < 2 then we obtain
QE s

If @ > 55 and consequently
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On the other hand, if we put %5 < <1, then we obtain

<< log =
s 1 1
< et o a Z 1
1 1
xs 1 (logx)~ 1 xs
+ cs® e <es” €
Tog o) 2 7 wog 27 = " T = A Tlog 7
1
c 6 / Ts
J— < J—
T Tloa2)” = loga)e
where 0 < § < % The rest of proof is as the proof of Theorem 2.2 in the reference
[8]. The theorem is proved. O

Theorem 1.16. Let us consider the set P, , of s-th powers such that in their
prime factorization all prime factor is of the linear form mn-+r, where ged(m,r) =
1. Let Py, () be the number of these numbers not exceeding x. Then

1
€T s

Pm,r(x) ~ Pmﬂ” 1 (151)
(log x)l_W
where P, , is the positive constant
Pm,r = m,rsliﬁ (152)

Proof. The proof is the same as the proof of Theorem 1.15. In this case we have

Pm,r = Sm,r,Zsa + Z Sm,r,QSaa(Ci)
o Q@

S

B o P 1 1
= Smr2s® ][ el G
p=r,mod(m) (p s ) (p s >
1 1 o1
= Sppzs 70 = Cps # (1.53)
pEr,lr;)Id(m) 1- I%

where the sum runs over all (s + 1)-full and s-th power numbers ). The theorem
is proved. O
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We have proved Corollary 1.11 on square-free from Wirsing’s Theorem 1.7.
Is possible to prove Wirsing’s Theorem 1.7 from Corollary 1.11. That is, both
theorems are equivalent. The theorem is as follows,

Theorem 1.17. Let Sy, ,2(x) be the number of square-free not exceeding x such
that all prime factor in their prime factorization is of the linear form mn + r.
Suppose that

T

Smr2(T) ~ Spro (1.54)

(logz)'~#0m

Then, if Am.(z) is the number of numbers not exceeding x such that all prime
factor in their prime factorization is of the linear form mn + r we have
x

Am,r(ﬁ) ~ Cmmﬁ (155)
(logx)  #m
where Cpy o = Spro szr,mod(m) 1_1%
Proof. We have the formula
x
Am,r (l‘) = Sm,r,? )
71225293 (nz)
x 1 T
B Z Sm’r’zﬁ (log x)e o (log x)e + F(z)
<M g g
x 1 x 1 x
= Smr2 o — = Smp2m——o — o < a)
(log x) ~ n? (log x) gt n? (log )
+ F(x) (1.56)

where n is either 1 or their prime factors are of the form mn +r and consequently

1 1
— = 1.57
n2 H j—_ ( )

n?2 p=r,mod(m) p

The rest of the proof is as the proof of the former theorems. The theorem is
proved. O

Theorem 1.18. Let P(n) be the greatest prime factor of n. Let us consider
the set of numbers such that in their prime factorization all prime factor is of
the linear form mn + r, where ged(m,r) = 1. Let Ap,.(z) be the number of
these numbers ny, . not exceeding x and let Ag(z) be the number of these numbers
N Mot exceeding x such that their greatest prime factor P(n,,,) satisfies 27 <
P(ny,,) <z, where 0 < B < 1. Then the magnitude order of Ag(x) is the same
as the magnitude order of Ay, (), that is, ——=—— (see Theorem 1.7).

(]og $) 1= p(m)

Proof. By Theorem 1.7 we have
Aps@) = 3 T G (1.58)

n‘"b,’i’gx (log I‘)l_m



NUMBERS WITH PRIME FACTORS IN ARITHMETIC PROGRESSION 309

where C,,, is a positive constant. Therefore there exists a positive constant ¢;
such that

Am’T(LU) > CIT (LU Z (h)
(log x) (m)

where ¢ is the first prime of the linear form mn + r.
Besides equation (1.58) gives

Ag(x) < App(z) < cgq————
(log x)l_W

where ¢y is a positive constant. We have prove the another inequality. It is
sufficient to prove

Aﬁ(.’L‘) > C3
(log x)l_ﬁ
1

for % < B < 1 and c3 a positive constant, since if 0 < 3 < 5 we clearly have

Ag(x) > Ayja(x). Suppose then that % < 8 < 1. Let p be a prime of the linear
form mn + r. Since v/z < 2 < p < z the multiples of p not exceeding x are

p.1,p2,...p. EJ and p is the greatest prime factor of these multiples. Therefore

we have

T T 1
sz ¥ oaw(f)z ¥ oap
z<p§H .'17<p§H Og;

)

p=r,mod(m) p=r,mod(m

T 1 T
> a—t Y L

(log x)lfm g (log a:)lfﬁ

p=r,mod(m)
This proves the another inequality. The theorem is proved. O

Now, let P(n) be the greatest prime factor of n. It is well-known the formula

2 2 2

2 P(n) = 71T_2loxga; o (103;:,;) (1.59)

n<x

If we consider the n,,, numbers then we have the following theorem.

