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HEIGHTS OF ERROR-CORRECTING CODES

DARMOUN SABER1∗, ABDELMOUMEN KHALID2 and BEN-AZZA HUSSAIN3

Abstract. In this work, we investigate the evaluation of odd polynomials P
defined on a finite field on the class of error-correcting codes C. We exploit the
correspondence between codes and Tanner graphs. Thus, we formally define
P (C), a polynomial code. Then the new notion of height of a code emerges,
whose properties are studied. We extended the lower bound of Tanner on the
minimum distance of a code to the case of a polynomial code, by using spectral
graph theory. Computer algebra software enable us to give numerical results to
illustrate the theory of polynomial codes for various classes of error-correcting
codes.

1. Introduction and preliminaries

The correspondence between graph theory and error-correcting codes theory is
well known, in particular in Tanner graphs which are bipartite [9]. Let C be an
[n, k, d]q linear code over GF (q) with a parity check matrix H = H(C) of size
r×n where r = n− k, and a k×n generating matrix G = G(C). Set M = HHT

a symmetric r × r matrix and

A =
[

0 H
HT 0

]
. (1.1)

The (n+r)× (n+r) matrix A may be seen as the adjacency matrix of a bipartite
graph Γ equipped with a labeling on the edges L : EΓ→ GF (q)−0. As observed
by Tanner [9], there is a one-to-one correspondence between matrices H (hence
linear codes C) and bipartite graphs with a labeling L. We want to use the matrix
A for a more general point of view and for a different perspectives, thinking
of evaluating a polynomial P (X) ∈ GF (q)[X] on this matrix and seeing what
happens.

In this paper, we fix an odd polynomial P (X) =
2ν+1∑
i=1

aiX
i ∈ GF (q)[X] such

that for all even indices i, we have ai = 0, and apply it to the matrix A. The
choice of an odd polynomial is intended to keep us within the set of codes. In
the first part, our aim is therefore to give a formal meaning to the code P (C)
through its parity check matrix, and we give some results on its parameters. This
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has enabled us to look at the odd powers of a linear code C denoted by C(2ν+1)

for a certain nonnegative integer ν. Therefore, we take the particular case of
unitary monomials.

Due to the algebraic structure of code powers, we show that each code is
contained in another of increasing power. This chain of inclusions influences the
dimension k and the minimum distance d of the initial code. On the one hand,
the dimension increases. On the other hand, the minimum distance decreases
until it finally stops at a precise rank. It will later be called the height of a linear
code C, denoted Ht(C), and defined as a new notion of error-correcting codes.

An upper bound is given for the height in terms of the length n and the
dimension k for any linear code. Another upper bound is given for the height
in terms of the minimum distance d of the initial code C in the case where it
decreases strictly with each inclusion step.

In the other part of this paper, our aim is to find a lower bound on the min-
imum distance of the code C(2ν+1) based on the spectral study of the matrix
(MνH)TMνH constructed from the regular bipartite graph Γ of adjacency ma-
trix A (1.1). Our strategy is based first on giving results relating the eigenvalues
of the matrix HTH to those of the matrix (MνH)TMνH. The rest is then tech-
nical focusing on the first and the second eigenvalues. An upper bound on the
height of the code is afterwards given.

The plan to represent our ideas clearly is to first define the code P (C) by
calculating the matrix P (A) and then using the same correspondence discussed
above to find the parity check matrix of the new code. Then we will focus on the
powers of the code and some related results in order to define the height of a code
by giving its bounds. Subsequently, we discuss the bounds on the dimension and
the minimum distance of the code C(2ν+1). Afterwards, we give some examples
generated by the computer algebra system SAGE with both random and known
codes, for which we give their heights.

In the second part, we conduct a spectral analysis to obtain results on eigen-
values and their use for the minimum distance of the code C(2ν+1) in order to
generalize the result given by Tanner [9]. For more information and definitions
on coding theory, graph theory and spectral graph theory, the reader is referred
to [7, 5, 6, 10], [2], and [4, 3], respectively.

2. Main results

2.1. Polynomials In Codes.

Proposition 2.1. Let Q(X) = a1 +a3X+ · · ·+a2ν+1X
ν ∈ GF (q)[X]. Then over

GF (q), we have

P (A) =
[

0 Q(M)H
HTQ(M) 0

]
,

where Q(M) = a1Ir + a3M + · · ·+ a2ν+1M
ν .

