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IDENTIFICATION OF THE RIGHT HAND SIDE OF
EQUATION OF TORSIONAL VIBRATIONS OF A ROD

AYSEL T. RAMAZANOVA !, YASHAR T. MEHRALIYEV ? and RAUF M. TAGIYEV 3

ABSTRACT. We analyze the solvability of the inverse problem with an unknown
coefficient for a fourth-order hyperbolic equation. To investigate the solvability
of the inverse problem, the problem is considered in a rectangle area, with set
conditions being typical of the boundary-value problem and an auxiliary con-
dition being necessary of the unknown coefficient searching. Using the Fourier
method, the problem is reduced to solving a system of integral equations, and
using the compressed mapping method, the existence and uniqueness of a solu-
tion to the system of integral equations is proved. The existence and uniqueness
of a classical solution to the original problem is shown.

1. INTRODUCTION

A distinctive feature of the presented paper is the study of the inverse problem
for the 2D equation of transverse oscillation of the rod from knowledge of addi-
tional condition in time variable. It should be noted that one of the classes of
qualitatively new problems is problems with nonlocal conditions. From physical
considerations, the additional conditions are completely natural, and they arise
in mathematical modelling in cases where it is impossible to obtain information
about the process occurring at the boundary of the region of its flow using di-
rect measurements. The term “nonlocal conditions” and their classification were
introduced by Dezin [2].

The applied significance of problems with nonlocal conditions is associated with
the study of processes occurring in the turbulent plasma, the processes of diffu-
sion, heat conductivity problems of mathematical biology, as well as some inverse
problems of mathematical physics [6], [7]. Ramazanova [12] proved the existence
and uniqueness of the solution for the inverse problem of the fourth-order hyper-
bolic equation. In this work, the authors considered the identification problems
for recovering the kernels in a hyperbolic integro-differential operator equations.
Moreover, Huntul, Mehraliyev, Ramazanova [3], [1], [9] studied the solvability
of inverse problem for the fourth-order pseudo-hyperbolic equation with an un-
known time-dependent coefficient and numerically solved several inverse problems
concerning the determination time-dependent coefficients.
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This article is outlined as follows. The inverse problem for the 2D equation
of torsional vibrations of the rod from knowledge of additional condition for de-
termining the coefficient of the right-hand side along with the function u(z,t)
has been investigated. The considered problem has been reduced to an auxil-
iary inverse boundary value problem in a certain sense and its equivalence to
the original problem was shown. Then using the Fourier method and contraction
mappings principle, the existence and uniqueness theorems for auxiliary problems
have been proved.

2. FORMULATION OF THE PROBLEM.

Inverse problem: find functions u(z,t), a(t), b(t), c(t) that are relate in the Do-
main Dy ={(z,t): 0 <z <1, 0<t<T} by the equation

Ut (T, 1) + Upgaz (T, 1) = a(t)u(x, t) + b(t)us(x, t) + c(t)g(x, t) + f(x, t)  (2.1)
with the initial condition (IC)

u(e,0) = p(a), wr,0) = () (0<a<1), (2.2)
with boundary conditions
w(1,t) = up(0,1) = Upp(0,8) = Uppe(1,8) =0 (0<t < T, (2.3)
and with auxiliary condition
u(z, t) = hi(t) (i=1,23;0<t<T), (2.4)

where x; € (0,1) (i = 1,2,3;21 # 29 # x3) - fixed functions f(x,t), p(z), ¥(x),
hi(t) (i = 1,2,3) are given functions.

Definition 2.1. By the classical solution of the inverse boundary value problem
(2.1)-(2.4) we mean the {u(x,t), a(t), b(t), c(t)} functions of u(z,t), a(t), b(t)
and c(t) satistying equation (2.1)-(2.4) in ordinary sense, where:
(1) functions u(z,t) and the derivatives included in the equation are continu-
ous in Drp;
(2) a(t),b(t) and c(t) are continious on [0,T];
(3) (2.1) and (2.2)-(2.4) are satisfied in the usual sense.

