Gulf Journal of Mathematics
Vol 1 (2013) 78-97

ON GENERALIZED WEAKLY GP-CONTRACTIVE MAPPINGS
IN ORDERED GP-METRIC SPACES

VAHID PARVANEH*, JAMAL REZAEI ROSHAN? AND ZORAN KADELBURG?

ABSTRACT. The aim of this paper is to present some fixed and common fixed
point results for generalized weakly G-contractive mappings in the context of
ordered GG P-metric spaces. We also provide examples to illustrate the results
presented herein. As an application of our results, periodic points of weakly
G-contractive mappings are obtained.

1. Introduction and mathematical preliminaries

The concept of a partial metric space was introduced by Matthews (see [19])
as follows:

Definition 1.1. Let X be a nonempty set and let p : X x X — RT satisfies:
(P1) x =y <= p(x,z) = p(y,y) = p(z,y), for all z,y € X;
(P2) p(x,z) < p(x,y), for all x,y € X;
(P3) p(x,y) = p(y,x), for all z,y € X;
(P4) p(x,y) < p(z,2) + p(z,y) — p(z, 2), for all x,y, z € X.
Then, p is called a partial metric on X and the pair (X, p) is called a partial
metric space.

The concept of a generalized metric space, or a G-metric space, was introduced
by Mustafa and Sims [20]. In recent years, many authors have obtained different
fixed point theorems for mappings satisfying various contractive conditions on
G-metric spaces.

Definition 1.2. ([20]) Let X be a nonempty set and G : X x X x X — R* be
a function satisfying the following properties:

(G1) G(z,y,2) =0iff z =y = z;

(G2) 0 < G(z,x,y), for all x,y € X with = # y;

(G3) G(z,z,y) < G(x,y, 2), for all x,y,z € X with z # y;

(G4) G(x,y, z) = G(p{x,y, 2}), where pis any permutation of z, y, z (symmetry
in all three variables);

(Gh) G(z,y,2) < G(z,a,a)+G(a,y, z), for all x,y, z,a € X (rectangle inequal-
ity).
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Then, the function G is called a G-metric on X and the pair (X, G) is called a
G-metric space.

For a survey of fixed point theory, its applications, comparison of different
contractive conditions and related results in both partial metric spaces and G-

metric spaces we refer to, e.g., ([2, 4, 5, 7, 10, 11, 15, 16, 18, 21, 23, 24, 28] and
references mentioned therein.
Recently, Zand and Nezhad [29] introduced a new generalized metric space, a

G P-metric space, as a generalization both of partial metric spaces and G-metric
spaces.
We will use the following definition of a G P-metric space.

Definition 1.3. Let X be a nonempty set. Suppose that a mapping G, : X X
X x X — R* satisfies:

(GP1) z =y =z if Gy(z,y,2) = Gp(z, 2,2) = Gy(y,y,y) = Gp(z, 2, 2);

(GP2) Gp(z,z,z) < Gp(z,z,y) < Gp(z,y, 2) for all z,y, 2z € X with z # y;

(GP3) Gy(x,y,2z) = Gy(p{z,y, 2}), where p is any permutation of x,y, z (sym-
metry in all three variables);

(GP4) Gp(z,y,2) < Gp(z,a,a) + Gpla,y, z) — Gpa,a,a) for all z,y,z,a € X
(rectangle inequality).

Then G, is called a G P-metric and (X, G),) is called a G P-metric space.
The G P-metric G, is called symmetric if

Gp($,$7y) :Gp(l’7y,y) (]']')
holds for all z,y € X. Otherwise, G, is an asymmetric G P-metric.

Remark 1.4. In [29] (see also [0]), instead of (GP2), the following condition was
used:

(GP2) Gy(z,x,2) < Gp(z,2,y) < Gp(x,y,2) for all x,y,z € X.

However, with this assumption, it is very easy to obtain that (1.1) holds for all
xr,y € X, i.e., the respective space is symmetric. On the other hand, there are a
lot of examples of asymmetric G-metric spaces. Hence, the conclusion stated in
[6, 29] that each G-metric space is a G'P-metric space (satisfying (GP2')) does
not hold. With our assumption (GP2), this conclusion holds true.

The following are some easy examples of G P-metric spaces.

Example 1.5. Let X = [0, +00) and let G, : X* — R* be given by G,(z,y, z) =
max{z,y, z}. Obviously, (X, G,) is a symmetric G P-metric space which is not a
G-metric space.

Example 1.6. Let X = {0,1,2,3}. Let

A ={(1,0,0),(0,1,0),(0,0,1),(2,0,0),(0,2,0),(0,0,2),(3,0,0),(0,3,0), (0,0, 3),
(1,2,2),(2,1,2),(2,2,1),(2,3,3),(3,2,3),(3,3,2)},

B =1{(0,1,1),(1,0,1),(1,1,0),(0,2,2),(2,0,2),(2,2,0),(0,3,3),(3,0,3),(3,3,0)}
(2,1,1),(1,2,1),(1,1,2),(3,2,2),(2,3,2),(2,2,3)}
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Define G, : X* — R* by

(1, fo=y=2+#2,
0, ife=y=2=2,
G(z,y,z) =12, if (x,y,2) € A,
g, if (z,y,2) € B,
(3, ifx#y#z+#ux.

It is easy to see that (X, G)) is an asymmetric G P-metric space.

Proposition 1.7. ([29]) Every GP-metric space (X, G,) defines a metric space
(X,dg,), where,

de(xa y) = Gp(xa yvy) + Gp(yv l’,I) - Gp(xv x,m) - Gp(yaya y)7
forall x,y € X.

