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PRIME IDEAL FACTORIZATION AND p-INTEGRAL BASIS OF
QUINTIC NUMBER FIELDS DEFINED BY X° +aX +b

LHOUSSAIN EL FADIL*

ABSTRACT. Based on Newton polygon techniques, for every prime integer p,
a p-integral basis of Zg, and the factorization of the principal ideal pZg into
prime ideals of Zy are given, where K is a quintic number field defined by an
irreducible trinomial X® + aX + b € Z[X].

1. INTRODUCTION

Let K be a quintic number field defined by an irreducible trinomial f(X) =
X% +aX + b € Z[X], Zx its ring of integers, a a complex root of f(X), A the
discriminant of f(X) and ind(f) = [Zk : Z[a]] the index of the abelian group
Zla) in Zg.

In [1], for every prime integer p, a p-triangular integral basis (1,wy, -, wy)
of Zx has been calculated. In a such paper, the used method was based on the
coefficients of the minimal polynomial of w;. In order to calculate an element
w; of a such basis, two problems are to be solved : For every ¢ := 2,3,4, it
is needed to determine the maximum power h; such that w; = % € Zg,

where H;(X) € Z[X] is a monic polynomial of degree i, and also to determine the

coefficients of H;(X) such that w; = % These make the computation cost very

expensive. In this paper, a new method based on Newton polygon techniques,
which provides in a simple way the elements of a p-integral basis is proposed. This
new method provides also the factorization of pZy into prime ideals of Zy: The
form pZyx = []_, pi* and for every prime factor p;, an integral element j3; such
that p; = pZk + B;Z are given. a such element f; is called a p-generator of p; and
characterized by vy, (8;) = 1 and for every p # p;, vy(5;) = 0. If the ramification
index e; = 1, then the first condition could be replaced by vy, (/5;) > 1. Let p be
a prime integer. It is well known that if p does not divide ind(f), then thanks to
a theorem of Kummer the factorization of pZg can be derived directly from the
factorization of of f(X) modulo p; pZx = [],_, p', where every p; = (p, gi(a))®
and f(X) = [[;—, &% is the factorization of f(X) in F,[X] (see, for example |2,
page 257]). In this case, we said that the factorization of pZy is p-analogous
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to the factorization of f(X) modulo p. Dedekind gave a criterion to detect if p
does not divide ind(f) or not (see [3]). If p divides ind(f), then the previous
theorem of Kummer failed. In that case, using Newton polygon techniques, the
index v,(ind(f)) is calculated, a p—integral basis, the form of pZy = [];_, p;’.
and for every prime factor p;, a p-generator of p; are given.

Throughout this paper, the following notations are used: For every prime p,
v, is the p-adic discrete valuation defined in Q, by v,(p) = 1, extended to Q,[X]
by v,(A(X)) := Min{v,(a;), 0 < i < r}, where A(X) = >"7_,a; X". For every
(z,m) € Z? denote x, = ﬁ, z (mod m) the remainder of the Euclidean

division of by m and (%) the Legendre symbol. If p does not divide x and there
exists ¢ € Z such that t" =z (mod p), then let (), = 1. Otherwise, (7), # 1.
2. NEWTON POLYGONS

In this section, we briefly review the notions of Newton polygons.

Let p be a prime integer such that p? divides A. Let ¢(X) € Z[X] be a
monic polynomial of degree m such that ¢(X) is an irreducible divisor of f(X)
modulo p. Let f(X) = ao(X)p(X)" + a1 (X)op(X) 1 + -+ +a,.(X) be the ¢(X)-
adic development of f(X) ( every a;(X) € Z[X] and dega;(X) < m). To any
coefficient a;(X), we attach u; = v,(a;(X)). If u; < oo, then let P; be the point
in the Cartesian plane defined by (i, ;). The ¢-Newton polygon of f(X) is the
lower convex envelope of the set of points P, = (i,u;), u; < 0o, in the Cartesian
plane. This open polygon is denoted by Ny, f.

For instance, for a ¢-development of degree 7 with u; = 0, 3, 0, 00, 2, 2, 4, 6
for i =0,1,...,7, the polygon is let N be the ¢(X)-Newton polygon of f(X).

The length ¢(N, f) and the height h(N, f) of the polygon are the respective
lengths of the projection to the horizontal and vertical axis. Clearly, deg f(X) =
ml(Ny f) + deg ap(X), where m = dege.