Theorem 2.2. Let be
o(x),¥(x) € C0,1], hi(t) € 02[0,T] (1=1,2,3),

f(fE, t)a g(flf, t) € C(DT)
and the agreement condition be satisfied

o(x) = hi(0), las) = h(0) (i = 1,2,3). (2.5)

Then the problem (2.1)-(2.4) are equivalent to the finding the functions u(zx,t), a(t), b(t)
and c(t) in (2.1)-(2.3) from (2.5),

R (t) + Uppee (i t) = a(t)hi(t) + b(t)hi(t) + c(t)g(x;, t)+
Vo flnt) (i=1,2,30 <t <T), (2.6)
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and
ha(t) hi(t) g(x1,t)
h(t) = | ha(t) Ry(t) g(xa,t) | #£0(0<t<T).
hs(t) hy(t) g(ws,t)
Proof. Let be hi(t) € C?[0,T]

(1 = 1,2,3), classical solution to problem (2.1)-
)

(2.4). Integrating equation (2.4) twice, we get:

O

(i t) = hi(t), wy(z,t)=h!(t) (i=1,2,3,0<t<T). (2.7)
Substituting z = x; in (2.1), we get:
Ut (Tis 1) + Uggaa (Tiy 1) =
= a(t)u(x;, t) +o(t)u(zs, t) +c(t)g(xi, )+ f(xi,t) (1=1,2,3;0<t<T). (2.8)
From (2.8), due to (2.4) and (2.7), the fulfillment of (2.6) follows.

Now, suppose that {u(z,t), a(t), b(t), c(t)} is the solution to problem (2.1) -
(2.3), (2.6). Then from (2.6) ,(2.8), we have:

i t) = (1)) — b0 (i 1) — (1))~
—a(t)(u(z;,t) —hi(t) =0 (1=1,2,3;0<t<T). (2.9)

By virtue of (2.2) and agreement condition (2.5), we obtain:

u(zi,0) — hi(0) = ¢(x;) — hi(0) =0,
ui (i, 0) — hy(0) = th(xs) — hi(0) = 0(i = 1,2,3). (2.10)
From (2.9), (2.10) we conclude that condition (2.4) is satisfied. The theorem
is proven.

3. SOLVABILITY OF THE INVERSE BOUNDARY VALUE PROBLEM.
First component wu(z,t) of solution {u(x,t), a(t), b(t), c¢(t)} of the problem
(2.1)-(2.3), (2.6) will be sought in the form:

z,t) = Zuk(t) cos \gx (A = km), (3.1)
k=0
where

u(t) = 2/1 u(z,t) cos \grdx
Then, using the formal Fourier SC}?eme, from (2.1) and (2.2) we have:
ul (t) + ANug(t) = Fy(t;u,a,b,c) (0<t<T; k=1,2,..), (3.2)
ur(0) =k, up(0) =i (k=1,2,..),

Fi(tu,a,b,¢) = fio(t) + a(t)up(t) + b(t)uy(t) +c(t)gr(t),
fe(t) = 2/0 f(x,t) cos \pxdz , g (t) = 2/0 g(z,t) cos \yzdr,

and
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1 1
Or = 2/ o(x) cos \pxdr, Py = 2/ P(x)cos \pxdz, (k=1,2,...). (3.4)
0 0
Solving problem (3.2), (3.3), we find:

1 :
ug(t) = pp cos Aot + )‘_iwk sin A7t +

1 t
+ )\—%/0 F(T;u,a,b,c)sin \a(t — 7)dr (kK = 1,2,...). (3.5)
After substituting the expression from ux(t) (k = 1,2,...) in (3.1), to define a
component u(x,t) solution of problem (2.1)-(2.3), (2. ) we obtain:

- 1
u(z,t) = Z {gpk cos \it + /\—zl/Jk sin A\ft+
k=1
1 t
—l—)\—% /0 Fi.(t;u,a,b,c)sin \; (t — T)dT} COS M\, L. (3.6)

Now, from (3.1), we get:

RI(t) + Z Mg (t) cos Ay =

— a()hi(t) + b(E)hit) + c(Dg(wsnt) + Flint) (i =1,2,30 < t < T),

Let’s assume that

ha(t) hy(t) g(z1,1)
h(t) = | ha(t) ha(t) g(xz,t) [#0(0<t<T).
hs(t) hy(t) g(xs,t)

Then from the last relation we have:

alt) = [h(t)]” { +2Akuk Jae(t

b(t) = [h(t)] - { +2Akuk Jaout } (3.8)

c(t) = [h(t)] ~ {q3 +ZAkuk ) (t (3.9)
where
hi(t) = f(z1,t) Bi(E) g(za, 1) cos \ery (1) g(z1,)
q(t) = | ha(t) = f(x,1) hy(t) g(2,t) |, que(t) = | coshewy ho(t) g(x2,1) |,
RE(t) — f(zs,t) h5(t) g(xs,t) cos \pxs hy(t) g(xs,t)
hi(t) hY(t) — f(z1,t) g(z1,1) hi(t) cos\gzy g(xy,t)
@Bt)=| ho(t) h5(t) — f(z2,1) glaat) | ,qu(t) =| ha(t) coshzs gl(at)

hs(t) h5(t) — f(xs,t) g(xs,t) hs(t) cos\gzs g(xs,t)

Y
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ha(t)  Rhy(t) Ri(t) — f(21,t) ha(t)  hi(t) cosApxy

gs(t) = | ha(t)  hy(t) h5(t) — f(xa,t) |, qa(t) = | ha(t) hy(t) cosApxs
hs(t)  h4(t) hY(t) — f(xs,t) hs(t)  h4(t) cos Agws

Substituting expression (3.5) into (3.7), (3.8) and (3.9), respectively, we obtain:

a(t) = [h(t)] "' {ql (6) + > Nau(t)x

1 t
X {cpk cos Ait + zwksmAkt + )\2/ F(T;u,a,b,c)sin \i(t — T)dT} },
(3.10)

b(t) = [h(t)] {Q2(t)+zkiq2k(t) X

1 t
{cpk cos Ait + )\Q@Dk sin A\¥t + )\2/ Fr(T;u,a,b,c)sin \2(t — T)dT:| },
(3.11)

c(t) = [n(t)] {qs(t>+ZAiq3k<t> X

1 t
{gpkcos)\kt + )\2¢k51n/\kt + )\2/ Fi.(T;u,a,b,c)sin \a(t — T)dT:|} (3.12)

Thus, the solution to problem (2.1)-(2.3),(2.6) was reduced to solving the sys-
tem (3.6), (3.10)-(3.12), with respect to unknown functions wu(z,t),a(t),b(t) and

c(t).
Lemma 3.1. If{u(z,t), a(t), b(t), c(t)}— any classical solution to problem (2.1)-
(2.3), (2.6), then the functions

1
ug(t) = 2/ u(z,t) cos \gedr (k=0,1,2,...)
0

satisfy the system consisting of equations (3.5).

Corollary 3.2. Let system (3.6), (3.10)-(3.12) have a unique solution. Then
problem (2.1)-(2.3), (2.6) cannot have more than one solution, i.e. if problem
(2.1)-(2.3), (2.6) has a solution, then it is unique.

