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HYBRID LANGEVIN EQUATIONS INVOLVING ¢-HILFER
FRACTIONAL-ORDER WITH NONLOCAL BOUNDARY
VALUES

ABDERRAHMAN EL GMAIRI'*, LEKBIR MONSIF!, M'HAMED EL OMARI! and SAID
MELLIANT!

ABSTRACT. In this work, we are interested in studying existence and unique-
ness criteria for a class of hybrid -Hilfer Langevin equations of fractional
order with multipoint boundary conditions. After specifying the conditions
and framework, we prove the existence result using Krasnoselskii’s fixed point
theorem, and under some additional hypotheses, we prove the uniqueness of
the solution using Banach’s contraction principle theorem. To support our
conclusions from a numerical point of view, we formulate two examples that
also illustrate the importance of the main results presented.

1. INTRODUCTION

Fractional calculus is a growing field of mathematics specializing in studying
the characteristics of integrals and derivatives of non-integer order, whose first
use dates back to the end of the 17th century by G. Leibniz, J. Bernoulli and
other mathematicians. It has been recently discovered that fractional differen-
tial equations (FDEs) have been successfully used in modeling and describing
a wide range of nonlinear phenomena in various branches of science and engi-
neering fields, including mathematical biology, plasma physics, complex systems,
quantum mechanics, elasticity, bioengineering, biomathematics, control systems,
optics , fluid mechanics, electrochemical reactions, viscoelastic materials, electro-
magnetic fields, control systems, and other (see [3, 8] and references therein). The
success of FDEs models certainly relies on various factors such as reliability, in-
tegration of memory effects, accuracy, and flexibility. For modeling physical phe-
nomena, fractional differential equations offer a more flexible framework by giving
a more accurate representation of the system behavior, they take into account the
history of the system over a certain time interval [15]. Modeling fractional differ-
ential equation issues and developing analytical, numerical, and precise solutions
to these models is an important area of scientific research. Many mathemati-
cal methods have been refined in the literature. Furthermore, fresh techniques
to fractional analysis are discovered by developing new definitions of fractional
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derivatives and integrals; among them are Riemann—Liouville [13], Caputo [13],
Hadamard [10], Grinwald-Letnikov [16] and Riesz [17].
In 2018, Sousa and al. [21] published a new derivative called the v-Hilfer frac-

tional derivative with order o > 0 and parameter § € (0, 1]; this derivative is
notable because it includes the fractional derivative operators mentioned above,
as well as others such as Erdely-Kober [11], ¢-Caputo [2], Katugampola [9] and
Hilfer [11]. As a result, a single fractional derivative operator can be used to inves-
tigate many fractional differential equations (FDEs) that use different fractional
derivative operators. For more details, see the works [22, 23, 1, 15].

Recently, Sitho et al. [20] examined and demonstrated existence result for the
following equation, supported by specific initial value:

Dy (x) — i 1,(x, y(x))
D g(‘t, y(t)) = h(tv Y(t>7 I Y(t))7 te [07 1]7

y(0) = D7y(0) =0,

where both D® and D? are Riemann-Liouville fractional derivatives of orders
a € (0,1] and g € (0, 1] respectively.

By making use the technique of measure of noncompactness combined with
a generalized version of Darbo’s fixed point theorem, Salem et al. [19] proved
an existence result for the following hybrid Langevin differential equation of the
second type involving two distinct orders of Caputo derivatives:

[ ope e ’ & - t)| =gt ). I7 T v
. [D {f(t,y(v(t)))] Ay( >] g(v,y(u(v), Iy (u(r))), vel0,1],

£t y(0()) :fo’l 1
\ y(1) =ny(n), ne(0,1), n= %

where a € (0,1], 8 € (1,2], v € (0,1) and A € R — {0} respectively. While,
w, v:[0,1] — [0, 1] are two continuous functions.

Motivated by the importance of Hybrid FDEs that can treat several dynamical
systems as special cases (see [5, 6, 7, 24]) and the fact that ¢-Hilfer derivative
generalizes the well-known fractional derivatives (Caputo, 1-Riemman-Liouville,
Hilfer-Hadamard, Katugampola, ...), we investigate the existence theory for the
following nonlocal boundary value problem to the nonlinear fractional hybrid
Langevin differential equation,

HD A (MDY 4 i) [y(x) — gl y(0)]| = £ (5, 7() , vEQ=[ad]
a)=0
@) = > Ay(r)

y(
y(
(1.1)

where 7 ]D)Sf’ﬁ D% represents the ¢-Hilfer fractional derivative with order a; € (0, 1]
and parameter ; € (0,1] (i € {1,2}),d >a >0, f,g: QxR — R are two
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continuous functions, while Aj, Aa, ..., A, and 71, 72, ..., 7, are two finite sequence
of real numbers such that a <7 <7 < ... <7, <d.