Proposition 1.8. ([29]) Let X be a GP-metric space. Then for each .y, z,a €
X it follows that:

(1) Gp(x,y,2) < Gp(x,a,a) + Gp(y, a,a) + G,(2,a,a) — 2G,(a,a, a);

(2) Gp(x,y,2) < G([E x y) +G(SE z,z) — Gz, x, x);

(3) Gy, 9,9) < 2G,{w,2) — Gy, 3, 2);

(4) Gp(x,y,2) <G (a:,a,z) + G’p(a,y,z) — Gpla,a,a), a # z.
Definition 1.9. ([29]) Let (X, Gp) be a G P-metric space. Let {z,} be a sequence
of points of X.

1. A point z € X is said to be a limit of the sequence {x,}, denoted by x,, — z,
if limy, 100 Gp(2, Tn, ) = Gy, 2, ).

2. {z,} is said to be a GP-Cauchy sequence, if lim,, ;00 Gp(Tn, T, Ty) €xists
(and is finite).

3. (X,G,) is said to be GP-complete if every GP-Cauchy sequence in X is
G P-convergent to an x € X.

Using the above definitions, one can easily prove the following proposition.

Proposition 1.10. ([29]) Let (X,G,) be a GP-metric space. Then, for any
sequence {x,} in X and a point x € X the following are equivalent:

(1) {x,} is GP-convergent to x.

(2) Gp(xp, xn,x) = Gy(z,2,2), as n — 0.

(3) Gp(zp,x,2) = Gp(z,x,x), as n — oo.

Lemma 1.11. If G, is a GP-metric on X, then the mappings dg,), d’GP X xX —
R* given by

de(xa y) = Gp(xa y7y) =+ Gp(y,l',l’) - Gp(x,l',l’) - Gp(yaya y)
and

dg, (x,y) = maz{Gy(z,y,y) — Gp(z,2,2),Gyly, v,2) — Gp(y,y,9)}

define equivalent metrics on X.

Proof. “T’Lb < max{a,b} < a+ b, for all nonnegative real numbers a, b. |
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Based on Lemma 2.2 of [24], we prove the following essential lemma.

Lemma 1.12. (1) A sequence {x,} is a GP-Cauchy sequence in a GP-metric
space (X, G,) if and only if it is a Cauchy sequence in the metric space (X, dg,).
(2) A GP-metric space (X,G)p) is GP-complete if and only if the metric space
(X,dg,) is complete. Moreover, limy, o dg, (x, z,) = 0 if and only if
lim Gy(z, 2, z,) = lim Gp(z,, z,2) = lim Gp(z,, Tn, Tm)
n—oo n—oo n,m—0o0

= lim Gy(vn, Tm,Tm) = Gp(z, 2, ).
,M—00

Proof. First, we show that every GP-Cauchy sequence in (X, G)) is a Cauchy
sequence in (X,dg,). Let {z,} be a GP-Cauchy sequence in (X,G),). Then,
there exists a € R such that, for arbitrary € > 0, there is n. € N with

£

|Gp(Tn, Ty ) — @] < 7

for all n,m > n.. Hence,

’de (T T
= Gp(Tn, T, T) + Gp(Tn, Ty ) — Gp(T, Ty T0) — Gp(Tny Ty T
= |Gp(Tn, T, Tin) — @ + @ — Gp(Tp, Ty ) + Gp(Tn, Tiny T)
—a+a— Gy(Tm, Tm, Tm)|
<|Gp(Tn, Tiny T) — af + | = Gp(Tn, Ty )| + |Gp(Tny Tny 1) —
+ o — Gp(@my Ty T |
<e,
for all n,m > n.. Hence, we conclude that {z,} is a Cauchy sequence in (X, dg,).
Next, we prove that completeness of (X,dg,) implies G P-completeness of
(X,Gp). Indeed, if {x,} is a GP-Cauchy sequence in (X,G,) then it is also

a Cauchy sequence in (X, dg,). Since the metric space (X,dg,) is complete we
deduce that there exists y € X such that lim, . dg,(y, z,) = 0. Hence,

T}Lrgo[Gp(xn, v, y) — Gp(y, 4, y) + Gp(y, T, ) — Gp(Tn, T, )] = 0,

therefore, lim,, o0 [Gp (20, ¥, y) — Go(y, y,y)] = 0.
On the other hand,

lim Gp(Tn, Tp,y) < lim Gp(an,y,y) + lim Gp(am,y,y) — Gp(y, v, y)

n,M—00 n,M—00 n,Mm—00

= Gp(y,9,9)-
Also, from (GP2),

Gp(y,y,y) < lim Gp(Tn, Tm,y).

,1M—00
Hence, we obtain that {x,} is a G P-convergent sequence in (X, G,,).

Now, we prove that every Cauchy sequence {z,} in (X, dg,) is a G P-Cauchy se-
quence in (X, G,). Let e = 3. Then, there exists no € N such that dg, (2, T,n) <
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%, for all n, m > ng. Since,

Gp<xn7 Lng s xno) - Gp<xn07 Tngs xno) < de(:Cm xno) <

Y

N | —

hence,

1
Gp(x’m T, xn) S de(In, xno) + Gp<xna Tng, xno) < 5 + Gp(xnm Tng xno)-

Consequently, the sequence {G,(z,, T,, ,)} is bounded in R, and so there exists
a € R such that a subsequence {G,(x,, Ty, ,Ts, )} is convergent to a, i.e.

klggo Gp(xnm Ly s Ink) = a.
Now, we prove that {G,(z,, %, z,)} is a Cauchy sequence in R. Since {z,}

is a Cauchy sequence in (X, dg,), for given € > 0, there exists n. € N such that
da,(Tn, Tm) < €, for all n,m > n.. Thus, for all n,m > n.,

Gp<xm Ly, xn) - Gp(xma Lm, xm) S Gp(xm L, xm) - Gp(xma Ly xm)
<dg,(Tm,Tn) < €.