Proof. Let K = GF (q) and ν ∈ N∗. Let P (X) ∈ K2ν+1 [X] , where K2ν+1 [X]
represents the ring of polynomials of degrees at most 2ν + 1 with coefficients in
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K, and let P (X) =
2v+1∑
i=1

aiX
i with ai = 0 for all even indices i. By using the

matrix:

A =
[

0 H
HT 0

]
,

H ∈Mr,n(K) is a parity check matrix of the [n, k, d]q linear code over K.
We proceed by induction. For ν = 1, we have P (A) = a1A+ a3A

3, and

A2 =
[
HHT 0

0 HTH

]
,

A3 =
[

0 HHTH
HTHHT 0

]
,

then,

P (A) =
[

0 a1H + a3HH
TH

a1H
T + a3H

THHT 0

]
,

=
[

0 (a1Ir + a3HH
T )H

HT (a1Ir + a3HH
T ) 0

]
.

Since M = HHT , we have

P (A) =
[

0 (a1Ir + a3M)H
HT (a1Ir + a3M) 0

]
.

We put Q(M) = a1Ir + a3M where Q(X) = a1 + a3X ∈ K1 [X]
then for ν = 1,

P (A) =
[

0 Q(M)H
HTQ(M) 0

]
.

For a certain ν ∈ N∗, we assume that

P (A) =
[

0 Q(M)H
HTQ(M) 0

]
, (2.1)

for P (X) ∈ K2v+1 [X] and Q(X) ∈ Kν [X] with Q(M) = a1Ir + a3M + ... +
a2ν+1M

ν . Let’s show for ν + 1 that

P (A) =
[

0 Q(M)H
HTQ(M) 0

]
.

Let P (X) ∈ K2ν+3 [X] , P (X) =
2v+3∑
i=1

aiX
i, ai = 0 for all even indices i.

We have ∀ n ∈ N,

A2n =
[
(HHT )n 0

0 (HTH)n
]
,
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then,
A2n+3 =A2n × A3, (2.2)

=
[

0 (HHT )n+1H
(HTH)n+1HT 0

]
. (2.3)

P (A) =
2ν+3∑
i=1

aiA
i with ai = 0 for all even indices i, thus

P (A) = a1A+ a3A
3 + ...+ a2ν+1A

2ν+1 + a2ν+3A
2ν+3.

The equations (2.1) and (2.3) imply,

P (A) =


0 (

ν∑
i=0

a2i+1M
i)H + a2ν+3(HHT )ν+1H

HT (
ν∑
i=0

a2i+1M
i) + a2ν+3(HTH)ν+1HT 0

 .
And since (HTH)ν+1HT = HT (HHT )ν+1, we have

P (A) =


0 (

ν∑
i=0

a2i+1M
i + a2ν+3(HHT )ν+1)H

HT (
ν∑
i=0

a2i+1M
i + a2ν+3(HHT )ν+1) 0

 ,

=


0 (

ν∑
i=0

a2i+1M
i + a2ν+3M

ν+1)H

HT (
ν∑
i=0

a2i+1M
i + a2ν+3M

ν+1) 0

 ,
hence,

P (A) =
[

0 Q(M)H
HTQ(M) 0

]
.

With Q(X) ∈ Kν+1 [X] , Q(M) = a1Ir + a3M + ...+ a2ν+1M
v + a2ν+3M

ν+1. And

so : ∀ ν ∈ N∗ such that P (X) =
2ν+1∑
i=1

aiX
i with ai = 0 for all even indices i, we

have
P (A) =

[
0 Q(M)H

HTQ(M) 0

]
,

where Q(M) = a1Ir + a3M + ...+ a2ν+1M
ν . �

This proposition and Tanner’s observation allow to define the code P (C) with
the parity check matrix

H(P (C)) = Q(M)H.
The code P (C) is formally denoted by

P (C) = a1C+̇ · · · +̇a2ν+1C(2ν+1). (2.4)
Definition 2.2. P (C) is a linear code over GF (q) defined by

P (C) =
{
x ∈ GF (q)n/ x(Q(M)H)T = 0

}
.
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Remark 2.3. P (C) is a vector subspace of GF (q)n. In fact we have P (C) ⊂
GF (q)n and it’s a non-empty set since 0 ∈ P (C).
Let α, β ∈ GF (q) and x, y ∈ P (C) then,

(αx+ βy)(Q(M)H)T = αx(Q(M)H)T + βy(Q(M)H)T

= 0 + 0 = 0.

Then αx+ βy ∈ P (C), consequently P (C) is a vector subspace of GF (q)n.

Notation 2.4. The power of the linear code C is denoted by C(2j+1) for a certain
nonnegative integer j. If j = 0, we have C(1) = C.

Corollary 2.5. Let j be a nonnegative integer, then the parity check matrix of
C(2j+1) is M jH. In fact we have H(P (C)) = Q(M)H with Q(M) = a1Ir+a3M+
· · · + a2ν+1M

ν, hence we put a1 = a2 = · · · = a2ν+1 = 0 except a2j+1 = 1 for a
certain nonnegative integer j. Thus P (C) = C(2j+1), then H(C(2j+1)) = M jH as
Q(M) = M j.