We organized this article as follows: After the introduction, we present some
definitions and preliminary lemmas that will be used to establish our results in
section 2. In section 3, we present and demonstrate the existence of solutions
to problem (1.1). In section 4, we present two specific examples in order to
concretize the main results and give them credibility. Whereas, the final section
is allocated for a brief conclusion on the subject.

2. BAsIC TOOLS

Let (a,d) € R? with 0 < a < d. The uniform norm of a function f de-
fined and continuous on the closed interval [a,d] with values in R is defined
by ||f]| = sup |£(s)|. Morever, the set off all continuous functions, denoted

s€(a,d]
(C([a,d]), ]|-]), is a Banach space.

In this section, we present some lemmas definitions and properties about frac-
tional calculus that we will need in our investigation. We then consider ¢ €
C'([a,d],R) an increasing function with ¢’(t) # 0 for all v € [a,d].

Definition 2.1. [21] Let a > 0 and £ € L'([a,d],R). Then the 1)-RL-fractional
integral of a function f with respect to v is defined by

rWﬂozfélfwwxwo—¢@w*ﬂ$w.

Definition 2.2. [21] Let n € N— {0} and o € (n — 1,n]. If £ € C"([a,d],R) is
a function of class n, then the t-Hilfer fractional derivative (HFD) #ID(2)% of a
function f of order a and type 3 € (0, 1], is defined by

H]D)(aﬂ);wf(t) — JPn—a)y ( 1 d) H(l—ﬁ)(n—a);d;f(t) '

/(x) dt
Lemma 2.3. [21] Iff € C"[a,d], a € (n— 1,n] and 5 € (0, 1], then
(i) Formula 1:

Tesv (H]D)(aﬂ);zbf(t)) = £(v) — En: (wI(‘t()g_—@li(i))lv)_k fg—klﬂ(l—ﬂ)(n—a)n&f(a)’ (2.1)
k=1

1 d
V/(v) dt
Hp(@® (199 £ (v)) = £(t). (2.2)

Now, we try to formulate a fractional integral equation and prove that it is
equivalent to the nonlocal boundary value problem (1.1).

Lemma 2.4. [21] Let p > 0.
The 1-fractional integral of the power function - — (1(-) —1(a))P~! are given by

Y00~ @0 = P W — @) vefdl (23)

n—k
where f’E/} ]f(t) = (
(ii) Formula 2:

)n— f(r) and p=a+ B(n —a) .
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Lemma 2.5. A functiony € C([a,d]) is a solution of the nonlocal boundary value
problem (1.1) if and only if,

y(r) = g(e,y(r) + I %1 (x, y(v)) — k- 1% (y(r) — g(r, y(x)))
pt1

™

k - [o2¥ (y(n) —g(7,y(73)))],

_|_

where we impose that,

ptl o1taz—1
0= §0, 00 ¥

(o1 + as) 70

i=1
with A\py1 = —1 and Ty = d.

Proof. If we set h(r) = (¥D©252)% + k) [y(r) — g(r,y(r))], the first equation of
the problem (1.1) is expressed as

HplerBvn () = £ (¢, y(v)). (2.5)

Applying the integral operator ]I:i;w to both sides of the equation (2.5), with
formula 1 of the Lemma 2.3 we obtain

(H]D(az,ﬁz);w + k) [y(r) —g(r,y(v))] = }Iglﬂbf(t, y(v))

CO o1—1
F(Ql) W(t) - w(a)) )

here ¢ is a real constant and g1 = a3 + f1(1 — o) .
Now, applying the integral operator H:i;w to both sides of the equation (2.6), with
formula 1 of the Lemma 2.3 and Lemma 2.4 we obtain

y(t) — g(t, y(r)) = I 221 (r, y(v)) —kI[*¥[y (v) — g(r, y(x))]

. (2.6)

R O @)
+ s (00— v() =

Using y(a) = 0 in (2.7), we obtain C; = 0, and hence we get
y(r) — g(v,y(v) = I" 221 (x, y (x)) K1 [y () — g(r, y(v))]

Co . (2.8)
+ - - ) — a o1+a2 1'
Hm+a¢w> U(@)
Next, by combining the boundary condition y(d g Aiy(7;) with the next

i=1
equation (2.8), we obtain:

P+1

Z i [g(m,y (1) + 1072V (r, y(n)) — k- 172 (y(73) — (70, ¥(72))]
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where \,1; = —1 and 7,41 = d. Substituting Cy in (2.8), we get the integral
equation (2.4).