Therefore, lim,,_,oo Gp(Tn, Tp, T,) = a.

On the other hand,

|Gp(xm L, xm) - a' == |Gp<xn; L, xm) - Gp<xna Ly xn) + Gp(xna Ly xn) - al

S de(mmw'En) + |Gp(xn;xm mn) - a|,

for all n,m > n.. Hence, lim,, ;00 Gp(Tn, Tm, Tm) = a, and consequently, {z,}
is a G P-Cauchy sequence in (X, G,).

Conversely, let {z,} be a Cauchy sequence in (X,dg,). Then, {z,} is a GP-
Cauchy sequence in (X, G)), and so it is convergent to a point y € X with

lim Gp(z, zp, x,) = lim Gp(x,, x,2) = lim Gp(x, T, xn) = Gp(z, 2, ).
n—oo n—o00 ,M—00
Then, for given € > 0, there exists n. € N such that

Gp(x, Tp, xn) — Gp(z,2,2) < Z,
and
Gp(xn, x,2) — Gpz, 2, 2) <

=1

Therefore,
lda, (Tn, ©)| = |Gp(Tn, 2, 2) = Gp(Xn, Ty Tn) + Gp(Tn, Ty, ) — Gy, 2, 7))
<|Gp(@n,z,2) — Gz, x,2)| + |Gp(x, 2, 2) — Gp(@n, T, T4)|
+ |Gp(Tn, T, ) — Gy, 2, 7)| <é,
whenever n > n.. Therefore, (X,dg,) is complete.
Finally, let lim,,_, dg, (7,, ) = 0. So,
lim [Gy(xn, x,2) — Gp(Tn, Tn, )] + Um [Gp(xp, 0, ) — Gp(z, z,2)] =0

and
lim [Gp(zn, x,2) — Gpx, x,2)] + Um [Gy(zp, 0, ) — Gp(@n, Tn, x,)] = 0.

n—oo n—o0
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On the other hand,

lim [Gp(@n, T, Tm) — Gp(z, 2, 7))

< lim [Gp(@n, x,2) + Gp(, T, ) — Gy, 2, )]
n—oo
= Gy(z,x,x).
0

Lemma 1.13. Assume that x,, — x as n — oo in a GP-metric space (X, G))
such that G,(x,x,x) = 0. Then, for every y € X,

(1) iy, o0 Gy (2, y,y) = Gp(, 5, 1),
(10) im0 Gp(Tn, Tn,y y) = Gp(z, 2, 9),

Proof. First note that lim,, oo Gp(2n, z,2) = Gp(x,z,2) = 0 = lim,, 00 Gp(Tp, Tp, T).
By the rectangle inequality we have,
Gp(xn,y,y) < Gp(zn, z,2) + Gp(x,y,y) — Gz, z, 1)
= Gp(xna Z, .T) + Gp(x7 Y, y)
S 2Gp(£7w I, I’) + Gp(l', ya y)

and
Gp(xa Y, y) S Gp(xa L, :L‘n) + Gp(x’m Y, y) - Gp(l'n, Ly I’n)
< Gy, 2, ) + Gop(Tn, 4, y)
S 2Gp(l'n, xZ, I) + Gp($n7 Y, y)
Hence,

0 <|Gp(xn,y,y) — Gp(z,y,y)| < 2G,(zn, z, ).

Letting n — oo we conclude our claim.
Analogously, the part (i) can be proved. O

Lemma 1.14. ([6]) Let (X,G,) be a GP-metric space. Then,
(A) If Gp(x,y,2) =0, then v =y = 2.
(B) If x #y, then Gp(x,y,y) > 0.

Definition 1.15. ([29]) Let (X;,G;) and (X»,G2) be two GP-metric spaces
and let f : (X1,G1) — (X2,G2) be a mapping. Then f is said to be GP-
continuous at a point a € X; if for a given € > 0, there exists 6 > 0 such that
z,y € X1 and Gy(a,x,y) < 6 + Gi(a,a,a) imply that Ga(f(a), f(x), f(y)) <
e + Go(f(a), f(a), f(a)). The mapping f is GP-continuous on X; if it is GP-
continuous at all a € X;.

Proposition 1.16. ([29]) Let (X1,G1) and (X, ,Gs) be two G P-metric spaces.
Then a mapping [ : X1 — Xo is GP-continuous at a point x € Xy if and only if
it is G P-sequentially continuous at x; that is, whenever {x,} is GP-convergent
to x, {f(xn)} is GP-convergent to f(z).

The concept of an altering distance function was introduced by Khan et al.
[17] as follows.
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Definition 1.17. The function ¢ : [0,00) — [0, 00) is called an altering distance
function, if the following properties are satisfied.
1. 7 is continuous and nondecreasing.

2. ¢(t) = 0 if and only if £ = 0.

In [7], Aydi et al. established some common fixed point results for two self-
mappings f and g on a generalized metric space X. The following is their defini-
tion adjusted for a G P-metric space.

Definition 1.18. ([7]) Let (X, G)) be a GP-metric space and f,g : X — X be
two mappings. We say that f is a generalized weakly G P-contractive mapping
of type A (resp. of type B) with respect to g if for all x,y, z € X, the following
inequality holds:

¢(Gp(f$, fy, fZ)) < w(Gp(Qx, fy7 fy) + Gp(gy,gfz, fz) —+ Gp<gz, fil', fﬁL’))

- (P(Gp(gxu fy7 fy)7 Gp(gy7fzv fz)v Gp(gzv fxv fx)),

(resp.
z[)(C;p<fxv fy7 fZ)) S w(Gp(gx, g, fy) + Gp(gyvggya fZ) + Gp(gz, gz, fl‘))

— o(Gplgz, gz, fv), Gplgy, gy, [2), Gy(92, 97, f2))),

where

(1) ¢ is an altering distance function;

(2) ¢ :[0,00)* = [0, 00) is a continuous function with ¢(¢, s,u) = 0 if and only if
t=s=u=0.