Definition 2.6. For all nonnegative j, the (2j+ 1)th power of the linear code C
is defined by

C(2j+1) =
{
x ∈ GF (q)n/ x(M jH)T = 0

}
.

Remark 2.7. (Clarification)
If we consider the sequence of monomials Qν = aνX

ν , where aν is a nonzero
element of GF (q), and denote Pν(C) the code with the parity check matrix
H(Pν(C)) = Qν(M)H, then we have Pν(C) ⊂ Pν+1(C). Note that if we con-

sider the code P (C) associated with the polynomial P (X) =
2ν+1∑
i=1

aiX
i, with

a2ν+1 6= 0, we haven’t in general P (C) ⊂ Pν(C), and the code P (C) is not the

combination
ν∑
i=1

Pi(C) of subspaces. Thus the code P (C) is not the code Pν(C).

This justifies the choice of notation ′′+̇′′ instead of ′′+′′ in (2.4).

Proposition 2.8. With the same previous notations we have :
(1) C ⊆ P (C).
(2) C ⊆ C(3) ⊆ · · · ⊆ C(2ν+1) ⊆ · · ·
(3) For j 6= l, and a, b ∈ GF (q), H(aC(2j+1)+̇bC(2l+1)) = aH(C(2j+1)) +

bH(C(2l+1)).

Proof. (1) Let x ∈ C, then

xHT = 0 =⇒ xHTQ(M) = 0
=⇒ x(Q(M)H)T = 0.

Since H(P (C)) = Q(M)H, we have x ∈ P (C), thus C ⊆ P (C).
(2) We proceed by induction to show that :

∀ j ≥ 0,C(2j+1) ⊆ C(2j+3).
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For j = 0, C ⊆ C(3) by the property (1).
We supposed that C(2j+1) ⊆ C(2j+3) for a certain nonnegative integer
j, and let’s show that C(2j+3) ⊆ C(2j+5). We have for all x ∈ C(2j+1),
x ∈ C(2j+3), then

x(M j+1H)T = 0 =⇒ xHTM j+1 = 0
=⇒ xHTM j+1M = 0
=⇒ xHTM j+2 = 0
=⇒ x(M j+2H)T = 0
=⇒ x ∈ C(2j+5).

Thus ∀ j ≥ 0,C(2j+1) ⊆ C(2j+3). By changing j over N we have C ⊆
C(3) ⊆ · · · ⊆ C(2ν+1) ⊆ · · ·

(3) We know that H(P (C)) = Q(M)H, we put for j 6= l, and a, b ∈ GF (q),
P (C) = aC(2j+1)+̇bC(2l+1).

Then,
H(P (C)) = (aM j + bM l)H,

= aM jH + bM lH,

= aH(C(2j+1)) + bH(C(2l+1)).
�

Remark 2.9. In the above chain of inclusions we have the length of codes remains
stable. The dimension is increasing while the minimum distance is decreasing.
Remark 2.10. (Distance stability)
In the chain of inclusions of odd powers of the code C, the distance stabilizes in
a certain rank. In fact from the above proposition we have C(2j+1) ⊆ C(2l+1) for
all nonnegatives l ≥ j.
Let us denote by kj the dimension of C(2j+1) for j ∈ N∗. We have,

kj ≤ kl ⇐⇒ n− kl ≤ n− kj
⇐⇒ rank(H(C(2l+1))) ≤ rank(H(C(2j+1))).

Since the Singleton bound d ≤ n−k+1 and as the dimension in the chain of codes
increases, then the rank of their parity check matrices decreases, it stabilizes. In
this case the chain of inclusions stops because we will find the same code that
repeats itself.
Definition 2.11. (Height of a code )
Let C be an [n, k, d]q linear code over GF (q). The height of the code C is denoted
by Ht(C) and it is defined by :

Ht(C) = max
{
i ∈ N /C(2i+1) = C(2i+3)

}
.

It is the smallest nonnegative integer r verifying :
∀ j > r, C(2r+1) = C(2j+1).
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Remark 2.12. (1) The height of the code C can be seen as the length of the
following chain

C ⊆ C(3) ⊆ · · · ⊆ C(2ν+1) ⊆ · · ·
(2) The height of the code C is its stability order.
(3) Ht(C) = 0 if and only if C = C(2i+1) ∀ i ∈ N.

Proposition 2.13. Ht(C) = 0 if and only if M = HHT is invertible.

