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OUTPUT TRACKING PROBLEM FOR A CLASS OF 3-D
HYPERBOLIC PDES

MUSTAPHA EL HASSANI∗

Abstract. The output tracking problem (OTP) refers to the procedure of
determining an input control that ensures the system output follows a speci-
fied trajectory. In this paper, we investigate the OTP for controlled systems
governed by a class of 3-D hyperbolic partial differential equations (PDEs),
aiming for an exact alignment between the system output and the desired tra-
jectory. Utilizing backstepping techniques, semigroup theory, the Hahn-Banach
theorem, Laplace transforms, and Green’s functions, our approach begins by
establishing the OTP solution as a bounded feedback law, with Green’s func-
tions allowing the solution of a Cauchy-Euler equation. This is followed by
deriving a detailed formulation for the complete state of the corresponding
control problem. Finally, the approach provides an explicit formula for the
OTP solution, using the desired trajectory and the solutions of specific kernel
PDEs.

1. Introduction and problem formulation

The problem of designing an input signal to guide system output toward a specific
target configuration is relevant in various real-world applications, particularly
for automated devices like robots, which must move from a starting position
to a target position along a predefined trajectory. This typical problem is often
referred in literature as the motion planning problem, or trajectory (path) tracking
problem. In this work, we investigate the OTP for dynamical systems governed
by the following PDEs:

utt(t,x) = ε
∑3

i=1
∂2

∂x2
i
u(t,x) + qu(t,x), in (0,∞)× Ω,

utt(t, yi, 0) = αi
∂
∂xi
u(t, yi, 0), in (0,∞)×Υi, for i = 1, 2, 3,

u(t, yi, 1) = Ui(t, yi), in (0,∞)× Γi, for i = 1, 2, 3,

(1.1)
where x := {x1, x2, x3}, yi := {x1, xi−1, xi+1, x3}, and Ω := (0, 1)× (0, 1)× (0, 1)
represents the spatial domain. The boundary ∂Ω is divided into the subsets Υ

and Γ, defined by ∂Ω := Υ
⋃

Γ, where Υ :=
3⋃
i=1

Υi and Γ :=
3⋃
i=1

Γi. Here, the
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boundary subsets Γi, which designate the locations of controls, and subsets Υi

are given by:

Υ1 := {(0, x2, x3), 0 ≤ x2 < 1, 0 < x3 ≤ 1}, Γ1 := {(1, x2, x3), 0 ≤ x2 < 1, 0 < x3 ≤ 1},
Υ2 := {(x1, 0, x3), 0 < x1 ≤ 1, 0 ≤ x3 < 1}, Γ2 := {(x1, 1, x3), 0 < x1 ≤ 1, 0 ≤ x3 < 1},
Υ3 := {(x1, x2, 0), 0 ≤ x1 < 1, 0 < x2 ≤ 1}, Γ3 := {(x1, x2, 1), 0 ≤ x1 < 1, 0 < x2 ≤ 1}.

The constants ε, q, and αi, i = 1, 2, 3, are not negative. Additionally, without
loss of generality in the control problem under consideration, we consider that
the initial conditions u0 = u(0, .) and u0

t = ut(0, .) are identically zero functions.
System (1.1) is described by a second-order hyperbolic equation defined on the

3-D domain [0, 1], where the coefficients ε and q represent the diffusion and multi-
plication coefficient, respectively. Boundary equations of parabolic type occur at
Υ, and control inputs Ui are applied at Γi. This type of control system is derived
by linearizing the controlled wave equations, as demonstrated, for example, in
[21, 29]. From a physical perspective, by incorporating certain approximations,
the system (1.1) can model the transverse vibrations of a nonhomogeneous string
that is loaded at one extremity and controlled from the other [20, 29], while the
boundary condition on Υ describes the transverse displacement of the string’s
endpoint. This boundary condition is commonly known as a dynamic boundary
condition since it corresponds to Newton’s second law (the fundamental principle
of dynamics) applied to the tip where the string is loaded, as described in [1] and
related references.

Our control objective is to ensure that the output system tracks a required
trajectory ϕ(t) by employing U(t) as an input control. More precisely, we seek
to solve the following problem:
Control objective. Let ϕi(t, .), i = 1, 2, 3, be a (sufficiently smooth) target
trajectories. We are looking for feedback controllers Ui(t, .), i = 1, 2, 3, in (1.1)
such that the state response u(t,x) to this controller verifies the output equation

u|Υi
(t, yi, 0) = ϕi(t, yi, 0), for i = 1, 2, 3. (1.2)

Typically, when the condition (1.2) is difficult to satisfy with any controller,
one often refers to the concept of trajectory asymptotic tracking. This involves
the process of identifying a controller that ensures the system output converges
to the intended trajectory.

The OTP problem for multi-dimensional control systems remains a challeng-
ing area of research, while various approaches have been explored. In [12], a
purely differential-geometric approach is utilized. Continuous feedbacks [27] and
piecewise constant functions [16] have also been proposed as input controls. A
numerical method for approximating the planning control for a hyperbolic PDE
is developed in [24]. Stable trajectory tracking is tackled in [11] by combining
the passivity-based method with semigroup theory. In [10], [13], [14], [17], [19],
[23], the concept of flatness for systems governed by ordinary differential equa-
tions offers a solution for this problem by parameterizing trajectories through
Gevrey functions and translating operations of the reference trajectory. For one-
dimensional hyperbolic PDEs, significant contributions include the works in [5],
[7], [9], and [20].
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The control problem in [5] is formulated for a one-dimensional spatial domain
and was solved using C0-semigroups with the Laplace transform. However, from
both practical and theoretical perspectives, it is advantageous to study OTP for
systems with multi-dimensional spatial domains. This paper expands on the work
in [5] by applying it to a three-dimensional spatial domain, which brings consid-
erable technical challenges. The extension requires specific structural conditions
for the domain’s geometry and appropriate spatial distribution of controls. Ad-
ditionally, improvements to the techniques developed in [5] are necessary. In
contrast to the literature on similar control problems, system (1.1) contains a
lower-order term in the differential operator, namely qu(t,x), which creates sig-
nificant challenges for solving the OTP. Inspired by the approach in [5] for the
one-dimensional case, the primary idea to address these challenges is to convert
system (1.1) into an auxiliary w-system using integral transformations with two
kernels, which are solutions to appropriate PDEs. This transformation shifts the
lower-order term to the control boundary and the kernels’ PDEs, transforming
the challenges related to this term in the control problem into the difficulty of
solving the kernels’ PDEs and those associated with the target system.

We have structured this document as follows: Section (2) outlines the procedure
for converting system (1.1) into a target w-system using an integral transforma-
tion with three kernels that satisfy specific PDEs. Additionally, we establish
the existence of solutions to these kernels’ PDEs. We further reformulate the
target w-system as an abstract semigroup control system and demonstrate its
well-posedness.

Section (3) presents a solution of the closed-loop system through a boundary
feedback law, employing the Laplace transform and Green’s functions (see The-
orem 3.2). Sections (4) and (5) provide a detailed formula for the state response
and the planning controller for system (1.1), utilizing the kernels and reference
trajectories. The main contributions of this work are encapsulated in Theorems
4.1 and 5.1.

2. Preliminaries.

2.1. Backstepping transformation. The primary challenge in analyzing the
OTP for system (1.1) arises from the disturbance term qu(t,x). Therefore, the
first step involves transforming system (1.1) into a target one by eliminating the
perturbation term qu(t,x). To achieve this, inspired by the approach in [3], we
consider u as a solution of (1.1) and introduce a new state variable z through the
following Volterra-type integral transformation:

z(t,x) = (Bu(t))(x) := u(t,x)−
3∑
i=1

∫ xi

0

ki(xi, ri)u(t, yi, ri)dri, (2.1)

x := {x1, x2, x3}, yi := {x1, xi−1, xi+1, x3}, for t > 0 and xi in [0, 1], for i = 1, 2, 3.
It should be noted here that the transformation (2.1) was first introduced in
[15] for a system with a one-dimensional spatial domain. The kernels ki are
functions that need to be determined. By applying integration by parts, the
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second derivative of (2.1) results in the following expression:

ztt(t,x) = utt(t,x)−
3∑
i=1

∫ xi

0

ki(xi, ri)utt(t, yi, ri)dri = ε

3∑
i=1

∂2

∂x2
i

u(t,x) + qu(x)

− ε
[
k1(x1, x1)

∂

∂x1
u(t,x)− k1(x1, 0)

∂

∂x1
u(t, y1, 0)

]
+ ε
[ ∂

∂r1
k1(x1, x1)u(t,x)

− ∂

∂r1
k1(x1, 0)u(t, y1, 0)

]
− ε

∫ x1

0

∂2

∂r2
1

k1(x1, r1)u(t, y1, r1)dr1

− ε
∫ x1

0

k1(x1, r1)
[ ∂2

∂x2
2

u(t, y1, r1) +
∂2

∂x2
3

u(t, y1, r1)
]
dr1 − ε

[
k2(x2, x2)

∂

∂x2
u(t,x)

− k2(x2, 0)
∂

∂x2
u(t, y2, 0)

]
+ ε
[ ∂

∂r2
k2(x2, x2)u(t,x)− ∂

∂r2
k2(x2, 0)u(t, y2, 0)

]
− ε

∫ x2

0

∂2

∂r2
2

k2(x2, r2)u(t, y2, r2)dr2 − ε
∫ x2

0

k2(x2, r2)
[ ∂2

∂x2
1

u(t, y2, r2)

+
∂2

∂x2
3

u(t, y2, r2)
]
dr2 − ε

[
k3(x3, x3)

∂

∂x3
u(t,x)− k3(x3, 0)

∂

∂x3
u(t, y3, 0)

]
+ ε
[ ∂

∂r3
k3(x3, x3)u(t,x)− ∂

∂r3
k3(x3, 0)u(t, y3, 0)

]
− ε

∫ x3

0

∂2

∂r2
3

k3(x3, r3)u(t, y3, r3)dr3

− ε
∫ x3

0

k3(x3, r3)
[ ∂2

∂x2
1

u(t, y3, r3) +
∂2

∂x2
2

u(t, y3, r3)
]
dr3.

