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MODELLING ENVIRONMENTAL STOCHASTICITY IN A
STAGE-STRUCTURED POPULATION APPLYING

STOCHASTIC DIFFERENTIAL EQUATIONS

ASMA HADJOU BELAID1∗

Abstract. This work presents a new approach to incorporating environmen-
tal stochasticity into stage-structured models by combining population dynam-
ics with stochastic differential equations theory. Random fluctuations were
treated as Brownian motion, where the stochastic diffusion process here was
the population size. The resulting SDEs model was discussed in terms of
existence, uniqueness and stability of the solution. Numerical analyses were
investigated in this work to analyze and visualize our model. Our approach
allowed us to project the population behavior and to calculate the stochastic
growth rate. The quasi-extinction risk was also studied by setting a threshold
population size under different conditions. The proposed method was applied
to a real dataset of a plant species populations, and the obtained results were
in excellent agreement with previous studies. Therefore, our method can be
an alternative way to incorporate stochasticity in such structured population
models.

1. Introduction

The development of population models with stochastic differential equations
(SDEs) have been on the rise in last years as a result of new interest (see for
example [20], [15], [16], [17], [30] and [32]). The SDEs models were considered as
an appropriate modelling to describe population data, since SDEs have showed
more accurate and closer approximation to the actual data than other stochastic
models [33]. However, its application remains so limited in population dynamics,
especially for the multidimensional models as the case for structured populations,
except for a few studies (see for example [2], [11]). In such stochastic approach in
population dynamics, the number of individuals in each class can be treated as
diffusion processes to describe the stochastic fluctuations in population size. Most
previous studies have shown that knowledge of stochasticity is essential for un-
derstanding the temporal changes in populations, finding approximations to the
stochastic growth rate and predicting extinction risk, focusing on both theoretical
and numerical analyses ([6], [18] and [22]). Thus, more complex phenomena may
be revealed in such noisy systems than in deterministic systems.
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Most biological populations are subject to various sources of demographic and
environmental stochasticity, where the environmental noise should be an essential
component of any population model (see [6] and [32]). Demographic stochasticity
is due to the independent probability of transition and reproduction among indi-
viduals, which can be studied as Markov chains [2]. Environmental stochasticity
results from perturbations that affect the birth and death rates of all individuals
in a population ([13], [25] and [29]). In the majority of natural populations, the
observed temporal variations in population dynamics are of an environmental
source, which are considered to exert a stronger influence on population per-
sistence than those of a demographic source. Moreover, unlike to demographic
stochasticity, environmental stochasticity is important in both large and small
populations [11]. Such noise, can be accurately modelled as a diffusion process (
see [25] and [32]). In fact, diffusion models are employed in a multitude of bio-
logical phenomena, in our particular case, the stochastic process N(t) represents
the population size, solution of a SDE describing an exponential growth model
([11], [15]).

In our work we developed a Matrix Population Model which describes the dy-
namics of a stage-structured population by incorporating the environmental type
of stochasticity. Such structured models treat the processes of moving among
stage classes as alternating. A deterministic model is then given as a matrix
equation based on a square matrix containing transition parameters [6]. In the
presence of stochastic fluctuations, stochasticity can generally be incorporated
into population models by randomly selecting one entire matrix transition at
each time step (sampling with replacement) from all existing matrices (see for
example [9], [10] and [22]). An alternative to random selection of matrices is
random selection of matrix elements, by drawing values from the joint probabil-
ity distribution of vital rates ([6]). Such approaches require longer-term surveys,
which explains why most population dynamics studies have treated only the de-
terministic model based on a few years of data [9]. In contrast, in the approach
proposed here, we considered the number of individuals at each stage as a dif-
fusion process, solution of a stochastic differential equation, which requires only
the average transition parameters from fewer numbers of projection matrices.