Let us denote Bg’% [12] the set of all functions of the form
u(z,t) = Zuk(t) cos \gx (A, = k)

considered inDyz, where ug(t) € C*[0;T] (k= 1,2...) and

I'(u) = {i (AZ ||“k(t)|‘c[o;T]> } {i (>‘3 [ (t Hc[OT])z} < +oo

k=1

[N
N
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We define the norm in this set as follows:
e, )z = I,

Let us denote Eo® [0] the space Bg’% x C'0,T] x C'[0,T] x C[0,T] of a vector
of functions z(x,t) = {u(x,t),a(t),b(t), c(t)} with norm
l2(z, Ol g2 = Nulz Ol , + la@®llcom + 160 e + e lcpr -

2T
It is known that Bg’?p and E?F’g are Banach spaces.

Consider the operator ®(u, a, b, c) = {®;(u, a, b, ¢), P2(u, a, b, c), Ps(u, a, b, c), P4(u,a,b,c)}
in the space ECBF’3 and

Oy (u,a,b,c) =a(x,t) =Y Ug(t)sin \px, Po(u, a, b, c) = a(t),

NE

T

1

®3(u,a,b,c) =b(t), P3(u,a,b,c) =¢é(t),

(
t), b(t) , &t) are equal to the right-hand sides of (3.6),
11),(3.12). From (3.5) we get

i) (t) = —AZop sin ATt + ¥y cos AT+

ug(t) (b =1,2..),

af
respectively, (3.10), (3.

+ /t Fi(t,u,a,b,¢) cos \i(t — 7)dt (k = 1,2...) (3.13)
It is easy to see that ’
gl < [1R5(8) gas, 1) — hs(t) 9(@2, )l oo +
+ [P (1) g(ws,t) — h(t) g(ar, Ol ot I1h1(E) glaz,t) = ho(t) g(zy, )l oz = pi(T),
g2k (D)l oy < Nha(t) g(as, t) — ha(t) g(z2, )l oo +
+ [P (t) g(@s,t) = hs(t) g(zr, )]t 1ha(t) g(a2,t) — ha(t) g(21, 1)l e = p2(T),
sk (Bl o,y < [[ha(t) by, 1) — hs ()RS (0] croy +

+ [[ha(t) hy(t) = ha(t) MOl + 1ha(E) ho(t) = ha(t) Pi(E) lopr) = ps(T),

In order to show the existence and uniqueness of the solution of the system
of integral equations (3.6),(3.10),(3.12) using the last inequality, we make the
following estimates:

{i (AZ Iak(t)c[o;TDQ}é < \/S{i (A2 %)2}5 N ‘/g{i o z/»k)Q}é .

k=1 k=1 k=1

k=1

2 2
<)‘?I;||u;c(t)”C[0;T]> } +

o0

V5T [16(t) o {

k=1
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1

+ V5T [[b(t) | 0.1 </0T,§; (A ng(f)l)2d¢) 5 : (3.14)
{i( (A6 c[OT)Q}é<¢5{;<Am>2}%+ﬁ{i(xzw?}a
+V/5T ( / Z (AL 1Ax(m)])° d7> éNST la()logo.r {fj (A uk<t>cm)2}; +
+VBT ot ||C[OT]{;(A3||W c[OT])Q}%+
+ VBT [[6(t) |01 ( fj X gk(7) )é (3.15)
ncm Ir) 1||;[0T] {lla(®) legozy +

+p1(T) (Z >‘k2> {{Z (A% lexl) } i N [nl) }
( / Z (R 1)) d ) (Aknuk()Hm)Q} +
+T[6()]] 0.1y {Z <)‘3 [l (t “COT])2} +

k=1

‘1“\/_” ||C[OT] (/0 Z X lgr (T ) ] }, (3.16)
[h(t)] HCOT]{\|q2<t>Hc[O,T]+

0] =
(T (ZA ) Hw (2 Jex) } {f} (2 4) }
(/0 Z )\i|fk(7'>|)2d7'> O_O <)\2||Uk(t)||C[O;T]>2}2+
+T [|b(t Hcoﬂ{i ()‘3 [y, (¢ ||COT]>2} +

k=1

; Z )‘k lgx (T > ]}> (3.17)

