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OUTPUT TRACKING PROBLEM FOR A CLASS OF 3-D
HYPERBOLIC PDES

MUSTAPHA EL HASSANI*

ABSTRACT. The output tracking problem (OTP) refers to the procedure of
determining an input control that ensures the system output follows a speci-
fied trajectory. In this paper, we investigate the OTP for controlled systems
governed by a class of 3-D hyperbolic partial differential equations (PDEs),
aiming for an exact alignment between the system output and the desired tra-
jectory. Utilizing backstepping techniques, semigroup theory, the Hahn-Banach
theorem, Laplace transforms, and Green’s functions, our approach begins by
establishing the OTP solution as a bounded feedback law, with Green’s func-
tions allowing the solution of a Cauchy-FEuler equation. This is followed by
deriving a detailed formulation for the complete state of the corresponding
control problem. Finally, the approach provides an explicit formula for the
OTP solution, using the desired trajectory and the solutions of specific kernel
PDEs.

1. INTRODUCTION AND PROBLEM FORMULATION

The problem of designing an input signal to guide system output toward a specific
target configuration is relevant in various real-world applications, particularly
for automated devices like robots, which must move from a starting position
to a target position along a predefined trajectory. This typical problem is often
referred in literature as the motion planning problem, or trajectory (path) tracking
problem. In this work, we investigate the OTP for dynamical systems governed
by the following PDEs:

un(t,x) = €S, %u(t,x) + qu(t, x), in (0,00) x €,
ug(t, y;,0) = ai%u(t,yi,O), in (0,00) x Y;, fori=1,2,3,
u(t,yi, 1) = Ui(t, v:), in (0,00) xI';, fori=1,23,
(1.1)
where x 1= {x1, 29, 23}, y; := {x1, -1, Tiy1, 23}, and Q := (0,1) x (0,1) x (0,1)
represents the spatial domain. The boundary 0f2 is divided into the subsets T
3 3
and I', defined by 0Q := YU, where T := [J7T; and I" := [JI';. Here, the
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boundary subsets I';, which designate the locations of controls, and subsets T;
are given by:
Ty :={(0,22,23), 0< w2 <1, 0 <a3 <1} I'yi={(1,22,23), 0 <22 <1, 0 <x3 <1},
Ty := {(xl,(),xg), O0<a1 <1, 0<23< 1}, I's = {(1‘1,171‘3), O0<a1 <1, 0<23< 1},
Tg = {(.’El,l'z,O), 0 S 1 < ]-v 0< X2 S 1}a F3 = {(l'lvx%]-)v 0 S T < ]-7 0< T2 S 1}

The constants €, ¢, and «;, ¢ = 1,2, 3, are not negative. Additionally, without
loss of generality in the control problem under consideration, we consider that
the initial conditions v® = u(0,.) and u) = u,(0,.) are identically zero functions.

System (1.1) is described by a second-order hyperbolic equation defined on the
3-D domain [0, 1], where the coefficients € and ¢ represent the diffusion and multi-
plication coefficient, respectively. Boundary equations of parabolic type occur at
T, and control inputs U; are applied at I';. This type of control system is derived
by linearizing the controlled wave equations, as demonstrated, for example, in
(21, 29]. From a physical perspective, by incorporating certain approximations,
the system (1.1) can model the transverse vibrations of a nonhomogeneous string
that is loaded at one extremity and controlled from the other [20, 29], while the
boundary condition on YT describes the transverse displacement of the string’s
endpoint. This boundary condition is commonly known as a dynamic boundary
condition since it corresponds to Newton’s second law (the fundamental principle
of dynamics) applied to the tip where the string is loaded, as described in [1] and
related references.

Our control objective is to ensure that the output system tracks a required
trajectory ¢(t) by employing U(t) as an input control. More precisely, we seek
to solve the following problem:

Control objective. Let ¢;(t,.), i = 1,2,3, be a (sufficiently smooth) target
trajectories. We are looking for feedback controllers U;(t,.), i = 1,2,3, in (1.1)
such that the state response u(t,x) to this controller verifies the output equation

upr, (t,vi,0) = ¢i(t, 4;,0), for i =1,2,3. (1.2)

Typically, when the condition (1.2) is difficult to satisfy with any controller,
one often refers to the concept of trajectory asymptotic tracking. This involves
the process of identifying a controller that ensures the system output converges
to the intended trajectory.

The OTP problem for multi-dimensional control systems remains a challeng-
ing area of research, while various approaches have been explored. In [I2], a
purely differential-geometric approach is utilized. Continuous feedbacks [27] and
piecewise constant functions [16] have also been proposed as input controls. A
numerical method for approximating the planning control for a hyperbolic PDE
is developed in [21]. Stable trajectory tracking is tackled in [11] by combining
the passivity-based method with semigroup theory. In [10], [13], [14], [17], [19],
[23], the concept of flatness for systems governed by ordinary differential equa-
tions offers a solution for this problem by parameterizing trajectories through
Gevrey functions and translating operations of the reference trajectory. For one-
dimensional hyperbolic PDEs, significant contributions include the works in [5],

[7], [9], and [20].
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The control problem in [5] is formulated for a one-dimensional spatial domain
and was solved using Cy-semigroups with the Laplace transform. However, from
both practical and theoretical perspectives, it is advantageous to study OTP for
systems with multi-dimensional spatial domains. This paper expands on the work
in [5] by applying it to a three-dimensional spatial domain, which brings consid-
erable technical challenges. The extension requires specific structural conditions
for the domain’s geometry and appropriate spatial distribution of controls. Ad-
ditionally, improvements to the techniques developed in [5] are necessary. In
contrast to the literature on similar control problems, system (1.1) contains a
lower-order term in the differential operator, namely qu(t,x), which creates sig-
nificant challenges for solving the OTP. Inspired by the approach in [5] for the
one-dimensional case, the primary idea to address these challenges is to convert
system (1.1) into an auxiliary w-system using integral transformations with two
kernels, which are solutions to appropriate PDEs. This transformation shifts the
lower-order term to the control boundary and the kernels’ PDEs, transforming
the challenges related to this term in the control problem into the difficulty of
solving the kernels” PDEs and those associated with the target system.

We have structured this document as follows: Section (2) outlines the procedure
for converting system (1.1) into a target w-system using an integral transforma-
tion with three kernels that satisfy specific PDEs. Additionally, we establish
the existence of solutions to these kernels’” PDEs. We further reformulate the
target w-system as an abstract semigroup control system and demonstrate its
well-posedness.

Section (3) presents a solution of the closed-loop system through a boundary
feedback law, employing the Laplace transform and Green’s functions (see The-
orem 3.2). Sections (4) and (5) provide a detailed formula for the state response
and the planning controller for system (1.1), utilizing the kernels and reference
trajectories. The main contributions of this work are encapsulated in Theorems
4.1 and 5.1.

