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ANTI-INVARIANT RIEMANNIAN SUBMERSIONS FROM A
LOCALLY RIEMANNIAN PRODUCT MANIFOLD TO ANY
RIEMANNIAN MANIFOLD

MEHMET ATCEKEN

ABSTRACT. In this paper, we define and study anti-invariant Riemannian
submersions from a locally Riemannian product manifold onto a Riemann-
ian manifold. We investigate the geometric properties of distributions which
are involved from the definition of an anti-invariant Riemannian submersion in
locally Riemannian product manifolds.

1. INTRODUCTION AND PRELIMINARIES

Immersions and submersions, which are special tools in differential geometry,
also play a fundamental role in Riemannian geometry, especially when the in-
volved manifolds carry an additional structure (such as contact, Hermitian quater-
nion and product structure).

In particularly, Riemannian submersions(which we always assume to have con-
nected fibers) are fundamentally important in several areas of Riemannian ge-
ometry. For instance, it is a classical and important problem in Riemannian
geometry to construct Riemannian manifolds with positive or non-negative sec-
tional curvature. While there are a few methods, the most abundant source of
examples comes via submersions from compact Lie groups. Riemannian submer-
sions between Riemannian manifolds are important geometric structures.

The study of submersion between two Riemannian manifolds was initiated
by B. O'Neill and A. Gray[!, 2]. This theory was developed very much in the
last thirty five years. A submersion gives rise to two distributions called the
vertical and horizontal distributions of which the vertical distribution is always
integrable|[(].

In [1], A. Gray used the metric g of a Riemannian manifold M and added to the
already known condition imposed on the field P the requirement of symmetric,
which has the form of the relation g(P., P.) = ¢(.,.), similar to the condition of
invariance of a Kaehler metric of an almost complex manifold.
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In [7], S. Kobayashi considered the similarity between the total space of a
Riemannian submersion and a CR-submanifold of a Kaehler manifold in terms of
distributions.

Let (M,gy) and (B,gp) be Riemannian manifolds of dimension m and b,
respectively. A differentiable map 7w : M — B is said to be submersion if it has
maximal rank at any point of M. The implicit function theorem states that the
fibre over any ¢ € B, 7 !(q) is a closed (m — b)-dimensional submanifold of M.
The submanifolds 77'(q) ,q € B, are called fibres. A vector field on M is called
vertical if it is always tangent to fibres and horizontal if it is always orthogonal to
fibres. Putting V, = Kerdm,, for any p € M, we obtain an integrable distribution
VY which corresponds to the foliation of M determined by the fibres of 7, since
each V), coincides with the tangent space 77 1(q) at p € M, w(p) = ¢, that is,
Vp = Tﬂ—l(q)p[ ]

Each V is called the vertical space at p, V is the vertical distribution, the
sections of V are so-called vertical vector fields and determine a Lie-subalgebra
L'(V) of (T M).

Let ‘H be the complementary distribution of V determined by the Riemannian
metric gps. So at any p € M, one has the orthogonal decomposition such that

T (p) =V, ®Hy, (1.1)

where H,, is called the horizontal distribution space at p. The sections of the
horizontal distribution H are the horizontal vector fields. They set up a subspace
[(H) of T(TM).

Now, we denote by h and v the projection operators of I'(T'M') onto ‘H and V,
respectively, then we have

> =h, v*=v, and hv=vh=0. (1.2)

Putting P = h — v, by virtue of (1.2), the tensor field P satisfy the identity
P? = I, where I denotes the identity map of I'(T'M).
For a submersion 7 : M — B, we denote by dr(or sometimes ) the tangent

map of . A vector field on M is called basic if X is horizontal and w-related to
a vector field Y on B, that is, dn(X,) = Yz, for all p € M[J].

Definition 1.1. Let (M, gps) and (B, gg) two be Riemannian manifolds. A sub-
mersion 7 : M — B is called a Riemannian submersion if at each point p € M,
drm preserves the length of the horizontal vectors, that is,

dmy : H, — Tpm(p)
is a linear isometry[5].
We state the following Proposition for later use[6].