SDEs in applications arose by incorporating random fluctuations (noise) into
deterministic models, where the notion of Brownian motion processes had been
introduced with the associated white noise models ([3],[11], [14], [15], [26], [30]).
Such noise is called additive (if it acts externally) when the diffusion coefficient
does not depend on the studied stochastic process, and in this case these integrals
have a unique value. In the case of a parametric (multiplicative) white noise,
where the diffusion coefficient depends on the stochastic process, the integral has
infinite values depending on the position of the point in the discretisation interval
[16]. In such analyses, two methods of stochastic calculus are distinguished,
namely Itô and Stratonovich, which differ in the stochastic integral employed.
However, in the case of additive noise, the two representations are equivalent (see
[16] and [18]).

In most studies that developed SDEs for modeling and analysing realistic phe-
nomena, theoretical analyses became less important especially when it may not
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be possible to find an explicit solution. Thus, numerical methods are becoming
an indispensable tool in a variety of disciplines, relating the developed theory
of SDEs and their application to specific examples ([23] and [31]). In this case,
if the solution exists, it can be approximated using a discrete-time approxima-
tion ([23], [5]). The current progress in the development of numerical tools has
enabled many theoretical problems involving SDEs to be solved [18]. There are
already a number of open source packages that are able to carry out stochastic
analysis in the R software environment. In fact, the R language is a powerful
programming language that is well adapted to express advanced mathematical
processes. There are several packages that address continuous time (SDE) models
in R, most of them focusing on single topic issues. These include sde [21], yuima
[4], cts [39], and ctsem for more complex continuous time models [12]. Here we
used the package Sim.DiffProc [18], which allows us to simulate, estimate and
analyse the dynamics of stochastic systems using both symbolic and numerical
computation. All numerical approaches used in this package are of high order of
convergence [18].

The structure of this paper is as follows: we have described in Section 2 the
way to introduce stochasticity into deterministic population growth models, and
some properties of the resulting diffusion processes. The proposed approach is
presented in Section 3. Numerical analyses were carried out in detail in Section 4.
The obtained results were applied to a real dataset of a plant species in Section
5. Finally, a brief conclusion is given in the last section.

2. Differentiating a Deterministic Population Modelz

We consider a single-species biological population with no migration. The cor-
responding population growth model is given by an ordinary differential equation

dN(t)

dt
= a(t)N(t); (2.1)

given that N(t) represents the population size at time t and a(t) is the relative
population growth rate.

However, biological populations can be exposed to environmental stochasticity.
Thus, the relative growth rate a(t) will be subject to random fluctuations caused
by various random effects such as the meteorology, habitat and the general en-
vironmental conditions. Such noise is usually studied as a stochastic (Wiener)
process and, in especially, as a Brownian motion process [32].

Note that a Wiener process, W (t), t ≥ 0, represents a stochastic process that
has the following characteristics ([15], section 3.1):

(i) W (0) = 0.
(ii) W (t)−W (s), s < t , is independent of the past.
(iii) W (t)−W (s) has a normal distribution with parameters µ = 0 and vari-

ance σ2 = t − s. For s = 0 the process W (t) has the distributionN(0, t)
.

(iv) W (t), t ≥ 0 represents a continuous function of t.
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Under these conditions, the equation (2.1) can be rewritten as the following
SDE form

dN(t)

dt
= (r(t) + α(t) · ξt)N(t) (2.2)

where r(t) and α(t) are given functions of t and the noise term ξt is the stochastic
process called White noise and is given by ξt = Ẇ (t) = dW (t)/dt. It represents
the time derivative of the Wiener process (Brownian motion) (W (t))t≥0 with
W (0) = W0 = 0 (see [32], sections 4.1 and 6.3).
Then the equation (2.2) becomes

dN(t) = r(t)N(t)dt+ αN(t)dW (t), N(0) = N0, t ≥ 0. (2.3)

In the general case, the stochasticized model is given as the SDE of the form

dN(t) = f(N(t), t)dt+ g(N(t), t)dW (t), t ≥ t0, (2.4)

with the initial state N(t0) = N0, assuming that N0 is a random variable inde-
pendent of W (t)−W (t0), and E(|N0|2) < +∞ (see [32], section 5.1).