2. PRELIMINARIES.

2.1. Backstepping transformation. The primary challenge in analyzing the
OTP for system (1.1) arises from the disturbance term qu(t,x). Therefore, the
first step involves transforming system (1.1) into a target one by eliminating the
perturbation term qu(t,x). To achieve this, inspired by the approach in [3], we
consider u as a solution of (1.1) and introduce a new state variable z through the
following Volterra-type integral transformation:

z(t,x) = (Bu(t))(x) := u(t,x) — Z/O% ki(xi, mi)u(t, ys, mi)drg, (2.1)

x = {1, 29,23}, yi := {x1, 2,1, %11, 23}, for t > 0 and z; in [0, 1], for i = 1,2, 3.
It should be noted here that the transformation (2.1) was first introduced in
[15] for a system with a one-dimensional spatial domain. The kernels k; are
functions that need to be determined. By applying integration by parts, the
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second derivative of (2.1) results in the following expression:

3 ) 3
xT; 82
) = wa(t3) = 3 [ st i) = €3 L ut ) + qut)
i=1"0 i=1 i

(t,x) — kl(wlao)iu

pr (t, 1, 0)] +e [ikl(zl, 21)ult, x)

0
fe{kl(xl,xl)—u e

8.1‘1

a x1 32
- ailkl(xlvo)u(tayho)} - 6/0 aT%kl(xlyrl)u(t,yth)dTl
1 82 62 8
— 5/0 ky(z1,7m1) {a—x%u(t,yl,rl) + a—xgu(t,yl, 7‘1)} drq — e{kQ(zg,xg)a—xQu(t,x)

9 9 9
— ha(2,0) 5 ult.12,0)] + [ 5k, maut, %) = 5o, Ot 2, 0)

x2 82 82
—€ . o2 ko (22, r2)u(t, y2,7“2)d7“2—€/ Ea( $27T2)[ax1 u(t, y2,72)
02 0 0
+ aixgu(tay%rQ)}dT? - 8[763(903, ws)gg“(tx) — ka(ws, 0)87U(t,y3,0)}
+e[a ey (3, 3)u(t, x)—ik (3. 0)u(t. y3.0)] — ¢ O (s )ult, ys, a)dr
or 33,23 Or 3(T3; » Y3, A 32 3,73 »yY3,73)ar3

82
—6/ ks(x3,73) (t Y3, 73) + afxgu(ty?n?“a)} drs.

Conversely, taking the second derivative of (2.1) with respect to 1 gives

2 2 T 92
iz(t,x): 0 u(t, x) 0

0
027 Frias ~ 022 (ffl,Tl)u(t7y177“1)d7“1—kal(xlvxl)u(tax)

2

d 0 *2 0
—_ kal(xl,fl)u(ﬁ,x) — kl(iﬁl,l'l)aixlu(t, X) 7/0 kg(xQ,Tz)axl (t y2,7“2)d7"2

2

xr3 a
— k t d
/o 3(IE3,T3)8$1 ( y3,7”3) T3,

with respect to x

a—Qz(t X) = 372 u(t,x) — /w2 82 ko(xa, ro)u(t, yo,m9)dre — ik (z2, z2)u(t,x)
823\ 022 oy 072 2,72 1 Y2,T2)aT2 o1s 2\ T2, T2 )

2

d 0 o 0
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2

T3 a
— k t d
| atasrs) gt sy,

and with respect to x3

2 2 T3 (2)2 o
a—zgz(t,x) = Tx%u(t,x) ~ ) ks(w3,7r3)u(t,ys,r3)drs — a—mkg(xg,xg)u(ux)
—ik(x x3)u(t,x) — ks(z m)iu(tx)—/wlk(x 7")82 u(t,yr,r1)dr
das 3\x3, L3 ) 3(x3, L3 Bzg 0 o 121,71 8563 Y1,T1)ary

2
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/0 (x2,72) 5y o, )i
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Thus, 2z, (t,x) = €30, aa—;gz(t, x) in (0, 00) x Q if and only if the kernels k& and
p satisfy Z

> d'k:i(xi,mi) =4 (2.2)

{Q%?ki(%‘yri) - %ki(xi,m) = 2ki(xi,ri), 0<r; <z <1, (2.3)

ki(24,0) = 5-ki(2;,0) = 0 0<a; <1,

for i = 1,2,3. The sum of the functions in (2.2) equals a constant. Therefore,
all terms must also be constant. Supposing one term equals —gL and the other
equals —22, we derive the following results:

C C C
kl([El,l’l) = —il’l, k?g(JZQ,IQ) = —il’g and k3($3,l’3) = —2—21’3 (24)

where c¢; and ¢y is arbitrary constants, and c3 := g — ¢; — ¢o.

On the other hand, taking the boundary conditions in (1.1) into consideration,
we obtain from (2.1)

0
zu(t,y;,0) = aia—z(t,yi, 0), fori=1,2,3. (2.5)
x

)

In view of (2.2)-(2.5), if the kernels k; are chosen to be solutions of the PDEs

agimlzki(xi,m) - B%Z_zki(%i,ri) = ki(wi, i), 0<r <z <1,

for i = 1,2,3. Then the solutions of the PDEs (2.6) are given in [26] by

’fi(%,rz‘):——'ﬁ —— , fori=1,23
€

where [; is the modified Bessel function of order one.
Therefore, the new state z satisfies the following auxiliary system

2t x) =30 %z(t,x), in (0,00) x €,
ztt(ta Yis 0) = O‘i£2<t7 Yi, 0)7 n (07 OO) X Tia for 7 = 17 27 37 (27)
Z(t7yi7 1) = V;(t’yl)7 in (Ou OO) X Fi7 for ¢ = 172737
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where
1 i)
Vl(t,yl) :Ul(t,yl) —/ kl(l,rl)u(t,yl,rl)drl — / kg(IQ,TQ)Ul(t,TQ,l‘g)dTQ
N 0 0
—/ ks(xs,m3)UL(t, 22, 73)drs, (2.8)
0
Xy 1
Va(t,y2) =Us(t,y2) — / (1, m)Us(t, 11, 25)dry — / k(1,72 ult, o, r2)dra
0 0
T3
*/ ks(xs,73)Us(t, x1,73)drs, (2.9)
0
T T2
Va(t,y3) =Us(t, y3) —/ ky(w1,m1)Us(t, 1, 29)dry —/ ko(x2,m2)Us(t, z1,72)drs
0 0

1
_/ ka(1, 73) U (t, w2, 73)drs, (2.10)
0

and choosing

Vl(t,xz,O) = Vl(t,07$3) = Vz(t,.’EhO) = Vg(t,O,md) = Vg(t7$170) = V?;(t,o,l'g) =0. (211)