Proposition 1.2. Let 7 : (M, gy) — (B, gg) be Riemannian submersion and
denote by ¥V and V' the Levi-Civita connections of M and B, respectively. If X
and 'Y are basic vector fields, m-related to X' and Y, one has

1.) gu(X,Y) = gp(X',Y o,

2.) h[X,Y] is the basic vector field w-related to [ X', Y],
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3.) h(VxY') is the basic vector field m-related to V/X,Y/,
4.) [X, V] is a vertical vector field for any vertical vector field V.

A Riemannian submersion 7 : (M, gas) — (B, gp) determines two (1,2)-tensor
fields such as T and A on M. They are called the fundamental tensor fields or the
invariants of Riemannian submersion 7 and are defined by means of the vertical
and horizontal projections

h:T(TM) —T(H), v:I'(TM)— T'(V), (1.3)
according to the formulas
T(E,F)="TgF =hV,gvF + vV, ghF (1.4)
and
A(E,F) = AgF = vVghF + hVgvF (1.5)

for any E,F € I'(T'M), where I'(T'M) denotes the set of the differentiable vec-
tor fields on M. It is easy to prove that A and T are horizontal and vertical
tensor fields, respectively, that is, Ag = Ayg and Tg = T,g. The geometry
of Riemannian submersions is characterized by A and T tensor fields. Ag and
Tr are skew-symmetric tensor fields on M reversing the horizontal and vertical
subspaces, that is,

Te(Vp) € Hp, Te(Hp) €V
and
AE(VP) - Hpa AE(HP) - Vp

Furthermore, from [3], we state that the tensor fields A and T satisfy

AgY = —Ay X = %y[x, Y], VXY € D(H), (1.6)
and
TV = ToU, YU,V € (V). (1.7)

The mappings between Riemannian manifolds satisfying these two conditions
were studied by T. Nagano in [9]. In particular, he derived the fundamental
equations analogues to Weingarten’s formulas for submanifolds in Riemannian
geometry. O’Neill further studied such mappings in [2] and called such mappings
Riemannian submersions.

Geometrical features of the fibres will be distinguished by A and V. For the
covariant derivative, for example, VYW = VYV W representation will be used
in this paper, where W,V are vertical vector fields and V is the Levi-Civita
connection on M.
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Lemma 1.3. Let X,Y be horizontal vector fields and V, W wvertical vector fields.
Then one has

VyW =Ty W + V‘KW

Vi X = V?‘/X +Tv X

VxV =AxV + V}}(V

VxY = VhiY + AxY.
Furthermore, if X is basic, Vi, X = AxV|[7].
Definition 1.4. Let © : (M,gy) — (B,gp) be a map between Riemann-
ian manifolds. The differential 7, of m can be seen a section of the bundle
(TM,7'TB) — M, where 7~*(T'B) is the pullback bundle and it has fibres
(7=YTB)), = T (p) for each p € M. Hom(TM,s*(TB)) has a connection V

induced from the Levi-Civita connection V' and pullback connection.
The second fundamental form of 7 is the map

Vr, :T(TM) x T'(TM) — T'(TB)
defined by

(Vi) (X,Y) = VimY — 1, (VyY), (1.8)
where V? also denotes the pullback connection of V2 along 7. It is well known

that the second fundamental form is symmetric[0].

Let (M, g, F) be an almost Riemannian product manifold. This means that
Riemannian manifold M admits a tensor field F' of type (1, 1) such that

g(X.Y) = g(FX,FY),F* = I,F # %I, (L9)

for all X,Y € I'(T'M). We denote the Levi-Civita connection on M by V. If
F' is parallel with respect V, that is, VI = 0, the almost Riemannian product
manifold is called locally Riemannian product manifold.

2. ANTI-INVARIANT RIEMANNIAN SUBMERSIONS IN A LOCALLY RIEMANNIAN
ProbDUCT MANIFOLD

Definition 2.1. Let (M, gur, F') be a locally Riemannian product manifold and
(B, gp) be a Riemannian manifold. We suppose that there exists a Riemannian
submersion m : M — B such that Kerm, is anti-invariant with respect to F,
that is, F(Kerm,) C (Kerm.)*, then we call 7 an anti-invariant Riemannian
submersion.