Note that the concept of a generalized weakly G-contraction is the extension
of the concept of weakly C-contraction which has been defined by Choudhury in
[8]. For more details on weakly C-contractive mappings we refer the reader to
[12] and [27].

Also, in [25], Razani and Parvaneh proved some coincidence and common fixed
point theorems for nonlinear weakly G-contractive mappings in partially ordered
G-metric spaces. In fact, their results are extensions of the results of Aydi et al.
[7] from the context of G-metric spaces to the setup of ordered G-metric spaces.

Definition 1.19. ([1]) Let (X, <) be a partially ordered set. A mapping f :
X — X is called dominating if z < fx for each z in X.

Example 1.20. ([!]) Let X = [0,00) be endowed with the usual ordering. Let
f: X — X be defined by fx = {/x for z € [0,1) and fax = a™ for x € [1, 00), for
any n € N. Then, for all x € X, z < fx; that is, f is a dominating map.

A subset W of a partially ordered set X is said to be well ordered if every two
elements of W be comparable.

Let X be a non-empty set and f : X — X be a given mapping. For every
re X, let fHz)={ueX: fu=ux}
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Definition 1.21. ([22]) Let (X, <) be a partially ordered set and f,g,h : X — X
be given mappings such that fX C hX and gX C hX. We say that f and g are
weakly increasing with respect to h if for all x € X, we have:

fr = gy, Yy € h™'(fx),
and
gr = fy,Yy € b~ (gz).
If f =g, wesay that f is weakly increasing with respect to h.

If h = I (the identity mapping on X), then the above definition reduces to
those of weakly increasing mapping [5] (see also [22]).
Recall the following well known notion introduced by Jungck.

Definition 1.22. ([I4]) Let X be a nonempty set and f,g : X — X be two
mappings. They are called weakly compatible if fgxr = gfx whenever fr = gx.

The aim of this paper is to prove some coincidence and common fixed point
theorems for nonlinear weakly GG P-contractive mappings in partially ordered G P-
metric spaces.

2. Main results
From now on, we assume:

®={p]|p:[0,00)* = [0,00) is a continuous function such that
o(x,y,2) =0z =y =2=0}

Definition 2.1. Let (X, <, G,) be a partially ordered G P-metric space. We say
that X is regular if the following hypotheses hold:

(i) If {x,, } is a nondecreasing sequence and x € X with lim,, ;00 Gp(Tp, T, ) =
Gp(z,z,z) =0, then z,, < x, for all n € N.

(ii) If {z, } is a nonincreasing sequence and = € X with lim,, 00 Gp(Zn, T, ) =
Gp(z,z,x) =0, then x,, = x, for all n € N.

Our first result is the following.

Theorem 2.2. Let (X, =<,G,) be a partially ordered G P-metric space. Let f, g :
X — X be two mappings such that f(X) C g(X), f is weakly increasing with
respect to g and

¢(Gp(fx, fy, fZ)) S w(G;;(Q%fyafy)+Gp(9973f2, fZ) +Gp(gz, f(l,’,fl’))

- SO(GP(g'Tmfyv fy)7 Gp(gy7fz7 fZ), Gp(gzv f‘ra f.%'))(, )
2.1

for every x,y,z € X such that gr < gy =< gz, where ¢ : [0,00) — [0,00) is an
altering distance function and ¢ € ®. Then, f and g have a coincidence point in
X if X is regular and g(X) is a GP-complete subset of (X, G)).
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Proof. Let o € X be an arbitrary point. Since f(X) C ¢g(X), we can construct
a sequence {z,} defined by z, = gz, = fr,_1, for all n > 0.

Now, since 1 € g~ (fxo) and xo € g7 1(fx1), as f is weakly increasing with
respect to g, we obtain:

gry = frg = fry = gre = fro = gus.
Continuing this process, we get:
gr1 2 9Ty 2 gr3 2 2 gTp D GTpy1 200

We will complete the proof in three steps.

Step 1. We will prove that lim, . G(2n, Zn+1, 2ns1) = 0.

Since gx,_1 = gx,, using (2.1) we obtain that

lp(Gp(Zm “n+1; Zn+1)) = w(Gp(f«'En—h JTn, f$n))

< 77ZJ<C7Yp(gxnfla fxm fa:n) + Gp(g-z'nv fxna fxn) + Gp(gxm fxnfh fxnfl))
- 3
- @(Gp(gajn—l; fzna fxn)7 Gp(gxna fxna fmn)7 Gp(gxna f:En—la fxn—1)>
(Gp<zn—17 Zn+1, Zn—l—l) + Gp(Zn7 Zn+1, Zn+1) + Gp(znu Zn Zn))
3
- @(Gp(znfly Zn+1, Zn+1>7 Gp<2n, Zn+1; ZnJrl); Gp(znu Zn, zn))
(Gp(zn—la Zny Zn) + 2Gp(zn) Zn41; Zn—l—l))
3

- @(Gp(zn—h Zn41s Zn+1)7 Gp(zna Zn4-1 Zn-l—l)a Gp(zna Zn Zn))
< w(Gp(anla Zn, Zn) + QGp(Zm Zn41; zn+1))
J— 3 .
Since 1) is a nondecreasing function, from (2.2), we have

<

IN
<

(2.2)

Gp(zn—la “n41 Zn+1) + Gp(zm Zn+1, Zn+1) + Gp(zm Zn, Zn)