2.2. Abstract control system. Inspired by the method in [] for a 1-D spacial
domain system, we shall rewrite system (2.7) as an abstract control system in the
semigroup framework [25]. To this end, we denote

Hp(Q) = {f € H'(Q), fr =0},

= UFZ, and we define the state space as X := H}(Q2) x L*(Q) x L*(T) x

=1
L? (Tg) x L3(T3) equipped with the inner product

f @
g ¢ 3 1
h ) dxydzrad hz 3 ) Wil Y d Q.
< h; % > /(2 o ) Z1 $2£U3+ZZ;QZA/) (yi)vi(yi)dy
hs V3
Moreover, for t > 0, we introduce
Z(t7 ) - Z?:l ‘/i(t7 ')]lfi
Zt(t7'7') Vl(tv')
X(t) = Zt(tvoa ) ’ V(t) = ‘/—Q(tv) )
Zt(tv'voa') ‘/3(t7)
Zt(t7 Yy 70)

and we consider the evolution operator'

D(A) = {X = (fvgahlvh%h?))—r EX: f EHQ(Q)a g€ H%‘(Q)’ hz(yz) = g(yi)7 i = 152?3},

1Z_1 denotes the completion of Z with respect the norm ||z||_1 := ||2||z + ||[(A — A) 7|z,
for a fixed A in the resolvent set o(A). A_; is the extension of A on Z, precisely A is the part
of A_; on X, see for instance [%, Ch. V]. Moreover, we will denote R(\, A) := (A — A)~! for
A € p(A), and 1 will stand for the characteristic function of the set E.
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f 3g *f
g 52¢:1aT§
AX =Ah | = [ 2E(0,-0) |, (2.12)
ho anaT(.’(],.)
hs 03%‘2(.7.70)

and the control operator B € £L(U; X_), U := [[>_, L*(T,),

H1 3
B ( 2 ) =A_ Z(Nz ® b;) (2.13)

M2

where

0 0
1 i ( i
b; = 0 , and pu; ®b; = 0 , fori=1,2,3.
0 0
0 0

Consequently, system (2.7) simplifies on X to the following abstract control
system

X(t)=A_1X(t)+ BV(t), t >0, X(0) =0y the zero of X. (2.14)

In the subsequent lemma, we shall establish the well-posedness of the free
system corresponding to (2.14). This means that system (2.14), with V = 0,
possesses a unique solution that depends continuously on the initial conditions
Xo = X(0). By virtue of [3, p. 151], this is equivalent to proving that A generates
a strongly continuous semigroup.

Lemma 2.1. The operator A defined by (2.12) is skew adjoint. Consequently, A
generates a group of isometries (e!),cr.

Proof. By virtue of [28, Prop. 3.7], it suffices to show that A is onto and skew-
symmetric operator. Indeed, let X = (f,g,4(0,-,-),9(-,0,-),g(-,-,0))" and Y =
(0, 0,0(0,-,),6(-,0,-),0(-,-,0)) " tow elements in D(A). Using Fibuni’s theorem
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and Green’s formula we get

dg 390 dg 390 dg &P
XY >= A ST A T A
< AX,Y > 5/ [ e Oy + oo Oy + 3 3}da:1dx2d:v3

0*f O f  O%*f
+/ |:6l'2 + axz + O 21| ¢d$1d.7}2d$3 +6/0 873:1(0,.%'2,.1‘3)@25(0,.%’2,.1‘3)611‘261%‘3
1 8f 1 8f
+e | =——(21,0,23)¢(x1,0,23)dx1dxs + € ——(x1,x2,0)p(x1, x2,0)dr1d2s
0 6$2 0 0%3

o 0%  9%p
= _8/99[8.73% + 8:6% + 8x§]dx1da:2d:c3

of o¢ Of 0 Of 09
/g[aml Gox " Grg Gmg  an ey A

—5/ (0, 332,3?3)8 (0, 2, z3)dxodms —5/ f(x1,0, 3;3)890 (z1,0, 23)dz1drs
)
_5/ f(x1,22,0 (x1,x2,0)d:1:1dx2
=—< X,AY >.

It follows that A*X = —AX for all X € D(A). Therefore A is skew-symmetric
operator.

To show that A is onto, let X = (f,g,9(0,-,-),9(-,0,-),9(-,+,0))" in D(A) and
Y = (¢,¢,7,6,x)" in X. The equation

AX =Y, X € D(A) (2.15)
is equivalent, in a expended form, to the following system

g€ H (), 9=,
fEHz( ) flr - 7
ey, S = (2.16)
Oziax_(yl,()) ’y(yi), inY;, i=1,23.

The PDE (2.16) corresponds to Poisson’s equation with mixed (Dirichlet-Neuman)
boundary conditions. It therefore has a unique solution f, € H*(Q), see for in-
stance [22, p. 782]. Consequently, the equation (2.15) is solvable by

Jo
h

This demonstrates that A is onto. The rest is a consequence of a standard Stone’s
theorem for a skew-adjoint operator on a Hilbert space, see e.g. [¢, Thm 3.24]. [



24 M. EL HASSANI

In the presence of the control, i.e., when B # 0, we recall that the (mild)
solution of system (2.14), with X, = 0, is defined by

t
X(t) :/ e 1= BV (0)do.
0

It is crucial to highlight that X (¢) belongs to X_;. To ensure that X (¢) is in X,
for all t > 0, it suffices to demonstrate that B is an admissible control operator
for T in the sense defined in [28], i.e. there exists 7 > 0 such that

Kru = / A1 By(o)do € X
0

for all v € L*([0, 7]; U).
Lemma 2.2. The control operator B defined by (2.13) is admissible for (e*),cr.

Proof. Let 7> 0 and let v : [0,7] — L*(Ty), p : [0,7] — L*(T2), and
0:[0,7] — L*(T'3) be a step functions ;

Zuz WMirrg(s), v(s) =) vi(l, )L rp(s) and

Zgl Mirmin)(5).

Since p; ® by and v; ® by being in X , we obtain

u r ()
K. |v]| = / e =IB [ u(s) | ds
0 0 o(s)

n Ti+1
= Z/ GA_I(T_S)A_1 (ﬂi Rb+1v;, @by + 0; ® bg) ds
_ZA/ TS) Mz®b1+7/z®b2+gz®b3)d

_ Z A1 (T—Tit1) —6 —1(7—7) (/’Ll®b1 —|—V2®62+Q1®b3) ds.

