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A COMMON FIXED POINT RESULT FOR (u,%)-WEAKLY
CONTRACTIVE MAPPINGS

SUMIT CHANDOK

ABSTRACT. A common fixed point result satisfying a (u, 1)-weak contractive
condition for single-valued mappings in the framework of metric spaces is de-
rived. The results presented in the paper generalize and extend several well-
known results in the literature.

1. INTRODUCTION AND PRELIMINARIES

The Banach contraction mapping is one of the pivotal results of analysis. It is
very popular tool for solving existence problems in different fields of mathematics.
There are a lot of generalizations of the Banach contraction principle in the
literature (see [1]-[14]).

Alber and Guerre-Delabriere [1] introduced the concept of weakly contractive
mappings and proved the existence of fixed points for single-valued weakly con-
tractive mappings in Hilbert spaces. Thereafter, in 2001, Rhoades [1] proved the
fixed point theorem which is one of the generalizations of Banach’s Contraction
Mapping Principle, because the weakly contractions contains contractions as a
special case and he also showed that some results of [1] are true for any Banach
space. In fact, weakly contractive mappings are closely related to the mappings
of Boyd and Wong [2] and of Reich types [13]. Recently, Doric [10] proved a
common fixed point theorem for generalized (v, ¢)-weakly contractive mappings.
Fixed point problems involving weak contractions and mappings satisfying weak
contractive type inequalities have been studied by many authors (see [1], [3]-[10],
[14], [15] and references cited therein). In this paper, we generalize the Chatter-
jea type contraction mappings to (u,1)-generalized Chatterjea type contraction
mappings and derived a common fixed point theorem for single-valued mappings
in metric spaces for such contraction mappings.

First, we recall some basic definitions and notations.

Let (X, d) be a metric space. A map T : X — X is said to be:

(a) Kannan type (see [11]) if there exists a k € (0, 3] such that d(Tz,Ty) <
kld(xz, Tx) + d(y, Ty)], for all z,y € X;

(b) Chatterjea type ([3]) if there exists a k € (0,1] such that d(Tz,Ty) <
kld(x,Ty) + d(y, Tz)], for all z,y € X;
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Khan et al. [12] initiated the use of a control function that alters distance
between two points in a metric space, which they called an altering distance
function.

A function p : [0,00) — [0,00) is called an altering distance function if the
following properties are satisfied:

(i) p is monotone increasing and continuous;

(ii) p(t) = 0 if and only if ¢ = 0.

Using, the control function, we generalize the Chatterjea type contraction map-
pings as follows:

Suppose that T and f are self-mappings of a metric space (X, d). A mapping
T is said to be (u,v)-generalized Chatterjea type contraction if for all z,y € X,

p(d(Tr, Fy)) < p(ldCe, fy) + dly, T2))) = (d(r, Fy), dly, Ta),

holds, where p : [0,00) — [0,00) is an altering distance function and ¢ :
[0,00)? — [0,00) is a lower semi-continuous mapping such that ¥ (z,y) = 0 if
and only if x =y = 0.

Let M be a nonempty subset of a metric space (X,d), a point = € M is a
common fized (coincidence) point of f and T if z = fo = Tz (fr = Tz). The set
of fixed points (respectively, coincidence points) of f and 7T is denoted by F'(f,T")
(respectively, C'(f,T)). The mappings T, f : M — M are called commuting if
Tfr= fTx for all x € M.

2. MAIN RESULTS

Theorem 2.1. Let M be a subset of a complete metric space (X,d) and f and
T are self-mappings of M. Suppose that T and f satisfy

w(d(Tz, fy)) < u(%[d(w,fy)er(y,Tm)]) —(d(z, fy),d(y, Tx)), (2.1)

where p : [0,00) — [0,00) is an altering distance function and v : [0,00)* —
[0,00) is a lower semi-continuous mapping such that ¥ (x,y) = 0 if and only if
x=y=0, forallz,y € M. Then T and f have a unique common fized point.