3
S Gp(znfla Zn; Zn) +§Gp(zn7 Zn+1, Zn+1) ‘ (23)
Hence, we conclude that {Gp (%, Zn+1, 2n+1) } 1S @ nondecreasing sequence of non-

negative real numbers. Thus, there is an r > 0 such that

Gp(zn, Zn+1: Zn+1) S

lim Gp(2n, Znt1, 2nt1) =1- (2.4)
n—oo

Letting n — oo in (2.3), we get that

r < hmn—wo Gp(zn—la Zn+1s Zn—‘rl) +r+ hmn—>oo Gp(zn7 Zny Zn) <r
)

hS 3 hS

That is,

im Gp(zn—1, Znt1, Znt1) + Um Gp(zn, 2n, 2,) = 2. (2.5)
n— 00 n—o0

Again, from (2.2) we have
G n—Lil)~n )y n G ny ~n )’ N G ny» ~“ny ~n

- SO(Gp(Zn—la Zn+1s Zn+1>7 Gp(zna Zn41, Zn—i—l)y Gp<zna Zny zn))
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Letting n — oo and using (2.4), (2.5) and the continuity of ¥ and ¢, we get
2r+r
o) < o

and hence gp(limn_,oo Gp(Zn—1, Znt1, Znt1), 7, My, o0 Gp(zn,zn,zn)) = 0. This
gives us that

) - SO( nh_{& Gp(znfb Zn+1, ZTL+1>7 T, nh—>nolo Gp(znv Zny Zn))?

lim Gp(2n, Znt1, 2nt1) = Um Gp(zn_1, 2nt1, 2nt1) = Hm G,(2p, 20, 2,) = 0,
n—oo n—oo

n—oo
(2.6)
from our assumptions about ¢.
Step II. We will show that {z,} is a GP-Cauchy sequence in X. That is, we
will show that for every € > 0, there exists k& € N such that for all n > m > k,

Gp(Zm, 2ny 2n) < €;

i.e., we prove that limy, , 0o Gp(Zm, Zn, 2n) = 0.
Suppose the above statement is false. Then, there exists ¢ > 0 for which we
can find subsequences {zp )} and {znm)} of {2,} such that n(k) > m(k) > k and

Gp(Zm(k), Zn(k)> Zn(k)) 2 €, (2.7)
where n(k) is the smallest index with this property, i.e.,
Gp(Zm(k), Zn(k)—15 Zn(k)—1) < €. (2.8)
From the rectangle inequality,
Gp(Zmk) 2n(k)s 2n(k)) < Gp(Zmk)s Znk)-15 Zn(k) 1) + Gp(Znik)-1, 2n(k)s 2n(r))- (2.9)
Letting k — oo in (2.9), from (2.6), (2.7) and (2.8) we conclude that
hm Gp(Zmk)s Zn(k)s Zn(k)) = €. (2.10)
Again, from the rectangle 1nequahty,

Gp(Zm(k), Zn(k)s Zn(k)+1) < Gp(Zm(k)s Znik)> Zn(k)) + Gp(2Znk)s Zn(k), Znk)+1)
< Gp(Zm@k)s Zn(k)s n(kz)) + 2Gp( (k) Zn(k)+1s Zn(k)+1)

(2.11)
and
Gp(Zmk)s Zn(k)s Znk)) < Gp(Zmk)s Zn(k)s Zn(k)+1)- (2.12)
Hence, if £ — oo in (2.11) and (2.12), using (2.6) and (2.10), we have
hm G (Zm(k n(k)» Zn(k-)Jrl) =¢&. (2.13)

On the other hand,
Go(Zmk)s Znk)+15 Zn(k)+1) < Gp(Zmk)s Znk)s Zn)) + Gp(Zntk)s Znlk)+1> Znli)+1),

(2.14)

and
Gp(Zmk)s Znk) Zn)+1) < Gp(Zm(k)s Zn(k)+15 Zn(k)+1) + Gp(Znk), Zn(k)+1azn(k)(+l)- |
2.15

Hence, if k — oo in (2.14) and (2.15), from (2.6), (2.10) and (2.13) we have
hm G (Zm (k)» Zn(k)+1> Zn(k)+1) E. (2.16)
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In a similar way, we have

Gp(Zm@k)+15 Zn(k)s Zny+1) < G (Zm (k)15 Zm(k)s Zm(k)) + Gp(Zm(k) Zn(k)> Zn(k)+1)
< 2G L (Zm(k)s Zmk) 41> Zm(k)+1) + Gp(Zmk)s Zn(k)> Zn(k)+1);
(2.17)

and

Gp(Zm(k), Znk) Znk)+1) < Gp(Zm(k) Zmk)+15 Zmk)+1) + Gp(Zmk)+1, 2Zn(k), Zn(k()+1),)

2.18

and therefore, from (2.17) and (2.18) by taking the limit when k& — oo, using
(2.6) and (2.13), we get that

| . 2.1
k1_>I£lOG (Zm(k)+1> Zn(k)s Zn(k)41) = € (2.19)
Also,

Gp(Zm@k)+1> Znk)+1> Zn(k)+1) < Gp(Zm@k)+1> Zn(k)+1> Zn(k) ), (2.20)
and

Gp<zm(k)+1azn(k)a n(k) 1) <G (Zm(k +15 2n(k)+1> Zn(lc)+1)+Gp(zn(k)+1a Zn(k)+1, Zn(k))-

