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ON CAPUTO CONFORMABLE FRACTIONAL NEUTRAL
EVOLUTION EQUATIONS WITH FINITE DELAY

MY HICHAM BEN TAHIR'*, LALLA SAADIA CHADLI?, and M'HAMED ELOMARI?

ABSTRACT. In this paper, we study a class of Caputo conformable fractional
neutral evolution equations with finite delay. The existence and uniqueness for
mild solutions are proved by fixed point theorems of Krasnoselskii and Banach
contraction mapping, with some conditions. In the end, an example application
is given for illustration purposes.

1. INTRODUCTION AND PRELIMINARIES

Several authors have tried to replace the classical derivative with a fractional
derivative in differential equations [3, 9, 17, 20, 21], because the model of many
phenomena with memory with fractional differential become more precise and
advanced than the classical model in various fields of science and engineering
[10, 15] . The conformable derivative was introduced by Khalil et al. [11]. Af-
ter Abdeljawad [!] defined the right and left conformable fractional derivatives,
conformable fractional integrals and the fractional Laplace transform. The lit-
erature features various definitions of fractional differential operators, including
Riemann-Liouville, Caputo, Hilfer-Riesz, Erdelyi-Kober, and Hadamard opera-
tors [15]. Notably, the Caputo and Riemann-Liouville fractional operators have
attracted significant interest from researchers and are extensively used in complex
fractional models, as highlighted by numerous studies [3].

Recently, Jarad et al. [13] introduced two integration and differentiation op-
erators of arbitrary order based on Khalil’'s conformable operators [11]. These
are Knoun as the Riemann-Liouville conformable integral and the Caputo con-
formable integral and derivative. They have been successfully applied to solve
challenging problems in engineering sciences.

These conformal fractional operators combined with two parameters have be-
come a subject of many contribution in several reserchers [2, 23]. Moreover, the
nonlocal Cauchy problem with delay, associated with the Fractional derivative,
have been investigated by many authors [3, 5, 6, 7, 10, 11, 15].
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In this paper, we are studying the following nonlocal-delay Cauchy problem
with conformable fractional derivative,

{CCW [u(t) — g((t, )] = Au(t) + f (t,ur) t€ (0,q]
up(T) + @ (U, Upys - - 5 ug,) (T) = @(7), T € [-r,0]

(1.1)

where:

o CODM is the fractional derivative Conformable in the sense of Caputo of order
0<p<l,withO<a<l,

e A is the infinitesimal generator of an analytic semigroup {7'(¢)}+>o of operators
on E which F is a Banach space with the norm |.|,

e f,9g:]0,00) xC — FE and ¢ : C" — C are given functions, where C := C(I, E)
the continuous functions from / C R intoE with the norm ||u|| = Supses|u(?)|

e p € C([-r,0], E) and define u; by us(7) = u(t + 1), for 7 € [—r,0].

This paper is divided into 4 sections. The second section is devoted to some
concepts and basic properties of the conformable fractional calculus in the Caputo
and Reimann-Liouville setting, in the third Section we define the mild solution
of the problem and prove the existence and uniqueness under some conditions,
and in the last section we give an example of application of the main results.

1.1. Preliminaries. We start, in this section, by recaling some basic concepts
and theorems of the conformable fractional calculus.

Definition 1.1. [14] The left conformable derivative of a function x : [tg,00) — R
with a € (0, 1] at the initial point ¢, is defined by the following relation

T () = lim z(t+e(t— tg)l_o‘) — z(t)

e—0 €

for all t > 0,0 € (0,1). If z is a-differentiable in some (0,7),7 > 0, and
limy o+ 752 () exists, then define:

Toix(0) = lim T3tz (t)

t—0t

The fractional integral (.) associated with the conformable fractional deriv-
ative is defined by

I%x(t) = / (s —a)* 'z(s)ds (1.2)

We now recall the definition of the fractional conformable operators of order
B, Re(B) > 0 extended by Jarad and al. in both the Caputo and the Riemann-
Liouville settings as follows:

Definition 1.2. [13]. Let 5 € C ;Re(5) > 0.
The Riemann-Liouville conformable integral about a given function x of order g
with a € (0, 1) is formulated by:

RCT0B, (1) — 1 Pt—a)—(s—a) 5711‘8 ds
Ia (t> - F (6) /a < o ) ( )(S _ a)l—a (13)
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The Riemann-Liouville conformable derivative for a given function = of order
with a € (0, 1] is introduced by

ReDSAa(t) = Ton (RCTpn ) (1)

— % /: ((t —a)® ; (s — a)”‘)ﬁl (0 - _dj)1a (1.4)

n times

—
where n = [Re(f)] + 1 and T*" = ToTe ... T and T is the left conformable
derivative with a € (0,1] .

When a = 0 and § = 1, the fractional operators in (1.3), (1.4) coincides with
the Riemann-Liouville fractional integral and derivative. To define the generalized
notion of the conformable derivative in the Caputo sense, we needed to introduce
some functions spaces:

Definition 1.3. [1]. For a € (0,1] and n = 1,2,3, ..., define
C’;"a([a, b)) = {f : [a,b] — R such that 7" ' f € 1,([a, b])} ,
with, I, ([a, b]) is the space defined by:

La(la,b]) = {f - [a,b] = R: f(z) = (I5¢) (t) + f(a), for some ¥ € Lq(a)},
where,

Lo(a) ={¢ : [a,b] = R: (I2) (t) exists for all ¢ € [a, b]}

Definition 1.4. [13]. The Caputo conformable derivative for a given function
z € Cl, ([a,T]) of order B with o € (0, 1] is defined by

oD a(t) = RLPA (T ) (t)

such that n = [Re (8)] + 1.

If a =0 and a = 1, then C“D*Px(t) = “D5x(t).
In the following lemma, we give the applied properties of Caputo and Riemann-
Liouville fractional conformable operators.

Lemma 1.5. [13].Let Re (8) > 0,Re(y) > 0 and Re (v) > 0. Then for o € (0,1]
and for any t > a, we have the following statements:
(S1) Bezab (RCIg‘Wx) (t) = (RCIO‘ 5+7m) (1),

(52) RCI;Y”B( )a(y_l) (3) = alﬁ F(u+,8) ( ) odwA=1)

(59) D (1 — a)" 0 (5) = (L (5 _ getes)
(54) FODY (ROTgz) (1) = (T 7n) (), (Re () < Re ()
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Lemma 1.6. [I3]. Letn —1 < Re(8) < n and v € C},([a,7]). Then for
a € (0,1], the following identity holds

RCTa,8 (CoyaB _ s Tf’kx (a) ko
27 (9 ) (t)—x(t)—ZW(f—a) :

k=0
= x(t) — ick (t — a)ka ,

k=0

such that: cg,cq,...,cn_1 € R.
The adapted transform is given by the following definition.

Definition 1.7. [1]. The conformable fractional Laplace transform of order a €
10, 1] of a function f(.) is defined by

+oo
Lo(f)(N) ::/ o te XD yde, A >0 (1.6)
0
Proposition 1.8. [12] If f(.) is « differentiable function, then we have the fol-
lowing results:
Lo (Df(1)) (A) = ALa(f(1))(A) — f(0) (1.7)

(07

e (1(5)) 0= et (1)

The conformable Laplace transforms of some using functions is given by the
following Lemma:

Lemma 1.9. [l]

[
(1) Lo {1} (V) =5
(2) Lo {(5)°} (V) = S5

el

(3) Lo {eu(g)} () =L

A—p

Proof. We show these results by using (1.8) Il

Definition 1.10. Let z and y be two continuous functions at each interval [0, 7.
We define the a-conformable convolution of x and y by

uwumz/x@ww—ﬁ%%s

Now, we present the a-conformable Laplace transform of the a- conformable
convolution

Remark 1.11. . Let x and y be two functions continuous at interval [a, T']. Then,

Lo{(r*y)a} = La{r} Loy}
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Proof.