Proof. Let i be a nonnegative integer, x ∈ C(2i+1) and M = HHT . Then
x(M iH)T = xHTM i = 0.
M is invertible implies xHT = 0, hence x ∈ C. Thus Ht(C) = 0.
Reciprocally, we assume that Ht(C) = 0 i.e. C = C(3) and we suppose that M
is not invertible. Then we have rank(M) < n − k (M is not a full rank ma-
trix), thus rank(MH) ≤ min(rank(M), rank(H)) = rank(M). Consequently,
dim(C(3)) = n− rank(MH) > k. Absurd as dim(C) = k. �

Remark 2.14. If M = HHT = 0, then C(3) = GF (q)n.

We need the following lemma.

Lemma 2.15. For each nonnegative j < Ht(C), C(2j+1) is strictly included in
C(2j+3).

Proof. Let r = Ht(C), and j < r such that C(2j+1) = C(2j+3).
Then M jH = M j+1H, so by multiplying the equality by the powers of M we get
M jH = M rH = M r+1H = ..., thus C(2j+1) = C(2r+1) = C(2r+3) = ....
This implies j = Ht(C). Contradiction �

Proposition 2.16. For any linear code C of length n and dimension k, we have
Ht(C) ≤ n− k.

Proof. In fact we have n ≥ k for C, then by the lemma 2.15, for C(3) we have at
least n ≥ k + 1,
for C(5) we have at least n ≥ k + 2, and so forth until C(2Ht(C)+1) that we have
n ≥ k + Ht(C). �

Proposition 2.17. Let C be an [n, k, d]q linear code over GF (q). If the minimum
distance decreases by at least one in each increasing power of the code C, then

Ht(C) ≤ d− 1.

Proof. We have in this chain C ⊆ C(3) ⊆ · · · ⊆ C(2ν+1) ⊆ · · · ⊆ C(2Ht(C)+1).
As the distance decreases as least by one in every move, then if Ht(C) ≥ d
we have the distance corresponding to C(2Ht(C)+1) decreased at least by d, so
d(C(2Ht(C)+1)) is less or equal to 0, which impossible since C(2Ht(C)+1) is different
to the zero code. Then the result. �

Remark 2.18. We can see this result in two different ways :
(1) If we take a known [n, k, d]q linear code over GF (q), we can get an idea

of its stability rank since it can’t exceed d− 1.
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(2) If we take a code that we only know its parity check matrix, we iterate to
stability and we get an idea about its minimum distance which must be
greater than the height plus 1.

Proposition 2.19. Let C be an [n, k, d]q linear code over GF (q).
If j < Ht(C), then

dim(C(2j+1)) ≥ dim(C) + j.

Proof. By induction on j.
The assertion is true for j = 0.
We suppose that the assertion is true for a certain j ∈ N, and we provide that

dim(C(2j+3)) ≥ dim(C) + j + 1.
We have by the lemma 2.15 for j < Ht(C), C(2j+1) ⊂ C(2j+3), then

dim(C(2j+3)) ≥ dim(C(2j+1)) + 1.
Furthermore,

dim(C(2j+1)) ≥ dim(C) + j.

Then
dim(C(2j+3)) ≥ dim(C) + j + 1.

Hence the result. �

Corollary 2.20. ∀ j ≥ Ht(C), dim(C(2j+1)) ≥ dim(C) + Ht(C).

Proposition 2.21. Let C be an [n, k, d]q linear code over GF (q). If the minimum
distance decreases by at least one in each increasing power of the code C, and if
j < Ht(C), then

1 ≤ d(C(2j+1)) ≤ d(C)− j.

Proof. By induction on j
for j = 0 we have the assertion is true.
We suppose that the assertion is true for a certain j ∈ N, and we provide that

1 ≤ d(C(2j+3)) ≤ d(C)− j − 1.
We have by the lemma 2.15 for j < Ht(C), C(2j+1) ⊂ C(2j+3), then

d(C(2j+3)) ≤ d(C(2j+1))− 1.
But,

d(C(2j+1)) ≤ d(C)− j.
Then,

d(C(2j+3)) ≤ d(C)− (j + 1).
Hence the result. �

Corollary 2.22. ∀ j ≥ Ht(C), d(C(2j+1)) ≤ d(C)−Ht(C).

