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BOUNDEDNESS OF MAXIMAL FUNCTIONS IN L? SPACES
BASMA AL-SUTNAWTI*

ABSTRACT. In this paper, we derive suitable L? bounds for a specific class of
maximal operators defined along the surface of revolution, where the kernels
belong to LI(S"~1) with ¢ > 1. Using these bounds in conjunction with extrap-
olation techniques, we establish the LP boundedness of the maximal operator

when its kernels lie in the block space B(SO’S*D(S”_l) or in (Llog L)*(S"1).

1. INTRODUCTION AND PRELIMINARIES

For n > 2, let R™ be the n-dimensional Euclidean space. In R", let S*~!
represent the unit sphere with the normalized Lebesgue measure do. Use 2/ = é—|

to define z € R™ \ {0}. Consider the following real-valued polynomial function
P :R" — R. Considering 1 < o < 00, let £* represent the collection of all
measurable functions k : Rt — R such that

00 1/a
L ¢ LG I
0
and define £°(R*) as L®(R*,r~tdr).

Furthermore, let w be an integrable function over S*~! that is homogeneous of
degree zero on R™ and satisfies the cancellation property:

/ w(z')do(z") = 0. (1.1)
S§n—1

For a suitable map 60 : (0,00) — (—00,00), we define the maximal function
ugfzﬁ associated with functions g € S(R™*1) as follows:

[ eiP<f>g<x—§,xnﬂ—em»w(@% gl (1.2)
()

In the case where P(§) = 0, we denote p P SIMPly as ufe). Additionally, when

O(t) =t and a = 2, we refer to Nc(f,% as [, which corresponds to the classical

maximal operator introduced by Chen and Lin in [10]. They established the

ﬂgl,a)u,e(g)(l’a Tpy1) = SUp
hega(Rt)
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boundedness of g, on LP(R™) for p > 2% and w € C(S™!). Al-Salman further
enhanced this result in [0], showing that the boundedness on LP(R™) holds for
p > 2 provided w € L(log L)Y/2(S""!). Moreover, he demonstrated that s, may
fail to be bounded on L? if w is replaced by some w € L(log L)"(S™!) for r < 1/2.

In [1], Al-Qassem generalized this finding by confirming the LP(R"*!) bounded-
ness of ,uc(ffz for w € L(log L)"/* (S"1) for some 1 < o < 2, where 6 is a convex and
increasing function in C?([0,00)). Al-Salman, in [3], also showed the L? bound-
edness of maximal functions when their kernels belong to L(log L)/2(S"™1) or to
the block space B,go’fl/ 2) (S™71) for some ¢ > 1. Furthermore, it was established
that the condition w € B(go’*l/ 2) (S"71) is optimal. In the same paper, Al-Salman
provided L estimates for a certain class of maximal functions with kernels in
La(sSm1.

For additional related results, readers may refer to [3, 12, 15, 16, 17, 18,19, 3

, 2,5, 11] and the references therein.

Subsequently, the authors of [1] established the L? boundedness of the maximal

operator /1552,0 whenever the kernels lie in L(log L)/ (S"') or in the block

space BY" (S for some 1 < o < 2 under certain conditions on 6. In this
article, we expand this result by introducing new conditions on 6 that ensure the
boundedness of the maximal operator Mgzj,e on LP(R™1). Specifically, by defining
a class of functions 6 that satisfies either hypothesis I or hypothesis D, we provide
a more general framework for the boundedness of the maximal operator.

A non-negative C! function 6 is said to satisfy hypothesis I if it is strictly
increasing, 0(2x) > A(z) for some A > 1, and ¢'(x) is decreasing on (0, c0).
Conversely, 6 satisfies hypothesis D if it is strictly decreasing, 0(z) > A\0(2z) for
some A > 1, and #'(x) is increasing on (0,00). These hypotheses (I, and D) are
closely aligned with those in [13].

The maximal functions defined by equation (1.2) have been extensively studied
by many researchers, especially when the function # adheres to either hypothesis
I or hypothesis D. For a thorough understanding of the background and related
findings regarding these functions, we suggest that readers consult [14, 9, 7].