=

It follows that IC. | v | € X. Moreover, it is not difficult to see that there exists

s}

a nonnegative constant C' = C(7, by, by, b3) such that

1
Ko\ v ]| <O (nllezwy + Wllzawy + llellzzqs)) -
9/ llx
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Since the set of step functions is dense in L*([0, 7]; U), the operator K, defines a
bounded linear operator from L?([0,7];U) into X. This shows the admissibility
of B for (e*!)er. O

By virtue of [28, Prop. 4.2.5], the admissibility of B for (e),er implies that
for Ve H] ((0,00);U), hence V € L2 ((0,00);U), the unique (mild) solution

X(+) of the abstract control system (2.14) is given by
t
‘ﬂﬂ:Kﬁ%i/eAﬁﬂ%V@% (2.17)
0

and it satisfies X () € C([0,00),X) N H}!

loc

((07 OO)? X—l)'

3. THE CONTROLLERS IN THE FORM OF FEEDBACK LAWS

In the sequel, we assume that
Vl(t,ilfg, O) = Vl(t, O,ZEg) = Vg(t, 1, O) = VQ(t,O,ZCg) = Vg,(t, 1, 0) = V3(t,0,5€2) =0. (31)

Since A is skew adjoint, then o(.A) C iR. This implies that the growth bound
wo(T) of (e*)er is negative. Therefore for each X € X, the Laplace trans-

—

form eA X (\)? exists and equals R(\, A)X for all A > 0. Applying the Laplace
transform to both side of (2.17) we get

RO = VRO A) = X (Vi) @by + To(0) @ by + Ta(N) @b3) (3.2)

for every A > 0, bearing in mind that V;(0,-) = V5(0,-) = V5(0,-) = 0. For the
rest, it will be convenient to put

o,
) 7
R(A,A)( Z—(A)@bi):Y;:: ?go,d,-g L i=1,2,3. (3.3)
fi(1-.0)

We must point out here that the functions ®;, ¢+ = 1,2, 3, depend on A and x,
but for simplicity we will write ®;(x), where x = {x1, x9, x3}.
Now, using the representation (3.3), we obtain from (3.2)

3 3
X=X Y+ A V(@b (3.4)
i=1 i=1
By comparing the first component of the both sides of (3.4) one gets
3 3
BOLX) =AD" ®i(x) + > Vil i), (%) (3.5)
i=1 i=1

2For a locally Bochner integrable function f: R — X, f()\) denotes the Laplace transform

of f(),
178y ::/0 e MF)dt = lim [ e Mf(t)dt

T—>00 0

whenever this limit exists.
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y; = {x1, 71,211, v3}. Moreover
O(N, ¥i, 0) = A [®1(ys,0) + oy, 0) + P3(ys,0)], fori=1,2,3. (3.6)

The next steep is to determine the functions ®;, + = 1,2,3. To get ®; we should
solve (3.3). Indeed, equation (3.3) can be written as

D,
f R
(A_A) f1(07'7') = ‘/i()‘) ®b17 (37)
fl('a 07 )
fl('a * O)

is equivalent to the following system

f1 =Py, @1€H2(Q)7 @y =0,

621 1 86;;1)1 - AZ f/:()H ')7 in Qa (38)
;2 2 (:,0) =A@ 1(y¢,0) —0, inly;, fori=123.
Using the method of Green’s function [2, 13], the solution of system (3.8) is given
by:
Py (x) = / G(x,v)Vi(\, 7o, 73)drydradrs, (3.9)
Q

where r = {ry, 79,73}, and the Green’s function G satisfies the differential equation

3 092G )
ey 5oz (%) = NG (x,1) = d(x — ), (3.10)
=1 g

where 0(x —r) := §(x1 — r1)0(xg — r2)0(x3 — r3), and the boundary conditions of
(3.8), for all z;,r; € [0,1], for i = 1,2,3. Here § is the Dirac function.

To determine G, we use the method of eigenfunction expansions, see [2, Chp.10].
The idea of this method is to construct G via the eigenfunctions end eigenvalues
of the unbounded operator A defined on the Hilbert space L?(Q) by

Af —gza 2f

D(A) :=={f € H*(Q): fir =0, azgf

We must first establish the following preliminary result:

(yi,0) = A2 f(y;,0), fori=1,2,3}.

Lemma 3.1.
i) The operator (A, D(A)) is self-adjoint.
ii) The eigenvalues of (A, D(A)) are given by
Kmn,p = —8(#2 + V?%@ + 05)7 fOT n,m,p= 17 2737 )

with corresponding normalized eigenfunctions given by

o — Un,m,p
e an,m,pHLQ(Q)
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where
2 2
Vnm p(x) =C - (un cos(pnx1) + 2—1 sin(,unxl)) X (I/n cos(vpwa) + 2—2 sin(ynxg))
)\2
X (ap cos(opxs) + — sin(apxg)), (3.11)
Qa3

and the parameters [i,, Vm, 0, are determined as roots of the following
transcendental equations: cos(,u)—i—g‘[—j sin(p) =0, v cos(u)—i—i—z sin(v) =0,
and o cos(o) + 2—2 sin(o) = 0, respectively.

iii) The eigenfunctions (Wpm.p)nmpen form an orthonormal basis of L*(12).

Proof. (i) For f,g € D(A) we have

3
AL, g) / [Zg (z1, 22,23 ]gdmldxgdxg

of dg af dg Of g of
/8331 By + Dy Oy + D25 axgdxldxgdxg D1 (0, 22, 23)g(0, x2, x3)

0 0
852 (x1,0 l'3) (Z‘l,O,Z‘g) - aiis(xlaanO)g(xlaano)a
of g of 09 0f 0y »
- 97; 01 + Do O7a + a3 O 3d$1dl‘2d$3 o f(O 1‘2,1‘3) (0,(11‘2,333)

A2 A2
- f($1707$3)g($1707$3)_ f(xl,x270)g(x17:r2,0)7
(%) as

3 92
:/Q [;faxlg(ﬁ,xz,xg) dridxadrs,

:E_1<fa Ag>L2-

This shows that A is self-adjoint.
To show (ii), observe first that since A is self-adjoint, then all the eigenvalues are

real. Let k € R. The eigenproblem
w e D(A), Aw = kw,
is equivalent to the system
eAw(x) — kw(x) =0, (3.12)
Oé@aixlw(yz, 0) - )\2w(y’i? 0) = 07 Yi € Tia for i = 17 27 3 wr = 0. '
To solve (3.12), we look for a solution in the following form:
w(x) = X(x1)Y (x2)Z(x3).
Substituting this expression in (3.12) we find
Y// Z// K Xl/
Y 7 ¢ X
Which means that
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where 1 := p(xq,x3) is an (s, r3)-depending constant. Moreover, in view of the
boundary conditions of (3.12) the function X (x) satisfies the following system

X"z1) = —pX(21), 0<m <1,
a1 X'(0) — A2X(0) =0, (3.13)
X(1)=0.

If © <0, then it is not difficult to see that equation (3.13) has a unique solution
X = 0. Therefore system (3.12) is uniquely solvable by w = 0.
If i > 0, the solution of (3.13) has the following form

X(z1) = Cy cos(y/pz1) + Dy sin(y/pzy),
where C and D; are constants. On account of the boundary conditions of (3.13)
we get

{Cl cos(y/p) + Dy sin(y/;t) = 0,

D, = Clﬁﬁ.