The converse can be easily proven by introducing the ¥-HFD derivative twice
and applying formula 2 of the Lemma 2.3. |

Fixed point theorems contribute significantly to the existence theory for so-
lutions of nonlinear equations. We gather two well-known fixed point theorems
used in this work .

Lemma 2.6 (Banach contraction principle [12]). Let (M,d) be a complete met-
ric space and let H : M — M be a contraction mapping, with Lipschitz constant
k < 1. Then, H has a unique fived point w € M, and for each y € M, we have
lim H"(y) = w. Moreover, for eachy € M,

n—-+4oo

n

SHI(y), ) < 1o 0ly M), =12

Lemma 2.7 (Krasnoselskii’s fixed point theorem [1]). Let S be a closed convex
nonempty subset of a Banach space (E, || -|), Suppose that Hi and Hs map S into
E such that

(i) Hiy + Haz € 8, for all (y,z) € S,
(ii) Hi is continuous and H1(8) is contained in a compact set,
(i) Hq is a contraction with constant k < 1.

Then there is a 'y € S with Hiy + Hay =y.

3. MAIN RESULTS

We devote this paragraph to presenting the theorems of the existence and
uniqueness of solutions to problem (1.1), as well as to the detailed proofs.
According to Lemma 2.5, we define an operator ‘H : C(Q) — C(Q) by

(Hy)(v) = g(r,y(x) + T2 (v, y(v)) — k-1 (y(v) — g(r,y(v)))

e X Y A y(m) + (5 3(7)

C kT (y(r) — gl y ()]

(3.1)
To reduce mathematical expressions, we set

(@D(d) - ’g/)(a))91+a271 p+1
W oty 2™

=1

wp =1+

and

wy =1+ [K|-
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3.1. Existence results. Our first existence result is based on Krasnoselskii’s
fixed point theorem (Lemma 2.7). Before proceeding with the first theorem, we
are obligated to assume the following hypotheses:

(Hy)> £: xR — Rand g: QxR — R are continuous functions.
(Hz)> £ and g are two contraction mapping with respect to the second
variable with,

[£(c,y) —£(v,2)] < Lely —z|, V(r(y.2)) €2 xR?
and

g(t,y) —g(t,2)| < Lely —z|, Y(r,(y,2) € 2 x R
(Hg)>> Suppose that is Mz > 0 and M, > 0 such that

|£(¢,0)] < Mg and |g(x,0)] < M,, VreQ

Theorem 3.1. Assume that the hypotheses (Hy), (Ha) and (Hg) are verified.
If the previously defined expressions wy and wo satisfy the inequality

W1+ W <|k| + ;Cf + ,Cg) < 1. (32)

The nonlocal boundary value problem (1.1) have at least one solution y € C(Q).

Proof. In order to show that the operator H defined by (3.1) satisfies the con-
ditions required by Krasnoselskii’s fixed point theorem, we proceed by dividing
H into two adequate operators H; and H, defined on the closed ball By = {y €

. wl-wg(./\/lf—i-./\/lg)
C(Q) : |yl <R} with R >
@) = iyl < R} with & = 1= wr - wol[k| + L5 + Ly)

, as:

(Hay)(x) = 172 (¢, y(v)) — k- 1y (v)

_ a 01+as—1 p+1
(77/}(;) FEZ}Q(I —)'—)QQ) Z A [I[a1+a2§¢f(7_i7 Y(Tz>> — k- ]Iag;q/;y(ﬁ)] Creaq,

=1

+

and

(Hay)(x) = g (r, y(v)) + k- 1**¥g (x, y(v))

(¢(r) — ;Z)(a))gwagfl p+1

+
Q-I'(o1 + a2)

A X [8(ri,y(1) + k- 1°%g(7,y(m:))], req
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For any y, z € By, referring to hypotheses (Hz) and (Hs), we get:
() — V(@)=

|(Hay) (0)] < T2 (v, y(v)) — £(v,0)] + k] - Iy (v)] +

Q-I'(o1 + a2)
p+l
S | I £ (r, (7)) — £, 0)] + [ - I |y ()]
i=1

. t) — a))e1taz2—1 ptl
+Hal+a2’¢|f(t,0)|+ (w(&])rzzjg(l_)’_)ag Z|)\| ]Ia1+0é2¢|f(7' 0)|