Conversely, taking the second derivative of (2.1) with respect to x1 gives

∂2

∂x2
1

z(t,x) =
∂2

∂x2
1

u(t,x)−
∫ x1

0

∂2

∂x2
1

k1(x1, r1)u(t, y1, r1)dr1 −
∂

∂x1
k1(x1, x1)u(t,x)

− d

dx1
k1(x1, x1)u(t,x)− k1(x1, x1)

∂

∂x1
u(t,x)−

∫ x2

0

k2(x2, r2)
∂2

∂x2
1

u(t, y2, r2)dr2

−
∫ x3

0

k3(x3, r3)
∂2

∂x2
1

u(t, y3, r3)dr3,

with respect to x2

∂2

∂x2
2

z(t,x) =
∂2

∂x2
2

u(t,x)−
∫ x2

0

∂2

∂x2
2

k2(x2, r2)u(t, y2, r2)dr2 −
∂

∂x2
k2(x2, x2)u(t,x)

− d

dx2
k2(x2, x2)u(t,x)− k2(x2, x2)

∂

∂x2
u(t,x)−

∫ x1

0

k1(x1, r1)
∂2

∂x2
2

u(t, y1, r1)dr1

−
∫ x3

0

k3(x3, r3)
∂2

∂x2
2

u(t, y3, r3)dr3,

and with respect to x3

∂2

∂x2
3

z(t,x) =
∂2

∂x2
3

u(t,x)−
∫ x3

0

∂2

∂x2
3

k3(x3, r3)u(t, y3, r3)dr3 −
∂

∂x3
k3(x3, x3)u(t,x)

− d

dx3
k3(x3, x3)u(t,x)− k3(x3, x3)

∂

∂x3
u(t,x)−

∫ x1

0

k1(x1, r1)
∂2

∂x2
3

u(t, y1, r1)dr1

−
∫ x2

0

k2(x2, r2)
∂2

∂x2
3

u(t, y2, r2)dr2,
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Thus, ztt(t,x) = ε
∑3

i=1
∂2

∂x2
i
z(t,x) in (0,∞)×Ω if and only if the kernels k and

p satisfy

3∑
i=1

d

dxi
ki(xi, xi) =

−q
2ε
, (2.2)

{
∂

∂2x2
i
ki(xi, ri)− ∂2

∂r2
i
ki(xi, ri) = q

ε
ki(xi, ri), 0 ≤ ri ≤ xi ≤ 1,

ki(xi, 0) = ∂
∂ri
ki(xi, 0) = 0 0 ≤ xi ≤ 1,

(2.3)

for i = 1, 2, 3. The sum of the functions in (2.2) equals a constant. Therefore,
all terms must also be constant. Supposing one term equals − c1

2ε
and the other

equals − c2
2ε

, we derive the following results:

k1(x1, x1) = − c1

2ε
x1, k2(x2, x2) = − c2

2ε
x2 and k3(x3, x3) = − c3

2ε
x3 (2.4)

where c1 and c2 is arbitrary constants, and c3 := q − c1 − c2.
On the other hand, taking the boundary conditions in (1.1) into consideration,
we obtain from (2.1)

ztt(t, yi, 0) = αi
∂

∂xi
z(t, yi, 0), for i = 1, 2, 3. (2.5)

In view of (2.2)-(2.5), if the kernels ki are chosen to be solutions of the PDEs
∂

∂2x2
i
ki(xi, ri)− ∂

∂2r2
i
ki(xi, ri) = q

ε
ki(xi, ri), 0 ≤ ri ≤ xi ≤ 1,

ki(xi, xi) = − ci
2ε
xi, 0 ≤ xi ≤ 1,

ki(xi, 0) = ∂
∂ri
ki(xi, 0) = 0, 0 ≤ xi ≤ 1,

(2.6)

for i = 1, 2, 3. Then the solutions of the PDEs (2.6) are given in [26] by

ki(xi, ri) = −ci
ε
ri
I1

(√
q
ε
(x2

i − r2
i )
)√

q
ε
(x2

i − r2
i )

, for i = 1, 2, 3

where I1 is the modified Bessel function of order one.
Therefore, the new state z satisfies the following auxiliary system


ztt(t,x) = ε

∑3
i=1

∂2

∂x2
i
z(t,x), in (0,∞)× Ω,

ztt(t, yi, 0) = αi
∂
∂xi
z(t, yi, 0), in (0,∞)×Υi, for i = 1, 2, 3,

z(t, yi, 1) =: Vi(t, yi), in (0,∞)× Γi, for i = 1, 2, 3,

(2.7)
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where

V1(t, y1) =U1(t, y1)−
∫ 1

0

k1(1, r1)u(t, y1, r1)dr1 −
∫ x2

0

k2(x2, r2)U1(t, r2, x3)dr2

−
∫ x3

0

k3(x3, r3)U1(t, x2, r3)dr3, (2.8)

V2(t, y2) =U2(t, y2)−
∫ x1

0

k1(x1, r1)U2(t, r1, x3)dr1 −
∫ 1

0

k2(1, r2)u(t, y2, r2)dr2

−
∫ x3

0

k3(x3, r3)U2(t, x1, r3)dr3, (2.9)

V3(t, y3) =U3(t, y3)−
∫ x1

0

k1(x1, r1)U3(t, r1, x2)dr1 −
∫ x2

0

k2(x2, r2)U3(t, x1, r2)dr2

−
∫ 1

0

k3(1, r3)U1(t, x2, r3)dr3, (2.10)

and choosing

V1(t, x2, 0) = V1(t, 0, x3) = V2(t, x1, 0) = V2(t, 0, x3) = V3(t, x1, 0) = V3(t, 0, x2) = 0. (2.11)

2.2. Abstract control system. Inspired by the method in [6] for a 1-D spacial
domain system, we shall rewrite system (2.7) as an abstract control system in the
semigroup framework [25]. To this end, we denote

H1
Γ(Ω) := {f ∈ H1(Ω), f/Γ = 0},

Γ =
3⋃
i=1

Γi, and we define the state space as X := H1
Γ(Ω) × L2(Ω) × L2(Υ1) ×

L2(Υ2)× L3(Υ3) equipped with the inner product

〈
f
g
h1

h2

h3

 ,


ϕ
φ
ψ1

ψ2

ψ3


〉

=

∫
Ω

(
ε

3∑
i=1

∂f

∂xi
.
∂ϕ

∂xi
+ gφ

)
dx1dx2dx3 +

3∑
i=1

ε

αi

∫ 1

0

∫ 1

0

hi(yi)ψi(yi)dyi.

Moreover, for t ≥ 0, we introduce

X(t) :=


z(t, ·)−

∑3
i=1 Vi(t, ·)1Γi

zt(t, ·, ·)
zt(t, 0, ·)
zt(t, ·, 0, ·)
zt(t, ·, ·, 0)

, V (t) :=

V1(t, ·)
V2(t, ·)
V3(t, ·)

,

and we consider the evolution operator1

D(A) := {X := (f, g, h1, h2, h3)> ∈ X : f ∈H2(Ω), g ∈ H1
Γ(Ω), hi(yi) = g(yi), i = 1, 2, 3},

1Z−1 denotes the completion of Z with respect the norm ||z||−1 := ||z||Z + ||(λ − A)−1||Z ,
for a fixed λ in the resolvent set %(A). A−1 is the extension of A on Z, precisely A is the part
of A−1 on X, see for instance [8, Ch. V]. Moreover, we will denote R(λ,A) := (λ − A)−1 for
λ ∈ ρ(A), and 1E will stand for the characteristic function of the set E.
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AX = A


f
g
h1

h2

h3

 =


g

ε
∑3
i=1

∂2f
∂x2

i

α1
∂f
∂x1

(0, ·, ·)
α2

∂f
∂x2

(·, 0, ·)
α3

∂f
∂x3

(·, ·, 0)

 , (2.12)

and the control operator B ∈ L(U;X−1),U :=
∏3

i=1 L
2(Γi),

B

 µ1

µ2

µ2

 := A−1

3∑
i=1

(µi ⊗ bi) (2.13)

where

bi :=


0
−1Γi

0
0
0

 , and µi ⊗ bi :=


0

−µi(·)1Γi

0
0
0

 , for i = 1, 2, 3.