In such models, f is called the drift coefficient function, which can be considered
as a measurement of short-term growth, and g the diffusion coefficient function,
which represents short-term variability. Thus, a sufficient regularity is assumed
for these functions (Lipschitz, bounded growth conditions), which ensure the
existence and uniqueness of the solution (see Theorem 2.1).

Theorem 2.1. (Theorem of existence and uniqueness)
If the drift and diffusion functions (f and g) of the SDE (2.4) verify the condi-
tions:

(a) Uniform Lipschitz Condition

|f(x, t)− f(y, t)|+ |g(x, t)− g(y, t)| ≤ k|x− t| (2.5)

for a given constante k and all t ∈ [t0, T ] , T > 0.
(b) Linear Growth Condition

|f(x, t)|2 + |g(x, t)|2 ≤ k2
(
1 + |x|2

)
(2.6)

for a given constant k2 and all t ∈ [t0, T ] , T > 0.

Then the equation (2.4) has for all t in the interval [t0, T ] a unique continuous
solution N(t) with probability 1, that satisfies the initial condition N(t0) = N0.
This means; under the same initial value N0, if N(t) and Ñ(t) are two continuous
solutions of (eq. 2.4), then we have

P
[
supt0≤t≤T |Nt − Ñt)| > 0

]
= 0,

so that the solution N(t) is unique.

(See Section 5.2 in [32] and Section 6.2 in [3] for the proof).
Stochastic stability for such models is well investigated in ([2]; Section 4.2, and

[32]; Section 5.4 and [28]; Section 4). The stability of the solution of SDEs must
be formulated in probabilistic sense. Assume that the following hypotheses are
fulfilled :
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(a) The conditions in Theorem 2.1 are satisfied;
(b) the initial state N(t0) = N0 ∈ R is supposed to be a constant with

probability 1, and
(c) the equation (eq. 2.4) has a unique global solution, for a given N0 indepen-

dent of W (t), t ≥ t0, with continuous sample paths and finite moments;
and

(d) N(t) ≡ 0 is the unique solution corresponding to the initial state N(t0) =
N0 = 0, since for all t ≥ t0 we have f(0, t) = 0 and g(0, t) = 0.

Then the trivial or equilibrium solution is called stochastically stable or stable in
sense of probability if for every ε > 0

lim
N0→0

P

(
sup

t0≤t≤+∞
|Nt(t0, N0)| ≥ ε

)
= 0, N(t0) = 0. (2.7)

When this is not the case, it is considered as stochastically unstable solution [28].
We have an asymptotic stochastic stability of the equilibrium solution, if it sat-
isfies in addition to stochastic stability; the property

lim
N0→0

P

(
lim

t→+∞
Nt(t0, N0) = 0

)
= 1. (2.8)

This result can also be considered for multidimentional stochastic systems (see
[2]; Section 4.2 and [28]).

In natural systems, the notion of stability consists to the fact that the changes
in the initial state (conditions) do not lead to large changes in the population
behavior. However, in most research of biological populations systems, analyzing
the stability behaviors is extremely difficult, therefore numerical simulations and
visualizations are often used to treat such questions.

3. Construction of Three-dimensional Stochastic System

3.1. Matrix Projection Models. In this paper, we have focused on stage-
structured populations and, in particular, populations with three stage classes.
The dynamics of such populations are studied based on the matrix projection
model given by

N(t+ 1) = AN(t) , (3.1)

where N(t) is a three dimensional vector representing the number of individuals
in each stage class at time t (t = 0, 1, 2, ...), and the square matrix A contains the
non-negative elements representing transition parameters between different stage
classes [6]. In this case, the projection matrix A has dimension (3 × 3) and is
constructed from the vital rates aij representing transitions from stage j to stage
i. The projection matrix has the form

A =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 . (3.2)

If the projection matrix is primitive, the population growth rate can describe
the long-term dynamics of the studied population. This growth rate (denoted λ1)
is calculated as the dominant eigenvalue of the projection matrix A. In such cases,
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when the final population behavior does not depend on the initial conditions, the
population is called ergodic [6].