Proof. Let xg € M. We can choose x1,x9 € M such that x1 = Tz and 9 = fx;.
By induction, we construct a sequence {x,} in M such that zs,,1 = Txs, and
Tonto = frony1, for every n > 0. Consider

M(d(Ian, $2n+2)) = M(d(TJEQm f372n+1))

1

[d(z2n, front1) + d(xoni1, Txon)]) —
($2m f372n+1)> d($2n+1, T3?2n))

d(l’gn, $2n+2)) - @D(d(xQna x2n+2)7 0)

<
U
1(

— N~ QN

< M(ad(@m Tont2))-

Since (1 is a monotone increasing function, for alln = 1,2, .. ., we have d(xo, 11, Toni2) <

$d(T2n, Toni2) < %[d(x2nax2n+l)+d<x2n+lyx2n+2)]- This implies that d(z2n41, T2p42) <
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d(xon, Tony1). Following the similar arguments, we obtain d(xg, 2, Ta,r3) <
d(Toni1, Tonso). Hence, d(zn, Tpy1) < d(Tp_1,xy,). Thus {d(x,, ,11)} is a mono-
tone decreasing sequence of non-negative real numbers. Hence there exists » > 0
such that d(z,, zp41) — 7.

As d(xopi1, Tony2) < 5d(Ton, Tonsa) < 3d(Ton, Tong1) + d(T2nt1, Taps2)], on
letting n — oo, we have r < lim %d(l’gn, Topya) < %7‘ + %7’, lim d(xop, Topia) = 2r.
Using the continuity of x and lower semi-continuity of ¥, we have p(r) < u(r) —
¥ (2r,0). This implies that ¢(2r,0) = 0 and hence r = 0 i.e. d(zp41,2,) — 0.

Now, we show that {x,} is a Cauchy sequence. It is sufficient to show that
{z2n} is a Cauchy sequence. On contrary, suppose that {z2,} is not a Cauchy
sequence. Then there exists € > 0 for which we can find subsequences {Z o k) } and
{@an } of {x2,} such that n(k) is the smallest index for which n(k) > m(k) > k,
d(Tom(k), Tank)) = €. This means that d(Tom k), Tank)—2) < €. So, we have

€ < d(Tamk), Tonk))

< d(Tam(), Tan(k)—2) + A(Tan)—2, Tank)—1) + AT2n(k)-1, T2nw))

<€+ d(Tank)-2, Tan(k)—1) + A Xank)—1, Tan(k))-
On letting k — oo and using d(z,41,%,) — 0, we have

lim d(Zom(k), Tonk)) = €. (2.2)
Also,

d(T2m(k), T2n(k))
A(T2m(k)s Tam(r) 1) + A(T2m(k)-1, T2n(r))
2d(@2m(k)> Tam(k)-1) + d(xzmw)afﬁzn(m)
On letting k — oo and using d(z,41,x,) — 0, we have

IA N CIA

lim d(xgm(k,)_l, xZn(k)) =¢=lim d(me(k:); x2n(k))- (23)
On the other hand, we have
Tomk)s Tan(k)+1) T A(Ton(k)+1; Tonk))

Tom(k)> Tan(k)) T 2A(Tan(k)+1, Tan(k))-

d<x2m(k) ) xQn(k))

IAIA

On letting k — oo, we have lim d(@am k), Tan(k)+1) = €. Also,

d(
d(
d(
d(Zam(k)—1> Ton(k)+1) + A(Tonk)+15 Ton(k))
d(
m d(

d(Tom(k)—1, Ton(r)) <
< xzm(kz 1,$2n(k)) + 2d(Ton(k)+1, Ton(k))-
On letting k — oo, we have li Lom(k)—1s Ton(k)+1) = €.
Consider
ple) < p(d(@amm)s Tanky)) = (AT T2m(y -1, fTan(k)-1))

IN
=

d(xzm(k;)—h fx2n(k)—1) + d(I2n(k)—1, T$2m(k)—1)]) -

~~ —

Tom(k) 1, fTon(ky—1)s A(Tank)—1, TTom(k)-1))

[d(@om k)1, Tan(k)) + A(T2n(k)—1, Tom(k))]) —

|
=

<
—~~ —~ —
QNI N

<

(T2m(k)=1> Tan(k))> AT2nk)=1> Tamk)))-
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Taking k — oo, and using the continuity of p and lower semi-continuity of v,
we have p(e) < p(ile + €]) — v(e€) and consequently (e, e) < 0, which is
contradiction since € > 0. Thus {z,} is a Cauchy sequence and hence {z,} is a
Cauchy sequence and therefore is convergent in the complete metric space X, so
there exists t € M such that lim{x,} = ¢. Consider

pld(zonia, f1)) = pld(Txon, f1))

< plg A ) + (e, Tra))) = (e, f1), d(1, Tz)

= g lan, 1)+ (b, 2050)]) — (o, ), (1 1))

On letting n — oo, we have p(d(t, ft)) < p(3d(t, ft))—v(d(t, ft),0)) < p(3d(E, /1)),
which is a contradiction unless d(¢, ft) = 0 and hence t = ft.
Again, consider

p(d(Tt, 1)) = pd(Tt, ft))

< (g ld(e, 1)+ d(t, TH) — 6(d(r, 1), (1, TH)
= (5t T0)) — (0, d(t, T1))

IN

p(5d(t,Tr).