Consequently, system (2.7) simplifies on X to the following abstract control
system

Ẋ(t) = A−1X(t) + BV̇ (t), t ≥ 0, X(0) = 0X the zero of X . (2.14)

In the subsequent lemma, we shall establish the well-posedness of the free
system corresponding to (2.14). This means that system (2.14), with V̇ ≡ 0,
possesses a unique solution that depends continuously on the initial conditions
X0 = X(0). By virtue of [8, p. 151], this is equivalent to proving that A generates
a strongly continuous semigroup.

Lemma 2.1. The operator A defined by (2.12) is skew adjoint. Consequently, A
generates a group of isometries (eAt)t∈R.

Proof. By virtue of [28, Prop. 3.7], it suffices to show that A is onto and skew-
symmetric operator. Indeed, let X = (f, g, g(0, ·, ·), g(·, 0, ·), g(·, ·, 0))> and Y =
(ϕ, φ, φ(0, ·, ·), φ(·, 0, ·), φ(·, ·, 0))> tow elements in D(A). Using Fibuni’s theorem
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and Green’s formula we get

< AX,Y > = ε

∫
Ω

[ ∂g
∂x1
· ∂ϕ
∂x1

+
∂g

∂x2
· ∂ϕ
∂x2

+
∂g

∂x3
· ∂ϕ
∂x3

]
dx1dx2dx3

+

∫
Ω
ε
[∂2f

∂x2
1

+
∂2f

∂x2
2

+
∂2f

∂x2
3

]
· φdx1dx2dx3 + ε

∫ 1

0

∂f

∂x1
(0, x2, x3)φ(0, x2, x3)dx2dx3

+ε

∫ 1

0

∂f

∂x2
(x1, 0, x3)φ(x1, 0, x3)dx1dx3 + ε

∫ 1

0

∂f

∂x3
(x1, x2, 0)φ(x1, x2, 0)dx1dx2

= −ε
∫

Ω
g
[∂2ϕ

∂x2
1

+
∂2ϕ

∂x2
2

+
∂2ϕ

∂x2
3

]
dx1dx2dx3

−
∫

Ω
ε
[ ∂f
∂x1
· ∂φ
∂x1

+
∂f

∂x2
· ∂φ
∂x2

+
∂f

∂x3
· ∂φ
∂x3

]
dx1dx2dx3

−ε
∫ 1

0
f(0, x2, x3)

∂ϕ

∂x1
(0, x2, x3)dx2dx3 − ε

∫ 1

0
f(x1, 0, x3)

∂ϕ

∂x2
(x1, 0, x3)dx1dx3

− ε
∫ 1

0
f(x1, x2, 0)

∂ϕ

∂x3
(x1, x2, 0)dx1dx2

= − < X,AY > .

It follows that A∗X = −AX for all X ∈ D(A). Therefore A is skew-symmetric
operator.

To show that A is onto, let X = (f, g, g(0, ·, ·), g(·, 0, ·), g(·, ·, 0))> in D(A) and
Y = (ϕ, φ, γ, δ, χ)> in X . The equation

AX = Y, X ∈ D(A) (2.15)

is equivalent, in a expended form, to the following system

g ∈ H1
Γ(Ω), g = ϕ,

f ∈ H2(Ω), f|Γ = 0,

ε
∑3

i=1
∂2f
∂x2

i
= φ,

αi
∂f
∂xi

(yi, 0) = γ(yi), in Υi, i = 1, 2, 3.

(2.16)

The PDE (2.16) corresponds to Poisson’s equation with mixed (Dirichlet-Neuman)
boundary conditions. It therefore has a unique solution f0 ∈ H2(Ω), see for in-
stance [22, p. 782]. Consequently, the equation (2.15) is solvable by

θ =


f0

h
h(0, ·, ·)
h(·, 0, ·)
h(·, ·, 0)

 .

This demonstrates that A is onto. The rest is a consequence of a standard Stone’s
theorem for a skew-adjoint operator on a Hilbert space, see e.g. [8, Thm 3.24]. �
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In the presence of the control, i.e., when B 6= 0, we recall that the (mild)
solution of system (2.14), with X0 = 0, is defined by

X(t) =

∫ t

0

eA−1(t−σ)BV̇ (σ)dσ.

It is crucial to highlight that X(t) belongs to X−1. To ensure that X(t) is in X ,
for all t ≥ 0, it suffices to demonstrate that B is an admissible control operator
for T in the sense defined in [28], i.e. there exists τ > 0 such that

Kτu :=

∫ τ

0

eA−1(τ−σ)Bv(σ)dσ ∈ X

for all v ∈ L2([0, τ ];U).

Lemma 2.2. The control operator B defined by (2.13) is admissible for (eAt)t∈R.

Proof. Let τ > 0 and let ν : [0, τ ] −→ L2(Γ1), µ : [0, τ ] −→ L2(Γ2), and
% : [0, τ ] −→ L2(Γ3) be a step functions ;

µ(s) =
n∑
i=0

µi(1, ·)1[τi,τi+1](s), ν(s) =
n∑
i=0

νi(1, ·)1[τi,τi+1](s) and

%(s) =
n∑
i=0

%i(1, ·)1[τi,τi+1](s).

Since µi ⊗ b1 and νi ⊗ b2 being in X , we obtain

Kτ

µν
%

 =

∫ τ

0

eA−1(τ−s)B

µ(s)
ν(s)
%(s)

 ds

=
n∑
i=0

∫ τi+1

τi

eA−1(τ−s)A−1 (µi ⊗ b1 + νi ⊗ b2 + %i ⊗ b3) ds

=
n∑
i=0

A
∫ τi+1

τi

eA(τ−s) (µi ⊗ b1 + νi ⊗ b2 + %i ⊗ b3) ds

=
n∑
i=0

(
eA−1(τ−τi+1) − eA−1(τ−τi) (µi ⊗ b1 + νi ⊗ b2 + %i ⊗ b3) ds.

It follows that Kτ

µν
%

 ∈ X . Moreover, it is not difficult to see that there exists

a nonnegative constant C = C(τ, b1, b2, b3) such that∣∣∣∣∣∣
∣∣∣∣∣∣Kτ

µν
%

∣∣∣∣∣∣
∣∣∣∣∣∣
X

≤ C ·
(
||µ||L2(Γ1) + ||ν||L2(Γ2) + ||%||L2(Γ3)

)
.
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Since the set of step functions is dense in L2([0, τ ];U), the operator Kτ defines a
bounded linear operator from L2([0, τ ];U) into X . This shows the admissibility
of B for (eAt)t∈R. �

By virtue of [28, Prop. 4.2.5], the admissibility of B for (eAt)t∈R implies that
for V ∈ H1

loc((0,∞);U), hence V̇ ∈ L2
loc((0,∞);U), the unique (mild) solution

X(·) of the abstract control system (2.14) is given by

X(t) = KtV̇ =

∫ t

0

eA−1(t−s)BV̇ (t)ds (2.17)

and it satisfies X(·) ∈ C([0,∞),X ) ∩H1
loc((0,∞),X−1).

3. The controllers in the form of feedback laws

In the sequel, we assume that

V1(t, x2, 0) = V1(t, 0, x3) = V2(t, x1, 0) = V2(t, 0, x3) = V3(t, x1, 0) = V3(t, 0, x2) = 0. (3.1)

Since A is skew adjoint, then σ(A) ⊆ iR. This implies that the growth bound
ω0(T ) of (eAt)t∈R is negative. Therefore for each X ∈ X , the Laplace trans-

form êA·X(λ)2 exists and equals R(λ,A)X for all λ > 0. Applying the Laplace
transform to both side of (2.17) we get

X̂(λ) = [λ2R(λ,A)− λ]
(
V̂1(λ)⊗ b1 + V̂2(λ)⊗ b2 + V̂3(λ)⊗ b3

)
, (3.2)

for every λ > 0, bearing in mind that V1(0, ·) = V2(0, ·) = V3(0, ·) = 0. For the
rest, it will be convenient to put

R(λ,A)
(
V̂i(λ)⊗ bi

)
= Yi :=


Φi
fi

fi(0, ·, ·)
fi(·, 0, ·)
fi(·, ·, 0)

 , i = 1, 2, 3. (3.3)

We must point out here that the functions Φi, i = 1, 2, 3, depend on λ and x,
but for simplicity we will write Φi(x), where x = {x1, x2, x3}.
Now, using the representation (3.3), we obtain from (3.2)

X̂(λ) = λ2

3∑
i=1

Yi + λ
3∑
i=1

V̂i(λ)⊗ bi. (3.4)

By comparing the first component of the both sides of (3.4) one gets

ω̂(λ,x) = λ2
3∑
i=1

Φi(x) +

3∑
i=1

V̂i(λ, yi)1Γi(x). (3.5)

2For a locally Bochner integrable function f : R → X , f̂(λ) denotes the Laplace transform
of f(t),

f̂(λ) :=

∫ ∞
0

e−λtf(t)dt = lim
τ→∞

∫ τ

0

e−λtf(t)dt

whenever this limit exists.
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yi := {x1, xi−1, xi+1, x3}. Moreover

ω̂(λ, yi, 0) = λ2 [Φ1(yi, 0) + Φ2(yi, 0) + Φ3(yi, 0)] , for i = 1, 2, 3. (3.6)

The next steep is to determine the functions Φi, i = 1, 2, 3. To get Φ1 we should
solve (3.3). Indeed, equation (3.3) can be written as

(λ−A)


Φ1

f1

f1(0, ·, ·)
f1(·, 0, ·)
f1(·, ·, 0)

 = V̂1(λ)⊗ b1, (3.7)

is equivalent to the following system
f1 = λΦ1, Φ1 ∈ H2(Ω), Φ1|Γ = 0,

ε
∑3
i=1

∂2Φ1

∂x2
i
− λ2Φ1 = V̂1(λ, ·), in Ω,

αi
∂2Φ1

∂x2
i

(yi, 0)− λ2Φ1(yi, 0) = 0, in Γi, for i = 1, 2, 3.