Proposition 2.23. Let C be an [n, k, d]q linear code over GF (q), and let Q(M)H
be a parity check matrix of the code P (C) where Q(M) = a1Ir + a3M + · · · +
a2ν+1M

ν and M = HHT . Then
P (C) = C⇐⇒ Q(M) is invertible.
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Proof. Let x ∈ P (C), then x(Q(M)H)T = xHTQ(M) = 0.
Q(M) is invertible implies xHT = 0, hence x ∈ C. Thus P (C) = C.
Conversely, we assume that P (C) = C and Q(M) is not invertible. Then we have
rank(Q(M)) < n − k (Q(M) is not a full rank matrix), thus rank(Q(M)H) ≤
min(rank(Q(M)), rank(H)) = rank(Q(M)).
Consequently, dim(P (C)) = n−rank(Q(M)H) > k. Absurd as dim(C) = k. �

Proposition 2.24. Let C be an [n, k, d]q linear code over GF (q), then the syn-
drome S(x) of x ∈ GF (q)n with respect to P (C) is

SP (C)(x) = Q(M)SC(x),
where SC(x) is the syndrome of x with respect to C.

Proof. We recall that the syndrome of x is defined by SC(x) = HxT [7].
Let x ∈ GF (q)n, then we have

SP (C)(x) = Q(M)HxT

= Q(M)SC(x).
�

Corollary 2.25. If P (C) = C(2j+1), then for j ∈ N
SC(2j+1)(x) = M jSC(x).

The following algorithm represents the syndrome decoding corresponding to
the code P (C).

Algorithm 2.26.
If we already know the syndrome decoding by the code C, then for a received
word x we proceed as follows :
Step 1: We calculate its syndrome SP (C)(x) = Q(M)SC(x). Hence two cases are
discussed. If Q(M) is invertible, then the coset leaders will not change and we
find the same syndromes corresponding to C with a permutation. If Q(M) is
not invertible, then since dim(P (C)) > dim(C) we have the number of cosets
founded by P (C) is smaller than the number of cosets corresponds to C, this
means that there are syndromes that will be repeated. Since error patterns e

verify w(e) ≤ bd(C)− 1
2 c and d(P (C)) ≤ d(C), then also the number of coset

leaders will decrease.
Step 2: We redress the syndrome table by multiplying all cosets by Q(M)

and after elimination of repeating cosets we find the coset leader u next to the
syndrome SP (C)(x) = SP (C)(u) in the syndrome table.

Step 3: We decode x as y = x− u.

The following examples are generated by the computer algebra system SAGE.

Example 2.27. In this example, we take the case of random codes. As we can
see, the code remains stable if we use an odd polynomial P (X) such that Q(M)
is invertible. However, if Q(M) is not invertible, the dimension increases and the
minimum distance decreases while the length always stays the same.
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Table 1. Some examples with random codes

q (n, k, d) of C P (X) is Q(M) invertible ? (n, k, d) of P (C)

4 (10, 4, 4) X11 +X9 +X yes (10, 4, 4)

4 (15, 7, 5) X19 +X13 + 1 yes (15, 7, 5)

2 (24, 12, 4) X7 +X5 +X yes (24, 12, 4)

32 (8, 5, 3) X9 +X5 +X3 yes (8, 5, 3)

16 (10, 3, 7) X7 +X5 +X no (10, 7, 3)

8 (17, 8, 7) X5 +X no (17, 9, 5)

8 (15, 6, 6) X11 +X7 no (15, 9, 4)

8 (20, 8, 8) X7 +X5 +X no (20, 9, 6)

Example 2.28. In this example, we take the case of known code classes for
example rational Goppa codes [1, 5], with the polynomial Q(X) given directly.
The dimension always increases while the minimum distance decreases. In the
first case of the cyclic code, since the matrix M = HHT is zero, we find the
ambient space for any chosen Q(X). We also note that the parameters of the
new code found depend on the polynomial chosen. There is no clear relationship
between these parameters and the degree of the polynomial, this dependency is
mysterious.

Table 2. Some examples with known codes

q Type of the code (n, k, d) of C Q(X) (n, k, d) of P (C)

8 Cyclic code (7, 4, 3) any Q(X) GF (8)7 = (7, 7, 1)

2 BCH code (15, 5, 7) X4 +X2 (15, 11, 1)

2 BCH code (15, 7, 4) X (15, 11, 2)

2 BCH code (15, 7, 4) X2 (15, 13, 1)

2 BCH code (15, 7, 4) X3 +X2 +X + 1 (15, 9, 3)

8 Reed− Solomon code (7, 2, 6) X7 +X5 + 1 (7, 4, 4)

8 Reed− Solomon code (7, 2, 6) X (7, 3, 1)

11 Reed− Solomon code (10, 5, 6) X + 1 (10, 6, 5)

64 Rational Goppa code (55, 16, 19) X7 +X (55, 31, 1)

8 Rational Goppa code (8, 2, 5) X2 +X + 1 (8, 4, 1)

2 Kasami code (16, 9, 4) X7 +X (16, 14, 1)
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Remark 2.29. If we take a non-trivial cyclic code C and a polynomial P (X) with
the same above conditions, then the code P (C) is not necessary cyclic.