A key hypothesis in our modeling approach is that projection matrices change
over time in such a way that each of the elements, or vital rates, from a (mul-
tivariate) stationary time series. For example, the projection matrix entries are
drawn at each time step with a multivariate distribution, independent of previous
time (see [24],[38] and [11]). The vital rates could be correlated within each time
step, however no serial correlation exists between rates at different times. In this
case the model is called an independent and identically distributed (iid) [38].

3.2. The 3d Stochastic Differential Equations. In this section we rewrite
the matrix equation (3.1) as a system of three equations representing the number
of individuals in each stage class, as follows X(t+ 1) = a11 X(t) + a12 Y (t) + a13 Z(t)

Y (t+ 1) = a21 X(t) + a22 Y (t) + a23 Z(t)
Z(t+ 1) = a31 X(t) + a32 Y (t) + a33 Z(t)

where X(t), Y (t) and Z(t) are the three components of the vector N(t) and aij
are the entries of the projection matrix A.

The proposed method is to transform the previous system into a 3d stochas-
tic system (following Section 2), since the numbers of individuals X(t), Y (t) and
Z(t) were assumed to be diffusion processes, which could be represented mathe-
matically as stochastic differential equations [11]. Thus, we introduced the noise
term (Brownian motion) as explained above, considering the case of a scalar SDE
driven by three Wiener processes. We obtained the three-dimensional SDEs of
the form :

dX(t) = (a11X(t) + a12 Y (t) + a13 Z(t)) dt+ g1(X(t), t) dW1(t)

dY (t) = (a21X(t) + a22 Y (t) + a23 Z(t)) dt+ g2(Y (t), t) dW2(t)

dZ(t) = (a31X(t) + a32 Y (t) + a33 Z(t)) dt+ g3(Z(t), t) dW3(t)

(3.3)

where g1, g2 and g3 represent diffusion functions and dW1(t), dW2(t), dW3(t) are
three Wiener processes.
Note that the noise can be introduced as an additive, linear or nonlinear multi-
plicative term, with correlated or independent Wiener processes [18].

For this type of SDE, the unique continuous global solution to (eq. 3.3) always
exists. In fact, the coefficients of the obtained stochastic system (aij ) are all real
constants, which represents a system of autonomous, homogeneous SDEs. The
drift and diffusion functions (f and g) are both independent of time t, therefore
the assumptions underlying in Theorem 2.1 are verified (see [32] Section 5.2).

3.3. Population Dynamics Analyses. From the obtained stochastic system
(3.3), we numerically approximate the solution at each stage class (X(t), Y (t), Z(t)).
Projections were simulated based on 1000 stochastic iterations, each representing
stochastic fluctuations in the number of individuals in each stage class over a
fixed period of time. The initial population size N0 used to start our simulations



224 A. HADJOU BELAID

was calculated from the stable stage distribution (see [6] and [19]). In this method
we used the scaled right eigenvector w which satisfies

A w = λ1 w

where λ is the dominant eigenvalue and A is the projection matrix of the studied
population.

More importantly, our projection allowed us to calculate the stochastic popu-
lation growth rate λs from trajectories representing the total population size (by
summing the number of individuals from the three stage classes). For a given
trajectory, we calculated the corresponding growth rate λj using the following
formula

λj = exp

[
ln(nj(T ))− ln(nj(0))

T

]
, (3.4)

where nj(T ) and nj(0) represent the population size of the jth trajectory at the
final time T and the initial time t = 0, respectively. Thus, the stochastic growth
rate λs was calculated as the median of λj over 1000 trajectories [6].

In our resulting model we can also study the quasi-extinction, since such sto-
chastic models do not permit extinction ([6], [11] and [24]). Under the random
variations of the Wiener drift model, N(t) could potentially reach any lower
threshold population size [11]. For this, we have specified a lower threshold size
N(t) = NQ, so that the quasi-extinction threshold θ is given by

θ =
NQ

N0

which is a fixed percentage of the initial population size [6]. Thus, the eventual
quasi-extinction probability at a given time t was calculated as the number of
trajectories for which N(t) = NQ over the total number of trajectories. The
quasi-extinction time TQ corresponds to the first time for which Nt reaches NQ,
and was calculated as the median of 1000 values. Indeed, for such parameters, the
median is generally a more representative, since the mean value can be influenced
by the extrem values of N(t) ([6]; Section 14.8 and [11]).