(3.8)

Using the method of Green’s function [2, 18], the solution of system (3.8) is given
by:

Φ1(x) =

∫
Ω

G(x, r)V̂1(λ, r2, r3)dr1dr2dr3, (3.9)

where r = {r1, r2, r3}, and the Green’s function G satisfies the differential equation

ε
3∑
i=1

∂2G
∂x2

i

(x, r)− λ2G(x, r) = δ(x− r), (3.10)

where δ(x− r) := δ(x1− r1)δ(x2− r2)δ(x3− r3), and the boundary conditions of
(3.8), for all xi, ri ∈ [0, 1], for i = 1, 2, 3. Here δ is the Dirac function.
To determine G, we use the method of eigenfunction expansions, see [2, Chp.10].
The idea of this method is to construct G via the eigenfunctions end eigenvalues
of the unbounded operator Λ defined on the Hilbert space L2(Ω) by

Λf := ε
3∑
i=1

∂2

∂x2
i

f,

D(Λ) := {f ∈ H2(Ω) : f|Γ = 0, αi
∂f

∂xi
(yi, 0) = λ2f(yi, 0), for i = 1, 2, 3}.

We must first establish the following preliminary result:

Lemma 3.1.

i) The operator (Λ, D(Λ)) is self-adjoint.
ii) The eigenvalues of (Λ, D(Λ)) are given by

κm,n,p = −ε(µ2
n + ν2

m + σ2
p), for n,m, p = 1, 2, 3, · · · ,

with corresponding normalized eigenfunctions given by

$n,m,p =
vn,m,p

‖vn,m,p‖L2(Ω)
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where

vn,m,p(x) =C ·
(
µn cos(µnx1) +

λ2

α1
sin(µnx1)

)
×
(
νn cos(νnx2) +

λ2

α2
sin(νnx2)

)
×
(
σp cos(σpx3) +

λ2

α3
sin(σpx3)

)
, (3.11)

and the parameters µn, νm, σp are determined as roots of the following

transcendental equations: µ cos(µ)+ λ2

α1
sin(µ) = 0, ν cos(ν)+ λ2

α2
sin(ν) = 0,

and σ cos(σ) + λ2

α3
sin(σ) = 0, respectively.

iii) The eigenfunctions ($n,m,p)n,m,p∈N form an orthonormal basis of L2(Ω).

Proof. (i) For f, g ∈ D(Λ) we have

ε−1〈Λf, g〉L2 =

∫
Ω

[ 3∑
i=1

∂2f

∂x2
i

(x1, x2, x3)
]
gdx1dx2dx3

= −
∫

Ω

∂f

∂x1

∂g

∂x1
+

∂f

∂x2

∂g

∂x2
+

∂f

∂x3

∂g

∂x3
dx1dx2dx3 −

∂f

∂x1
(0, x2, x3)g(0, x2, x3)

− ∂f

∂x2
(x1, 0, x3)g(x1, 0, x3)− ∂f

∂x3
(x1, x2, 0)g(x1, x2, 0),

= −
∫

Ω

∂f

∂x1

∂g

∂x1
+

∂f

∂x2

∂g

∂x2
+

∂f

∂x3

∂g

∂x3
dx1dx2dx3 −

λ2

α1
f(0, x2, x3)g(0, x2, x3)

− λ2

α2
f(x1, 0, x3)g(x1, 0, x3)− λ2

α3
f(x1, x2, 0)g(x1, x2, 0),

=

∫
Ω

[ 3∑
i=1

f
∂2g

∂x2
i

(x1, x2, x3)
]
dx1dx2dx3,

=ε−1〈f,Λg〉L2 .

This shows that Λ is self-adjoint.
To show (ii), observe first that since Λ is self-adjoint, then all the eigenvalues are
real. Let κ ∈ R. The eigenproblem

$ ∈ D(Λ), Λ$ = κ$,

is equivalent to the system{
ε∆$(x)− κ$(x) = 0,

αi
∂
∂xi
$(yi, 0)− λ2$(yi, 0) = 0, yi ∈ Υi, for i = 1, 2, 3 $/Γ = 0.

(3.12)

To solve (3.12), we look for a solution in the following form:

$(x) = X(x1)Y (x2)Z(x3).

Substituting this expression in (3.12) we find

Y ′′

Y
+
Z ′′

Z
− κ

ε
= −X

′′

X
.

Which means that

−X
′′

X
= µ,
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where µ := µ(x2, x3) is an (x2, x3)-depending constant. Moreover, in view of the
boundary conditions of (3.12) the function X(x) satisfies the following system

X ′′(x1) = −µX(x1), 0 < x1 < 1,

α1X
′(0)− λ2X(0) = 0,

X(1) = 0.

(3.13)

If µ ≤ 0, then it is not difficult to see that equation (3.13) has a unique solution
X ≡ 0. Therefore system (3.12) is uniquely solvable by $ ≡ 0.
If µ > 0, the solution of (3.13) has the following form

X(x1) = C1 cos(
√
µx1) +D1 sin(

√
µx1),

where C1 and D1 are constants. On account of the boundary conditions of (3.13)
we get {

C1 cos(
√
µ) +D1 sin(

√
µ) = 0,

D1 = C1
λ2

α1
√
µ
.

This implies that
√
µ cos(

√
µ) +

λ2

α1

sin(
√
µ) = 0 (3.14)

The equation (3.14) has a countable set of roots µ = µ2
n, n ∈ N. This can be

justified by the fact that the curve of µ 7→ √µ cos(
√
µ) + λ2

α1
sin(
√
µ) and the

abscissa axis has a countable points of intersection for µ > 0. Consequently, for
each n ∈ N, the solution of (3.13) corresponding to the root µ = µ2

n is given by

Xn(x1) = C1 ·
(
µn cos(µnx1) +

λ2

β
sin(µnx1)

)
, (3.15)

We now turn to solve the Y and Z-PDE :
Y ′′(x2) = −ν2Y (x2), 0 < x2 < 1,

α2Y
′(0)− λ2Y (0) = 0,

Y (1) = 0,

(3.16)

and 
Z ′′(x3) = −σ2Z(x3), 0 < x3 < 1,

α3Z
′(0)− λ2Z(0) = 0,

Z(1) = 0.

(3.17)

If κ = κm,n,p = −ε(µ2
n + ν2

m + σ2
p), it follows from the first equation of (3.16) and

(3.17) that Y ′′(x2) = −ν2
mY (x2) and Z ′′(x3) = −σ2

pZ(x3). Then, by arguing as
for X, if νm and σp,m, p ∈ N are respectively roots of the transcendental equation

ν cos(ν) + λ2

α2
sin(ν) = 0 and σ cos(σ) + λ2

α3
sin(σ) = 0, then for each m and p the

solutions of (3.16)-(3.17) corresponding to ν2
m and σ2

p are given by

Ym(x2) = C2 ·
(
νm cos(νmx2) +

λ2

α2
sin(νmx2)

)
, (3.18)

and

Zp(x3) = C3 ·
(
σp cos(σpx3) +

λ2

α3
sin(σpx3)

)
. (3.19)
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Therefore the solutions of (3.12) corresponding to the eigenvalues κm,n,p =
−ε(µ2

n + ν2
m + σ2

p) are given by

vn,m,p(x) =C ·
(
µn cos(µnx1) +

λ2

α1
sin(µnx1

)
×
(
νn cos(νnx2) +

λ2

α2
sin(νnx2)

)
×
(
σp cos(σpx3) +

λ2

α3
sin(σpx3)

)
, (3.20)

for n,m, p ∈ N. Thus, the normalized eigenfunctions are given by $n,m,p =
vn,m,p

‖vn,m,p‖ , n,m, p ∈ N. Finally, the statement (iii) is a consequence of (i) and a

well-known result of a self-adjoint operator given on a Hilbert space. �

Now, let us write the Green’s function G in the orthonormal basis ($n,m,p),

G(x, r) =
∞∑

n,m=0

an,m,p$n,m,p(x).