[SIE

+ T la(t)ll oo,y {

k=1

N |=

=

=

+ T'l[a(®)l| oo, {

N

+ VT [l opo,my (

S—
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6@ etoir < 1) |ogzy { las®) legour +

() [[Eoino (]

(/ Z /\i|fk(7>|)2 T) +T||a(t)’|c[o,T]{Z <)‘2||uk(t)||c[0;T])2} +
0 k=1
T ()| {Z (¢ ||u;<t>||cm)2} -

k=1
k=1

+ ﬁHC(t)HC[O,T] (/0 Z ()‘2 |9k(7>|)2d7'> ] } J (3.18)

Let the given problems (2.1)-(2.3), (2.6) satisfy the following conditions:
(1) ¢(z) € C'0,1], ¢®(x) € L2(0,1),¢'(0) = p(1) = ¢"(0) = ¢"(1) =

e
Il
—

NG

P! 9(1) = 0;

(2) ¥(x) € C*[0,1], ¥"(x) € Lo(0,1),9'(0) = 1(1) = 9" (1) = 0;

(3) f(x,1), fol®,t), fau(z,t) € C(Dr), foua(x,t) € Lo(Dr), f,(0,8) = f(1,1) =
foa(1,8) =0 (0 < ¢ < T);

(4) g(z,t), gu(x, 1), guu(x,t) € C(D71), Gaaa(,t) € Lo(Dr), 92(0,t) = g(1,1)
gm(l t) =0 (0<t<T)

(5) h(t) #0 (0 <t <T).

Then from (3.14) and (3.15) we have:
la(z, )l gz <

< Ai(T)+By(T) (” (t )||C[0T]+||b ||C’[OT]> u(z, 1) ||353 +Dy(T) ||C(t>||c[o,T]>
(3.19)

where

T) = 2V5 [ ¢®(@) |, 00 + 2V5 18" @) yr) + 2957 [ fora @Dl s )
By(T) = 2V5T, Dy(T) = 2V/5T || guaw (2, 1) | 1y -
Further, from (3.19) and (3.20), respectively, we obtain:
||a(t)||C’[0,T] < A2(T)+
+820) (Ol + 18O oy ) oo Oz, + D) el
(3.20)

b(t) < A3(T)+

L e
+B5(T) (“CL( )”C[O,T] + ||b(t)||C[O,T]) ||U($at)||33:§ + Ds(T) ||C(t)||0[0,T]
(3.21)
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el oo,y < Aa(T)+

+B4(T) (Ha(t)HC[mT]+||b(t)||0[0,:r]> ||u(x,t)||B;’,; + Dy(T) |c(t )HC[DT]

(3.22)
where

A(T) = (|0 oy { Il +

1

+ (Z )‘k2> n(T) D|€0(5)(m)HL2(0,1) + |WH/(55)HL2(0,1) +VT "frxx(‘x?t)HLg(DT)} } )
K=1

1

By(T) = ||[h( H(J[OT (Z/\ ) (DT, Do(T) =
‘ HC[OT] (ZA > \/_Hgmcx<x t)HLz (D7)

T) = (O] ooy { IO legoiry +

+ (Z )\,;2> po(T) D|g0(5)(a:)HL2 1) + ’W”/(%’)HLQ on T VT Hf:c:na:(fﬂat)HLQ(DT)} } y

By(T) HC[OT (Z )

K=1

DS(T) = | HC[OT <Z ) \/_ngzx(m t)HLg (Dr)>

zhavzuma1\umﬂ{mxnbmﬂ+

: (Z g ) 2o(D) [P @ ) + 1" @00y + VT s Do)}
Bs( | HC[OT <Z>‘ ) ps(T)T

D3 || HC[OT <Z)\ ) \/_”gxarar(x t)HLg (D) >

From inequalities (3.19)-(3.22) we conclude:

(2, Dll gz + 180 i + |[B0)] . < (3.23)

) <||a(t>HC[O,T] + [o(t )”0[0 T]) [u(z, )HB53 + D(T) |lc (t)HC[O,T}?
A(T) + Ao(T) + A3(T), B(T) = By(T) + Bo(T) + Bs(T),
D(T) = Di(T') + Do(T) + Ds(T).

