Gulf Journal of Mathematics
Vol 1 (2013) 72-77

ON SOME PROJECTIVELY FLAT (a,)-METRICS
RAVINDRA YADAV AND GAUREE SHANKER

ABSTRACT. The (a, 8)-metric is a Finsler metric which is constructed from a
Riemannian metric a and a differential 1-form 5. We consider the projective
flatness of Finsler spaces with some («, §)-metrics. The purpose of the present

paper is to find the conditions for a Finsler space with L = % + [ and
5n+1

L=a+

to be projectively flat.

am

1. INTRODUCTION AND PRELIMINARIES

Let F" = (M™, L) be an n-dimensional Finsler space, that is, an n-dimensional
differential manifold M™ equipped with a fundamental function L(z,y). The
concept of an («, f)-metric L(«, 5) was introduced in 1972 by M. Matsumoto
[4]. A Finsler metric L(x,y) is called an («, 5)-metric L(a, 3) if L is a positively
homogeneous function of « and § of degree one, where a? = a;;(z)y'y’ is a
Riemannian metric and 3 = b;(z)y’ is a one form on M™. The most interesting
examples of («, B)-metric are the Randers metric, Kropina metric and Matsumoto
metric.

A Finsler space F* = (M™, L) is called a locally Minkowski space [0] if M™ is
covered by coordinate neighborhood system (z°) in each of which L is a function
of y* only. A Finsler space F" = (M™ L) is called projectively flat if F™ is
projective to a locally Minkowski space.

The condition for a Finsler space with («, §)-metric to be projectively flat was
studied by M. Matsumoto [5]. Aikou, Hashiguchi and Yamauchi [1] gave interest-
ing results on the projective flatness of Matsumoto space. A locally Minkowski
space with (a, §)-metric is called flat-parallel [2] if « is locally flat and § is parallel
with respect to a.

The purpose of the present paper is to consider the projective flatness of Finsler
space with L = % +fand L =a+ 5::1.

Let F* = (M", L(a, B)) be an n-dimensional Finsler space with an (a, f)-
metric and R" = (M™, &) the associated Riemannian space, where a? = a;;(x)y‘y’.
Let 'y;.k be the Christoffel symbols with respect to a and denoted by the semi-
colon (;), the covariant differentiation with respect to 'y;k From the differential
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1-form B(z,y) = b;(x)y" we define
2rij = bi;j -+ bj;i; 28,‘]‘ = bi;j — bj;ia S; = (lirSrj,
Si = USniy  Yink = ameVjy, 0P = a"bybs. (L.1)

We shall denote the homogeneous polynomials in (y') of degree r by hp(r) for

brevity and the subscript 0 means contraction by ¢, for instance; ty = t;3".
Now the following Matsumoto’s theorem [5] is well-known:

Theorem 1.1. A Finsler space F™ = (M"™, L) with an («, §)-metric L(a, ) is
projectively flat if and only if for any point of space M there exist local coordinate
neighborhoods containing the point such that 7;'1@ satisfies:

(Y00 — 000" /) /2 + (aLs/La) 55
+ (Laa/La) (C + arg/25) (Oé2bi/ﬁ — yi) =0, (1.2)
where a subscript 0 means a contraction by y*, L, = dL/da, Lg = OL/9B, Lae =
0L, /0c, Lgg = OLg/0P and C' is given by
C+ (aQLg/ﬁLa) 50
+ (aLw/BQLa) (a2b2 — 62) (C + arg/268) = 0. (1.3)

By the homogeneity of L we know a?L,, = 3?Lgg, so the formula (1.3) can be
rewritten in the following form:

{1+ (Lps/aLa) (o282 = )} (C + aro/26)
= (a/28) {roo — (2aLg/Ly) so} (1.4)
If 14 (Lgg/aLy) (@?0* — B%) # 0, then we can eliminate (C' + arg/23) in (1.2)

and it is written as the form:
{1+ Lgs (0" = B%) / (aLa) } { (700 — 000y'/*) /2 + (aLg/La) 55 }
+ (Loo/Ls) <%) {roo — (2aLg/Ls) so} (oﬂbi/ﬂ _ yi) —0. (1.5)
Thus we have
Theorem 1.2. If 1 + (Lgg/aL,) (@®b? — B?) # 0, then a Finsler space F™ with
an («, B)-metric is projectively flat if and only if (1.5) is satisfied.