Using that
[∑3

i=1
∂2

∂x2
i

+ (µ2
n + ν2

m + σ2
p)
]
$n,m,p(x) = 0 and observing that

δ(x− r) =
∞∑

m,n=0

$n,m,p(x)

∫
Ω
δ(r1 − ξ)δ(r2 − η)δ(r3 − ρ)$n,m,p(ξ, η, ρ)dξdηdρ

=

∞∑
m,n=0

$n,m,p(x)$n,m,p(r)

we find from (3.10) that
∞∑

n,m=0

an,m,p
(
λ2 + ε(µ2

n + ν2
m + σ2

p)
)
$n,m,p(x) = −

∞∑
n=0

$n,m,p(x)$n,m,p(r).

If λ2 6= −ε(µ2
n + ν2

m + σ2
p), then

an,m,p =
−1

λ2 + ε(µ2
n + ν2

m + σ2
p)
$n,m,p(r).

The Green’s function becomes

G(x, r) :=
∞∑

n,m,p=0

−$n,m,p(x)$n,m,p(r)

λ2 + ε(µ2
n + ν2

m + σ2
p)
.

Further, in view of (3.9) the solution of (3.8) is given by

Φ1(x) =

∫
Ω

∞∑
n,m,p=0

−$n,m,p(x)$n,m,p(r)

λ2 + ε(µ2
n + ν2

m + σ2
p)
V̂1(λ, r2, r3)dr1dr2dr3, (3.21)

for xi in [0, 1], i = 1, 2, 3. In the same way, we also obtain

Φ2(x) =

∫
Ω

∞∑
n,m,p=0

−$n,m,p(x)$n,m,p(r)

λ2 + ε(µ2
n + ν2

m + σ2
p)
V̂2(λ, r1, r3)dr1dr2dr3, (3.22)

and

Φ3(x) =

∫
Ω

∞∑
n,m,p=0

−$n,m,p(x)$n,m,p(r)

λ2 + ε(µ2
n + ν2

m + σ2
p)
V̂3(λ, r1, r2)dr1dr2dr3. (3.23)
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The next steep is to determine V1(t, y1). Indeed, substituting (3.21)-(3.23) in
(3.6) to obtain

ω̂(λ, y1, 0) =

∞∑
n,m,p=0

−λ2 ·$n,m,p(y1, 0)

λ2 + ε(µ2
n + ν2

m + σ2
p)

∫
Ω
$n,m,p(r)

[
V̂1(λ, r2, r3) + V̂2(λ, r1, r3)

+ V̂3(λ, r1, r2)
]
dr1dr2dr3.

(3.24)

From (3.24) and the uniqueness of the decomposition of the vector ω̂(λ, y1, 0) in
the basis ($n,m,p) it follows that

∫
Ω
$n,m,p(r)

[
V̂1(λ, r2, r3)+V̂2(λ, r1, r3) + V̂3(λ, r1, r2)

]
dr1dr2dr3 =

λ2 + ε(µ2
n + ν2

m + σ2
p)

−λ2

∫
Ω
$n,m,p(r)ω̂(λ, 0, r2, r3)dr1dr2dr3.

Therefore, by (3.1), i.e V2(t, 0, x3) = V3(t, 0, x2) = 0, we have

V̂1(λ, y1) = V̂1(λ, y1) + V̂2(λ, 0, x3) + V̂3(λ, 0, x2),

=

∞∑
n=0

$n,m,p(0, x2, x3)

∫
Ω

$n,m,p(r)
[
V̂1(λ, r2, r3) + V̂2(λ, r2, r3) + V̂3(λ, r1, r2)

]
dr1dr2dr3,

= −
∞∑

n,m,p=0

ε(µ2
n + ν2

m + σ2
p) + λ2

λ2
$n,m,p(0, x2, x3)

∫
Ω

$n,m,p(r)ẑ(λ, 0, r2, r3)dr1dr2dr3.

(3.25)

Observing that

ẑ(λ, y1, 0) =

∞∑
n,m=0

$n,m,p(x)

∫
Ω

$n,m,p(0, r2, r3)ẑ(λ, 0, r2, r3)dr1dr2dr3dη,

=

∫
Ω

δ(x1 − 0)δ(x2 − r2)δ(x3 − r3)ẑ(λ, 0, r2, r3)dr1dr2dr3,

=

∫
Ω

δ(0− r1)δ(x2 − r2)δ(x3 − r3)ẑ(λ, 0, r2, r3)dr1dr2dr3,

we easily conclude

3∑
i=1

∂2

∂x2
i

ẑ(λ, y1, 0) =
∂2

∂x2
2

ẑ(λ, y1, 0) +
∂2

∂x2
3

ẑ(λ, y1, 0)

=

∞∑
n,m,p=0

−(µ2
n + ν2

m + σ2
p)$n,m,p(0, x2, x3)

∫
Ω

$n,m,p(r)ẑ(λ, 0, r2, r3)dr1dr2dr3.

(3.26)
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From (3.25)–(3.26) we obtain

V̂1(λ, y1) = −
∞∑

n,m,p=0

ε(µ2
n + ν2

m + σ2
p) + λ2

λ2
$n,m,p(y1, 0)

∫
Ω

$n,m,p(r)ẑ(λ, 0, r2, r3)dξdη,

= −
∞∑

n,m,p=0

ε(µ2
n + ν2

m + σ2
p)

λ2
$n,m,p(y1, 0)

∫
Ω

$n,m,p(r)ẑ(λ, 0, r2, r3)dξdη

− ẑ(λ, y1, 0),

=
ε

λ2

[ ∂2

∂x2
2

ẑ(λ, y1, 0) +
∂2

∂x2
3

ẑ(λ, y1, 0)
]
− ẑ(λ, y1, 0).

Since ẑ(λ, y1, 0) =
(
Bϕ̂1(λ)

)
(y1, 0), then

V̂1(λ, y1) =
ε

λ2

[ ∂2

∂x2
2

(
Bϕ̂1(λ)

)
(y1, 0) +

∂2

∂x2
3

(
Bϕ̂1(λ)

)
(y1, 0)

]
−
(
Bϕ̂1(λ)

)
(y1, 0). (3.27)

In the same way, we also obtain

V̂2(λ, y2) =
ε

λ2

[ ∂2

∂x2
1

(
Bϕ̂2(λ)

)
(y2, 0) +

∂2

∂x2
3

(
Bϕ̂2(λ)

)
(y2, 0)

]
−
(
Bϕ̂2(λ)

)
(y2, 0), (3.28)

and

V̂3(λ, y3) =
ε

λ2

[ ∂2

∂x2
1

(
Bϕ̂3(λ)

)
(y3, 0) +

∂2

∂x2
2

(
Bϕ̂3(λ)

)
(y3, 0)

]
−
(
Bϕ̂3(λ)

)
(y3, 0). (3.29)

In order to give an explicit expression of the controllers U1(t, y1), U2(t, y2), and
U3(t, y3) we perform the following inverse transformation

u(t,x) = (B−1z(t))(x) : = z(t,x)−
3∑
i=1

∫ xi

0
pi(xi, ri)z(t, yi, ri)dri (3.30)

where z satisfies (2.7), pi are functions to be appropriately determined. In fact,
when we follow a procedure similar to that performed in section 2, it can be seen
that the inverse transformation (3.30) maps (2.7) into (1.1) provided that m and
n satisfy respectively the following PDEs :

∂
∂2x2

i
pi(xi, ri)− ∂

∂2r2
i
pi(xi, ri) = q

ε
pi(xi, ri), 0 ≤ ri ≤ xi ≤ 1,

pi(xi, xi) = − ci
2ε
xi, 0 ≤ xi ≤ 1,

pi(xi, 0) = ∂
∂ri
pi(xi, 0) = 0, 0 ≤ xi ≤ 1,

(3.31)

for i = 1, 2, 3. In a very similar way, on can show that the PDEs (3.31) have,
respectively, the following solutions

pi(xi, ri) = −ci
ε
ri
I1

(√ q
ε (x2

i − r2
i )
)√

q
ε (x2

i − r2
i )

, for i = 1, 2, 3,
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where I1 is the modified Bessel function of order one.
Now, if z satisfies (2.7), it results from (3.27)–(3.30) that

Û1(λ, y1) = (B−1z(t))(y1, 1),

=
ε

λ2

[ ∂2

∂x2
2

(
Bϕ̂1(λ)

)
(y1, 0) +

∂2

∂x2
3

(
Bϕ̂1(λ)

)
(y1, 0)

]
−
(
Bϕ̂1(λ)

)
(y1, 0)

− ε

λ2

∫ x2

0

p2(x2, r2)
[ ∂2

∂r2
2

(
Bϕ̂1(λ)

)
(0, r2, x3) +

∂2

∂x2
3

(
Bϕ̂1(λ)

)
(0, r2, x3)

]
dr2

− ε

λ2

∫ x3

0

p3(x3, r3)
[ ∂2

∂x2
2

(
Bϕ̂1(λ)

)
(0, x2, r3) +

∂2

∂r2
3

(
Bϕ̂1(λ)

)
(0, x2, r3)