Our results are inspired by the research on the parametric maximal operator
presented in []. By modifying the conditions on 6, we seek to ascertain whether
we can reach the same conclusions as the authors in [1]. We will address this
question in the following theorems.

Now we are presenting and proving several auxiliary lemmas that are essential
for establishing our main results.

Lemma 1.1. [1] Let w € LY(S"'), q > 1 satisfy the cancelation property (1.1)
with ||w||r1@gn-1y < 1. Assume that P = ) aqx® is a polynomial of degree n > 1
a<d
such that |z|? is not one of its terms and Y. |as| = 1. Let 0 be an arbitrary
|ar|=d
function on RY. For k € Z, define Ty, : R"™ — R by

22(14vw)

Fwo(Cm) = /

1

/ W(V)Xkwo(r, v, Cv,n)do(v) 2r’1dr, (1.3)
Snfl
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where

Xbaa (1,0, G, ) = 7 R D o)

and
Ve = log(e + ||w||pan-1))
Then, there exists a positive constant 5 such that

sup Fk,w,@ S BVw2(k+1)/4q/-
(CmeR™ xR

Lemma 1.2. Let w € L'(S"™1) be a homogeneous function of degree zero and
satisfy the cancelation property. Suppose that 6 : Rt — R is in C?[0,00), that
satisfies hypothesis I or hypothesis D. Define the maximal function by

Mosg(orus) =sup [ ot = & - 0 S (19

JEZL
Then, for 1 < p < oo, there exists a positive number 3, such that

1 Mo0(9)l5 < Bp(L + ) llgllpllwl 71 gy (1.6)
for every f € LP(R™).

We obtain the following result by employing arguments similar to those in (][],
Theorem 1.6).

Lemma 1.3. Let w € LY(S™ ') with q > 1 satisfy the cancellation property, and
assume ||w||rgn-1y < 1. Suppose 0 : RT™ — R is in C?[0,00) and meets either
hypothesis I or hypothesis D. Then, for 2 < p < oo, there exists a positive
constant 3,4 such that

1182 (D2 < Bpg1+ 1)l (1.7)
for every g € LP(R™*1).

Proof. since L4(S"™1) C L*(S"™ 1) for ¢ > 2, it suffices to prove this lemma for
1 < ¢ < 2. We begin by noting that
) 1/2
r_ldr> .

ué?i,eg(x,xnﬂ) < (/
0
(1.8)

Next, let {A}>*_ be a smooth partition of unity in (0,00) adapted to the
intervals I, = [2~(FFDve 2=(k=w] - Qpecifically,

/Sn1 g(x —rv, 241 — 0(r))w(v)do(v)

d Ar=1 0<A <1, A €C™

kEZ

d? A (r)
dri

supp(Ax) C Ix,,, and

—

where C; is independent of the lacunary sequence Iy, . Define (Uyg)(¢,n) =
Ax([€])g(¢, n) for (¢,n) € R™ x R. Then for g € S(R"*!), we have
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9 1/2
r_ldr> .

e <3
0

JEZ

Z /Sn_l(\lfkﬂ‘g)(x — 10, Tpp1 — 0(r))x1,,,w(v)do(v)

keZ

Applying Minkowski’s inequality, Plancherel’s theorem, Fubini’s theorem, and
Lemma 1.2, we obtain

k+1

(£

<D Bl + 1) 227 g,
jEZ
for some 5 € (0,1). Additionally, by interpolating between the above inequality
and the inequality

N 1/2
r=ldr|g(¢, ) |2dCd77)

2
ezl < [ Y

jez \ kez

/ ()T s ()
gn—l

This leads to

2
1620 (DI} < Bpa(1+ 1) 9l
for p > 2, we can directly conclude that

2
1152 (@)% < Brg(1+ 1) |92
for all p > 2. O

2. MAIN RESULTS

Theorem 2.1. Let 6 : R™ — R be a function in C? that satisfies either hypothesis
I or hypothesis D. Suppose w € LI(S"™Y) for ¢ > 1 and fulfills the cancellation
property (1.1), with ||w|/z1gn-1y < 1. Consider P : R™ — R as a real polynomial.