It is known [3] that if o contains 3 as a factor, then the dimension is equal to
two and b? = 0.

Throughout this paper, we assume that the dimension is more than two and
b* # 0, that is, o® #Z 0 (mod B).

2. FINSLER SPACE WITH THE METRIC L = % +p

Let F™ be a Finsler space with an («, 5)-metric given by

QQ

L:a—ﬁ

+ (2.1)



74 R. YADAV, G. SHANKER

The partial derivatives with respect to o and 8 of (2.1) are given by

B ala —23) _ 2a(a— B) + 32
be=Ta—pr Y= @opr
2 2
Lo =2 20 (2.2)

e A P
(=g 7" (o= By
If 1+ (Lgs/aL,) (a®b* — %) = 0, then we have a(1 + 2b%) = 3/ which leads a
contradiction. Thus 1+ (Lgg/aLy) (@?b* — 3?) # 0 and hence Theorem (1.2) can

be applied.
Substituting (2.2) into (1.5), we get

40 {(1+206%)sf — 20'so } + &” {(1 + 2b%) 0 — 8B(2 + b%)sf, + 2b' (ro + 4s0) }
+ a*B{=(54 46*)7G + 2BsH(T + 2b%) — 4b'rog — 4so(Bb — 2y") }

+ o { = (1 + 26°) 000y’ + 687700 — 653°sh — 2By'ro0 — 88%y'so }

+ By’ { (54 4b°)y000 + 48700 + 4650} — 608 Y000y" = 0. (2.3)

Then the above equation (2.3) can be rewritten as a polynomial of sixth degree
in « as follows:

(o’ + @0 + q)o + (gs0° + gsa’ + o) = 0,
where

gs = 4{(1+2b%)s} — 2b's0 }

= (14 26%)70 — 88(2 + b?)sh + 2b' (100 + 4850),

= B{—(5+40%)50 + 28s5(7 + 20%) — 4b'roo — 4so(BY’ — 2y°) } ,

g2 = —(1+20°)v000y" + 65759 — 665 — 28y"r00 — 85°y"s0,

= By’ {(5 + 4b°)v000 + 48100 + 4550 }
G = —66*v000y"-

Since gsa® + gza* + ¢1a? and quo* + g2a® + qo are rational and « is irrational in
y', we have

g10t + g2a” + qo = 0, (2.4)
and
¢50° + gzt + 1o = 0. (2.5)
The term which does not contain § in (2.5) is gsa8. Therefore there exists a
homogeneous polynomial Vi of degree six in y* such that
4{(1+20%)s, — 2b's } a® = V.
Since a? # 0 (mod 3), we must have a function u’ = u’(x) satisfying
4{(1+2b%)sf — 2b'sg } = u'B. (2.6)
Transvecting (2.6) by b;, we have
4sy = u'Bb;, (2.7)
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that is,
a0
48]' = U blbj

Furthermore transvecting this equation by ¢/, we have u'b;b* = 0, that is, u‘b; = 0.
Substituting this equation into (2.7), we have sy = 0. Therefore, from (2.6), we
get

4(1 + 20%)s;; = u;b;, (2.8)

which implies u;b; + u;b; = 0. Transvecting this equation by ¥/, we have u;b* = 0
by virtue of u;b’ = 0. Therefore we get u; = 0. Hence, from (2.8), we have
si; = 0, provided (1 + 2b%) # 0.

On the other hand, from (2.4) we have 1-form wy = w;(z)y" such that

Yooo = woa”, (2.9)
Substituting so = 0, si = 0 and (2.9) into (2.3), we have
(® = 3aB + 2b%a?) (7 — woy') + 2ree(a®b’ — By') = 0 (2.10)

by virtue of a?(a — 283) # 0. Then the equation (2.10) is written in the form
Pa+ Q) =0, where

P = =35(750 — woy'),
Q = (o +20°0*) (50 — woy') + 2ro0 (@’ — By').
Since P and @ are rational and « is irrational in 3?, we have P = 0 and Q = 0.
First, it follows from P = 0 that
Yoo — woy' = 0, (2.11)
that is,
27} = w6, + wid?, (2.12)

which shows that the associated Riemannian space (M, «) is projectively flat.
Next, from @ = 0 and (2.11) we have

o0 (b’ — By') = 0. (2.13)

Transvecting (2.13) by b;, we have roo(a?b* — %) = 0, from which 79y = 0, that
is, 7;;, = 0. Using s;; = 0 and r;; = 0 in (1.1) we have b;; = 0, by virtue of
a?h? — % £ 0.