(2.21)
Hence, from (2.6), (2.19), (2.20) and (2.21), we have
hm G (Zm(k 41, Zn(k)+1’ Zn(k)+1) = £. (2.22)
Finally,
Go(Zn(k)s Zm)+15 Zmi)+1) < Gp(Znk) Zne)+15 Zne)+1) FGp(Zn)+15 Zmk)+15 Zmk)+1)
(2.23)
and
Gp(Zn(k)+1; Zm(k)+15 Zm(k)+1) < Gp(Zn(k)+1; Zn(k)s k) + Gp(Zn(r) Zmr)+15 Zm(k)+1)
< 2Gp(2n(k), Zn(k)+15 Zn(k)+1) + Gp(Zn(k)s Zm(k)+15 Zm(k)+1)-
(2.24)
Hence, if £ — oo in (2.23) and (2.24) and using (2.6) and (2.22), we have
hm Gp(Zm(k) Zn(k)+15 Zn(k)+1) = €. (2.25)

Since gTmk)y =2 9Tnk) = GTnk), PUtting o = Ty, ¥ = Tpr) and z = x,3) in
(2.1), for arbitrary k > 0, we have
¢(Gp( (k;)+1, Zp(k)+15 Zn(k)+1))

3
<P( (9T m(k fxn(k F2n)), Gp(9Tniky, fTnie)s FTn))s Gol9Tnie)s fTmkys [Tmm)))
_ (Gp Zim(k)s Zn(k) 41> Zn(k)+1) F Gp(Zn(k)s Znk)+1 Zn)+1) + Gp(Zn(k)s Zmk)+1 Zm(k)+1))
3

— 0(Gp(Zmm)s Zn(k)+1> Zne)+1) s Gp(Za)s Znik)+1> Zne)+1)s Gp(Za()s Zmk)+1: Zm(k)+1))-
(2.26)
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Now, if &k — oo in (2.26), from (2.6), (2.16), (2.22) and (2.25), we have

P(e) < ¢(2—3€> — (g,0,¢).

Hence, ¢ = 0, which is a contradiction. Therefore, for every ¢ > 0, there exists
k € N such that for all n > m > k, G(z, 2n, 2,) < €. Consequently,

lim Gp,(2m, #n, 2n) =0, (2.27)

m,n—00

and hence {z,} is a GP-Cauchy sequence.

Step I1I. We will show that f and ¢g have a coincidence point.

Since {z,} = {gz,} is a GP-Cauchy sequence and g(X) is GP-complete, from
Lemma 1.12 and (2.27) there exists z € g(X) such that:
lim G,(2zn, 20, 2) = im G,(gn, 92, 2) = Um Gp(fx,, fr,, 2) = Gy(z, 2, 2) = 0.
n—00 n—00 n—0o0

(2.28)

There exists u € X such that z = gu and

lim Gp(zn, 2n, gu) = lim G,(92n, g2, gu) = lim G,(fz,, fo,, gu)
n—00 n—00 n—0o0
= G,(gu, gu, gu) = 0. (2.29)
We will prove that u is a coincidence point of f and g.

We know that {gx,} is a non-decreasing sequence in X. Regularity of X and
(2.29) yields that gz, = z = gu. Hence, from (2.1) we have

w(GP<Zn+17 Zn4-1s fu)) - ¢(Gp(f$n7 fxm fu))
< w(Gp(gwn, fn, fn) + Gplgzn, fu, fu) + Gylgu, fo,, fxn))
- 3
- @(Gp(gxn7 fxna fxn)a Gp(g$n7 fu7 fU), Gp(Q“’a fxna fxn))
_ w(GP(Zm Zn+1, Zn—i—l) + Gp(zm fu, fu) + Gp(gua Zn+1, Zn+1))
3
- SO(Gp(zna Zn41, ZTL+1>7 Gp(znv f'LL, f'Ll,), Gp<gu7 Zn+1, zn+1)) . (230)
Letting n — oo in (2.30), from the continuity of ¢ and ¢ and Lemma 1.13, we
get

V(Gp(z, 2, fu)) < @D(M) — (0, Gp(z, fu, fu),0). (2.31)
As G,(z, fu, fu) < 2Gp(z, z, fu), we have

2G,(z, 2z, fu
w(GP(Zv Zs fu)) < QZJ(%) - @(Ov GP(Z7 fu7 fu)a 0)
Hence, ¢(0,Gy(z, fu, fu),0) < ¢(3E2) — 4(Gy(z,2, fu)) < 0. So,
Gp(z, fu, fu) = 0 and hence, gu = z = fu. This means that g and f have a
coincidence point. O

Taking g = Ix (the identity mapping on X) and ¢ = I in the above
theorem, we obtain the first part of the following fixed point result:
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Corollary 2.3. Let (X, <,G,) be a complete partially ordered G P-metric space.
Let f: X — X be a mapping such that fx < f(fz), for allx € X and

Gp(@, [y, fy) + Goly, [z, f2) + Gp(2, fx, fx)
3

- @(Gp(xv fy7 fy)7Gp(y’ fZa fZ>7Gp(vaxa fl')), (232)

for every x,y,z € X such that x < y =X z, where ¢ € ®. Then, f has a fixved
point in X provided that one of the following two conditions is satisfied:

(a) X is reqular, or,

(b) [ is continuous.