Now, we will give an example in order to guarantee the existence of ant-
invariant Riemannian submersions in locally Riemannian product manifolds and
demonstrate that the method presented in this paper is effective.

Example 2.2. Let 7 : R® — R? be a map defined by

T1 — X4 To + Ts

7T($1,l'2,x3,$4,£175) = ( \/§ » L3, \/§ )
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Then by direct calculations, we have

0 0 0 0
KerdW—Sp{V—a—xl-l—a—M,W—a—xQ_a_%}
and
0 0 0 0 0
Kerdn)t = S,{X = — Y = = —1
(Kerdr)™ = S dry  Ory’ 8x2+5:v5’ a933}

Since rank(m) = 3, the map 7 is a submersion. Furthermore, we conclude that
the derivative map dr preserves lengths of the horizontal vectors with respect to
the standard metric tensors of R® and R?, that is, 7 is a Riemannian submersion.
On the other hand, one of the Riemannian product structure of R is defined by

. b 5 _
F:R— R, F($1,$2,$3,9€4,$5) = (951@2,903,—904,—-’]05)

We can easily see that F'V = X, FW =Y which imply that F(Kerdnr) C
(Kerdm)t. So m is an anti-invariant Riemannian submersion.

Here we state that If 7 : M — B is an anti-invariant Riemannian submersion
from a locally Riemannian product manifold (M, g, F)) to a Riemannian mani-
fold (B, gg), then from Definition 2.1 we can derive F(Kerdr)* N Kerdr # 0.
Therefore, we denote the orthogonal complementary distribution of F'Kerdnr in
(Kerdm)* by p. Hence we have direct sum

(Kerdr): = F(Kerdn) @ p, (2.1)
which is equivalent to
F(Kerdn)* = Kerdr @ F(u). (2.2)

We can easily to see that p is an invariant subbundle of (Kerdr)® with respect
to F' and dim(u) = 2b — m.
since 7 is a Riemannian submersion and consider (2.1), we can write

TB =dn(FKerdr) @ dr(u). (2.3)
So for any X € (Kerdmr)*, FX can be written follow as
FX =tX +wX, (2.4)

where tX and wX belong to the distributions I'(Kerdr) and I'(u), respectively.

Lemma 2.3. 7 : (M, gy, F) — (B, gg) be an anti-invariant Riemannian sub-
mersion. Then for all X € I'(H) and V € T'(V) we have

AxFV = tAxV = —Apy X, (2.5)

(Vi) X = -TywX, (Vyw)X = FTyX —TytX, (2.6)
and

(Vyw)X = FAy X — AytX and (Vyt)X = A,xY. (2.7)
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Proof.
Since Riemannian product structure F' is integrable and consider Lemma 1.3
we have

VxFV = FVxV
VAFV + AxFV = tAxV +wAxV + FVYV,

whereof the vertical components give (2.5). On the other hand, for the same
reason, we reach

VvFX = FVyX
TotX + VUtX + ViwX + TywX = tVEX +wVEX + FTy X.
The horizontal and vertical components of the last equation, respectively, we get
ViwX —wVEhX = FTy X — TytX,
that is,
(Vyw)X = FTy X — TytX
and

VX —tVi X = —TywX,

(Vi) X = —TywX,
which gives (2.6). Again making use of (2.5) and consider Lemma 1.3, we have
VyFX = FVyX
AvtX + VX + VEOX + AywX = tVEX +wVEX + FAyX.

From the horizontal and vertical components of this equation, respectively, we
obtain

ViwX —w(VEX) = FAy X — A X, VX —tVEX = —AywX,
that is,
(Vyw)X = FAy X — AytX and (Vyt)X = —AywX = A, xY,
where the covariant derivatives of ¢ and w are defined by
(Vgt)F = VitF — t(VgF)
and
(Vew)F = ViwF —w(VLF),
for any E, F € T'(TM). Hence the proof is complete. O

In the rest of this paper, for the shake of brevity, we denote the horizontal and
vertical distributions of the anti-invariant Riemannian submersion 7= : M — B
by H and V, respectively, and 7, stand for the differential of .