4. Numerical Analysis and Simulations

In the current study we used the open source R-package Sim.DiffProc to simu-
late the solutions of the studied population models. In fact, this package contains
a variety of R functions that can be used to perform simulations and stochastic
analyses. Different tools are available to estimate, analyse and visualize the dy-
namics of scalar and multivariate systems, of Itô and Stratonovich SDEs driven
by Wiener processes (see [18]).

First, we numerically approximated the solution of the stochastic system, using
the R-function snssde3d(), after specifying the R-expressions of the drift and
diffusion coefficients and the initial conditions.

Secondly, we have carried out a symbolic calculation and numerical approxi-
mation of the means, variances and covariances of the SDEs, by solving a system
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of ordinary differential equations, which provides a first understanding of the dy-
namics of stochastic systems. This can be done in R by applying the R-function
MEM.sde() (Moment Equations Method) to the stochastic system [18].

Then, based on the obtained stochastic trajectories, we calculated the sto-
chastic growth rate λs, the quasi-extinction probability and the time to quasi-
extinction, as explained in the previouse section. All stochastic analyses were
implemented using the open source R-studio (version 4.2.2).

5. Application on a plant species

We have studied in this section an endemic plant species (Centaurea corymbosa)
which has a life-cycle composed of three stage-classes: seedlings (individuals < 1
year), rosettes (vegetative plants older than 1 year ) and flowering plants. The
corresponding projection matrix is given by

A =

 0 0 fs0
s1(1− α1) s2(1− α2) s3(1− α3)
s1α1 s2α2 s3α3

 =

 0 0 5.104
0.351 0.586 0.024
0.0111 0.120 0.038

 ,

where fs0 represents the fecundity term, si survival probabilities and αi the flow-
ering probabilities. The transition parameters have been estimated in previous
studies (see for example [19] for more details).

Thus, from the matrix model N(t+ 1) = AN(t), and when differentiating the
system, we obtained the following form dX(t) = 5.104 Z(t)dt

dY (t) = 0.351 X(t)dt+ 0.586 Y (t)dt+ 0.024 Z(t)dt
dZ(t) = 0.011 X(t)dt+ 0.120 Y (t)dt+ 0.038 Z(t)dt

Using the proposed method we stochasticized the previous system, by introducing
a linear multiplicative noise term where the strength of stochasticity depends on
the current state of the system. We obtained the following three-dimensional
SDEs

dX(t) = 5.104Z(t) dt+ σ1X(t) dW1(t)

dY (t) = (0.351X(t) + 0.586Y (t) + 0.024Z(t)) dt+ σ2 Y (t) dW2(t)

dZ(t) = (0.011X(t) + 0.12Y (t) + 0.038Z(t)) dt+ σ3 Z(t) dW3(t)

(5.1)

where σ1, σ2 and σ3 represent the diffusion coefficients corresponding to three
independent Standard Brownian motion (using the R-command corr=NULL).
To approximate the solution of (5.1), we used N0 = (2152, 2487, 377) the initial
population size based on the obtained stable stage distribution

w = (42.90%, 49.59%, 7.51%),

(see Section (3.3)), with a total population size obtained from the exhaustive sur-
vey (see Appendix A in [19]). We did not observe any effect on the results when
changing the type of approximation, we then used Euler-Maruyama approxima-
tion [18].
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Figure 1. Numerical approximation of the solution of the 3d
system ( 5.1). The trajectories represent the number of individu-
als per stage class of C. corymbosa populations. Simulations were
performed with parameter values t0 = 0, T = 1, N = 100,∆ =
0.01,M = 1000, x0 = N0 and σ1 = σ2 = σ3 = 0.8. The time T = 1
represents the ending time of 100 years and other parameters were
left as default.