8

< A(T)+ B(T
A(T) =
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So, we can prove the following theorem.
Theorem 3.3. Let the conditions (1)-(5) be satisfied and
(B(T) (A(T)+2)+ D(T)) (A(T)+2) < 1. (3.24)

Then problem (2.1)-(2.3), (2.6) has a unique solution in the ball K = Kg <||z|

5,3
of space E° .

o < A(T) + 2)

Proof. In space E?F’?’ consider the operator equation

z =z, (3.25)

where z = {u,a,b,c}, the components ®; (u,a,b,c) (i = 1,4) of the operator
® (u,a,b,c) are determined by the right-hand sides of equations (3.6), (3.10)-
(3.12), respectively.
Consider the operator ® (u, a, b, c)in the ball K = K <||z||E;4 < A(T) + 2) from
53

el
Similarly, (3.23) we obtain that for any z, 21 22 € Kp the following estimates are
valid:

Izl gss < A(T)+B(T) (||a<t>||0[o,ﬂ + ||b<t>||qo,ﬂ) e, 1)Lz + DT lle(®) ooy <

< A(T) + (B(T) (A(T) + 2) + D(T)) (A(T) +2), (3.26)
[®z1 — Pz ggs < D(T) [lea(t) = c2(B)l cporry + (3.27)

FB(T)R (Jlar(t) = ax(Ollcgory + 101(0) = ba(Ollegom + llur(2.1) = uale, Dl s )

From estimates (3.26) and (3.27), taking into account (3.24), it is clear that
the operator ® acts in the ball K = K and is compressive. Therefore, in the ball
K = Kpg the operator ® has a single fixed point {u,a,b,c}, which is a solution
to equation (3.25), that is {u, a, b, ¢} is the only solution to system (3.6), (3.10)-
(3.12) in the ball K = Kp .

A function u(z,t), as an element of space Bg’; , is continuous and has continu-
ous derivatives u, (7, 1), Uze (T, 1), Ugrs (T, 1), Uppar (2, 1), ws (2, 1), Uge (2, 1), Upgr (2, 1)
in DT.

From (3.2) it is easy to see that ) (t) € C'[0,T]and

(i <)\k ||u/é(t)||0[o,T]>2) 5 <2 (i (Ai ||uk(t)||c[0,T}>2> 5 +

k=1 k=1
V2 H la(t)uz(2,t) + b()usa(z, 1) + c(t)ga(, 1) + fol@, )l cpom HMO )

Hence it follows uy(z,t) € C(Dr) and by Lemma 3.1 solution of problem is
unique in K = Kp. O

The theorem is proven.
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Theorem 3.4. Let all the conditions of Theorem 5.3 be satisfied and
o(x;) = hi(0), ¥(x;) =h(0) (1 =1,2,3).

Then problem (2.1)-(2.4) has a unique classical solution in the ball
K =Kp (HZHE;4 < A(T) + 2) of space B3 .

4. CONCLUSION

In the work, the classical solvability of a nonlinear coefficient identification
problem for a fourth-order hyperbolic equation with nonlocal conditions was in-
vestigated. Using the Fourier series method, the solutions of inverse boundary
value problems are constructed in the form of a Fourier series. The inverse prob-
lem was formulated as an auxiliary problem which was reduced to the operator
equation in a specified Banach space using the method of spectral analysis. Using
these facts, we have proved the existence, uniqueness and solvability of a classi-
cal solution to one inverse boundary value problem for a fourth-order hyperbolic
equation with an auxiliary condition. The proposed work is novel and has never
been solved theoretically.
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