This implies that
2

Viveos(y/p) + i—lsin(\/ﬁ) =0 (3.14)

The equation (3.14) has a countable set of roots y = p2, n € IN. This can be

2

justified by the fact that the curve of pu — /jcos(\/i) + ’\—lsin(\/ﬁ) and the

e
abscissa axis has a countable points of intersection for p > 0. Consequently, for

each n € IN, the solution of (3.13) corresponding to the root p = u? is given by

Xp(x1) =C1 - (un cos(finr1) + %QSiH(MnSﬁ)) , (3.15)

We now turn to solve the Y and Z-PDE :
[ Y"(15) = =12V (25), 0<mzy <1,

asY'(0) — A2Y (0) = 0, (3.16)
| Y(1) =0,
and
[ Z"(x3) = —0%Z(x3), 0<uas<]1,
asZ'(0) — X\2Z(0) = 0, (3.17)
Z(1) = 0.

\

If K = Kmnp = —(ps, + V5, 4 02), it follows from the first equation of (3.16) and

(3.17) that Y"(z2) = —v,Y(22) and Z"(x3) = —0,Z(x3). Then, by arguing as

for X, if v,,, and 0, m, p € N are respectively roots of the transcendental equation
A2

veos(v) + 2-sin(v) = 0 and o cos(o) + 2—2 sin(o) = 0, then for each m and p the

solutions of (3.16)-(3.17) corresponding to v2, and o7 are given by

2
Yin(z2) = Co - <I/m cos(vmra) + 2— sin(um$2)> , (3.18)
2

and )
Zp(z3) = C - <Jp cos(opxs) + 2— sin(opxg)) . (3.19)
3
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Therefore the solutions of (3.12) corresponding to the eigenvalues k., =
—e(p + v}, + 07) are given by

)\2 )\2
Un,mp(x) =C - (,un cos(pnr1) + o sin(unm) X (l/n cos(vnxa) + o sin(ynxg))
1 2
)\2
X (ap cos(opx3) + — sin(apaﬁ3)>, (3.20)
o3

for n,m,p € IN. Thus, the normalized eigenfunctions are given by w, ,, =

”Z’”"m"’H, n,m,p € IN. Finally, the statement (iii) is a consequence of (i) and a
n,m,p
well-known result of a self-adjoint operator given on a Hilbert space. 0

Now, let us write the Green’s function G in the orthonormal basis (@, ),

0
= Z Qpm,pWn,m,p (X) .

n,m=0

Using that [Zl ) dmg + (P2 +vi+o )] Whn.mp(X) = 0 and observing that

5(X - I') = Z Wn m,p / 5 r — r2 - 77)5(7”3 - p)wn,m,p(§> 7, P)dfdndp
m,n=0
= Z @i, m,p(X)@m,p(T)
m,n=0

we find from (3.10) that

[e.9]

Z an,m,p(Az + 5(/1721 + Vrzn + Ug))wn m,p Z Wn m,p wn,m,p(r)-

n,m=0
If A2 #£ —e(u? + v2, +07), then
-1
A2 +e(py + v +0p)
The Green’s function becomes
=S S TunsTnnsl)
N +e(p2 + vE +o2)

n,m,p=0

a”l’LﬂTLJ) = wnvmap(r)‘

Further, in view of (3.9) the solution of (3.8) is given by

—Wn,m wnm r
/ > I +5jj > p f;))vl(A,rg,rg,)dnerdrg, (3.21)
n,m,p=0 n

for z; in [0,1], i = 1,2, 3. In the same way, we also obtain

Wn,m wnm r
/ Z )‘2+5i 212 _:D(EQ))‘/2()\,7“17?”3)dT1d7“2d7“3, (3.22)

n,m,p=0

and

Wn,m wnm
/ Z )\2+5Z 22 _|_p§ ))V:?<)\,7'1,7'2>d7'1d7'2d7“3. (3.23)

n,m,p=0
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The next steep is to determine Vi(t,y;). Indeed, substituting (3.21)-(3.23) in
(3.6) to obtain

[e.9]

_)\2 i wn7m7p(y17 0)

(A 0) =
w( y Y1, ) )\2+5(M%+V72n+0'%)

n,m,p=0

—+ 1//;()\, 1, 7"2)} drldrngg.

/ w"’m,P(r) [T/I()‘v T2, 7"3) + f/;()‘v 1, TS)
Q

(3.24)

From (3.24) and the uniqueness of the decomposition of the vector w(\, y;,0) in
the basis (w,, m ) it follows that

[ o) [T v, 1)+ Va0 1) + Vo 11, ) s dradr =
Q

A +e(up + v +02)
_)\2

/ Wnm,p(T)W(A, 0,72, r3)dridradrs.
Q

Therefore, by (3.1), i.e Va(¢,0,23) = V3(¢,0,22) = 0, we have

Vios 1) = Vil wn) + Va(A, 0, 3) + Va(X, 0, 22),

= anmp(o 22,23 /wnmp( ) [V1(>\ r2,13) +V2()\ T2,73) +V§(>\ 7'1,7"2)] dridradrs,

n=0
= elun g o) + N N
= Z 2 i wn,m,p(07 Z2, $3) /Q wn,m,p(r)z()\, 0,79, 7"3)d7‘1d7"2d7"3.
n,m,p=0
(3.25)
Observing that
zZ(A\, 41,0 Z Wp,m,p(X / Wn,m,p(0,72,73)2(A, 0,72, 3)dr1dradrsdn,
n,m=0
= / 5(%‘1 — 0)5($2 — 7”2)5(1‘3 — 7“3)2(/\, O, Tro, Tg)dTldTQdTg,
Q
(5(0 — ’/‘1)(5($2 — 7’2)5(]}3 — 7“3)2(/\, O, Tro, ’/‘?,)d’/‘ld’/‘gd’/‘g7
Q
we easily conclude
3
~ 0? 0?
g Z )\ yla - 839%2()‘73/170)—’_871%2()‘7?/170)
= Z —(p2 4+ V2 +a§)wn,m7p(0,xg,m3)/ Wn,m.p(F)Z(A, 0,72, 73)dridradrs.
n,m,p=0 Q

(3.26)
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From (3.25)—(3.26) we obtain

oo

_ e(p2 +v2, +02) + A2 R
Vl ()‘7 yl) = Z )\2 - wn,m,p(yla O) /Q wn,m,,p(r)z()‘v Oa T2, T3)d§dna
n,m,p=0
o E(up v +07) .
- — Z prn,mm(yh O) / wn,m,p(r>z<)\a 07 T2, r3)d€dn
n,m,p=0 Q
- E(A7 Y1, O)a

e 0% 0% N
= [@Z()\ayho) + WZ()‘ayl;O)] —2(\,41,0).
5 3

Since Z(\, y1,0) = (B@1(A))(v1,0), then

‘//;()\JJI) =

- [gfg(zsm))m,m + %(B@(A))w] - (BAEN)(41,0).  (3.27)

