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NORMED JULIA SET OF BOUNDED LINEAR OPERATORS

SANOOJ B'* and VINODKUMAR P B?

ABSTRACT. It is proved that normed Julia set of a bounded linear operator

(o)
T satisfying Z
n=1

] < oo cannot be the whole space. It is also proved that

there exists at least one bounded linear operator on /P, 1 < p < oo such that
the normed Julia set is the whole space.

1. INTRODUCTION AND PRELIMINARIES

The Julia set is a central concept in the study of complex dynamics, particularly
in the context of meromorphic functions and polynomials. For a meromorphic
function g : C —» C, the filled Julia set is defined as L(g) = {z € C| ¢"(z) »
oo}, where ¢g" denotes the n-th iterate of g (see [1], [1], [7], and [6]). The Julia
set J(g) of g is the boundary of L(g), i.e., J(g) = 0L(g). Julia sets of quadratic
polynomials, in particular, have been the subject of extensive study in works such
as [1] and [1]. In this paper, we extend the concept of Julia sets to bounded linear
operators on Banach spaces, introducing and analyzing the Normed Julia set. In
Section 2, we formally define the Normed Julia set of a bounded linear operator
and provide illustrative examples. In Section 3, we prove the main theorems.

Here, we consider X to be a Banach space, either real or complex, and let
B(X) denote the space of all bounded linear operators on X.

2. DEFINITIONS AND EXAMPLES
Definition 2.1. The Normed Julia set of T" is defined as
NJ(T)=0{xe X | || Tz || » oo}.
Here T is a bounded linear operator and 0 is the boundary of a set.

Example 2.2. Let X = R? and T : R?> — R? be the operator defined by
T(x1,x9) = (¥1 + T2, 11 — x3). Then, NJ(T') = ¢.
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Consider
n . .
2271 if n is even,

n n n—1
T(@) =T"(x1,22) = § 2"5 T(2) ifnis odd.

Therefore, ||T™(x)| — oo for all x € R?. Hence, NJ(T) = ¢.

Example 2.3. Let X = R? and T : R? — R? be the operator defined by

T(21,22) = (%%) Then, NJ(T) = R,
Consider
1
T (x) =T"(x1,22) = Pl
1 : e 1
Therefore, ||T"(x)| = 2—n||x|| Since ||z|| is finite, the term o tends to 0 as

n — oco. Thus, ||T"(z)|| converges to 0 for all z € R?. Hence, NJ(T) = R

Example 2.4. Let X = (?(N) and T : ¢*(N) — ¢*(N) be the operator defined by
T ((yn)neN) = (yn-l-l)nEN- Then, NJ(T) = Ez(N)-

Consider

™ ((yn>n€N> - (yn-i-lu Yn+2, Yn+3, )

Therefore, [|T" ((Yn)nen) | = [ > |wil> = 0 for all (y,) € (N) as n — oo.
i=n+1

Hence, NJ(T) = (*(N).

Example 2.5. Fix r > 1. Let X = (*(N) and f : >(N) — (*(N) be the operator
_ 2

defined by f(z1,xo,--+) = (ra3,ra3,rz% ---). Then, NJ(f) = (*(N).
Consider
fn(l‘) — f"(l.l’ To, - - ) —_ (T2n_1x72-:|—1a TQ"—IIEL:_Z’ .. ) .
And:

1™ =r>""", foralln>1.

There is no y € ¢?(N) such that || f"(y)|| — oo.
Moreover,

/()| = 0 for all y € ¢*(N).
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1
Let y € (*(N) and ng > 1 be such that |y;| < =, for all j > n,.
r

Then, for n > ng,

I = 3" [y
j=n+1

=3 (gl M)

Jj=n+1
< Z ly;1*.
j=n+1
Thus, || f™(y)|| — 0. Hence, NJ(f) = ¢*(N).

Example 2.6. Let X = C™! with supremum norm, and C : C™*! — C™*! be
the Cesaro operator defined by

To+Ty To+Ty+T To+ i+ 4T,
C(Fo,ru"',rm)_(ro, LR L PP Mk X I >

2 3 ’ ’ m+1
Then, NJ(C) = C™*!,

Consider
M = {(xo, y1.¥2, s Ym) [ Y1, 92, s ym € C}.
Then, we have C'(M) C M. Now, let
D= (o, Y1, Y2, ,Ym) and § = (o, 21, 22, ** , 2m)

be elements of M. Then,

Totyi+ - FY Totzt--t
kE+1 k+1

This shows that

1
ICG) @l < Lllp—dl fora g € M with L= (1- L) <1
m

Thus, C is a contraction mapping on M, and consequently, C' has a unique fixed
point, given by (zg, zg, -, Zo).
Hence,

1C™(2)|| = |wo| for alln € N.