5.1. Trajectories analyses per each stage class. We approximated the nu-
merical solution of the resulting 3d stochastic system (5.1) based on 1000 simula-
tions (see Fig. (1)), where trajectories corresponded to the number of individuals
in each stage class (Seedlings, Rosettes and Flowering plants). Here, we used 3d
drift and diffusion coefficient functions as follows

f(x, y, z) = ((5.104∗z), (0.351∗x+0.586∗y+0.024∗z), (0.011∗x+0.120∗y+0.038∗z))

and

g(x, y, z) = (σ1 ∗ x, σ2 ∗ y, σ3 ∗ z),

with the start time t0 = 0 and the ending time T = 1 representing 100 years in
our study. ∆ is the integration step size (mesh size). Our results were simulated
under the assumption of high frequency (see [18]) :

T = n∆ is fixed, ∆→ 0 as n→∞ .

This result showed a weak increase in the number of individuals, especially for
flowering plants. We observed that the variability of the stochastic fluctuations
increased with time (Fig. 1).
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We thus calculated the moments equations given as a system of ordinary dif-
ferential equations, that represents the dynamics of the means, variances, and
covariances of the system (5.1) (see [34], [35] ). This system can replace the
SDEs system and leads directly to solutions for the moments of the state vari-
ables [18]. We obtained the symbolic moments equations for our model (means
(mi), variances (Si) and covariances (Cij) ) using the R function MEM.sde, as
the following system of ODEs:

d

dt
m1(t) = a13m3(t)

d

dt
m2(t) = a21m1(t) + a22m2(t) + a23m3(t)

d

dt
m3(t) = a31m1(t) + a32m2(t) + a33m3(t)

d

dt
S1(t) = 2 (a13C13(t)) + σ2

1

(
S1(t) +m1(t)

2
)

d

dt
S2(t) = 2 (a21C12(t)) + 2 (a23C23(t)) + S2(t)

(
2 a22 + σ2

2

)
+ σ2

2 m2(t)
2

d

dt
S3(t) = 2 (a31C13(t)) + 2 (a32C23(t)) + S3(t)

(
2 a33 + σ2

3

)
+ σ2

3 m3(t)
2

d

dt
C12(t) = a13C23(t) + a21 S1(t) + a23C13(t) + C12(t) (a22 + σ1 σ2) + σ1 σ2m1(t)m2(t)

d

dt
C13(t) = a13 S3(t) + a31 S1(t) + a32C12(t) + C13(t) (a33 + σ1 σ3) + σ1 σ3m1(t)m3(t)

d

dt
C23(t) = a21C13(t) + a23 S3(t) + a31C12(t) + a32 S2(t) + C23(t) (a22 + a33 + σ2 σ3)

+ σ2 σ3m2(t)m3(t)
(5.2)

The exact solutions of the obtained system (5.2) can be given explicitly. Here
we were interested in the numerical approximation of the obtained moment equa-
tions at a fixed time t. The dynamic plots of the results (mean m(t), variance S(t)
and covariances C(t) ) are shown in Fig. (2). This result is in a good agreement
with the result in Fig. (1), since the means curves increased slowly over the 100
years representing the weak positive tendency in population size, especially for
flowering plants (green curve). The variances increased rapidly, particularly dur-
ing the last years, which can be explained by the increased temporal fluctuations
in the number of individuals. The highest covariance curve was observed between
seedlings and rosettes (C12), which can be interpreted as a positive relationship
between the number of seedlings and the number of rosettes. This was not the
case for the flowering plants, as the covariance curves with other stage classes did
not show any important trend (see C13 and C23 in Fig. (2)).

5.2. Total population dynamics. The population dynamics analyses required
the total number of individuals, which was obtained as the sum of the number
of individuals per stage class. The resulting stochastic trajectories thus represent
the random fluctuations of the total population size over 100 years (see Fig. (3)),
which allowed us the calculation of the stochastic growth rate λs (see Section
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Figure 2. Numerical approximations of the moments equations of
the system (5.2) with initial values m1 = 2145 ,m2 = 2479, m3 =
375, S1 = 0, S2 = 0, S3 = 0, C12 = 0, C13 = 0, C23 = 0 . The
time value t = 1 represents the ending time (100 years in our study).
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Figure 3. Stochastic fluctuations in total population size over 100
years, obtained by summing the number of individuals in each stage
class in Fig. (1).