We note that an anti-invariant Riemannian submersion is called a lagrangian
anti-invariant Riemannian submersion if F'(V,) = H,, for each p € M.
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Theorem 2.4. Let w: (M, gp, F) — (B, gg) be an anti-invariant Riemannian
submersion. Then the following assertions are equivalent to each other;
1.) The horizontal distribution H is integrable

2)9m (AxtY, FV) — gy (Ayt X, FV) = g((Vyw)X, FV) — gp((Vxw)Y, FV);
3)gm(Apy X, tY) — gu(Apy Y, tX) = gp(Vm)(X,V), mFwY)
— gp((Vr) (Y V), mFwX),
forany X, Y € H andV €V
Proof. By using (1.9) and (2.3), we have
gu((X,YLV) = gu(VxY, V) —gu(Vy X, V)
gu(VxFY , FV) — gy (VyFX,FV)
= gu(VxtY,FV) — gy (VytX, FV) + gy (VxwY, FV)
— gu(VywX, FV)
(
(
(

= gu(AxtY,FV) — gy (AytX, FV) + g(ViwY, FV)
— gu(VywX, FV)
= gu(AxtY, FV) — gy (AytX, FV) 4+ gu(Vxw)Y, FV)
g (Vyw) X, FV)
which implies that 1.) < 2.) On the other hand, for any V' € I'(V), differentiating

covariant the 7,V = 0 in the direction X € I'(#), also making use of (1.8) and
consider Lemma 1.3, we get

(V) (X, V) =m(VxV) = m(AxV). (2.8)
To show equivalence of 2.) to 3.), we also use (2.7)
g (AxtY, FV) — gu(AvtX, FV)+ gu(VxwY, FV) — gu(VywX, FV)
= gu(AxtY,FV) — gy (AytX, FV) — gy (Vx FV,wY)
+ gu(VyFV,wX)
= gu(Aprv X, 1Y) — gu(Apv Y, tX) — gu(AxV, FwY)
+ gu(AyV, FwX).
Riemannian submersion of the fact that where = and (2.8) are used, we reach
g (Apy X tY) — g (Apy Y tX) = gp(m(AxV), mFwY)
— gp(m(AYV), mFwX)
= gp((Vm)(X, V), m.FwY)
— g((Vm ) (Y, V), m. FwX)
which implies 2.) < 3.) O]
Since w = 0 in the Lagrangian anti-invariant Riemannian submersions, the

following corollary can be given.

Corollary 2.5. Let w : (M, gy, F) — (B, gg) be a lagrangian anti-invariant
Riemannian submersion. Then the following assertions are equivalent to each
other;
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1.) The horizontal distribution H is integrable,

2.) AxFY = Ay FX,

3.) Apv FY = FApyY, for any X, Y € I'(H) and V € T'(V).

Theorem 2.6. Let m: (M, gy, F) — (B, gg) be an anti-invariant Riemannian
submersion. Then the following assertions are equivalent to each other;

1.) The horizontal distribution H is total geodesic on M;

2) gM<AF\/X, tY) + gM((VXw)Y, FV) = 0,’

3.) tAxtY + AxFwY =0;

for any XY € I'(H) and V € I'(V).

Proof. For any XY € I'(H) and V € I'(V), we have
gu(VxY, V) = gu(VxFY, FV)=gu(VxtY,FV) + gu(VxwY, FV)
= gu(AxtY,FV) + gu(ViwY, FV)
= gu(AxtY, FV) + gu(Vxw)Y + w(VxY), FV)
= gM(.Ava, tY) + gM((VXw)Y, FV)
which implies that 1.) < 2.). On the other hand, by direct calculations, we have
g (Apy X tY) + gu(Vxw)Y, FV) = gu(Apy X, tY) + gu(VxwY, FV)
= gu(tAxtY,V) 4+ gu(VxFwY,V)
= gu(tAxtY + AxFwY,V),
which implies 2.) < 3.) This proves our assertion. 0J

Corollary 2.7. Let w : (M, gy, F) — (B,gg) be a lagrangian anti-invariant
Riemannian submersion. Then the following assertions are equivalent to each
other;

1.) The horizontal distribution H is totally geodesic on M,

2.) Apy X =0,

3.) AxV =0,

forany X e I'(H) and V e T'(V).