Lo{x} Lo{y} :/ e_)‘t;ta_lx(t)dt/ e_)‘%sa_lx(s)ds
0 0
:/ / e_k(%’L%)x(t)y(s)tO‘_lSa_ldtds
o Jo

we take u such that u® = t* 4+ s*, then

Q=

Lot Latih = [ | [Matar = o0
= Lo {(T*Y)a}

)y(s)das} wLdu

O

Lemma 1.12. (Krasnoselskii FPT, [21]).Let E be a Banach space, let B be a
bounded closed and convex subset of E and let P1; P2 be maps of B into E such
that Pix + Poy € B for every pair x;y € B. If Py is a contraction and Py is
completely continuous, then the equation Pix + Pox = x has a solution on B.

In this paper, let 0 € p(A), where p(A) is the resolvent set of A.
For 0 < 8 < 1, we define the fractional power A” as a closed linear operator on
its domain D (A7).
For analytic semigroup {7'(t)}:>o, the following properties will be used [18].
(a) There is a M > 1 such that

M := sup |T(t)] < o0
t€[0,4-00)

(b) for any 5 € (0, 1], there exists a positive constant C such that

|APT ()| < % 0<t<a

2. MAIN RESULTS

First, we give the definition of mild solutions for the Cauchy problem (1.1). So,
using the definition of the Riemann-Liouville Conformablel Integral and Lemma
1.6, we obtain the equivalent integral solution of the fractional equation (1.1)

U(t) :QO(O) - ¢ (ut17ut27 s 7utn> (0) - g(O, UO) + g(t“t)
L tﬁ—iﬂ_l u(s s,ug))s® tds. s a
17 | 5~ S ) + s ) s. s<ee o
uo(7) + @ (Usy, Uy, - - up,) (T) = p(7), 7€ [-7,0]

(2.1)
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Lemma 2.1. If (2.1) is verified, then we have

(0= [ MaOT(E = 0) (0) = 0ty 1) 0) = (0. 0))

+ g(t, uy —i—ﬁ/ / M;g(0) ——S—)B lAT((a 2)69)9(87 ug)s* tdfds.

+ﬁ// Mp(0) ——%)B 1T(( ) 0)f(s, us)s* 'dfds, te€]0,a.
Luo(T) + & (ury, Uy, -y g, ) (T) = @(7), 7 € [=r,0]

(2.2)
1 1

Where Mg(0) = Bﬁlé@/zﬁ(é’ﬁ) is the probability density function of Mainardi

defined on (0, oo) . O

Proof. Let A > 0. Applying the conformable Laplace transforms to (1.1), we have

Uog

o (A) = 3T F(Aua( )+ fa(N)

where o
Ga(\) = Lo {u(t)} (V) = / e M)t 1dt
0

and .

Aa A\) = —A(%) Uy a—ld'

) = [ e e
therefore

G (N) = MHNT — A)hug + (VT — A) 71 fa(N)
[T eV T (ugdt + [ e M) (V)
/0 e (t)uot—l—/o e (t) fa(N)dt

We take ¢ = (£)7, then
i =8 [ 15— OCER 508y, g
Uo(N) = p N TH(—)P e W T ((— )P Jups® ™ Tds
0 a o

s8¢ A

+/OO 6(f)ﬁfle*W%ﬂT((—)5)fa(A)sa*1ds
0 8

«

@

/ —id%(e-“%)ﬁﬁ((—)ﬁ)uods
e .

5 L~ )BT(( ) e AN (8, uy)s* 1t Ydsdt.

=: ]1 + ]2
We consider the following one-sided stable probability density in [16, 22]:
1 & (_1)]{?7107&’671 '
s(0) = — kZ o (8K + 1) sin(kw3)

whose integration is given by
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| e = seo
0
Using this relation, we get

h= [T =5 T unds

S

/ / O (0)e 0 ‘)T((%)) Yuos®~Ldfds
/ / (6 ?ﬁ)u df)s*'ds

B[ [ BN T e N e w)s e s
0 0

« «
oo

- /0°° /OOO/O ﬁ( (e )GT((:) Jem AN F(t, uy)s* 4% dbdsd.
_/OO/OO/Ooﬁe_A(f+f)(%)Bl¢ (Q)T((%l)l)f(t )ta_l a_ldigd dt

B 0 0 0 08 B 08 y Ut S sdt.