]
dr3

+

∫ x2

0

p2(x2, r2)
(
Bϕ̂1(λ)

)
(0, r2, x3)dr2 +

∫ x3

0

p3(x3, r3)
(
Bϕ̂1(λ)

)
(0, x2, r3)dr3

−
∫ 1

0

p1(1, r1)z(λ, r1, x2, x3)dr1, (3.32)

Û2(λ, y2) = (B−1z(t))(y2, 1),

=
ε

λ2

[ ∂2

∂x2
1

(
Bϕ̂2(λ)

)
(y2, 0) +

∂2

∂x2
3

(
Bϕ̂2(λ)

)
(y2, 0)

]
−
(
Bϕ̂2(λ)

)
(y2, 0)

− ε

λ2

∫ x1

0

p1(x1, r1)
[ ∂2

∂r2
1

(
Bϕ̂2(λ)

)
(r1, 0, x3) +

∂2

∂x2
3

(
Bϕ̂2(λ)

)
(r1, 0, x3)

]
dr1

− ε

λ2

∫ x3

0

p3(x3, r3)
[ ∂2

∂x2
1

(
Bϕ̂2(λ)

)
(x1, 0, r3) +

∂2

∂r2
3

(
Bϕ̂2(λ)

)
(x1, 0, r3)

]
dr3

+

∫ x1

0

p1(x1, r1)
(
Bϕ̂2(λ)

)
(r1, 0, x3)dr1 +

∫ x3

0

p3(x3, r3)
(
Bϕ̂2(λ)

)
(x1, 0, r3)dr3

−
∫ 1

0

p2(1, r2)z(λ, x1, r2, x3)dr2, (3.33)

and

Û3(λ, y3) = (B−1z(t))(y3, 1),

=
ε

λ2

[ ∂2

∂x2
1

(
Bϕ̂3(λ)

)
(y3, 0) +

∂2

∂x2
2

(
Bϕ̂3(λ)

)
(y3, 0)

]
−
(
Bϕ̂3(λ)

)
(y3, 0)

− ε

λ2

∫ x1

0

p1(x1, r1)
[ ∂2

∂r2
1

(
Bϕ̂3(λ)

)
(r1, x2, 0) +

∂2

∂x2
2

(
Bϕ̂3(λ)

)
(r1, x2, 0)

]
dr1

− ε

λ2

∫ x2

0

p2(x2, r2)
[ ∂2

∂x2
1

(
Bϕ̂3(λ)

)
(x1, r2, 0) +

∂2

∂r2
2

(
Bϕ̂3(λ)

)
(x1, r2, 0)

]
dr3

+

∫ x1

0

p1(x1, r1)
(
Bϕ̂3(λ)

)
(r1, x2, 0)dr2 +

∫ x2

0

p2(x2, r2)
(
Bϕ̂3(λ)

)
(x1, r2, 0)dr2

−
∫ 1

0

p3(1, r3)z(λ, x1, x2, r3)dr3, (3.34)

Observing that, when [ϕ1 ϕ2 ϕ3]> ∈ C([0,∞);H2(Υ1)) × C([0,∞);H2(Υ2)) ×
C([0,∞);H2(Υ3)), the Laplace transform of the maps t 7→

∫ t
0
(t−σ)

(
Bϕ1(σ)

)
(y1, 0)dσ,

t 7→
∫ t

0
(t− σ)

(
Bϕ2(σ)

)
(y2, 0)dσ, and t 7→

∫ t
0
(t− σ)

(
Bϕ3(σ)

)
(y3, 0)dσ are respec-

tively λ −→ 1
λ2

(
Bϕ1(λ)

)
(y1, 0), λ −→ 1

λ2

(
Bϕ2(λ)

)
(y2, 0), and λ −→ 1

λ2

(
Bϕ3(λ)

)
(y3, 0).

Taking this remark into account and by applying the Laplace transform to both
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sides of (3.32)-(3.34) and using (2.11), we get

U1(t, y1) = ε
∫ t

0
(t− s)

[
∂2

∂x2
2

(
Bϕ1(s)

)
(y1, 0) + ∂2

∂x2
3

(
Bϕ1(s)

)
(y1, 0)

]
ds−

(
Bϕ1(t)

)
(y1, 0)

−ε
∫ t

0
(t− s)

∫ x2

0
p2(x2, r2)

[
∂2

∂r2
2

(
Bϕ1(s)

)
(0, r2, x3) + ∂2

∂x2
3

(
Bϕ1(s)

)
(0, r2, x3)

]
dr2ds

−ε
∫ t

0
(t− s)

∫ x3

0
p3(x3, r3)

[
∂2

∂x2
2

(
Bϕ1(s)

)
(0, x2, r3) + ∂2

∂r2
3

(
Bϕ1(s)

)
(0, x2, r3)

]
dr3ds

+
∫ x2

0
p2(x2, r2)

(
Bϕ1(t)

)
(0, r2, x3)dr2 +

∫ x3

0
p3(x3, r3)

(
Bϕ1(t)

)
(0, x2, r3)dr3

−
∫ 1

0
p1(1, r1)z(t, r1, x2, x3)dr1,

U1(t, 0, x3) = −
∫ 1

0
k1(1, r1)ϕ2(t, r1, x3)dr1,

U1(t, x2, 0) = −
∫ 1

0
k1(1, r1)ϕ3(t, r1, x2)dr1,

(3.35)



U2(t, y2) = ε
∫ t

0
(t− s)

[
∂2

∂x2
1

(
Bϕ2(s)

)
(y2, 0) + ∂2

∂x2
3

(
Bϕ2(s)

)
(y2, 0)

]
ds−

(
Bϕ2(t)

)
(y2, 0)

−ε
∫ t

0
(t− s)

∫ x1

0
p1(x1, r1)

[
∂2

∂r2
1

(
Bϕ2(s)

)
(r1, 0, x3) + ∂2

∂x2
3

(
Bϕ2(s)

)
(r1, 0, x3)

]
dr1ds

−ε
∫ t

0
(t− s)

∫ x3

0
p3(x3, r3)

[
∂2

∂x2
1

(
Bϕ2(s)

)
(x1, 0, r3) + ∂2

∂r2
3

(
Bϕ2(s)

)
(x1, 0, r3)

]
dr3ds

+
∫ x1

0
p1(x1, r1)

(
Bϕ2(t)

)
(r1, 0, x3)dr1 +

∫ x3

0
p3(x3, r3)

(
Bϕ2(t)

)
(x1, 0, r3)dr3

−
∫ 1

0
p2(1, r2)z(t, x1, r2, x3)dr2,

U2(t, 0, x3) = −
∫ 1

0
k2(1, r2)ϕ1(t, r2, x3)dr2,

U2(t, x1, 0) = −
∫ 1

0
k2(1, r2)ϕ3(t, x1, r2)dr2,

(3.36)

and

U3(t, y2) = ε
∫ t

0
(t− s)

[
∂2

∂x2
1

(
Bϕ3(λ)

)
(y3, 0) + ∂2

∂x2
2

(
Bϕ3(λ)

)
(y3, 0)

]
ds−

(
Bϕ3(t)

)
(y3, 0)

−ε
∫ t

0
(t− s)

∫ x1

0
p1(x1, r1)

[
∂2

∂r2
1

(
Bϕ3(s)

)
(r1, x2, 0) + ∂2

∂x2
2

(
Bϕ3(s)

)
(r1, x2, 0)

]
dr1ds

−ε
∫ t

0
(t− s)

∫ x2

0
p2(x2, r2)

[
∂2

∂x2
1

(
Bϕ3(s)

)
(x1, r2, 0) + ∂2

∂r2
2

(
Bϕ3(s)

)
(x1, r2, 0)

]
dr3ds

+
∫ x1

0
p1(x1, r1)

(
Bϕ3(t)

)
(r1, x2, 0)dr2 +

∫ x2

0
p2(x2, r2)

(
Bϕ3(t)

)
(x1, r2, 0)dr2

−
∫ 1

0
p3(1, r3)z(t, x1, x2, r3)dr3,

U3(t, 0, x3) = −
∫ 1

0
k3(1, r3)ϕ1(t, x2, r3)dr3,

U3(t, x1, 0) = −
∫ 1

0
k3(1, r3)ϕ2(t, x1, r3)dr3,

(3.37)

where z satisfies (2.7), ki and pi, i = 1, 2, 3, are solutions of (2.6) and (3.31),
respectively. We have thus proved the following.

Theorem 3.2. Assume that [ϕ1 ϕ2 ϕ3]> ∈ C([0,∞);H2(Υ1))×C([0,∞);H2(Υ2))×
C([0,∞);H2(Υ3)). Then, the solution of the OTP for system (1.1) subject to the
output equation (1.2) is given by the feedback laws (3.35)–(3.37), where z satisfies
(2.7), ki and pi, i = 1, 2, 3, are solutions of (2.6) and (3.31), respectively.