Example 2.30. We consider over GF (2) the example of the [15, 5, 7] BCH code
C which is cyclic with the generator polynomial g(x) = X10 + X8 + X5 + X4 +
X2 +X+1 and we take P (X) = X9 +X5 ∈ GF (2)[X]. Then the code P (C) with
parameters [15, 11, 1] is not cyclic since c = (0, 1, 0, 1, 1, 0, 1, 1, 0, 0, 1, 1, 0, 1, 1) ∈
P (C) and c′ = (1, 0, 1, 0, 1, 1, 0, 1, 1, 0, 0, 1, 1, 0, 1) is not a codeword in P (C).

Example 2.31. Here we study the height of some linear codes. We note that
sometimes the minimum distance decreases rapidly towards its stability (respec-
tively the dimension increases rapidly), the case of rational Goppa code with
q = 64 shows that. For some codes, the height is 0 i.e. the code is stable by
default. Moreover, when the height is 1, there are in fact two possibilities: either
the initial code will give a code strictly included in the whole space, or will give
the ambient space such the case of Reed-Solomon codes below.

Table 3. Height of some codes

q Type of the code (n, k, d) of C Ht(C) (n, k, d) of C(2Ht(C)+1)

2 BCH code (31, 11, 11) 1 (31, 21, 4)

2 BCH code (15, 7, 4) 2 (15, 13, 1)

2 BCH code (15, 5, 7) 2 (15, 11, 1)

59 Reed− Solomon code (40, 12, 29) 0 (40, 12, 29)

7 Reed− Solomon code (7, 5, 3) 1 (7, 7, 1)

8 Reed− Solomon code (7, 2, 6) 1 (7, 3, 1)

8 Reed− Solomon code (10, 5, 6) 1 (10, 10, 1)

8 Rational Goppa code (8, 2, 5) 1 (8, 4, 2)

32 Rational Goppa code (27, 2, 11) 3 (27, 5, 9)

64 Rational Goppa code (55, 16, 19) 1 (55, 31, 1)

2 Golay code (24, 12, 8) 1 (24, 24, 1)

2.2. Spectral Theory.
In this section, we introduce the notion of spectral theory, which manipulates the
eigenvalues of the matrices constructed by the adjacency matrices of a Tanner
graph presented below, in order to derive spectral links to give a lower bound on
the minimum distance of the power of the initial code.
In the following proposition we show the relation between the eigenvalues of the
matrix HTH and those of the matrix (Q(M)H)TQ(M)H, with Q(X) ∈ GF (q)[X]
is the same polynomial previously defined.
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Proposition 2.32. If x is an eigenvector of HTH associated with the eigenvalue
µ, then x is an eigenvector of (Q(M)H)TQ(M)H associated with the eigenvalue
µQ(µ)2, where Q(M) = a1Ir + a3M + · · ·+ a2ν+1M

ν and M = HHT .

Proof. Let µ be an eigenvalue of the matrix HTH associated with the eigenvector
x, then

HTHx = µx

HHTHx = µHx.

Since M = HHT , then
MHx = µHx

M2Hx = µMHx = µ2Hx

M3Hx = µ2MHx = µ3Hx

...
MνHx = µνHx.

We multiply each equality by a coefficient to obtain the polynomial Q applied to
M and µ after term-by-term summation.
Explicitly we find

Q(M)Hx = Q(µ)Hx,
where Q(M) = a1Ir + a3M + · · ·+ a2ν+1M

ν .
This is equivalent to

HTQ(M)Q(M)Hx = HTQ(M)Q(µ)Hx
= Q(µ)HTQ(M)Hx
= Q(µ)HTQ(µ)Hx
= Q(µ)2HTHx

= µQ(µ)2x.

�

Remark 2.33. The result of the proposition (2.32) is valid if H and Q are defined
over any field.

In the following proposition for a matrix H defined over any field, we show
the relation between the eigenvalues of the matrix HTH and those of the matrix
(MνH)TMνH with M = HHT for a certain nonnegative integer ν.

Proposition 2.34. If HTH is diagonalizable with eigenvalues µ1, µ2, · · · , µs counted
with their multiplicities. Then ∀ ν ∈ N, (MνH)TMνH is diagonalizable with
eigenvalues µ2ν+1

1 , µ2ν+1
2 , · · · , µ2ν+1

s counted with their multiplicities.

Proof. Since HTH is diagonalizable, then it is similar to a diagonal matrix D
which contains on its diagonal all the eigenvalues of the matrix HTH, i.e. there
exists an invertible matrix P such that HTH = PDP−1.
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This means that ∀ν ∈ N, (HTH)2ν+1 = PD2ν+1P−1.
On the other hand we have,

(HTH)2ν+1 = (HTH)ν(HTH)νHTH

= HT (HHT )ν(HHT )νH
= HTMνMνH

= (MνH)TMνH.