_ /OO /oo /oo 66_)\(%‘5‘%) (%)5_1¢ (Q)T((%)ﬁ_l)f((ya - a)é u((ya . Sa)é)ya—l oe—ld@d d
- 0 0 0 08 p 68 § ) S sduv.
_/w/u/wﬁek(f+f)(%)ﬁ—l¢ (0)T((%>’B_l)f((ya_ a)é (( a a)é) a—1 aflded d
o Jo o 0P b 95 §7)e,u((v™ —s v ls vds.

© ¢ poo A R A B
:/0 e M) x {/0 /o ng(é’)(a 85) T ((O‘ 85) )f(s,us)sa_ldes)} tolat

Therfore we obtain
)uodﬁ) s lds

aam:/ (/ e

Using the inverse conformable Laplace transform, we get

0= [ wmor(

ﬂ)ﬁ—l (ﬁ_£>5
// Bips (0 6; T( = 95a )f(s,us)sa_ldes

)Uode

Therefore

+ /Ot /Oo 59/\/1/3(9)(5 _ f)ﬁ—lT ((f _ %)59) F(s,ug)5% dods
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1 1 1
where M3(6) = 597173@%(975) is the probability density function of Mainardi

defined on (0, oo) [16, 22]. O

For any x € E, we define two operators S, (t, s) and P, s(t,s) for 0 < s <t <
T by

So st s) = /0 N Mg(H)T((g — 5 60)2ds

«
and

Pos(t,s)x = B/ OMpT ((t— - S—)ﬁQ) xdf
0 a o«

Now, we can introduce the following definition.

Definition 2.2. We say that u € F is an integral solution of the delay Cauchy
problem (1.1) if:

(u(t) = Sa5(t,0) (©(0) — @ (upy, Uty, . .., ug,) (0) — g(0,ug)) + g(t, us)
T /0 (
—l—/o (a — %)Blpa,g(t, s)f(s, us)s* 'ds., t€l0,a.

(uo(T) + @ (usy, uty, -y ur,) (T) = (1), 7€ [=1,0]

Where, S, 5(t,s) and P, s(t,s) are two operators defined by, for all z € E and
0<s<t<T,

Q

e
DY _)ﬁ_lAPaﬁ(tv S>9(37 us)sa_ld&
(6% «
o

(2.3)

Suslt, )z = /0 N Mﬁ(e)mg _ %)'Bﬁ)xdﬁ
and
Paslt, s)a = / BOM(6)T ((% - %)ﬂe> df
0

Lemma 2.3. The operators S, 3 and P,z have the following properties
(a). For anyt > s> 0, fited Sop and P, 3 are bounded linear operators, i.e.

M
for any x € E, |[Sa(t, s)(2)[| < M||z|| and || Pos(t, s)(x)| < m”lll-
(b). The operators S, (t,s) and P, s(t,s) are strongly continuous for all t >

s >0, such that, for all x € E and 0 < s < t; <ty <T we have,
|Sa(ta, s)x — Sap(te, s)z|| = 0 and || Py g(ta, s)x — Pag(ty, s)z|| — 0 when
t1 — to.

(c). If T'(t) is a compact operator for everyt > 0, then S, 5(t, s) and P, g(t, s)
are compact for all t,s > 0.

(d). If Sap(t,s) and P, g(t, s) are compact and strongly continuous semigroups
of bounded linear operators for t,s > 0, then S, g(t,s) and P, s(t,s) are
continuous in the uniform operator topology.