This is a contradiction, hence d(T't,t) = 0, Tt = t. Therefore, t =Tt = ft, i.e. t
is a common fixed point of T"and f. Now, we establish the uniqueness of common
fixed point of T and f.

If z1, zo are two common fixed points of T" and f, then

p(d(z1,22)) = p(d(T(z1), f(22)))

< nGldlen, £22) + d(ea, Ta)) = 0(d(ar, f22), (22, T20)

= W51, ) + d(za,20)]) — W1, ), dz, )
= p(d(21,22)) — ¥(d(z1, 22), d(22, 1))

This implies that d(z1, z2) = 0 i.e. z; = 29, by the property of .

If T'= f, we have the following result.

Corollary 2.2. (see [1]) Let M be a subset of a complete metric space (X,d) and
T is a self-mapping of M. Suppose that T' satisfies

p(d(Tz,Ty)) < M(%[d(x,Ty)+d(y,Tév)])—w(d(xaTy%d(y,Tﬂf)), (2.4)

where i : [0,00) — [0,00) is an altering distance function and ¥ : [0,00)? —
[0,00) is a lower semi-continuous mapping such that ¥ (z,y) = 0 if and only if
r=y=0, forallz,y € M. Then T has a unique fized point.

If pu(t) = t, we have the following result.
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Corollary 2.3. (see [3], [9]) Let M be a subset of a complete metric space (X, d)
and T is a self-mapping of M. Suppose that T satisfies

ATa,Ty) < Sldw,Ty) + dly, Ta)] — 6(d(x, Ty), dly, To)),  (25)

where 1 : [0,00)? — [0, 00) is a lower semi-continuous mapping such that y(x,y) =
0 iof and only if x =y =0, for all x,y € M. Then T has a unique fized point.

If ¢¥(s,t)) = (3 — %)(s +t), where k € [0,1), in Corollary 2.3, we have the
following result.

Corollary 2.4. Let M be a subset of a complete metric space (X,d) and T is a
self-mapping of M. Suppose that T satisfies

d(Te,Ty) < (e, Ty) +dly, T2, (2.6)

for all x,y € M, where k € [0,1). Then T has a unique fized point.

Remarks 2.1. Corollary 2.3 is a special case of Theorems 4.1 and 4.3 in [15]. Also,
the results of Rhoades [11], Boyd and Wang [2] and Reich [13] are all special cases
of the results in [15] and as a consequence, we have some examples for the altering
distance function.

Ezample 2.5. Let M = [0,1]. Let d be defined by d(z,y) = |z —y|. We set Tz =0
and fr = % for allx € M. Define j1: [0,00) — [0,00) and 1) : [0,00) x [0,00) —
[0,00) by

t t+s
:U’(t> - 57 and w(tﬂg) - 16 :
Then for x,y € M, we have
2 2 2
Y Y Y
pld(T, fy)) = (0, %)) = () =

and

p(5ldCa, fy) + dly, To)) — v(d(a, fy), dly, To))

= uld(r, L) + d(y,0)) ~ w(dlr, ), d(y, 0))

= uGglle L1+ 9D — oz - LLy)

1 y? |z — %] +y
= Z[|x_§’+y]_—16
3 y?
= 1—6[\$—§|+y]
S %Y
- 16
2
> v
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Hence

1
Thus by Theorem 2.1, T and f have a unique common fixed point 0.

Ezxample 2.6. Let M = [0,1]. Let d be defined by d(x,y) = |x—y|. We set Tx =0
and fr = % for allz € M. Define i : [0,00) — [0,00) and ¢ : [0,00) x [0,00) —
[0,00) by

wu(t) =t, and ¥(t,s) = % + %
Then for x,y € M, we have
Y vy
w(d(Tz, fy)) = pu(d(0, ) =eg) =7
and
p(5ldCa, fy) + dly, To)) — v(d(a, fy), dy, To))
= gl D)+ d(y,0)]) — (e, L), d(y, 0)
= uGglle— L1+ 9D — (e - L)
Ly o~ %] | 3y
= ju—gﬁ+M—Fjj—+§ﬁ
5
> v
= 8
Hence
pd(Tz, fy)) < u(%[d(fﬁ, fy) + d(y, Tx)]) — ¢(d(z, fy), d(y, Tx)),

Thus by Theorem 2.1, T and [ have a unique common fixed point 0.
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