Therefore, (MνH)TMνH = PD2ν+1P−1. Consequently, the desired result. �

In the following, we restrict our study to the case of a Tanner graph Γ, with
the (n+ r)× (n+ r) real-valued adjacency matrix

A =
[

0 H
HT 0

]
. (2.5)

Note that the matrix HTH is a real symmetric matrix then it is diagonalizable
with µ1 > µ2 > · · · > µs are its ordered distinct eigenvalues [9].
From the proposition (2.34), we have the following corollary.

Corollary 2.35. Let µ1 > µ2 > · · · > µs be the ordered distinct eigenvalues of
HTH, then for a certain nonnegative integer ν, µ2ν+1

1 > µ2ν+1
2 > · · · > µ2ν+1

s are
the ordered distinct eigenvalues of (MνH)TMνH.

The aim of the following theorem is to find a lower bound on the minimum dis-
tance of the code C(2ν+1) based on the spectral study of the matrix (MνH)TMνH
constructed from the adjacency matrix A (2.5) of a Tanner graph Γ by calculating
Aν for a certain nonnegative integer ν. Then according to the Theorem 3.1 (page
3 presented in [9]). We have

Theorem 2.36. If Γ is a regular connected graph with adjacency matrix A, and
n bit nodes of uniform degree m, and r = n− k parity nodes of uniform degree j,
then the minimum distance of the code C(2ν+1) satisfies

d(C(2ν+1)) ≥ n(2m(mj)ν − µ2ν+1
2 )

(mj)2ν+1 − µ2ν+1
2

,

where 0 ≤ ν ≤ Ht(C).

Proof. Let C be a linear code with the parity check matrix H constructed from a
Tanner graph with the adjacency matrix A (2.5). For 0 ≤ ν ≤ Ht(C), let C(2ν+1)

be the linear code with the parity check matrix MνH such that M = HHT . The
minimum distance of C(2ν+1) is denoted by D.
Let x be a real-valued vector of length n that represents a codeword with the
minimum weight, with a one at each position where the minimum weight code-
word is non-zero and zeros elsewhere. Since Γ is regular and connected, then

the first and unique eigenvector of HTH that can be taken is e1 = (1, 1, ..., 1)T√
n

with µ1 = mj. Consequently and by the corollary (2.35), the first and unique
eigenvector of (MνH)TMνH is e1 with µ2ν+1

1 .
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Let xi be the projection of x onto the i−th eigenspace of the matrix (MνH)TMνH,
we have

< x, x >= ||x||2 = D.

Since e1 = (1, 1, ..., 1)T√
n

, then

x1 =< x, e1 > e1

x1 =< x,
(1, 1, ..., 1)T√

n
> e1

x1 = D√
n
e1.

Hence,

< x1, x1 > = D2

n
< e1, e1 >

||x1||2 = D2

n
||e1||2.

Since ||e1||2 = 1, then ||x1||2 = D2

n
.

Let Hx = (a0, a1, ..., ar−1) with ai =
n−1∑
k=0

hikxk, and let X = (HHT )νHx with

Xi = ((HHT )νHx)i is the weight on the i−th parity i.e. the weight corresponding
to the i− th vector position Xi, where 0 ≤ i ≤ r − 1.
We have for 0 ≤ ν ≤ Ht(C),

||(HHT )νHx||2 =
r−1∑
i=0

X2
i ≥ 2

r−1∑
i=0

Xi = 2m(mj)νD.

Where the inequality follows from each Xi being greater than 2. This depends
on the choice of the real-valued vector x and the distribution of its elements.
To understand the idea, we will explain what happened in the case of ν = 1. The
rest is technical, by increasing power. We put now for 0 ≤ s ≤ r − 1,

X ′s = (HHTHx)s =
r−1∑
k=0

HHT
skak.
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Hence, as (HHT )ij =
n−1∑
k=0

hikhjk for 0 ≤ i, j ≤ r − 1, we have

r−1∑
s=0

X ′s =
r−1∑
s=0

r−1∑
k=0

HHT
skak

=
r−1∑
k=0

HHT
0kak +

r−1∑
k=0

HHT
1kak + · · ·+

r−1∑
k=0

HHT
r−1kak

=
r−1∑
k=0

(
r−1∑
s=0

HHT
sk)ak.

Since each column of H has m ones and each row j ones, hence the sum of all
elements in any column of HHT is mj. In fact, by taking the k − th column of

HHT , we have HHT
sk =

n−1∑
p=0

hsphkp, hence

r−1∑
s=0

HHT
sk =

n−1∑
p=0

hkp(
r−1∑
s=0

hsp)

= m
n−1∑
p=0

hkp

= mj.