(¥(d) — ¥(a)*
[(ag + 1)

sm-0+m- )erum+amw>

(3.3)
(Haz)(0)] < lge, 9(6)) — (e, 0)] + k] - I (e, y(e)) — (s, 0)))
((d) — p(a))erteet L
O <o g 2= P

i=1

(lg(7i, y(7:)) — &(7:, 0)| + || - 1 (|g(7i, y(7:)) — g(7:,0)])]
+lg(v, 0)[ + Ikl I°# (Jg(v, 0)])

Ql+a2 1 ptl

+

_|_

g(7:, 0)] + [k] - 1™ (|g(7:, 0)])]

|Q| XF 91+042 —
gWy(LHmWwﬁéﬁ@”ﬁ~mg+@wm

By triangle inequality formula, we obtain

sup |[(Hay)(v) + (Hoz)(v)| < wi - wy [Ms + Mg + ([k[ + Le) [|y]] + Lg]|z]l]

Swl'WQ[Mf+Mg]+wl'WQ(’k“i‘ﬁf‘i‘Eg)R
<R.

Hence ||H1y + Haz|| < R, which implies that Hyy + Haz € Bg.
For y,z € Bg, we have

|(Hay)(v) — (Ha2z)(v)] < |g (v, 7(v) — g (v, y(v)) | + [&| - I*[g (x, y(v)) — g (v, 2(v)) |

(P(d) — p(a))ertaz-t ptl
AT+ o) 2

g7, y(7)) — g (73, 2(7:)) | + [k| - I |g(73, y(73)) — g(7i,2(7))]

(V@) = b(a) ! S
|WXH&+%>§]&JX

(V@) — v(2)
Dty -zl

+

1+

S'Cg'

[1—|—|k|-

< Lgwrw - [ly — 2|
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According to (3.2), we obtain Lywiws < 1. Hence, the operator H, is a contraction

mapping. The operator H; is continuous. Indeed, let y € By and {y,};° C Bg

with liI+I1 llyn — y|| = 0. According to the hypothesis (Hj), for each ¢ € Q,
n—-+0oo

[(Haya) (6) — (Hay) (6)] < TF02¥] (e, o (1)) — £ (6, y(6)) | + K] - T*¥]y,, — y(v)|
($(x) — pla)) oot X

Q| - xT'(01 + a2) ; [Ail

[+ £ (2, 9, (1)) — £ (¢, 7(0)) | + K] - Ty, — y(x)]]

(¥(d) — ¥(a))™
F(CYQ + 1)

_|_

gﬁfwlb+my }H%—yn

< Ly - wiwsl|yn — vl

Thus, [[(Hiy,) — (H1y)|| < Lt - wiwsl|ys — y]|, which means that the opertator H;

is continuous on Bg.
From the inequality (3.3) and for all y € Bg, we have

sup |(Hay)(¢)] < wi - wy - (M + [[k[ + Le] [ly]])

teQ
SW1WQ<Mf+[|k|+£f}R)<OO

Thus, H; is uniformly bounded on Bg.
Now, we must prove that the operator H; is compact. For v € Q, we have:

[(Huy)(va) = (Hay)(rr)| < T2 E (v, y(ta)) — IF25V% (v, y (1))
— k- 1%y (tg) + k - 1°*¥y(xy)
(1h(r) — (a))2 ! — (P(ry) — Y(a))2rto !

+ X
Q] - T'(01 + o)

p+1

S Il [T 5 (1, y (7)) — k- T2y ()]

=1

According to hypothesis (Hy), the function f is continuous on the compact set
Q X By C R? we denote |£]|**®* := sup |£(r,y)| < oo the supremum of f. Then,
S

yEBR
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(i9)(e) = ()] < s | [ ) 0t) = e
— () (P (r1) — P(s)) T2 ds

[ )W) — ) s

1

oy / [0/ (5) (1 (r2) — (s))™"

F(Oég) a
() () — (s)ds
[ ) () — ) mreds

1

(Y(r2) — ¢(a))91+a2—1 — (¢(ry) — w(a))91+a2—1

+ X
Q] - T'(o1 + a2)

pt+1

SN [t (g () — k- Ty ()]

i=1

[ oz
S Tlor + = 1) [2(¢(x2) — 1(t1))