(e) Fort >0, 4 (Sas(t,0)x) =t"""AP, 4(t,0)x
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2.1. Existence. To obtain the existence of mild solutions, we will need the fool-
lowing assumptions:

(Hy) : The function f(t,-) : C — E is continuous for almost all ¢t € [0,a],
and for every each u € C, the function f(-,u) : [0,a] — E is strongly
measurable,

(H,) : for every m > 0 there exists a function &, € L* ([0, a],R™") such that:
SUD|y|<m [ f(E, w)]| < & (t), for almost all ¢ € [0, a]

(Hj3) : there exists a constant Ry > 0 such that:
|l (ey, Utyy -y ) — O (Vgyy Vagy - ooy 01, || < Rol|lu—v]|, for u,v € C([—r,al, E),

(Hy) : g : [0,a] x C — E is a continuous function and there is n € (0,1);
Ky, K7 > 0 such that g € D (A") and for any u,v € C,t € [0, a], the func-
tion A"¢g(-,u) is strongly measurable and A"¢(t,-) satisfies the Lipschitz
condition

[A%g(t, u) = A'g(t, v)| < Kollu — ||
and inequality:
[A”g(t, u)| < K ([[ull +1)

Theorem 2.4. If T'(t);~0 is compact and (Hy) — (Hy) are satisfied, then the
nonlocal Cauchy problem with delay (1.1) has a mild solution provided that:

Cr-nKi oy ~ :

W(L < 1, 1€ {0, 1} (24)
Proof. We prove the existence of mild solution for the nonlocal Cauchy problem
(1.1) by applying Krasnoselskii’s fixed point theorem.

First, we define the function w € C([—r, a], E) such that |w(t)| = 0,t € [—r, a].for
any positive constant m and u € B, = {u € C([-r,a], E) : ||u| |[<m}, and
according to the hypothesis (H3), for ¢ € [0, a], we have:

|Sa,,3(t7 0) (QO(O) - ¢ (ut17ut27 st 7utn) (0) - 9(07u0))| <M (|Q0(0)| + RHU - w”)

+ M ’(b (wtlawtza s 7wtn)’

+ M |A7"A"g (0, uo)}

<M [H(p” + Rm + H¢ (wtwwtzv s 7wtn)H]
+ M |AT"| Ky(m + 1)

Ri:== MR+ (M +1)|[A7" K; +

(2.5)
P, 5(t, s) is a strongly continuous semigroup of bounded linear operator for ¢, s >
0, then, s* *AP, 5 (X=22) g(s,u,) is continuous on [0, a).

For every u € B,,;t € [0, ], using the properties (a), (b) and the hypothesis (Hy)

we have:
t o s 51 a_1 t t s¢ B—1 gl—n n a—1
(E - E) AP p(t,s)g(s, us)s ds = (E - E) AT Fyp(t, s)ATg(s, us)s ds
0 0
t 4o a BA=mC,_\ T(1
< [(E Dy Ba  Cu TR 4y g,

0« (to — s)B0=1) (1 + fn)

- F(l +77) t 5051*67780471
= K+ D75, /0 (t— sy
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then

5% 4 _ Ci_,Kiy(m+1) T'(1+n)
———BlAPat Sa1d< 1—nih1

(CY O{) ,B( ,S)Q(S, U)S § = 577@’5" F(l‘i‘ﬁn)

/Ot
(2.6)

therefore : |(£ — £2)#~15e"1AP, 5(t,5)g(s, u,)| is integrable in the Lebesgue
sense for all s € [0,¢] and t € [0, ]
For every m > 0, we define two operators (Q1) et (Q2) on B,, as follows:

(Qlu) (t) = Soéﬂ(t? 0) (90<0) - ¢ (utlv Utyy - - 7utn) (0> - 9(07 uO)) + g(ta ut)

t 1« o
+/ (& = ZY1AP, ot 8)g(s, u)s*Mds;  te 0,
0

afn

(Qlu) (T) = 90(T> - ¢ (utlautza <o 7utn) (T)7 T E [_Tﬂ 0]
(2.7)
and
Q) () = [ (G =Sy Pt )5 w)s s e loal
(Qau) () = 0; -

Then, u is a mild solution of (1.1) if and only if u = Q1u + Qu has a solution
u € B,,. So we determine mg such that ¢); + ()2 has a fixed point in B,,,.
We choose mg such that

(2.9)
where,

M | €mo ll o< (0,024 B
aPT (B +1)

We show that ()1 + ()2 has a fixed point, by using Krasnoselskii’s Fixed Point
Theorem, in three steps

Step 1: Qiu+ Qv € By, , for any u,v € B, .