(3.3)). The simulations were realized using the same parameters as in the previous
section.
For the studied populations, we obtained λs = 1.007 ranging from min = 0.989
to max = 1.024, (confidence interval’s upper and lower bounds were too close to
λs). This result explains the fact that the obtained trajectories of population size
show a weak growth over years (see the mean trajectory in Fig. 3).

An essential issue in the dynamics analysis of such stochastic models is: How
to measure the introduced diffusion coefficient? There are no easy solutions of
this problem and the collaboration of population biologists is necessary. Indeed,
in this work, we tested the influence of diffusion coefficients on the stochastic
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Figure 4. The obtained stochastic growth rates λs when increas-
ing diffusion coefficients σi with their first quantile (0.25%) and
third quantile (0.75%).

growth rate (see Fig. (4)). Not surprisingly, the stochastic growth rate was
mainly influenced by the magnitude of the stochastic fluctuations, as it decreased
as the diffusion coefficients σi increased. The decrease was more important for
σi ≥ 4 (see Fig. (4)). This result is in a good agreement with the previous
works studying the dynamics of C. corymbosa populations, since the increase in
environmental and demographic stochasticity increased extinction probabilities;
which was due to low stochastic growth rates (see [19]).

To analyse the quasi-extinction of the populations, we set a threshold size NQ

of 500 individuals, corresponding to 10% of the initial population size (5000 indi-
viduals, sum of N0 = (2152, 2487, 377)) which gives to θ = 0.10. Using diffusion
coefficients σi = 0.8, there were no trajectories that reached the threshold size.
We assumed that stochasticity increases due to environmental changes, which
can be explained by an increase in the diffusion coefficients σi in the model. In
this case, by taking σ1 = σ2 = σ3 = 3 and θ = 0.10, the stochastic growth rate
decreased to λs = 0.980 < 1, leading to decreasing trajectories. We obtained in
Fig. 5 (left side) the distribution of quasi-extinction time, where the correspond-
ing quantiles are given by Q1 = 14, Q2 = 56, Q3 = 76, Q4 = 91, and Q5 = 100.
This result shows that after 14 years, the trajectories begin to reach the threshold
population size NQ. However, 50% of the trajectories reached NQ after 77 years,
which represents the median value of the quasi-extinction time (TQ = 77 years).
This result implies that is there is an even chance that the population will be
reduced to 10% of the initial population size within 77 years.

The right side of the Fig. (5) shows an increase in the quasi-extinction prob-
ability over years, that does not reach PExt = 0.45. This result changes when
the diffusion coefficients in the model are changed. Therefore, we have shown
in Fig. (6) the quasi-extinction probability as a function of both time (years)
and diffusion coefficient (σi varying from 0 to 8). Correspondingly with both
Fig. (4) and Fig. (5), for lower values of the diffusion coefficients (which means
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C. corymbosa populations resulting from 1000 stochastic trajecto-
ries, with diffusion coeffitients σ1 = σ2 = σ3 = 3. TQ represents
the median value. (Right) the quasi-extinction probability over 100
years. The threshold used was θ = 0.10 corresponding to a thresh-
old size of 500 individuals.

Diffusion coefficient

Ti
m

e 
(y

ea
rs

)

Q
uasi−E

xtinction P
robability

0.0

0.2

0.4

0.6

0.8

1.0

PExt

Figure 6. The quasi-extinction probability as a function of both
time and the diffusion coefficients (σi from 0 to 8) with threshold
θ = 0.10.