Theorem 1.19. The following asymptotic formula holds

11 72 a?
P ) = — Dmr 1.60
Z (1tm.r) 2¢p(m) " logx o <logx) (1.60)

N, <T

where the positive constant D, , is
D,,, = EOO A (k) i — ; (1.61)
’ — k2 (k+1)2

k=1
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Proof. In this proof p denotes a prime such that p = r mod(m). The prime

number theorem is
1 T T
1= —— 1.62
Z w(m) 10gx+0(loga:) (1.62)

p<w

Therefore Abel summation gives
2

1 1 22 T
= — — 1.63
Zp go(m)2logx+o<logx) (1.63)

p<z

and if k is a positive integer

2. p= ﬁ% (% & i 1)2> 1oix o <longx) (1.64)

ZT ZT
o1 <Py

Let s be a positive integer. Let us consider the numbers k = 1,2,...,s and the
inequalities

_z < Z 1.
R (1.65)

Then the multiple of p not exceeding = are p.1,p.2,...,p.k and if = is sufficiently
large p is the greatest prime factor with exponent 1 of these numbers. The number
of n,,, numbers in the set 1,2,...,k is A, (k). Therefore

s 1 1/1 1 z’
Z P(ng,,) = (Z Amr(k)mé (ﬁ N (k + 1)2) logx)

nm,rSfE k=1
2 1 1 2
oo ® 1 D x
log x 2p(m) logx

_ (ﬁ% i Ay (k) (% N (ki1)2)) longx e (1022:6)

k=s+1
+ F(x) (1.66)
Note that Zpgx 1< clo‘z — for x > 2, where c is a positive constant. Hence
x 1 22
F(z) < - < 1<2 1.67
(x)_p;prJ _a:p; - Cs—irlloga: (1.67)

— s+1 —s+1

If we choose s sufficiently large then by combination of these equations we obtain
equation (1.60). The theorem is proved. O

Remark 1.20. Theorem 1.15 on s-full numbers is clearly also valid for 1-full num-
bers, that is, all numbers n,,,. In this case

Hm,r(x) ~ Hm,r

T

— (1.68)
(logx) ~#tm

where H,, , is the positive constant

Hne =Cr 11 (1 N 1%) H (1 T+ 1)1(19 - 1)) = Omsl1.69)

p=r,mod(m) p=r
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as must be. Since in this case H,.(z) = A, ().

Theorem 1.21. Let us consider the n,,, numbers not exceeding x. Their count-
ing function is Ay, . (x). Let T,,,(x) be the number of numbers ny,, not exceeding
x such that P(n,,) has exponent 1 in the prime factorization of n,,. Then
Tonr(x) ~ Ay (), that is, almost all greatest prime factor has exponent 1 in the
Ny r NUMbETS.

Proof. We follow the proof of Theorem 1.15 with s = 1 (see Remark 1.20). Let
us consider the 1-full numbers of the form ¢, where ¢ is a square-free product
of primes of the linear form mn + r , where ged(m,r) = 1. Note that P(q)
has exponent 1 since ¢ is square-free. The number of these 1-full numbers not
exceeding x will be

T

T
Smp2———F—1— T0| —F———
(logx) "7 \ (log )70

Sm,r,gﬁ +o (@) (1.70)

For sake of simplicity we put a =1 — @.

The rest of the 1-full numbers is of the form ¢(), where ¢ is a square-free product
of primes of the linear form mn + r and @ is a square-full number product of
primes of the linear form mn + r. Note that ¢ and @) are relatively prime.