Let ug)oji’@ be defined as in (1.2). Then, there exists a constant B,, > 0 such that

o 1/a/
115 0@y < Brg (1 +logle + [l za@-1))" llglly (2.1)
for all o/ <p < oo and for all o € (1,2]. Additionally, we have
1
10 (@) 2w oty < Bllgllimgoss, (2.2)
where B, , = %ﬁp and 3, is a positive constant that does not depend on w, 0,
or q.

To prove theorem 2.1, we will follow the same argument used in ([!], Theorem
1.1), and (]3], Theorem 1.1). We will consider three cases: o = 1, a = 2, and
I<a<

Case 1: For 1 < a < 2. By duality, we have

W ()@ i) = ( /
0

/Sn1 eiP(rv)g(QS — TV, Tpt1 — Q(T))w(y)do-(v)
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Assuming that Theorem 2.1 holds for a = 1 and a = 2, we obtain:

2
1) 5(9) (@, Tt | ooty < By (L + 14,72 g]]s (2.4)
for 2 < p < oo, and

1
||N§3,ZJ,9(9)<CC’xn+1)||L°°(R”+1) < Bl gl Lo (mr+1y-
Thus, by applying interpolation to the previous inequalities, we conclude that

152, 0(9) (@, Tas )y < Bpg(1+ )19l
for o/ < p < oo with 1< a <2, and

1
1156 (9) (@, Tt | @nsny < Bllgl e ne.
Therefore, it suffices to prove our theorem for the cases @« = 1 and a = 2.

Case 2: For a = 1. Let k € LY(RT,r dr) and let g € L>®(R"™). Then for
all (z,2,41) € R" x R, we have

r~tdr

‘/gu)k(r)JénleiPOW)g(x — 10, Tpy1 — O(r))w(v)do(v)
< [ o

Now, by taking the supremum on both sides for all A with [|k||L1 @+ 14 < 1,
we obtain that

r~tdr

/Snl eiP(rv)g(l" — 10, Tyt — 0(r))w(v)do(v)

< ﬁ||k||L1(R+,r*1dr)||g||Loo(Rn+1).

1
12 9@, 2ar1) < Bllgll ey

for almost every (z,z,+1) € R""'. Therefore,

12,09, Tnn) | e ) < Bl e -
Case 3: For a = 2. We proceed by induction on the degree of the polynomial
P. If deg(P) = 0, the result follows directly from Lemma 1.3 and we have:

2
115) 59(2, 2|y < Bpa(L+ )19l

for all p > 2. Now assume that the following inequality:

115209l < Bra(L+ 1) l1gll, (2:5)

holds for all polynomials P with deg(P) < m where m > 1. We aim to show
that this inequality also holds for polynomials of degree m + 1. Let

P(z) = Z Ao x”

o] <m+1
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be a polynomial of degree m + 1, which does not contain |z|™™! as one of its
terms. As in Lemma 1.3, we let {A;}>° be a smooth partition of unity in (0, c0)
adapted to the interval Iy, = [2=*+Dn 2=(k=Dw] Define

(@eg)(C,m) = Ae(ICDF(Cm) for (C,m) € R™ X R for g € S(R™).
Set

= Z Ap(r) and Fo(r ZAk

k=—o0

Hence, we have

2 2 2
M;L,Bg<x> $n+1) < IUSD,()U,G,oog(ita anrl) + M;,Z;,&,Og(xv $n+1)7 (26)

where

e’} 2
gt nd)lP = [ Nt [ e glamro =) o(o)do(o)] s
2-vw s
and
1 ' 2
||MPw909<x Tni1)| :/ FO(”’)/ ) elp(m)g@_”f;$n+1—9(7"))w(v)d‘7(v) r=tdr.
0 s
Now we estimate the L” norm of ,ugzuﬂmg(x, Tpt1). Let
9—(k—1)rw 2
1 pes )| = [ | gt =0 o)
9—(k+1)vw S§n—1
By applying the generalized Minkowski’s inequality, we obtain
0
2 2
B ook 9(T Tnst) < D ) 5 9(@, Ta). (2.7)

k=—o00
Next, we apply Plancherel’s theorem, Fubini’s theorem along with Lemma 1.2
to estimate the L? norm of each term ﬂ% 0ok Plancherel’s theorem ensures
that the L? norm of a function is preserved under Fourier transforms, Fubini’s

theorem allows us to interchange the order of the integration, and we obtain that