Consequently,
r−1∑
s=0

X ′s = mj
r−1∑
k=0

ak = m2jD. Indeed,

r−1∑
k=0

ak =
r−1∑
k=0

n−1∑
p=0

hkpxp

=
n−1∑
p=0

xp(
r−1∑
k=0

hkp)

= m
n−1∑
p=0

xp

= mD.

Then by repeating this process for 0 ≤ ν ≤ Ht(C), the key idea is to sum the
components of a fixed column of the matrix (HHT )ν which is exactly (mj)ν , to
have clearly

r−1∑
i=0

Xi = m(mj)νD.
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Now by converting this to eigenspace representation,

||(HHT )νHx||2 =
s∑
i=1

µ2ν+1
i ||xi||2 = µ2ν+1

1
D2

n
+

s∑
i=2

µ2ν+1
i ||xi||2

≤ µ2ν+1
1

D2

n
+ µ2ν+1

2

s∑
i=2
||xi||2 = µ2ν+1

1
D2

n
+ µ2ν+1

2 (||x||2 − ||x1||2)

Substituting from above,

µ2ν+1
1

D2

n
+ µ2ν+1

2 (D − D2

n
) ≥ 2m(mj)νD.

Consequently, since µ1 = mj we have,

d(C(2ν+1)) = D ≥ n(2m(mj)ν − µ2ν+1
2 )

(mj)2ν+1 − µ2ν+1
2

.

�

Remark 2.37. If we replace ν by 0 in the previous inequality, we arrive at the
formula given by Tanner [9].

Example 2.38. We take the same example as in [9] of the [7, 3, 4] expurgated
Hamming code with the i − th rows of the matrix H are the coefficients of the
polynomial αi(1 + α2 + α3) mod (α7 + 1), for 0 ≤ i ≤ 6. We have the matrix
HTH has as eigenvalues µ1 = 9 and µ2 = 2, with m = 3. Thus d(C) ≥ 4.
If we consider the code C(3), then

d(C(3)) ≥ 7(2× 3× 9− 23)
93 − 23 ≈ 0.44.

This bound is trivial since already the true minimum distance of C(3) is 1.

Remark 2.39. To see the use of this result, and as the previous example shows,
it is necessary to choose codes with large lengths and obviously others having a
large minimum distance, since according to the simulations we observe that a lot
of times the minimum distance decreases rapidly.

In the following proposition we give an upper bound on the height of the initial
code C.

Proposition 2.40. Keeping all the previous notions, If µ2
2 > µ1, then the height

r of the code C satisfies

r ≤ ln(2nm− µ1

n− 1 ) 1
ln(µ

2
2
µ1

)
.

Proof. According to the theorem (2.36), we have for ν = r,

n(2m(mj)r − µ2r+1
2 ) ≥ (mj)2r+1 − µ2r+1

2 .

Hence,
µr1(2nm− µr+1

1 ) ≥ µ2r+1
2 (n− 1).
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Then,

2nm− µr+1
1 ≥ µ2(µ

2
2
µ1

)r(n− 1).

As µr+1
1 ≥ µ1, we have

2nm− µ1 ≥ µ2(µ
2
2
µ1

)r(n− 1).

In addition we have µ2 > 1 and 2nm− µ1 > n− 1. In fact,
µ2

2 > µ1 = mj implies µ2 > 1 since mj > 1. And since n > j, we have 2n− j > n
implies m(2n− j) > mn > n− 1 i.e. 2mn− µ1 > n− 1.
Therefore,

2nm− µ1

n− 1 ≥ (µ
2
2
µ1

)r.

Consequently,

r ≤ ln(2nm− µ1

n− 1 ) 1
ln(µ

2
2
µ1

)
.

�

Example 2.41. If we take the same first example in [8], for the [9, 2, 3]-regular
LDPC code C with µ1 = 6, µ2 = 3 and m = 2. Since µ2

2 > µ1. Then

r ≤ ln(2× 9× 2− 6
9− 1 ) 1

ln(9
6) ≈ 3.25

r ≤ 3.

3. Conclusion

In this paper, we have given on the one hand a definition of an odd polyno-
mial applied to a linear code, based on the correspondence between the theory of
error-correcting codes and that of graph theory. This investigation has enabled
us to extract a new notion called the height which characterizes a linear code.
We generated many examples and gave results on the parameters of the new code
obtained. On the other hand, based on the spectral study links we gave a lower
bound on the minimum distance of the code power given by the Tanner graph.
An upper bound on the height is then given. As perspectives behind this work,
we think about the decoding problem i.e. finding an efficient decoder of the code
P (C) if we first know a decoder of C.
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