Let us consider the prime factorization of the square-full number @), that is,
Q = q;'---q;'. Let us consider the numbers of the form ¢@, where @ is fixed,
that is, the numbers with the same Q) = ¢'---¢;*. Then, except by a finite
number of cases the greatest prime factor of ¢ is in ¢ and hence it has exponent
1. Therefore the number of these numbers @) not exceeding x, such that their

1
greatest prime factor have exponent 1 will be since ¢°Q) < x if and only if ¢ < £+

ol
s (1} it 1) é(logxx)“ e <<1O;)a)
L. @ s +O< v ) (171)

2R (log )@ (log z)°

where for sake of simplicity we put a(Q) = [[}_, q,qul. Now, the proof is identical

to the proof of Theorem 1.15 (with s = 1). See also Remark 1.20. The theorem
is proved. O

Now, we give a very simple proof that k-free numbers have density ﬁ and we
generalize this simple proof and obtain a more general theorem. Finally we prove
a more general theorem on multiplicative sets, k-free numbers and s-full numbers

are particular cases of this more general theorem.

Theorem 1.22. Let k > 2. Let Q(x) be the number of k-free numbers not
exceeding x. Then

Qu() ~ z7 (1.72)
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Consider the following multiplicative set. Let us consider any sequence k; of
positive integers. Suppose that the possible exponents of the prime p; are 1,... k;,
that is, the set E(p;) is formed by 1,...,k;. Let N(x) be the number of positive
integers in this multiplicative set not exceeding x. Then

N(z) ~ cx (1.73)
where
1
Pi pPi

Proof. By inclusion-exclusion principle the number of numbers not exceeding x
in the complementary set of k-free numbers is

>3- 3 ||

ko k
pr<logz ' py<pf<logz Pib;j
1
= 21— ]] (1 — 7) +0 <2V'”°g“"f) + F(x)
K p;
pi <logx
1
~ (1 -TI (1 . _k> n 0(1)> 4O (2V’“ logw) YR (175)
p
p

where 0 < Fi(z) <> pbey L%J = o(x). This prove equation (1.72) on k-free

numbers. The proof of the more general formulas (1.73) and (1.74) is the same.
The theorem is proved. ]

Theorem 1.23. Consider the following multiplicative set. Suppose that the sets
E(p) of possible exponents of the primes p have the same least element s, in
general the finite o infinite set E(p)depends of p. Let N(z) be the number of
positive integers in this multiplicative set not exceeding x. Then

1

N(zx) ~ cx> (1.76)
where
6 P 1
c=5I11+——| D = (1.77)
™ p+1 kim)p
>s

Proof. The number of numbers ¢° not exceeding x, where ¢ is a square-free is
6 1 1

5T +o0 (x)
T

The rest of the numbers is of the form ¢°(). The prime factorization of () is of
the form @ = ¢7" - - - ¢;", where ¢; are the distinct primes and s; € E,, and s; > s
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= ..., 7). Therefore the number of numbers of the form ¢°Q) not exceeding

(i
z (Q ﬁxed)

r 1
6 q T 1
o) W J“O(”)
T =1 qz+ Qs

The rest of the proof is as the proof of former theorems. The theorem is proved.
O

It is well-known if n is large the number of positive integers multiple of some
prime p; (i = 1,...,n) has positive density near of 1.

To Finish, we prove a similar theorem for n,,, numbers.

Theorem 1.24. If p; is the sequence of primes of the linear form mn +r. Then
if nis large the number of n,,, numbers multiple of some prime p; (i =1,...,n)
has positive density near of 1.

Proof. By inclusion-exclusion principle the number of n,,, numbers multiple of
some prime p; (i =1,...,n) is

A () 2 e ()

Pi<pn Pi<pj<pn
x - 1 x
= Cpr———\1— 1—— +0(—) 1.78
" (log x)m ( E ( pz)> (log x)om (178)
and ], (1 — p%) — 0 as n — 0o. The theorem is proved. 0J

Theorem 1.25. Consider the following multiplicative set. Suppose that the set
of primes p is the set of primes in the linear form mn + r, where ged(m,r) = 1.
Suppose that the sets E(p) of possible exponents of the primes p have the same
least element s > 1, in general the finite o infinite set E(p)depends of p. Let N(x)
be the number of positive integers in this multiplicative set not exceeding x. That
18, the number of positive integers n not exceeding x whose prime factorization
is of the form n = qi* --- ¢, where the ¢; (i = 1,...,1) are primes of the linear
form mn+r, ged(m,r) =1, and s; € E,, (i=1,...,7). Then

@ =

N(zx) ~ C’%
(logx) ~#tm
where the constant C' can be obtained as in Theorem 1.15.

Proof. The proof is the same as the proof of Theorem 1.15. Theorem 1.15 is a
particular case of this more general theorem. The theorem is proved. 0
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