Clearly, for every pair u;v € By, (Q1u) (t) and (Q2v) (t) are continuous in t €
[—r, al.

Let u,v € B, and t € [0, a] ,according to (H;), (Hz2) and (3.4),(3.5) we get:

A= M[||gl| + |16 (wry, ey, . ., wi, )] +(M + 1) [A77| K+

|(@uu) (1) + (Q2v) (1)] < [Sa (2, 0)[ [((0) = ¢ (uty, sy, -, ) (0) = 9(0, o))

b g
I 5*1APa t < afld
+ /0(a Oé) ,5(78).9(87 U)S S
L s 1 1
o tuol+ | [ =S5, w)s s
b«

<M [HSDH + Rmo + ||¢ (wtuwtz’ SR 7wtn)||] + (M + 1) |A—77‘ Ky (mO + 1)
QPL(G 1 1) mol=(0.a®) Brabn T(1+ 8)
S my.

afn
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For 7 € [—r,0]

[(Quu) (7) + (Qa2v) (T)| < M [llp]l + Bmo + [|¢ (Wi, wey, - wy, ) ]
< my

Therefore, Q1u + Qv € By, , for every u,v € B,,,
Step 2: (); is contraction on B,,, .
Let u,v € B, and t € [0, a],

|(Q1U) <t> - (le) (t)| S ‘Soéﬁ(t? 0) [¢ (utnutz’ s 7utn) (0) - ¢ (Utnvtm s 7Utn) (0)”
+ |Sa,ﬂ(t7 O) [g (07 UO) -9 (07 UO)H + |g <t7ut) -9 (t7vt)|
t* s¢

t
T / AT P, (8, 8) [A7 (s, u,) — A7 (s,0,)]] (= — )P~ ds
0 o«

Cl—nKO F(l +77)
Bnafn T(1 + Bn)
Cl*TIKO P(l +?7) afn -

BraPr T(1+ Bn)" e =l

SMRHU—UH+(M+1)|A_’7‘K0Hu—v||+ aa'B"Hu—UH

= <MR+ (M +1) |A°| Ko +

For 7 € [—r, 0] we have,

[(Quu) (1) = (Quv) (7)] < MR|ju— v, 7€ [-r,0]

then, [|Qiu— Qo] < <MR+ (M + 1) |A| Ko + %;;;20%@&@ lu — .

Therefore according to (2.4), Q)1 is a contraction.

Step 3 : We show that, (@)2) is completely continuous .

First, we show that (), is continuous on B,,,.

Let {u"} C By, where u" — u on B,,,. then: u} — u, for t € [0, a] according to
(H;),we have:

E(s,ul) = &(s,us),s €[0,a], asn— 0.

Since s € (s,u?) — £ (s,us)| < 257 L€, (s), according to the dominated con-
vergence theorem, we have:

/0 (g tp 1 s) [ (s, u™) — f (s, u.)] ds

« «

|(Qu™) (1) = (Q2u) (1)] =

M5 e ny
SF(B)/o(a a) s f (s,ul) — f(s,us)|ds — 0, asn — oo

which implies ()5 is continuous.
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Next, we will show that {Qyu,u € B,,,} is relatively compact,
For u € By, and ty,ts € [0, 7] such that t; < t5. we have :

(@a0) (42 = Q) ()] = [ (2 = Ty R, (s ).
[ Pl )5 ) = Pl ) s

t1 1 P B e g B o
R e e R E L IS IS
0

(0% 0% « (6%
= |J1 + Jo + Js|

Using the assumption (Hs) and property (a) and (b) of operator P, g of Lemma
(2.3), we obtain that |J1|,|J2| et |J3] — 0 as t; — to.
Then {Qou,u € B,,,} is equicontinuous , and uniformly bounded.
Next we show that for every t € [—r,a], V(t) = {(Peu) (t),u € By, } is relatively
compact on E.
For t € [—r,0], V(¢) is relatively compact on E.
For 0 <t < a, and for every ¢ € (0,t), we define Q2. on B,
t—e 1o