Therefore, NJ(C) = C™".

Remark 2.7. In Example 2.6, C™(x) converges to (y,y,--- ,y) € C™"! depending
upon the chosen point x. We refer to (y,y,--- ,y) as a diagonal point. Addition-
aHY7 if dlag(Cerl) = {(yv Y, o 7y) | yE C}a then

U, com+1 limy, 0o C™(z) = diag(C™1).
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3. MAIN THEOREMS

The following notations and lemmas are used to establish the main theorems:

Rl(X):{TeB(XH Zﬁ<oo},
F(X)={T € B(X) | ]\;J(T):X}.

Lemma 3.1. [2] Let Y be a real or complex Banach space, and let gy, ga,--- be
unit functionals in the dual space Y*. For each m € N, suppose (5, > 0 satisfies

the condition Zﬁm < 1. Then, there exists an element y € Y with |ly|| = 1

m=1
such that |{y, gm)| > Bm for all m.

Lemma 3.2. [3] Let Z be a complex Hilbert space, and let hq, hg, - be unit
functionals in the dual space Z*. For each k € N, suppose np > 0 satisfies the

condition Zni < 1. Then, there exists an element z € Z such that ||z|| = 1 and
k=1

(2, hue)| = s for all k.

Theorem 3.3. (First Main Theorem) T' € Ry(X) implies T ¢ F(X).

Proof. Let v, be a sequence of positive real numbers satisfying the condition that

Y
17|

oo
vn—>ooasn—>oo,andz < 00.
n=1

Define

3"
;HT”H

Now, consider the sequence of coefficients

Tn
A=
(S+ DTl

which satisfies

Z/\n <1 and N\, ||T"| — oc.

n=1

Let T* € B(X™). For every n € N, choose h,, € X* such that
T\ % 1 T\ % 1 n
1hall <1 and [[(T")Rall = SI(T)*]] = 1T
Define p,, € X* by
" *hn
Pn = ( n)* .
[(T7)* |

By Lemma 3.1, there exists an element x € X with norm equal to one such that
[(x, pn)| > A, for all n.
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Therefore,
[Tz = [(T"z, hn)|
= [{z, (T") )|
= [{@, p) [ (T™) " |
An
> ?HT”H — 00 as n — 00.
It follows that © € X \ NJ(T'). Hence, T' ¢ F(X). O

Corollary 3.4. If X is a complex Hilbert space and

Rmm—{TemXHEZM%2<m}

then T' € Ry(X) implies T ¢ F(X).

Proof The proof follows a similar approach to Theorem 3.3 by defining S =

Z T H27 ensuring that Z )\i < 1. Lemma 3.2 then ensures the existence of
n=1

an element z € X with norm equal to one such that |[(z,p,)| > A, for all n. The
divergence of ||[T™z|| can be shown analogously to Theorem 3.3. O

Theorem 3.5. (Second Main Theorem) If X = (7,1 < p < 0o, then F(X) # ¢.
Proof. Take (14)72; as the standard basis of X and define 7" as follows:

k 1/p .
T(’f’k) _ (m) Tk—1, if k> 1,
0, ik =1.

Then,

n+1 k 1/p
=11 ()

k>1
= (n+4 1)/7, for all n.

o o0 l/p
Suppose 3 an x = Zakrk € (P such that ||z| = <Z|ak\p> < 1, but

k=1 k=1
|T"x|| — oo as n — 0.
Thus,

1 2n—1
— Z |T?z|P — oo as n — oo.
n -

j=n
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It follows that we have
p

. oo k 1/p
[l = |3 (F>
k>j J
k=2j
<D lal g+ > okt
k>j k>2j

The subsequent term in the above expression can be bounded by 2||z||P < 2, as

% < 2 holds for k£ > 27.

Therefore,

2n—1 2n—1 25

Z Tl <2n+ Y - jaxl"—

Jj=n k=j+1

< 2n+ Z |ak|p2—

k=n+1
4n

<2n+ Z lag[P4n(1 + log 4n)
k=n+1

so that
4n 2n—1

1 .
2 +4(1 +log 4n) Z lagP > — Z |17 z||P — oo.
k>n n j=n
Thus, for all sufficiently large n, the L.H.S. exceeds 6.
ie., if

1

P then Z, > ————.
- 3 b e 2,2

k=n+1
This results in a contradiction since, for n of this type, we have

L= Z x|’ > Zy + Zyan + Zaaan +
k>1

o0

1
> T
- ; 1+ logdin

1
_;1+logn+jlog4
= 00.

This implies that there exists an operator T' € B(X) for which NJ(T') = X, and
hence F(X) # ¢. O
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