Theorem 2.8. Let 7 : (M, gp, F) — (B, gg) be an anti-invariant Riemannian
submersion. Then the following assertions are equivalent to each other;

1.) The vertical distribution V is total geodesic on M,

2.) gu(TotX, FV) = gp((Vm)(FV, X), mwX),

3.) TvtX + AuxV lies in the invariant subbundle I'(p),

for any X € I'(H) and U,V € T'(V).

Proof. By using (1.9), (2.4) and consider Lemma 1.3, we arrive at

Since [F'V,U] € I'(V) and taking into account that 7 is a Riemannian submersion,
we obtain

gu(VoV, X) = gu(ToFV,tX) + gu(VeyU,wX)
gM(,F]FV7 tX) + gM(AF\/U, wX)
= gu(TuFVtX) + gp(m(ApvU), mwX).
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Also by using (2.8), we conclude
gu(VuV, X) = gu(ToFVtX) + g5(Vr) (U, FV), mwX),

which implies 1) < 2). Let us suppose that 2.) is satisfied. Since Ty is a
skew-symmetric on M, by using (1.6) and (1.7), we have

au(TotX, FV) + ge((Vm)(FV,U), mwX) = —gu (Tt X, FV)
+ g(m(VEeyU), mwX)
= —gu(TutX, FV)+ gu(VeyU,wX) = —gu (Tut X, FV)

gu (AU, wX)

—gu(TutX, FV) — gy (ApywX, U)

—gu(TutX, FV) + gu (Aux FV,U)

= —gu(TutX, FV) — g (AuxU, FV)

= gu(TutX + A,xU, FV),

which is equivalent to 3.) O

_|_

Corollary 2.9. Let © : (M, gy, F) — (B, gg) be a lagrangian anti-invariant
Riemannian submersion. Then the following assertions are equivalent to each
other;
1.) The vertical distribution V is totally geodesic on M,
2.) Ty FX =0,
3.) TvX =0, for any V€ I'(V) and X € I'(H).

The Riemannian submersion map 7 is called totally geodesic map if the map
m, is parallel with respect to V, i.e., Vm, = 0.

Theorem 2.10. Let 7 : (M, gy, F) — (B, gg) be a lagrangian anti-invariant
Riemannian submersion. Then m defines a totally geodesic map if and only if

ToFV =0, VU,V € F(V) (2.9)
and
Ay X =0, X € F(H) (2.10)

Proof. 1t is well known that (Vr,)(X,Y) = 0, for any X,Y € I'(H), in the
Riemannian submersions. So we have to show that

(Vi) (X, U) = (Va)(V,U) =0

which is equivalent to (2.9) and (2.10). Thus, for any X € T'(H) and U,V € T'(V),
from (1.8), (1.9) and consider Lemma 1.3 we have

(Ve ) (U, V) = —m(VyV) = -1 (FVyFV) = —m,(FVLFV + FT FV)
= —m.(FTyFV)
and
(Vi) (U, X) = —m(VxU)=—-m(FVxFU) = —m,(FV%FU + FAxFU)

= —m(FAxFU) = 1,(FApuX).
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Taking into account of F' being a regularly map and 7 being a lagrangian anti-
invariant Riemannian submersion, we get desired results. O

Theorem 2.11. Let f : (M, gy, F) — (B, gp) be a lagrangian anti-invariant
Riemannian submersion. Then M = My X My is a twisted product if and only
if the tensors Ty and Ax satisfy the conditions

TvEX = gu(TvV. X)|V|°FV (2.11)
and
AxFY =0, (2.12)
for any XY € T'(H) and V € I'(V).

Proof. We note that the twisted product M = My, x ¢ My is characterized by the
fact that My and M, being totally geodesic and totally umbilical submanifolds
of M, respectively, (for the more detail, we refer to [%]).