Conversely, it is easily verified that (2.3) is a consequence of (2.11) and b;;; = 0.
Thus we have

Theorem 2.1. A Finsler space F™ with an («, 5)-metric given by (2.1) is pro-
jectively flat, if and only if b;,; = 0 and we have the associated Riemannian space
(M™, ) is projectively flat.
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3. FINSLER SPACE WITH THE METRIC L = o + 5:;
Let F™ be a Finsler space with an («, 5)-metric given by
Bn—s—l
L=a+ (3.1)
an
The partial derivatives with respect to o and 8 of (3.1) are given by
Ly, = M’ Ls — M’
an+1 am
n(n+1)8" ! n(n+ 1)1

If 14 (Lgg/aLy) (a?b? — f?) = 0, then we have —(n*+ 2n)5""2 + o5 +n(n+
1)b?*a?B™ = 0 which leads a contradiction. Thus 1 + (Lgg/aLs) (@?b? — 5%) # 0
and hence Theorem (1.2) can be applied.

Substituting (3.2) into (1.5), we get

[_(nQ + 2n)/3n+2 + O/H_lﬁ + n(n + 1)b2a26n}
{(@®*60 — 000" ) (@ — ") + 207 5" (n + 1)s5
+n(n+ 1)V’ — By') {roo(@ ' = nf"™) = 2(n+ 1)a®B"se} = 0. (3.3)

Only the term —n?(n + 2) 32" 3~00y* of (3.3) seemingly does not contain a? and
hence we must have hp(2n 4 4)v}, , satisfying —n*(n+ 2) 8% yg0y’ = a?vl, .
For the sake of brevity we suppose o % 0 (mod 3). Then the above is written as

Yooo = U()Oé2, (34)
where v is hp(1). Substituting from (3.4), the equation (3.3) reduces to
(vl — vo) (@™ = nF™*) [—(n? + 2) B2 + a"16 + (n + 1)t2a?5"]
+ 20”8 (n + 1)s [—(n® + 2n) 8" + "' B+ n(n + 1)b°a* "]
+n(n+ 1) — By") {roo( ™ = nB"™) = 2(n+ 1)a®B"so} = 0. (3.5)

The terms of (3.5) which seemingly do not contain o? are

n* 522 {(n +2)B(v60 — voy’) + (n+ 1)y'roo} - '
Consequently we must have hp(1)uf such that the above is equal to a*n?32" 2y}
Thus we come by

(n +2)B8(ve — voy") + (n + 1)y'reo = a’uf). (3.6)
Contraction of (3.6) by a;-y" leads to
(n 4 1)r00 = ugys- (3.7)
Substituting (3.7) in (3.6), we obtain
Yoo = VoY’ (3.8)
which yields
27’y = U0} + V505 (3.9)

Consequently the equation (3.9) shows that the associated Riemannian space
is projectively flat.
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Next, substituting (3.8) in (3.5), we have
20°s [—(n® +2n) " + "B+ n(n + 1)b*a’B"]

+n(a®V’ — By") {roo(a” —nf") = 2(n+1)a?B"se} = 0. (3.10)
Transvecting (3.10) by b;, we have
2072 Bsg + n(a®b* — 3*)rge = 0. (3.11)

Since a?b? — 32 of (3.11) does not contain o as a factor, we must have a function
k(x) such that

nroo = k(z)a?. (3.12)

Substituting form (3.12), the equation (3.11) reduces to 283s¢+ (a?b? — 3?)k(x) =
0, which gives (b;s; + b;s;) + k(x)(b%a;; — b;b;) = 0. Transvection by y'y’ leads to
k(z) = 0, because b*a* — 3% does not, vanish. Thus we get

ro0=0; 1r;;, =0 and so=0; s =0. (3.13)

Substituting from (3.13) the equation (3.10) reduces to s = 0, that is, s;; = 0.
Summarizing up, we obtain b;; = 0 from r;; = 0 and s;; = 0.
Conversely, if b;.; = 0, then we come by g9 = 0, sj = 0 and sy = 0. So (3.5)
follows from (3.8).
Thus we have the following

Theorem 3.1. A Finsler space F™ with an («, B)-metric L(a, B) given by (3.1)
is projectively flat, if and only if we have b;,; = 0 and the associated Riemannian
space (M™, &) is projectively flat.
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