(Quen)() = [ (= 2 Pt ) (s,
_ g/ / 6M(0)( — 8—)5 7 ((ta _ f)%) F(s, us)s" dbds

(8% a
— BT(e5) / / M0y (= — 2 —)T (( —S—)ﬁe—eﬁa) (s, ug)s*"1d0ds.
Q (8%

Since T (£°) is compact, then V.(t) = {(Qarsu) (t),u € By, } is relatively com-
pact.
And, for every £ > 0 et 6 > 0, by using (Hs) and proprety (a) of Lemma(2.3) of

P, g we obtain,
Mlemg ||zt (t =€)
(@) (1) = (Qucg) (1)) < e (= 27

So there are relatively compact sets close to the set V(¢),¢ > 0. Hence the set
V(t),t > 0 is also relatively compact.
According to the theorem of Ascoli-Arzela, {Qou, u € B,,,} is relatively compact.
Therefore, ()5 is completely continuous .
Finally, the conditions of the Krasnoselskii theorem are verified, then Qiu + Qsu
has a fixed point, and the nonlocal neutral evolution problem(1.1) has a mild
solution. OJ

2.2. Existence and Uniqueness of mild solution. To show the existence and
uniqueness result for the non-local Cauchy problem (1.1), we apply the Banach
contraction principle and we add the following assumptions:

(Hs) : f(t,u;) is strongly measurable for every u € C ([-r, a], B,,) and almost
all t € [0,a].



CAPUTO CONFORMABLE FRACTIONAL EVOLUTION EQUATIONS 33

(Hg) : there exists a function p € L* ([0,a], R") such that; for every u,v €
C ([-r,a], B,,), where m is a positive constant.we have:

|f (G ue) = f (8 00)] < p()|lu — ol £ € [0, d]

I

Theorem 2.5. Assume that (Hy) — (Hg) are satisfied, then the nonlocal Cauchy
problem with delay (1.1) has a unique mild solution provided that:

Cl*TIKO F(l + ?7) aaﬁn MMlCLaB
Bnaln T'(1+ Bn) afT(B + 1)

Ry := MR+ (M+1) |A™"| Ko+ <1 (2.10)

where, M, = ||p||Loo([07a};R+).

Proof. We define the operator () on B,, by:

( (Qu)(t) = Sa,ﬁ<t7 0) (@(O) - ¢ (utnutw s 7utn) (O> - 9(07 uo)) + g(t7 ut)

t 1 g
___5*1Apa t s ozfld'
+/0 (5 = 2T AR st )g(s, )™ ds
fe s B—1 a—1
+ <_ - _) Poc,,@(t7s)f(87 US)S dS, le [0,&]
b a
\ (QU)(T) = 90<T> - (¢ (utwutzv s 7utn)) (T>7 T € [—7”, 0]
(2.11)
it suffices to prove that () has a unique fixed point on B,,,, where my is defined

by (2.9).

For every w,v € B, and t € [0;a], according to (H3),(H4) and (Hg), and

applying the Holder’s inequality, we have:

|(Qu) (t) = (Qu) ()] < |Sa,5(t; 0) [(& (wry, vy, - - - ue,)) (0) = (& (v, ty, - -5 01,)) (O)]
+ |Sa75(t7 0) [g (O,Uo) - g (O7U0)]| + |g (tv ut) —4g (ta Ut)|

t o e}
+/ Al_"Payﬁ(t, s)[A"g (s,us) — Ag (s, vs)] (E — %)’8_130‘_1 ds

0

flr s -1 .a—1
+ [ (== =) " Pap(t,s)[f (s,us) — f(s,v5)]| ds

o |«

Ci_, K I'(1 +

gMRHu—vH—i—(M—i—l)‘A’"!KOHu—'UHjL /] (1+m) aaﬁ"Hu—vH

pnaln T'(1 + Bn)
+ ol | |

-_— o0 al: u - U

aPT(B + 1) PIE(0alRS)

Then,

lenKo F(l + T]) aaﬁn MMlaaﬁ ) ||u_v||
Bnaln T'(1 4 Bn) a’I'(f+1)
which means that @ is a contraction according to (2.10). By applying the Banach

contraction mapping principle, ) has a unique fixed point on B,,,, the proof is
complete.