In the same way, we also obtain

Va0 ) = 2 [ (BEEON) (02.0) + o (BEN) (.0)] = (B 0). (329
and

— ero%, 0? _

Va(A,y3) = 2 [63:% (Bps(N) (y3,0) + 022 (3503(/\))(313,0)] — (Bps(N))(ys,0). (3.29)

In order to give an explicit expression of the controllers Uy (t,y1), Us(t,y2), and
Us(t, y3) we perform the following inverse transformation

3 e
u(t,x) = (B™'2())(x) : = 2(t, %) - Z/ pi(ws,ri)2(t, yi, i) drs (3.30)
=170

where z satisfies (2.7), p; are functions to be appropriately determined. In fact,
when we follow a procedure similar to that performed in section 2, it can be seen
that the inverse transformation (3.30) maps (2.7) into (1.1) provided that m and
n satisfy respectively the following PDEs :

%pi(l’iﬂ“i) - #pi(ﬂfi?ﬁ) = Ipi(ws,ri), 0<r; <x; <1,

for i = 1,2,3. In a very similar way, on can show that the PDEs (3.31) have,
respectively, the following solutions

 Ii(y/4(2? —r2))
Pi(l“z‘,m')z—ﬁm S , fori=1,2,3,
€
et - 1)
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where [; is the modified Bessel function of order one.
Now, if z satisfies (2.7), it results from (3.27)—(3.30) that

Ui\ 1) = (B 12(8)) (31, 1),

o o _
[a 3 (B21() (41,0 + 55 (B2 (A ) (w2.0)] = (BEI () (11.0)

- % " pa2(z2,72) 622 (Be1(N) (0,72, 23) + %(B@(A))(Oﬂb, x3)|drs
A 0 3 2 3$3
2

2
palasor3) [ g (BT O0) 00, 70) + 5 (BEN) 0.y

e [

_ﬁo

+/O 2p2($277’2)(8a(>\))(0,7’2,(Eg)d’f‘g+/0 3p3($3,7’3)(8@(/\))(0,%2,7‘3)6”’3

1
—/ p1(L,r1)2(A, 71, 22, m3)dry, (3.32)
0

Ua(A,y2) = (B~ 2(1)) (32, 1),

02 92 -
)\2 [axl (5902( ))(y27 ) O 2 (BSDQ( ))(y2,0):| — (Bg@(/\))(y%())
1 2 9
_ % ; pl(m,m)[ 9 (B@a(N))(r1,0,23) + %(B@(A))(m,&xg)] dry

ors

x3 2 2
7%/0 p3($3»7’3)[§%(3¢2( ))(m1,0,r3)+;q%(lg@()\»(ﬂﬂhoﬂ’a‘)}d%
)

+/ pi(z1,m1) (Boz(A )(T1,0,$3)dﬁ+/ p3(x3,73) (Bpz(N)) (21,0, 73)drs

0 0
1

_/ p2(1,T2)Z(A,Jf1,7"2,1’3)d7"2, (333)
0

and

Us(A,ys) = (B~ 2(1)) (s, 1),
2

2

*ﬂaa (BZ3(0) (33, 0) + (fz(Bm ) (ws,0)| — (BE5N) (31, 0)
2
7)%/ (@) f(&p?’( ))(7’1,:82,0)+%(B@(A))(rl,x%o)]dm
o2 2
% / pa2,12) | 5oz (BRa(N) (@1,72,0) + %(B@(A»(xl,rz,oﬂ drs

+/O pi(z1,71) (BB (A ))(rl,xQ,O)drz_|_/szp2($2,rg)(B@(/\))(xl,rg,O)drg
—/0 p3(1,73)2(\, x1, 22, 73)drs, (3.34)

Observing that, when [p1 @9 ¢3]" € C([0,00); H*(T1)) x C([0,00); H?(Yq)) x
C([0,00); H?(T3)), the Laplace transform of the maps t + [, (t—c) (By1(0)) (y1, 0)do,
t— fot(t — 0)(Bya(0)) (y2,0)do, and t — fot(t — 0)(Bys(0)) (y3,0)do are respec-

tively A — %(8901()\))(?/1, 0),\ — %(BSOQ(A))(yQ, 0), and A\ — /\1—2(8303()\))(?/3, 0).
Taking this remark into account and by applying the Laplace transform to both
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sides of (3.32)-(3.34) and using (2.11), we get

Ut = < fylt- s)[aa—jg(8¢1<s>)<y1,0> + gz (Ber(9)) (01, >}ds— (Bi1 (1)) (1. 0)
—€ fot(t— 5) fomQ p2(x2,7m2) |2 ar2 (3301( ))(0 T2,T3) + 8:1: (Bgal s ) (0,79, x3)|drads
—e fot(t— s) f023 p3(xs,r3) %(B(pl( ))(O Za,73) + (Bcpl(s ) (0, z9,73)|drsds

+ [y p2(@2,72) (Bp1(t)) (0, r2, x3)drs + [3° ps 963,7‘3)(3901( ))(0, 2, r3)drs
_folpl(]-vrl)z( T171'2,$3)d7’1,

Ui(t,0,23) = —fol ky(1,7m1)@a(t, r1, 23)dry,
Ul(t,afg,O) = — fol k‘l(l,’l“l)(pg(t,’l“l,l’g)drl,

(3.35)
Ua(tyz) = e fy(t—s) [%(6¢2<s>)<y2,o> + &z (Bea(s)) (92, )}ds — (Bea(1)) (2, 0)

—c fg(t— s) fozlpl(xl,rl) o7 (B(pz( ))(Tl,O,xg) a—wg(Bcpz(s ) r1,0,23)|drids
—sfot t—s) [y ps(xs,rs) %(Bapg( ) (21,0, 73) + 8‘9—;(&02(5 ) (21,0,73) |drsds

+fo p1(z1,71) (Bpa(t)) (r1, 0, 23)dr1 + [ ps( 963,7’3)(3902(t))($170,7“3)d7“3
—fo p2(1,7r2)2(t, w1, 72, 23)drs,

Ug(t,o,l‘g) = —fol k‘g(l,’l‘g)(pl(t,’l“g,xg)dTg,
Ug(t,l‘l,()) = —fol kQ(l,T‘Q)(pg(t,l‘l,’/‘Q)d’f‘Q,
(3.36)
and
Us(t,y2) = EIJ(t ) [a%(&ﬁs()\))(ys, 0) + %(6@3()\))(93»0)}‘13 — (Byps(t))(ys,0)

—e fg(t —3) fom po(x2,72) %(B(pg(s))(xl,m,O) + 87" (ngg s))(x1,72,0) | drsds
+ [y pr(xe, 1) (Bes(t)) (r1, x2,0)drs + [3° pg(xg,rg)(Bcpg( ) (21, 72,0)drs
ffol p3(1,73)2(t, 21, 29, 73)drs,

Us(t,0,23) = —fol k3(1,7r3)p1(t, 22,73)drs,

Us(t,z1,0) = —fol k3(1,7r3)pa(t, x1,73)drs,

—e fy(t—=25) " pr(w1,m1) %(3903(8))(7“1,58270)-# 31 > (Bes(s))(r1, 22,0 Jdrlds

(3.37)

where z satisfies (2.7), k; and p;, i = 1,2,3, are solutions of (2.6) and (3.31),
respectively. We have thus proved the following.