+H(W(e2) — (@) — (Y(r1) —(a))™ ]

vl s
F(Oég + ) [2(¢(t2) - w(tl))

+](1h(ra) — ¥(a)** — (P(t1) — ¥(a))*]
(1/1( ) (a))91+az—1 _ (1/1(1‘1) _ w(a>)g1+a2—1

X
Q[ - T'(01 + a2)
p+1
3 Il [ 5 (7, y (7)) — k- 12y ()]
=1

For arbitrary y € By, all terms on the left of the previous inequality tend to 0 as
to — t; — 0. Thus, H; is equicontinuous and therefore relatively compact on Bg.
By Arzela Ascoli theorem, the operator H; is compact on Bg, it follows by Kras-
noselskii’s fixed point theorem (Lemma 2.7), that the problem (1.1) has at least
one solution y € C(Q). O

3.2. Uniqueness result. In this section, we simply weaken the framework un-
der which the first result was reached, by adding another condition to ensure
uniqueness. Banach’s contraction principle theorem constitutes the key to our
investigation.

Theorem 3.2. Assume that only hypotheses (Hy) and (Hz) are verified.
If the previously defined expressions wy and we satisfy the inequality

w1 - Wa <|k| + Le + ,Cg) < 1. (34)
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The nonlocal boundary value problem (1.1) have a unique solution y* € C(Q),
provided that

(1(d) — (a))™ ™
F(O[l + g + 1)

Proof. Set Bg = {y € C'(?) : ||y|| <R} the ball of radius R, with

R > w1 - WQ(Mf+M)
- 1-&)1 w2<|k|+£f+£>

1| Ls

+lwn—1) (L +1)] <1. (3.5)

First, let show that H (Bz) C Bg. For any y € Bg, by referring to (3.3) and (3.1)
we obtain

[(Hy)(v)] < wiws (M + [[k| + Le] [[y]]) + wi - w2 (Mg + Lglly])
< wi - wy [Me + Mg + (k[ + Le + Lg) [ly]]
S w1 - UJQ(M;[—‘ +Mg) +w1 *Wo (|k| + £f +£g)R
<R.

Therefore, |Hy|| <R, which proves that H (Bg) C Bg.
Now, for y,z € C(Q) we have:

|(Hy)(x) — (Hz)(x)] < T2 g (v, y(v)) — £(v, 2(v))| + [k] - Ty (r) — 2(v)]
+ [K[I% g (x, y(x)) — g(v, 2(v))]

(P(d) — p(a))ertazt p+1
Q] - T(o1 + ) 2;|)‘i|><

[}1“1“‘2 (1, 7(1)) — £(15, 2(72))|
+ k| - 12|y (7;) — z(73)]
+k| - 1%y () — (73, y(72))]
< o tazi ([,f|y(t) — z(t)‘) + ’k| .]Ia%il)’y(t) — Z<t)‘

+

gy —Z (w<d) Ql+a2 !
KL (Lly(e) = 2(0)) + - rg1+@2 2

x [Im*e2 0 Le (Jy(n) — 2(n)]) + k] - 1]y (r) — 2(7))]
+k| 1%Ly (y (1) — 2(7)])]

(¥(d) — Y(a))rtee (¥(d) —p(a))*
S |:£f F(Ck -+ (67) -+ 1) + |k| . (Eg * 1> F(Oég -+ 1) 1
(1p(d) — ))ertaz=1 ptl
LR Fgl+a2 Z|A| ly — zll
< [ BBV (g, B vl

F(Ozl + oo + 1)
Xwi - [ly — 2

F(Oég + 1)
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Therefore,

(¥(d) — ¥(a))™ e
F(Oél + Q9 + 1)
According to (3.5), the operator H is a contraction map and the ball By is compact.
By the Banach theorem (Lemma 2.3), we conclude that H have a unique a fixed

point, which is the unique solution of the nonlocal boundary value problem (1.1).
O

I(Hy) — (Hz)|| < w | Ls (e =1) - (Lg+1)| ly — 2.