(Qu) () — (Qu) (8)] < (MR (M 1) [ Ky +
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2.3. Application. Let F = L*(|0, 7], R). Consider the following fractional par-
tial differential equations.

P (u(t,z) — [ N(z,y)u(r,y)dy) = O%u(t,x) + 0,G (t,w(r,x)), te(0,d]
u(t, 0)—u(t ) =0, tE[O al
u(r, @) + 30 Jo b, y)ue (1, y)dy = (o(7))(z), 7€ [-r,0],

(2.12)
Where: 9} P is a conformable Caputo fractional partial derivative of order 8 and
of type asuch that 0 < « < 1,0 < f < 1,4 > 0, and t € [0, al.
We define : E = L*([0, 7], R),
e (5 is a given function,
o O<ty<ty<---<ty,<a,peC([-r0],£E), that is o(7) € E.
o b(z,y) e L*([0,7] x [0,7], R) and w(7, 2) = u(t + 7,2),t € [0,a],7 € [-r,0].
We take: A = 9?(.) with the domain:

D(A) = {v(:) € E : v,v'absolutly continuous,v” € E,v(0) = v(7) = 0}

Then A generates a strongly continuous semigroup {7'(¢)}+>o which is compact,
analytic and self-adjoint
The operator Az is given by

oo
1
A2y = Zn (v, Up) u
n=1

on the space D <A%> ={v(:) € E,>"° n{v,u,) u, € E}. The problem (2.12)

can take the form in F

€ (
Us(T) + (¢ (Uy,, ..., U)) (1) = () 7€ [—r0], (2.13)

where U; = (7, ), that is (U(t + 7))(x) = u(t + 7,2),t € [0,a],x € [0, 7].
The function ¢ : [0,a] x C — E is given by

{Df"ﬁ(U(t)—g(t,Ut)):AU()+f(t U)  te(0,d]

(g (1. U) ( / Nz, y)ue(r, y)dy.

Let (Nyv) (z) = [ N(z,y)v(y)dy, for v € E = L*([0,7],R),x € [0,7]. The
function f : [0,a] x C — E is given by

(f (£, U1) (x) = 0uG (£, ue(T, ) ,
and the function ¢ : C" — C is given by

(¢ (Utn R Utn)> (T) = Z b¢Uti<7_)

where (byv) () = [, b( dy, for v € E = L*([0,7],R),z € [0,7]. For
a=1/2,5 = 1/2 and f(t Ut) = a5 sinl;, then (Hy), (Hy), (Hs) and (Hg) are
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satisfied. Furthermore, for vi, v, € E, we have

g1 — bsvall gy = ( (] o 100 = et dy)2 dx)

< ([ ([ P [ - wwl a)a) :
- (/07r /OW b2 (z, y)dy dz) - lo1 = V2l 200 7

So, Ry = (n+ 1) [f; [o b*(z,y)dy dz] 2 then (H3) is satisfied.
Moreover, we assume that the following conditions hold. (c¢) The function
N(z,y),z,y € [0, 7] is measurable and

/ / N%(x,y)dy dr < oo

(d) the function 0,N(z,y) is measurable, N(0,y) = N(m,y) =0, and let
1
3

(// ¥ i) <o

we can take 7 = 3 Then (H,) is satisfied. We conclude that Eq (4.2) has a mild
solution provided that:

Ry + <2 + 2\/§Cl/g> tzl[é% </07r (/Oﬁ Op N (z, y)uy (T, y))Qdy> <1 (2.14)

where Ry = (n+ 1) [f; [ b*(z, y)dy dz] "2 Hence, by applying Theorem 3.2,
the system (4.1) admits a unique mild solution.

1/2

3. CONCLUSION

In this article, we have considered a class of conformable Caputo fractional
neutral evolution equations with nonlocal-delay conditions. First, we have intro-
duced a mild solution method by using the fractional operators P, sz and S, g,
along with the Conformable-Laplace transform, the existence and uniqueness re-
sults are established by using Krasnoselskii fixed point theorem, and Banach fixed
point theorem. Finally, the investigation of the result has been illustrated by pro-
viding suitable example.
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