Formulas (3.35)–(3.37) provide the controllers in the form of feedback laws.
Furthermore, the solution of the corresponding closed-loop system perfectly matches
the target trajectories ϕi from the boundaries Γi, for i = 1, 2, 3, at any coordinates
(t,x). To provide the explicit expressions of the controllers Ui, i = 1, 2, 3, we shall
first give an explicit expression of the entire state u(t,x), at any time-position
(t,x), where u still a solution of the OTP.
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4. Explicit expression of the entire state u(t,x)

In this subsection, we show how to derive the explicit expression of u(t,x) at
any position (t,x). Indeed, from (3.5) and (3.25)-(3.29) we obtain

ẑ(λ,x) = λ2

∫
Ω

G(x, r)
[
V̂1(λ, r2, r3) + V̂2(λ, r1, r3) + V̂3(λ, r1, r2)

]
dr + V̂1(λ, y1)1Γ1(x)

+ V̂2(λ, y2)1Γ2
(x) + V̂3(λ, y3)1Γ3

(x),

= ẑ(λ, y1, 0) + ẑ(λ, y2, 0) + ẑ(λ, y3, 0) + V̂1(λ, y1)1Γ1
(x) + V̂2(λ, y2)1Γ2

(x)

+ V̂3(λ, y3)1Γ3
(x),

=
( ε
λ2

[ ∂2

∂x2
2

(
Bϕ̂1(λ)

)
(y1, 0) +

∂2

∂x2
3

(
Bϕ̂1(λ)

)
(y1, 0)

]
−
(
Bϕ̂1(λ)

)
(y1, 0)

)
1Γ1(x)

+
( ε
λ2

[ ∂2

∂x2
1

(
Bϕ̂2(λ)

)
(y2, 0) +

∂2

∂x2
3

(
Bϕ̂2(λ)

)
(y2, 0)

]
−
(
Bϕ̂2(λ)

)
(y2, 0)

)
1Γ2(x)

+
( ε
λ2

[ ∂2

∂x2
1

(
Bϕ̂3(λ)

)
(y3, 0) +

∂2

∂x2
2

(
Bϕ̂3(λ)

)
(y3, 0)

]
−
(
Bϕ̂3(λ)

)
(y3, 0)

)
1Γ3(x)

+
(
Bϕ̂1(λ)

)
(y1, 0) +

(
Bϕ̂2(λ)

)
(y2, 0) +

(
Bϕ̂3(λ)

)
(y3, 0). (4.1)

If [ϕ1 ϕ2 ϕ3]> ∈ C([0,∞);H2(Υ1)) × C([0,∞);H2(Υ2)) × C([0,∞);H2(Υ3)),
then

z(t,x) =
(
ε

∫ t

0

(t− s)
[ ∂2

∂x2
2

(
Bϕ1(s)

)
(y1, 0) +

∂2

∂x2
3

(
Bϕ1(s)

)
(y1, 0)

]
ds−

(
Bϕ1(t)

)
(y1, 0)

)
1Γ1(x)

+
(
ε

∫ t

0

(t− s)
[ ∂2

∂x2
1

(
Bϕ2(s)

)
(y2, 0) +

∂2

∂x2
3

(
Bϕ2(s)

)
(y2, 0)

]
ds−

(
Bϕ2(t)

)
(y2, 0)

)
1Γ2

(x)

+
(
ε

∫ t

0

(t− s)
[ ∂2

∂x2
1

(
Bϕ3(s)

)
(y3, 0) +

∂2

∂x2
2

(
Bϕ3(s)

)
(y3, 0)

]
ds−

(
Bϕ3(t)

)
(y3, 0)

)
1Γ3(x)

+
(
Bϕ1(t)

)
(y1, 0) +

(
Bϕ2(t)

)
(y2, 0) +

(
Bϕ3(t)

)
(y3, 0),

= ε

∫ t

0

(t− s)
3∑
i=1

1Γi
(x)

∂2

∂x2
i

[ 3∑
j=1

(
Bϕj(s)

)
(yj , 0)

]
ds+

3∑
i=1

(
Bϕi(t)

)
(yi, 0)

(
1− 1Γi

(x)
)
.

(4.2)

Substituting (4.2) in (3.30), we find

u(t,x) = ε

∫ t

0

(t− s)
3∑
i=1

1Γi
(x)

∂2

∂x2
i

[ 3∑
j=1

(
Bϕj(s)

)
(yj , 0)

]
ds+

3∑
i=1

(
Bϕi(t)

)
(yi, 0)

(
1− 1Γi

(x)
)

−
3∑
i=1

∫ xi

0

pi(xi, ri)dri

{(
ε

∫ t

0

(t− s) ∂
2

∂x2
i

[(
Bϕi(t)

)
(yi, 0)

]
ds−

(
Bϕi(t)

)
(yi, 0)

)
1Γi(x)

+
(
Bϕi(t)

)
(yi, 0)

}
−
∫ x1

0

p1(x1, r1)

{(
ε

∫ t

0

(t− s)
[ ∂2

∂r2
1

(
Bϕ2(s)

)
(r1, 0, x3)
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+
∂2

∂x2
3

(
Bϕ2(s)

)
(r1, 0, x3)

]
ds−

(
Bϕ2(t)

)
(r1, 0, x3)

)
1Γ2

(x)

+
(
ε

∫ t

0

(t− s)
[ ∂2

∂r2
1

(
Bϕ3(s)

)
(r1, x2, 0) +

∂2

∂x2
2

(
Bϕ3(s)

)
(r1, x2, 0)

]
ds

−
(
Bϕ3(t)

)
(r1, x2, 0)

)
1Γ3

(x) +
(
Bϕ2(t)

)
(r1, 0, x3)dr1 +

(
Bϕ3(t)

)
(r1, x2, 0)

}
dr1

−
∫ x2

0

p2(x2, r2)

{(
ε

∫ t

0

(t− s)
[ ∂2

∂r2
2

(
Bϕ1(s)

)
(0, r2, x3) +

∂2

∂x2
3

(
Bϕ1(s)

)
(0, r2, x3)

]
ds

−
(
Bϕ1(t)

)
(0, r2, x3)

)
1Γ1

(x) +
(
ε

∫ t

0

(t− s)
[ ∂2

∂x2
1

(
Bϕ3(s)

)
(x1, r2, 0)

+
∂2

∂r2
2

(
Bϕ3(s)

)
(x1, r2, 0)

]
ds−

(
Bϕ3(t)

)
(x1, r2, 0)

)
1Γ3

(x) +
(
Bϕ1(t)

)
(0, r2, x3)dr2

+
(
Bϕ3(t)

)
(x1, r2, 0)

}
dr2 −

∫ x3

0

p3(x3, r3)

{(
ε

∫ t

0

(t− s)
[ ∂2

∂x2
2

(
Bϕ1(s)

)
(0, x2, r3)

+
∂2

∂r2
3

(
Bϕ1(s)

)
(0, x2, r3)

]
ds−

(
Bϕ1(t)

)
(0, x2, r3)

)
1Γ1

(x)

+
(
ε

∫ t

0

(t− s)
[ ∂2

∂x2
1

(
Bϕ2(s)

)
(x1, 0, r3) +

∂2

∂r2
3

(
Bϕ2(s)

)
(x1, 0, r3)

]
ds

−
(
Bϕ2(t)

)
(x1, 0, r3)

)
1Γ2

(x) +
(
Bϕ1(t)

)
(0, x2, r3)dr3 +

(
Bϕ2(t)

)
(x1, 0, r3)

}
dr3 (4.3)

where ki, pi, i = 1, 2, 3, satisfy (2.6) and (3.31), respectively. This yields us the
following theorem.

Theorem 4.1. Assume that ϕ = [ϕ1 ϕ2 ϕ3]> ∈ C([0,∞);H2(Υ1))×C([0,∞);H2(Υ2))×
C([0,∞);H2(Υ3)). Then, the solution of the closed-loop system (1.1), (3.35)-
(3.36) which also satisfies the output equation (1.2) is given by (4.3), where ki
and pi, i = 1, 2, 3, satisfy (2.6) and (3.31), respectively.