4. NUMERICAL EXAMPLES

Example 4.1. Consider the hybrid Langevin equation with the -Hilfer frac-
tional derivative and multipoint boundary values:

(Hﬂ)(%v%)?\ﬁ [(H]D)(évﬁ)?ﬁ + 2%) (y(t) By 1+ |Y(t)‘)] = 1252_,_—_28)X
y2<1t1+|—y2(|3;(‘t>|+%, vel0,1],

y (0) Z%» N 5 /1N 7 /3

Y=g <1> ey (5) g (1) (4.1)

The problem (4.1) is a case similar to the boundary value problem (1.1) with
Q= [O 1] (leﬁl) = (%7%) (042762) = (%7%)7 ()‘177—1) = (%7%); (/\277—2) =
(3:3), (Nay7) = (£ 3), (A,ma) = (=1,1) and ¢(x) = V.

Note that f and g are continuous functions on Q X R and lipschitz with respect

to the second variable with constants £, = and L: = 1“—2 as
In(2 — ) v +2y| =z +2[z|>
f(r,y) — f(r,z)| <su —
£(e.) — £(5,2)] < sup | A2 (1+1y| B
< 2In2 (1 N 1 ) | |
< —— y—z
20 (L4 lyD@ + [z])

<—|y—z| for any y,z € R.

In addition, we have immediately M := sup |£(r,0)| < £ and M, := sup |g(x,0)| <

reQ teQ
—+ According to the above data, we find: a; + ay = %—g, 01 = 5, Q = %
T
wl—l—l— ><23 30andw2—1+—xm’v14 Hence,
1 1 In2
: k|+Ls+L,) =6 — 4+ =+ —
w1z (K] + Lot Lg) ><(25+30+ 10)
(4.2)
43
< 1.
50

All the conditions of Theorem 3.1 are satisfied, then the nonlocal boundary value
problem (4.1) has at least one solution defined and continuous on [0, 1].
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Example 4.2. Consider the hybrid Langevin equation with the -Hilfer frac-
tional derivative and multipoint boundary values:

(Hp(38)m KHD(&)é);lnm N L) (y(t) _tanh <y<t>>)]

2 :3—|—ln(t)x

(251) eeinel

(4.3)
The problem (4.3) is a case similar to the boundary value problem (1.1) with
Q= [176]7 <051751> = (%7 %)7 (Ckg,ﬁg) = (i:%) ) ()\177-1) = (ia %)7 ()\277-2) =
(%,2% (A3, 73) = <_4§1’ 3)7 (A4, 72) = (=1,e) and ¢(r) = In (v).
Using the given data, we get o = %, 01 + as = 1.5, then

QZﬁ(ix ln(g)—l—éx\/M—gx 111(;)— ln(e))

~ —2.1
and,
1 wo ~ 1+ ! X 1
~ T —— . 2 ~ -
v L o ome < 2T 25 T(L.7)
~ 2.44 ~ 1.04
_ tanh (y(v))

The function g : (¢, y) — is continuous on @ X R — R with,

T2

1
Sup‘g(t7Y) —g<t,2)| < p‘y_z‘a v(Yaz) € R xR

reN

—t

In addition, the function £ : (v,y) — ¢ : b is continuous on
3+Int \ 15+ |y|

Q x R — R with,

1
sup [£(v,y) — £(r,2)| < 1~y — 2|, V(y,z) eRxR.

teQ

Consequently, the hypotheses (Hy) and (Hs) holds with £ = 1 and L, = 2.
Morever,

I
wi - wa (Jk| + Ls + Lg) A 2.44 x 1.04 (_+_+p)

25 ' 15¢ (4.4)

~0.42 < 1,
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and,

(¥(d) — ¥(a))™ e
F(a1 + oo + 1)

wy | Ls +(wy— 1) (Lg+ 1)] A 2.44 X

1 1 1
— 0dx (14—
5e “Tr22) 00 X( J%?)]
~ 0.97 < 1.

All the conditions of Theorem 3.2 are satisfied, then the problem (4.3) has a
unique solution continuous and defined on [1,e].

CONCLUSION

In this work we provide the existence proof of solutions to a class of hybrid
Langevin equations of ¥-Hilfer fractional order derivative, which are strengthened
by certain nonlocal value conditions. Using Krasnoselskii’s fixed point theorem,
it was proved the availability of solutions for the specified problem. Under ad-
ditional conditions a unique solution is also guaranteed by Banach’s principle
theorem. This study is unique because it encompasses works based on classical
fractional derivatives such as Caputo, -Caputo, Katugampola, Erdely-Kober,
Hilfer and others. In our future work, we intend to conduct a qualitative inves-
tigation on the stability and behavior of the solutions, we still plan to solve the
same problem using another type of fractional derivative.

Acknowledgement. The authors express their gratitude to the referees for their
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work.
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