Theorem 3.2. Assume that [p; pa @3]" € C([0,00); H?(T1))xC([0,00); H*(T5))x
C([0,00); H*(Y3)). Then, the solution of the OTP for system (1.1) subject to the
output equation (1 2) is given by the feedback laws (3.35)—(3.37), where z satisfies
(2.7), k; and p;, i = 1,2,3, are solutions of (2.6) and (3.31), respectively.

Formulas (3.35)-(3.37) provide the controllers in the form of feedback laws.
Furthermore, the solution of the corresponding closed-loop system perfectly matches
the target trajectories ¢; from the boundaries I';, for ¢ = 1,2, 3, at any coordinates
(t,x). To provide the explicit expressions of the controllers U;, i = 1,2, 3, we shall
first give an explicit expression of the entire state u(t,x), at any time-position
(t,x), where u still a solution of the OTP.
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4. EXPLICIT EXPRESSION OF THE ENTIRE STATE u(t, X)

In this subsection, we show how to derive the explicit expression of u(t,x) at
any position (¢,x). Indeed, from (3.5) and (3.25)-(3.29) we obtain

%) =X / G(,1) [TA (A, 2, 73) + Va1, 73) + V(A 1, m0) | dre + V(A ) L, ()
Q
+ VoA y2)Tr, (x) + Va(\, y3) 1, (x),
= /Z\()‘v Y1, 0) + /Z\()‘v Y2, 0) + /Z\()‘v Y3, 0) + ‘//I()\a yl)]lf1 (X) + ‘//;()‘7 y2)]1F2 (X>
+T/§(>\ ys3) 1y (x),

- (Ai [ 8‘9 7 (BZ1(V)) (y1,0) + aa 5 (BZ1() (41,0)] — (BT (V) (41,0) ), (%)
+ (] ai% (BF2(V) (32, 0) + %(B@(A))@g, 0)] ~ (BZ2() (12,0) ) 11, (%)
+ (5 [ BN 00:0) + 5 (BE) (1,0)] — (BEON) (42,0 1, (0
+ (BEW) (41.0) + (BE (V) (v2,0) + (BE(N) (w3, 0). (4.1)

If [1 @2 3] € C([0,00); H*(T1)) x C([0,00); H*(Y3)) x C([0,00); H*(Y3)),

then

2 2

(.30 = (= [ (¢ =95 (B 0.0+ 35 (Bier(4)) (n.0)]ds = (Bea(8) (1. 0)) 1, ()

t 2 2
+(c / (t = 5)| gz (B2(9) 42, 0) + (,f (Bipa(5)) (v2,0) ] ds = (Biza(t)) (42,0) ) I, (x)
(o [ (09 (Ba(e) (00,0 + 3 (Ba(s)) 12,00 s — (Bialt) (.0 Ly )
+ (Ber(1) (y1,0) + (Bya(t)) (y2,0) + (Bes(t)) (y3, 0),
t 3 92 13 3
:e/o(t_S)- 1r,(x [ (Byj(s ]ds—!—Z Bp;(t) (1—]lp())

Substituting (4.2) in (3.30), we find

u(t,x) = /0 (t—s) Zﬂr [23: (By;(s }ds—&-z By;(t) (1—1F( ))

Jj=1

_ é/o pi(mi,m)dri{(s/o (t — )3522 [(sz( ))(yi,O)}ds — (B%(t))(yi,o))]lpi(x)
+ (B@i(t))(yho)} _ /Oml p1(x1,r1){ (5 /Ot(t —s) {;:% (Bpa(s))(r1,0,z3)
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+ 2 (B<p2( ))(7“1,0 25)|ds — (Bpa(t)) (r1,0,3) ) I, (x)

9.2
T3

8
(e Bsos( ) (1, 22,0) + [fxg(s@g@))(h,xz,o)}ds

— (B(pg(t)) (7"1, To, 0)) Ir, (X) + (B(pg (t)) (7“17 0, xg)drl + (B(pg (t)) (7“17 X9, 0) }d’l"l

2

—/Ox?pz(mv?"?){(ﬁ/ot(t ){3822 (Byi (s ))(0’7"271'3)4—aax%(lggal(s))(o,rg,xg)}ds

2

~ (Bea(1) (0,72, w5) ) 1, (x) + (= At(t ) [%(B@g(s))(m, r2,0)

+ %(ng(s))m,rz,())]ds — (Beps(t)) (1,72, 0))11r3 (x) + (B (£)) (0,72, x3)drs

2

+(Bga3(t))($1,r2,0)}dr2/Owgpg(zs’rg){G/o (ts)[aig(Bgol(s))(O,xQ,rg)

2

882 (B1())(0,22,75)|ds — (Bpa(6)) (0,22, 73) ) I, (x)
+ (E/O (t — ){83 : (8902( ))(1’17077‘3) + (%(Bm(s))(a:l,o,rg)}ds

— (B(pg(t)) (l‘l, 0, 7“3))1[{‘2 (X) + (B(pl (t))(O, T9, 7“3)d7‘3 + (B(pg(t))(l‘l, 0, 7“3) }d’l"g (43)

where k;, p;, i = 1,2, 3, satisfy (2.6) and (3.31), respectively. This yields us the
following theorem.

Theorem 4.1. Assume that ¢ = [p1 p2 p3]" € C([0,00); H*(T1))xC(]0,00); H*(Yq)) %
C([0,00); H?(Y3)). Then, the solution of the closed-loop system (1.1), (3.35)-
(3.36) which also satisfies the output equation (1.2) is given by (4.3), where k;
and p;, 1 = 1,2, 3, satisfy (2.6) and (3.31), respectively.