The formula (4.3) furnishes a detailed formulation of the entire state u in terms
of the reference trajectories ϕi, i = 1, 2, 3, and the solutions of the kernel PDEs
(2.6) and (3.31).
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5. Solution of the OTP

Setting x1 = 1 in (4.3) and using that V1(t, x2, 0) = V1(t, 0, x3) = 0 we get



U1(t, y1) = ε
∫ t

0
(t− s)

[
∂2

∂x2
2

(
Bϕ1(t)

)
(y1, 0) +

∂2

∂x2
3

(
Bϕ1(t)

)
(y1, 0)

]
ds+

(
Bϕ2(t)

)
(1, 0, x3)

+
(
Bϕ3(t)

)
(1, x2, 0)−

∫ 1

0
p1(1, r1)dr1

{
ε
∫ t

0
(t− s)

[
∂2

∂x2
2

(
Bϕ1(t)

)
(y1, 0)

+ ∂2

∂x2
3

(
Bϕ1(t)

)
(y1, 0)

]
ds+

(
Bϕ2(t)

)
(1, 0, x3) +

(
Bϕ3(t)

)
(1, x2, 0)

}

−
∫ 1

0
p1(1, r1)

{(
ε
∫ t

0
(t− s)

[
∂2

∂r2
1

(
Bϕ2(s)

)
(r1, 0, x3) +

∂2

∂x2
3

(
Bϕ2(s)

)
(r1, 0, x3)

]
ds

−
(
Bϕ2(t)

)
(r1, 0, x3)

)
1Γ2(r1, 1, x3) +

(
ε
∫ t

0
(t− s)

[
∂2

∂r2
1

(
Bϕ3(s)

)
(r1, x2, 0)

+ ∂2

∂x2
2

(
Bϕ3(s)

)
(r1, x2, 0)

]
ds−

(
Bϕ3(t)

)
(r1, x2, 0)

)
1Γ3(r1, x2, 1)

+
(
Bϕ2(t)

)
(r1, 0, x3) +

(
Bϕ3(t)

)
(r1, x2, 0)

}
dr1

−
∫ x2

0
p2(x2, r2)

{
ε
∫ t

0
(t− s)

[
∂2

∂r2
2

(
Bϕ1(s)

)
(0, r2, x3) +

∂2

∂x2
3

(
Bϕ1(s)

)
(0, r2, x3)

]
ds

+
(
Bϕ3(t)

)
(1, r2, 0)

}
dr2 −

∫ x3

0
p3(x3, r3)

{
ε
∫ t

0
(t− s)

[
∂2

∂x2
2

(
Bϕ1(s)

)
(0, x2, r3)

+ ∂2

∂r2
3

(
Bϕ1(s)

)
(0, x2, r3)

]
ds+

(
Bϕ2(t)

)
(1, 0, r3)

}
dr3

U1(t, 0, x3) = −
∫ 1

0
k1(1, r1)ϕ2(t, r1, x3)dr1,

U1(t, x2, 0) = −
∫ 1

0
k1(1, r1)ϕ3(t, r1, x2)dr1,

(5.1)

for 0 ≤ x2 < 1 and 0 ≤ x3 < 1.
On the other hand, taking x2 = 1 in (4.3) and using that V2(t, 0, x3) = V2(t, x1, 0) =
0 we find



U2(t, y2) = ε
∫ t

0
(t− s)

[
∂2

∂x2
1

(
Bϕ2(t)

)
(y2, 0) +

∂2

∂x2
2

(
Bϕ2(t)

)
(y2, 0)

]
ds

−
∫ 1

0
p2(1, r2)dr2

{
ε
∫ t

0
(t− s)

[
∂2

∂x2
1

(
Bϕ2(t)

)
(y2, 0) +

∂2

∂x2
3

(
Bϕ2(t)

)
(y2, 0)

]
ds

+
(
Bϕ1(t)

)
(0, 1, x3) +

(
Bϕ3(t)

)
(x1, 1, 0)

}
+
(
Bϕ1(t)

)
(0, 1, x3)

−
∫ x1

0
p1(x1, r1)

{
ε
∫ t

0
(t− s)

[
∂2

∂r2
1

(
Bϕ2(s)

)
(r1, 0, x3) +

∂2

∂x2
3

(
Bϕ2(s)

)
(r1, 0, x3)

]
ds

+
(
Bϕ3(t)

)
(r1, 1, 0)

}
dr1 −

∫ 1

0
p2(1, r2)

{(
ε
∫ t

0
(t− s)

[
∂2

∂r2
2

(
Bϕ1(s)

)
(0, r2, x3)

+ ∂2

∂x2
3

(
Bϕ1(s)

)
(0, r2, x3)

]
ds−

(
Bϕ1(t)

)
(0, r2, x3)

)
1Γ1(1, r2, x3)

+
(
ε
∫ t

0
(t− s)

[
∂2

∂x2
1

(
Bϕ3(s)

)
(x1, r2, 0) +

∂2

∂r2
2

(
Bϕ3(s)

)
(x1, r2, 0)

]
ds

−
(
Bϕ3(t)

)
(x1, r2, 0)

)
1Γ3(x1, r2, 0) +

(
Bϕ1(t)

)
(0, r2, x3)dr2

+
(
Bϕ3(t)

)
(x1, r2, 0)

}
dr2 −

∫ x3

0
p3(x3, r3)

{(
ε
∫ t

0
(t− s)

[
∂2

∂x2
1

(
Bϕ2(s)

)
(x1, 0, r3)

+ ∂2

∂r2
3

(
Bϕ2(s)

)
(x1, 0, r3)

]
ds+

(
Bϕ1(t)

)
(0, 1, r3)

}
dr3 +

(
Bϕ3(t)

)
(x1, 1, 0),

U2(t, 0, x3) = −
∫ 1

0
k2(1, r2)ϕ1(t, r2, x3)dr2,

U2(t, x1, 0) = −
∫ 1

0
k2(1, r2)ϕ3(t, x1, r2)dr2,

(5.2)
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for 0 ≤ x1 < 1 and 0 ≤ x2 < 1. Taking x3 = 1 in (4.3) and using that
V3(t, 0, x2) = V3(t, x1, 0) = 0 we find

U3(t, y3) = ε
∫ t

0
(t− s)

[
∂2

∂x2
1

(
Bϕ3(t)

)
(y3, 0) +

∂2

∂x2
2

(
Bϕ3(t)

)
(y3, 0)

]
ds+

(
Bϕ1(t)

)
(0, x2, 1)

+
(
Bϕ2(t)

)
(x1, 0, 1)−

∫ 1

0
p3(1, r3)dr3

{
ε
∫ t

0
(t− s)

[
∂2

∂x2
1

(
Bϕ3(t)

)
(y3, 0)

+ ∂2

∂x2
2

(
Bϕ3(t)

)
(y3, 0)

]
ds+

(
Bϕ1(t)

)
(0, x2, 1) +

(
Bϕ2(t)

)
(x1, 0, 1)

}

−
∫ x1

0
p1(x1, r1)

{
ε
∫ t

0
(t− s)

[
∂2

∂r2
1

(
Bϕ3(s)

)
(r1, x2, 0) +

∂2

∂x2
2

(
Bϕ3(s)

)
(r1, x2, 0)

]
ds

+
(
Bϕ2(t)

)
(r1, 0, 1)

}
dr1 −

∫ x2

0
p2(x2, r2)

{
+ε
∫ t

0
(t− s)

[
∂2

∂x2
1

(
Bϕ3(s)

)
(x1, r2, 0)

+ ∂2

∂r2
2

(
Bϕ3(s)

)
(x1, r2, 0)

]
ds+

(
Bϕ1(t)

)
(0, r2, 1)

}
dr2

−
∫ 1

0
p3(1, r3)

{(
ε
∫ t

0
(t− s)

[
∂2

∂x2
1

(
Bϕ2(s)

)
(x1, 0, r3) +

∂2

∂r2
3

(
Bϕ2(s)

)
(x1, 0, r3)

]
ds

−
(
Bϕ2(t)

)
(x1, 0, r3)

)
1Γ2(x1, 1, r3) +

(
ε
∫ t

0
(t− s)

[
∂2

∂x2
2

(
Bϕ1(s)

)
(0, x2, r3)

+ ∂2

∂r2
3

(
Bϕ1(s)

)
(0, x2, r3)

]
ds−

(
Bϕ1(t)

)
(0, x2, r3)

)
1Γ1(0, x2, r3)

+
(
Bϕ2(t)

)
(x1, 0, r3) +

(
Bϕ1(t)

)
(0, x2, r3)

}
dr3

U3(t, 0, x3) = −
∫ 1

0
k3(1, r3)ϕ1(t, x2, r3)dr3,

U3(t, x1, 0) = −
∫ 1

0
k3(1, r3)ϕ2(t, x1, r3)dr3.

(5.3)
This gives the desired explicit expressions of the controllers Ui(t, ·), i = 1, 2, 3,

and concludes the proof of the following main result.

Theorem 5.1. Assume that [ϕ1 ϕ2 ϕ3]> ∈ C([0,∞);H2(Υ1))×C([0,∞);H2(Υ2))×
C([0,∞);H2(Υ3)). Then, the solution of the OTP associated with system (1.1)
and the output equation (1.2) is given by (5.1)–(5.3), where ki and pi, i = 1, 2, 3,
are solutions of the kernel PDEs (2.6) and (3.31), respectively.

The controllers Ui(t, ·), i = 1, 2, 3, are explicitly expressed via the predefined
trajectories ϕi, i = 1, 2, 3, and the solutions of the kernels PDEs (2.6) and (3.31).
Moreover, the provided controllers produce a perfect matching of the outputs
u(t, yi, 0) with the desired trajectories ϕi, i = 1, 2, 3, at any position (t,x).

6. Conclusion.

The present paper investigates the OTP for the system (1.1)-(1.2). The method
begins by transforming the initial system (1.1) into an auxiliary one using a direct
backstepping transformation B, where the kernels are chosen to solve an appropri-
ate PDEs. Next, the target system is formulated as an abstract control problem,
allowing the solution to be obtained in the form of a boundary feedback law by
employing the Laplace transform and Green’s functions. Finally, the solution to
the OTP of the original system is obtained through the application of the inverse
transformation B−1. This process yields explicit expressions for the entire state
and tracking controllers, ensuring perfect matching between the outputs and the
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desired trajectories.
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