If M = My, x¢ My is a twisted product, we have

g VoV, X) = gu(VuFV,FX)=gu(ToFV,FX) = —gu(ToFX,FV),
that is,
X(In /g (U, V) = gu(TuFX, FV).
This implies that
ToFX = X(In f)FU. (2.13)

By taking inner product both sides of (2.13) by F'U and Ty is a skew-symmetric,
we have

= —gM(VUU,X) = —gM('E]U,X).

Also, combining with (2.13), we reach
TyFX = —gu(ToU, X)|U|2FU.
So (2.11) is satisfied.

On the other hand, since M is a totally geodesic in M, f is a function on M
and AxFY € I'(H), for any X, Y € I'(H) we conclude

gu(AxFY, X) = gu(VxFY, X) = gu(VxY, FX) =0,
which implies (2.12). O

Theorem 2.12. Let (M, gy, F') be a locally Riemannian product manifold and
(B, gg) be a Riemannian manifold. Then there is no lagrangian anti-invariant
Riemannian submersion from M onto B such that M is proper locally twisted
product manifold which are form My X ¢ My
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Proof. Let w: (M, gy, F') — (B, gp) be a lagrangian anti-invariant Riemannian
submersion and M = My X ¢ My be a locally twisted product of My and My,. o
denote the second fundamental form of My in M. Then we have

Q(VXY7 V) = g(U(Xv Y)? V),
for any X,Y € I'(H) and V' € I'(V). Taking into account of My being totally
umbilical submanifold of M, we get

where h denote the mean curvature of My in M. Furthermore, since V is a
Levi-Civita connection, H and ) are orthogonal distributions on M, we have

g(VxY, V) = —g(VxV)Y)=—g(VxFV,FY)=—g(AxFV,FY).(2.15)
So combining (2.14) and (2.15) , we reach
AxFV = —g(V,h)FX. (2.16)
Taking inner product both sides of (2.16) by F X, we arrive
9t(AxFV,FX) = —gu(V,h)gu(FX, FX)
gu(VxFV FX) = —gu(V,h)gu(X, X)
gu(VxV, X) = —gu(V,h)gu (X, X)
gu(AxV, X) = —gu(V,h)gu(X, X)

gu(AxX, V) = gu(V. h)gu (X, X) =0.

Ay, is skew-symmetric, we conclude that h = 0, that is, My is totally geodesic
submanifold. This completes the proof. O

REFERENCES

[1] A. Gray, Pseudo-Riemannian almost product manifolds and submersions, J. Math. Mech.,
1316(7) (1967), 715-737.

[2] B. O’Neill, The fundamental equations of a submersion, Mich. Maht. J., 13 (1966), 459-469.

[3] S. Deshmukh, T. Ghazal and H. Hashem, Submersions of CR-submanifolds on an Almost
Hermitian Manifold, Yokohama Math. J. 40 (1992), 45-57.

[4] S. Deshmukh, S. Ali and S.I. Husain, Submersions of CR-submanifolds of a Kaehler
Manifold, Indian J. pure appl. Math. 19(12) (1988), 1185-1205.

[5] S.E. Stepanov, Riemannian almost product manifolds and submersions Part I, J. Math.
Sci, 99(6) (2000), 1788-1810.

[6] S.E. Stepanov, Riemannian almost product manifolds and submersions Part II, J. Math.
Sci., 99(6) (2000), 1811-1831.

[7] S. Kobayashi, Submersions of CR-submanifolds, Tohoku Math. Journ. 89 (1987), 95-100.

[8] I. Davidow and A.G. Sergeev, Twisted products and harmonic mappings, Usp. Mat. Nauk,
48(3), (1993), 3-96.

[9] T. Nagano, On fibred Riemannian Manifolds, Sci papers, college Gen. Ed. Uni. Tokyo 10,
(1960), 17-27.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF GAZIOSMANPASA, TOKAT, TURKEY.
E-mail address: mehmet .atceken382@gmail.com, mehmet.atceken@gop.edu.tr



	1. Introduction and preliminaries
	2. Anti-Invariant Riemannian Submersions in a Locally Riemannian Product Manifold
	References