The formula (4.3) furnishes a detailed formulation of the entire state u in terms
of the reference trajectories ;, « = 1,2, 3, and the solutions of the kernel PDEs
(2.6) and (3.31).
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5. SOLUTION OF THE OTP
Setting 21 = 1 in (4.3) and using that Vi (¢, x2,0) = Vi(¢,0,23) = 0 we get

Ui(tyn) = =yt = )[ 25 (B () (42, 0) + 25 (Ba (1)) (41, 0) | ds + (Biea(®)) (1, 0, 2)

+(Bg03(t))(1,x2, 0) — fol pi(1, 7‘1)d7”1{6 fot(t —3) [86—;% (Bgm(t)) (y1,0)
+%(Bnp1(t))(y1,0)]ds + (Bp2(1))(1,0,23) + (Bgog(t))(l,xg,())}

_ fol p1(177”1){ (5 fot(t —3) [(;% (Bpa(s))(r1,0,23) + 813 (6902( ))(r1,0, .’133)] ds

— (Bga(t)) (r1, o,xg))npz (r1,1,23) + (5 Jit—s [arl (Bes(s)) (r1, x2,0)
+25 (Bea(s)) (2, 0)] ds — (Bes () (r1,22,0) ) Iy (1,2, 1)

(5.1)
+(B¢2(t)) (7’1, 0, .Tg) + (Bﬁpg (t))(’l“l, T2, 0)}d7‘1

— [3? p2(w2, 72 { fo (t—s [ :5 (Be1(5))(0,72,23) + %(ngl(s))(O,rg,xg)]ds
"F(B@S(t)) (17T2,0)}d’r‘2 — foﬂﬂs p3(zs, 7"3){5 fg(t —3) [% (34,01(8))(07 Z2,7T3)

i(BLpl(s))(O T2, 7"3)] ds + (ngz(t))(LO7 r3)}dr3

Ui(t,0,23) = —fo ki(1,r1)p2(t,r1, 23)dr,
Ui(t,x2,0) = —fo k(1 w3(t,r1, z2)dr,

for0<zy<land0<uz3<l.

On the other hand, taking xo = 1in (4.3) and using that V5(¢,0, z3) = Va(t,21,0) =
0 we find

Usltyy2) == [yt = 9)[ 2 (Bipa(t)) (u2,0) + Z5 (Bea(t)) (12,0) ds

— Ji pa(Lira)draq e [ (2 = ) [ 25 (Bioa(t)) (v2: 0) + 225 (Bia(t)) (2, 0) | ds
+(B‘P1(t))(0’ 1,I3) + (6@3(26)) ('Tlv 1, 0)} + (BSO1(75)) (07 1, 1‘3)
_ fOIl p1(z1,71) {5 fg(t —s) [;—é (Bnpg (s))(rl, 0,z3) + ;—% (Bcpg (s))(rl, 0, wg)] ds

+(Bps(t)) (r1, 1,0)}dr1 — [ p2(1,72) {( e fi [6 2 (Be1(5)) (0, 2, 3)

8 (Bg&l( )) (0 T2, mg,)} ds — (B(pl(t)) (0,1"27503))111“1(1,7“275&3)
( (t—s [ (Beps(s)) (z1,72,0) + %(B%(S))(ﬂ?hm@)]ds
—(Begs(t)) (z1,72, 0))1r3(m1,r270) + (Bp1(1)) (0,72, 3)drs

+(

Bes(t)) (z1, 2, O)}dm — [ ps(ws, 7"3){ (&‘ fot (t—s) [a‘% (Bepa(s))(x1,0,73)

(5.2)

+8672§ (Bpz(s)) (1,0, 7“3)} ds + (Be1(t))(0,1,73) }d’f’g + (Bes(t))(21,1,0),

- fol k2(17 r2)901(t7 T2, x3)dr27
— fol kz(l, 7“2)4,03(15, xr1, T‘2)d7"27

UQ(t7 07 $3)
U2(t7 Z1, O)
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for 0 < 23 < 1and 0 < x5 < 1. Taking x3 = 1 in (4.3) and using that
V3(t,0,x9) = V5(t, x1,0) = 0 we find

(Vattgn) =2y (=) [ 25 (Bos®) (s, 0) + 25 (Boa(t)) (s, 0)] s + (Bon (6) (0, 22, 1)

+(Bea(6)) (21,0,1) = [ pa(1,ra)drad e [ (¢ = 5)| 225 (Bipa (1)) (35, 0)

+§— (Bps (1)) (ys, 0)] ds + (B (1)) (0,22, 1) + (B2 (t)) (21,0, 1)}

—Jo pl(xl’“){ffot(t = )| 25 (Bipa(s)) (r1,2,0) + 25 (Bipa(s)) (r1, 22, 0) | ds
+(Be2(0) (11,0, 1>}dm — Ji* (e, r2>{+s Jy (= )] 25 (Bea(s) 1, 72,0)
+25 (Bea(s)) (1,7, 0)] ds + (Be1 (1)) (0, 72, 1)}dr2

_ fol ps(1,73) { (s fg(t —s) [% (Btpg(s))(m, 0,73) + ;—% (Bcpg(s))(m, 0, 7‘3)] ds
— (Bea(0) (21,0,79) ) Ly (21, 1,7) + (= [ (¢ = 9)[ 25 (Bor (5)) (0, 22, 73)

25 (Bio1()) (0, 22,73) | ds — (Bigs (1)) (0, @2, 73) ) I, (0,2, a)

+(B<p2(t))(a:1, 0,73) + (ngl (t)) (0, z2, r3)}dr3

U3(t70,.’1}3) = 7\[‘01 k3(177”3)901(t7x277”3)d7”37
\Ug(t,th) = 7‘[01 k3(1,7‘3)g02(t,$1,7‘3)d7’3.

This gives the desired explicit expressions of the controllers U;(t,-), i = 1,2, 3,
and concludes the proof of the following main result.

Theorem 5.1. Assume that [p; p2 @3]" € C([0,00); H?(T1))xC([0,00); H*(T5))
C([0,00); H*(Y3)). Then, the solution of the OTP associated with system (1.1)
and the output equation (1.2) is given by (5.1)~(5.3), where k; and p;, i = 1,2, 3,
are solutions of the kernel PDEs (2.6) and (3.31), respectively.

The controllers U;(t,-), ¢ = 1,2,3, are explicitly expressed via the predefined
trajectories ¢;, i = 1,2, 3, and the solutions of the kernels PDEs (2.6) and (3.31).
Moreover, the provided controllers produce a perfect matching of the outputs
u(t, y;,0) with the desired trajectories p;, 1 = 1,2, 3, at any position (¢, x).

6. CONCLUSION.

The present paper investigates the OTP for the system (1.1)-(1.2). The method
begins by transforming the initial system (1.1) into an auxiliary one using a direct
backstepping transformation B, where the kernels are chosen to solve an appropri-
ate PDEs. Next, the target system is formulated as an abstract control problem,
allowing the solution to be obtained in the form of a boundary feedback law by
employing the Laplace transform and Green’s functions. Finally, the solution to
the OTP of the original system is obtained through the application of the inverse
transformation B~!. This process yields explicit expressions for the entire state
and tracking controllers, ensuring perfect matching between the outputs and the
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desired trajectories.
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