MODELLING STOCHASTICITY IN STRUCTURED POPULATIONS APPLYING SDES 231

a weak stochastic effect), the quasi-extinction risk does not increase over years.
Also, during the first period of time (30 years), the quasi-extinction probability
was close to zero (blue area, with PExt < 0.2), even for the highest values of the
diffusion coefficients. This can be explained by the fact that the environmental
stochasticity does not affect the population dynamics for the studied species in
the short term . Thus, such biological systems could persist a certain period
under a high level of stochasticity. However, this probability increased rapidly
after a certain number of years, reaching its maximum values (PExt ' 1) at the
ending time (100 years) and a diffusion coefficient σi = 8.

5.3. Biological implications. In this work, we aimed to simplify the use of
theoretical principles such as SDEs in practical problems such as biological and
ecological phenomena, particularly with real datasets. The proposed method has
been accompanied with explicit details to be applied to a given population species
using the open source software R-Studio, which contains different packages that
allow us to realize an analysis, visualizations and simulations of the studied model.
An interesting application of the present approach is to investigate a comparative
stochastic study of several species. For that, the database COMPADRE can be
useful since it contains the populations matrices of hundreds species ([8]). In our
model, the initial parameters are not difficult to introduce, except for the diffusion
coefficient, which requires a rigorous discussion. The initial population size was
not important for the simulations rather than the stable stage distribution (noted
w), this can be related with the notion of stability of the stochastic system. To
reduce the error rate, the user should project a significant number of trajectories,
for example for the studied species, taking 1000 trajectories were sufficient to
obtain a reduced confidence interval for λs.

Furthermore, the present work can contribute to biological conservation man-
agement, since we have treated here the main indices of population performance
(as mentioned in [6], (section 18.1)); in the case of environmental stochasticity
the major indices concern the stochastic growth rate, the stochastic projections,
the variance-covariance and the quasi-extinction probability. The long-term pop-
ulation dynamics depend on the obtained stochastic growth rate, since in the
case of λs < 1 (resp. λs > 1), the population declines (resp. explodes), whereas
in the case of λs ' 1 the population remains stable around the initial size. The
projection of the number of individuals in each stage class reveals an important
finding for biological populations analysis, which was not possible using the pre-
vious methods. This result makes it possible to visualize separately the long-term
behavior of individuals is each stage class, and to analyze which one is the most
influenced by environmental stochasticity.

The notion of the means, variances and covariances of the approximated solu-
tion at each life stage could also contribute significantly to conservation manage-
ment. Indeed, the means curves illustrate the trend in the number of individuals
at each life stage over years. More importantly, the variances and covariances
curves allow us to understand how individuals from different stage classes are
related under stochasticity. For example, in Fig. (2) the covariance between
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seedlings and rosettes is extremely higher than the other covariances. This means
that an increase in the number of seedlings leads to an increase in the number of
rosettes, contrary to what we assume that an increase in flowering plants leads to
an increase in seedling individuals (C13). Therefore, for management strategies
we should target the seedling stage rather than the flowering stage in order to
maintain the population persistence.

The results presented in both Fig. (4) and Fig. (6) can be used to predict
the magnitude of the changes in the population dynamics under the accelerated
environmental change (eg. the climate change). For example, in Fig. (6), the
populations can persist for at most 30 years, after which the quasi-extinction risk
increases rapidly, requiring the introduction of a rigorous conservation policy.

6. Conclusion

In the present work, we introduced a new approach to treat the environmental
stochasticity in stage-structured population models. Our proposed method was
based on the combination of the SDEs theory with stochastic population dynam-
ics. We discussed the existence and uniqueness of the solution of the obtained
three-dimensional model. We were interested on numerical analyses, where the
R-package Sim.DiffProc was used for dynamic analyses and simulations of the nu-
merically approximated solution. All implemented numerical approaches in this
package have a high degree of convergence. The population dynamics was pro-
jected over years under environmental stochasticity. Our simulations allowed us
to calculate the stochastic growth rate and to study explicitly the quasi-extinction
risk. The proposed method was applied to a real dataset of a plant species, and
the results obtained were biologically relevant. Our approach can be an alterna-
tive way to the existing methods, in particular, it becomes more interesting for
populations structured with small projection step, for example bacterial species.

Acknowledgement. I would like to sincerely thank the reviewers for their per-
tinent recommendations, which greatly improved the paper.

References
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