GP(f‘rafy7fZ) S

Proof. Tt remains to prove the part (b).
Following the proof of Theorem 2.2, from (2.28) we have that

lim G,(fzn, fen, 2) = Gz, 2,2) = 0.
n—oo
The continuity of f implies that
hm Gp(xn—i—ly Tn41, fz) = nlglgo Gp(f$n7 fmna fZ) = Gp(fza fZ, fZ>

n—oo

On the other hand, from the rectangular inequality it follows that
Gp(za fZa fZ> S Gp(za Tn+1, xn-ﬁ-l) + Gp(fxna fza fz)a

and passing to the limit as n — oo and using Lemma 1.13, we get that G,(z, fz, fz) <
Gp(fz, fz, fz). Since the opposite inequality always holds, we get that

GP(’Z? [z fZ) = Gp(fza [z, fZ)
Since z < z <X z, applying (2.32) we get that

GP(Z7 fZ, fZ) = Gp(fz7 fZ, fz)
< Gylz, f2, f2) = 0(Gp(2, f2, [2), Gylz, [z, f2),Gylz, f2, £2))
= Gp(fz7 fZ7 fZ) - (,D(Gp<Z,fZ7 fZ), Gp(z7 fza fZ), Gp(zv fZa fZ))

By the properties of function ¢ it follows that G(z, fz, fz) = 0 and hence fz = z.
Thus, z is a fixed point of f. O

Taking ¢(z,y,2) = (3 —a)(z +y+ z), where o € [0

we obtain the following result:

1
3

), in the above corollary,

Corollary 2.4. Let (X,=,G,) be a complete partially ordered GP-metric space.
Let f: X — X be a mapping such that fx < f(fz), for all z € X and

Gy(fr, fy, f2) < a(Gp(x, fa, fr) + Gyly, fy, fy) + Gu(z, [z, f2)),

for every x,y,z € X such that x <y < z, where a € [0, %) Then, f has a fived
point in X if one of the following two conditions is satisfied:
(a) X is reqular, or,

(b) [ is continuous,.
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Theorem 2.5. Under the hypotheses of Theorem 2.2, f and g have a common
fixed point in X provided that f and g are weakly compatible and g is a nonde-
creasing dominating map.

Moreover, the set of common fixed points of f and g is well ordered if and only
if f and g have one and only one common fixed point.

Proof. Following the proof of Theorem 2.2 we obtain that the sequence {z,} is
G P-convergent to z = fu = gu. Since f and g are weakly compatible, we have
fgu = gfu, ie., fz = gz. Denote w = gz = fz. As g is a nondecreasing
dominating map,
u = gu = ggu = gz.
Hence, applying (2.1) we have
G,(gu, fu, fu) + G,(gu, fz, fz) + G,(9z, fu, fu

w(Gp(fU,fU,fZ» < ¢< p(g f f ) p(g Sf f ) p(g f f ))

- @(Gp(guv fua fu)v Gp(guv fzv fz)v Gp(gza fua fU))
< w<Gp(fu7fuafu) +Gp(fu,fz,fz) +Gp(fz7fu7fu)>
- 3

- @(Gp(fuu fua fu)u Gp(fu7 fZ’ fZ), Gp(fza fua fU))
< ( 2G,(fu, fu, f2) + Gy(fu, fu fZ)>

3
- SO(Gp(fuv fu7 fu>7 Gp(fu7 fZ, fZ), GP(fZ7 fu7 fu))
Therefore, go(Gp(fu, fu, fu), Gp(fu, fz, f2),G,(fz, fu, fu)) = 0 So, fu = fz.

Now, since z = gu = fu and fz = gz, we have z = gz = fz and z is a common
fixed point of f and g¢.

Suppose that the set of common fixed points of f and ¢ is well ordered. We
claim that f and g have a unique common fixed point. Assume on contrary that,
fu=gu =u and fv = gv = v, and u # v. Without any loss of generality, we
may assume that gu = u < v = gv. Using (2.1), we obtain

77/)(Gp(u,u,v)) = w(Gp(fu,fu,fv))
S w (Gp(gu7 fu7 fU) + Gp(gu7 fU, f’U) + Gp(gvv fua fU))

3
— o(Gplgu, fu, fu), Gylgu, fv, fv), Gp(gv, fu, fu))
< Qp(ZG’p(U,u,u) + Gp(v, u, u))

3
— go(Gp(u, u,u), Gp(u,v,v), Gp(v, u, u))

Therefore, u = v, a contradiction. Conversely, if f and g have only one common
fixed point then, clearly, the set of common fixed points of f and g is well ordered.
O

Remark 2.6. Following arguments similar to those given in the proof of Theo-
rem 2.2, we obtain the previous results for a generalized weakly G P-contractive
mapping of type B.
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Denote by A the set of all functions p : [0,+00) — [0,+00) verifying the
following conditions:
(I) pe is a positive Lebesgue integrable mapping on each compact subset of [0, +00).
(IT) For all € > 0, [; p(t)dt > 0.

By the standard argument we obtain the following result for mappings satisfy-
ing a contraction of integral type.

Corollary 2.7. Replace the contractive condition (2.1) of Theorem 2.2 by the
following condition:
There exists a 1 € A such that

" ( Gp(gz,fy,fy)Jer(gyéfz,fZ)Jer(gzyfw,fl‘)
p(t)dt < / wu(t) dt
0

/w(Gp(gw,fy,fy)7Gp(yy7fz7fZ)pr(gzﬂf:mfw))

/w(GP(fxvfyvfz))
0

w(t) dt.

Then, f and g have a coincidence point, if the other conditions of Theorem 2.2
are satisfied.

0

Similar to [22], let N € N be fixed. Let {p;}1<i<ny be a family of N functions
which belong to A. For all ¢ > 0, we define:

t
[1(t):/ wi(s)ds,
0
ht Jo m(s)ds
o= [ mleds= [T s ds
0 0

t S S
SO (s as

It
L0 = [ s = [ () ds,
0
In—1)t
In(t) :/ pn(s)ds.
0
We have the following result.
Corollary 2.8. Replace the inequality (2.1) of Theorem 2.2 by the following

condition:
Iy (QZJ(Gp(fx,fy, fz))) < Iy (w( plgz, [y, fy) + p(gy,3fz,fz) + p(gz,fx,fx))>

- ]N (SO(GP(Q"L‘: fy7fy>7Gp(gya fZ,fZ),Gp(gZ,fCC,fJ?))>

Then, f and g have a coincidence point, if the other conditions of Theorem 2.2
are satisfied.