22(14vw)

2
52 estts ity = [ NP [ ] [ @bt Comdoto) v ar
Sn—

< B2 (14 )9l Bagaren) (2.8)

For p > 2, there exists s € L®/?'(R"*1) such that |[¢|| w2 a1y = 1. Thus,
we have
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22(1+Vw)
2 iP(rv - Vw — Vi
112200069 (@ )|} = / / | / e Mg(a — 27y g — 0(27 )
Rn+1 1 S§n—1

2
X Xkwrp(r,v,0,0)do(v) ‘ r_ldr|%($, Tpa1)| dx dx,, .

Now, applying Lemma 1.2 and Holder’s inequality, we get

_ v — 1% 2
||M§32,c)u,9,oo,kg($amn+l)||723 < / . {g(m — 27+ “rU, Tppp — 0(2 (k+1) wr))‘
RTL

22(1+vw)
X / / Xkw.p(r,v,0,0)do(v)
1 sn-1

< B+ v) gl 2 || Mao (52)| (o2

< A1+ m) g2 (29)
combined this inequality (2.9) with (2.8) we obtain

2
|2¢(2, 2pyr) |7ty do dvy iy

100,49 @i ) [} < 52757 (14 2) gl (2.10)
for all 2 < p < oo, and for ¢ € (1, 00) which when combined with (2.7) gives

(k+1)
q

2
115 0,00 (@12 < Crg(1+ )92 (2.11)
Next, we estimate the LP norm of ugl,a,o(g)- Let H(z) =)<, aaz®. Define
(2) ' tH(rv) 2 1 1/2
,quwﬁvog(x, Tpi1) = ( e g(x—rv, 2,01 —0(r))w(v)do(v)| r dr)
0o |Jsn—1
and
(2) ' iP(rv) 1H (rv) 2 -1 1/2
/LP’H7w79’Og($, Tpt1) = ( 1(6 —e Yg(z—rv, 2Hy 1 —0(r))w(v)do(v)| T dr) )
o !Jsn-
It is evident that Minkowski’s inequality leads to
2 2 2
1 009(T: Tni1) < 170 09(%, Tnt1) + Uit 0.09(T, Tns). (2.12)

Since deg(H) < m, by our assumption regarding the polynomial H, we obtain

2
114509 Tns )2 < Bpg(L + 1) |9l (2.13)
for p > 2.
Note that

|€iP(m) _ eiH(rv)’ < |iP(TU)| + |ZH(?”U)| < ’Terl Z CLQUQ’ < Fmtl
a=m+1

By applying the Cauchy-Schwarz inequality, we get
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)1/2

1
2
Mg),)H,w,O,Og(‘Taxn-i-l) S </
0

/ r2(m+1)|g(x — TV, Tyl — 9(T))|2|w(v)\da(v)r_1dr
Sn—l

o0 27kr+1
< (Doaheemn / / P2 gz — v, s — 0(r)) Pl (v)|do(v)rd
k=1 2—Ic Sn—l
1/2
< B (pwollgl)”

Thus, by applying Lemma 1.2, we get

2
10009 (@ Tas )1 < BolllglPll o2y o] 2 gy

< Byl + )|l (2.14)
This, along with (2.13), yields
148, 09, Tni)|2 < Bo(1 + 1) 9] 2 (2.15)

for all 2 < p < co. Consequently, from (2.6), (2.11), and (2.15), we complete
the proof of Theorem 2.1.

We derive the following theorem by utilizing the conclusions from the previous
theorem and employing Yano’s extrapolation arguments.

Theorem 2.2. [21] Let w, 6 and P be given as in Theorem 2.1. Suppose that
,ugf,zj’g is given by (1.2). Ifw € L(logL)l/a/UBc(IO’_l/a) (S™1), then /Lg;);lﬂ is bounded
on LP(R™) for all o/ < p < oo and for a € (1,2].
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