Proof. Consider ¥ = Iy o ¢ andcf):[Nogp. OJ

We conclude this section by presenting some examples that illustrate our re-
sults.



ON MAPPINGS IN ORDERED GP-METRIC SPACES 93

Example 2.9. Consider the GP-metric space from Example 1.5, ie., X =
0, +00) and G,(x,y, z) = max{z,y, z}. Define an order < on X by

r=y < x=yV (r,y €[0,1] Az >y).

Obviously, (X, <,G)) is a complete ordered G P-metric space. Let f: X — X
be given by

2
fo_ {m z € [0,1],
& x> 1.
Finally, take ¢ € ® given by ¢(r, s, t) = %(r +s+t) for all r,s,¢ > 0. In order to
check the conditions of Corollary 2.3, take x,y,z € X such that x <y < z and
consider the following two possible cases.
1° & < 1. Then, obviously also y, 2 < 1 and x <y < z. It is easy to check that

2 2 2

B x Y z
Gp(fx7fyafz)_max{:g(l_{_l.)’3(1+y)’3(1+z)}

z z <
31+2) 3142 —

é (G” (x 3(1y—2+ y)’ 3(1y—i y)) G (y 3(121 z)’ 3(121 z))

x? x?
TGy (Z 3(1+2) 3(1+ :c))>
_ Gp(% Ty, fy) + Gp(yv Iz fZ) + Gp('za fx, fiU)
3
- @(Gp<x>fy7fy)a Gp(y7 fza fZ), Gp(zv fxa fx))

z
6

1°2>1. Thenz=y=2>1and

Go(fz, fy, fz) = max{%,%,%} — %
ol

1 z z
<36 (=55
— Gp(x7fy7fy) + Gp(y7 fzu fZ) + GP(Z,fiU,f.I')
3

- @(Gp(xa fya fy)7 Gp(yafzafz)>Gp<Zafx7fx>)'

Hence, all the conditions of Corollary 2.3 are satisfied and f has a fixed point
(which is z = 0).
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Example 2.10. Consider the subset Y = {0, 1,2} of the G P-metric space given
in Example 2.10, i.e., let
Gp(z,z,z) =1, for x # 2, and G,(2,2,2) =0,
G,(0,0,1) = G,(0,0,2) = G,(1,1,2) =2,
Gp(0,1,1) = G,(0,2,2) = G,(1,2,2) = 2,
Gp(0,1,2) =3,

with symmetry in all the variables. Introduce an order < on Y by

== {(07 0)7 (1v 1)’ (17 2)7 (27 2)}
Finally, let

01 2 01 2 rs ot
f:(1 2 2)7 92(0 1 2)’ Vi) =t plnst) = —g—

It is easy to see that f is weakly increasing with respect to ¢ and that f(Y) C

g(Y).
It remains to check the condition (2.1) for x,y, z € Y satisfying z <y < z.

If v =y =2=0, then G,(fr, fy, fz) = G,(1,1,1) = 1, Gy(z, fy, fy) =
Gyly, [z, fz) = Gy(z, fx, fx) = 2. Hence, (2.1) reduces to 1 < 2 and holds true.
In all other possible cases ((z,y,2) € {(1,1,1),(1,1,2),(1,2,2),(2,2,2)}), it is
Gp(fz, fy, fz) = Gp(2,2,2) =0 and (2.1) holds trivially.

Thus, all the conditions of Theorem 2.2 are fulfilled and f and ¢ have a coin-
cidence point (2 = f2 = ¢2). This is also their common fixed point.

3. Periodic point results

Let F(f) ={z € X | fr =z}, the fixed point set of f.
If F(f) = F(f") for every n € N, then f is said to have property P. For more
details, we refer the reader to [3, 9, 13, 18] and the references mentioned therein.

Theorem 3.1. Let X and f be as in Corollary 2.5. Then f has property P.

Proof. From Corollary 2.3, F(f) # 0. Let u € F(f™) for some n > 1. We will
show that u = fu. Since f is weakly increasing on X, we have f" lu < f"u.
Using (2.1), we obtain that

Gyl i, fu) = Gyl f"u, £ 10, )
= Gy, P, )
< (G S, ) + Gy S, ) + Gy, S, )
(G £, ), Gy, 7, ), Gyl 7, )
< (G M 1) + 26, fH s, )

— (G (f" 7 7 ), G (f M, f7 , f7 ), Gy (fMu, fhu, fM));
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that is,
Gylu, fu, fu) = Gy(f™u, [, f7u) < Gy(f"Hu, fhu, fhu)
= 3p(Gp(f"huy f u, f ), Gy(f s f s, f ), Go(f ™ us fu, f70)).
Repeating the above process, we get
Gp(f"_(i)u, fn—(i—l)u’ fn—(i—l)u) < Gp(f"_(i“)u, fn—(i)u’ fn—(i)u)
= 3 (G (f* o, froi Wy, oDy, Gy (1 O, fro0 D, om0 Da),
Gp(f”’(i)u, fn*(i)% fn*(i)u)).
From the above inequalities, we have

Gy(u, fu, fu) < G(u, fu, fu)
n—1

=3 (G, fr D, ), Gy (1 D, 10, D),
=0

Gp(f" D, f7=Ou, fr=Ou)).
Therefore,

n—1

> (G, Gy, =G0y Gy (f7 W, 0D, ey,

i=0
Gp(f”_(i)u, fn—(i)% fn—(i)u)) =0,
which from our assumptions about ¢ implies that
va(fnf(zﬁrl)u7 fnf(ifl)uj fnf(ifl)u) — Gp(f-nf(i)u7 fnf(ifl)u,fnf(ifl)u) =0

for all 0 <7 <n —1. Now, taking i =n — 1, we have u = fu. O
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