The ¢-Newton polygon is the union of different adjacent sides Si,...,S; with
increasing slopes A\; < Ay < --- < A. We shall write Ny f = S +--- 4+ 5.
The points joining two different sides are called the vertices of the polygon. The
polygon determined by the sides of positive slopes of Ny f is called the principal
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¢-polygon of f(X) and denoted by N; f. The length and the height of N;f f are
respectively the lengths of its orthogonal projections to the horizontal and vertical
axis. For instance, the polygon of the figure has three sides Si, Sy, S3 with slopes
0<2/3<2and N;f f =52+ S55. For every side S of the principal part N:g f, the
length ¢(S) and the height h(S), of S, are the respective lengths of the projection
to the horizontal and vertical axis. The slope of S is the quotient h(S)/((S).
The positive integer d(S) := ged(h(S),€(S)) is called the degree of S. Denote
d = d(S) the degree of S, h:= h(S)/d and e := £(S)/d. X\ := h/e is the slope of
S and e is its ramification index. Let [ = ¢(N, f) be the length of N,, f. For any
j:=1--- 1 let H; € Q be the ordinate of the point of Ny4(f) of abscissa j, h; its
a;(X)
pl
Z[X] by reduction modulo p. Note that If P; ¢ S, then t; = 0 and if P; € S, then
t; # 0. If 7 is the abscissa of the initial point of S, let fs(Y') be the residual poly-
nomial attached to S: fS(Y> = tZYd +ti+eyd_1 +-- +ti+(d—1)eY +ti+de < IF¢ [Y]

integral part and ¢; = red , where red is the canonical map defined on

Lemma 2.1. 2 Let P(X) = ¢/(X) (mod p) € Z,[X] such that Ny P = S is only
one side and Ps(Y') is irreducible in Fy[Y], where Fy = WIE—X) and let A\ = hje
be the slope of S such that h and e are positive coprime integers. Define v =

d(a)¢/p". Then P(X) is irreducible over Q,, v,(y) =0, and Ps(y) = 0.

Proof. First by Theorem of the residual polynomial, P(X) is irreducible over Q,,.
Let P(X) = Y4 ax(X)p(X)* be the ¢-adic development of P(X). Since N, P
is one side of slope A, we have for every i, v,(a;(X)) > (I—i)A and v,(ap(X)) = .
Thus, vp(gb(a)) = \. Moreover, since % = 0 and for every k, if k ¢ eN, then

red “—2 a’“ = 0, it follows that ( )% yd al;:h(a) ¢;Cfi)e a4+ Z«@) d)(ph) ) + al;(za)

0 in IF¢ That means, Ps(7)) = O in Fy. O
Now, let f(X) = ¢/(X)H (X) modulo p, where ¢(X) € Z[X] whose reduction is
a monic irreducible polynomial in F,[X] and does not divide H(X). Let N('; f=
S1+ -+ S f(X) is said to be ¢-regular if for every i := 1,--- ¢, fs,(Y) is
square free in F,[Y].
Let N = N f. Define indn(f) = ij ZO+1h~ the N-index of f(X), where
iop = deg(H), [ is the length of N, and m = deg(9).
For every i :==ig+1,--- ,1—1, let ¢;(X) be the quotient of the Euclidean division
of f(X) by ¢*(X). Forevery i :=ip+1,---,l—1and for every j :=0,--- ,m—1,
let Qi j(a) = o’ q;( where h; is the mtegral part of H; and H; is the ordlnate of
the point P, € N of abscissa i. Then, we have the following results:

Proposition 2.2. If f(X) is ¢(X)-regular and H(X) is square free, then
(1) v,(ind(f)) = m x indn(f) and {Qij(a)i = ip +1,---, 1l — 1,7 =
0,---,m — 1} is a p-integral basis of Zg.
(2) For every i = 1,---t, let fs,(Y) = Hsi Y;(Y) be the factorization
of f5.(Y) in F4[Y]. Then pZx = I x [[:_ T2y i ds the form of the

factorization of pZy into prime ideals of Zy , where e; is the ramification
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index of the side S;, vy, (P(v)) = hi, i = % its slope and I is p-analogous

to H(X).

Proof. (1) follows from [, Pr 2.3, p:6, Th 2.6, p:8].

For (2), it is well known that the prime factors of pZy are in bijection with
irreducible factors of f(X) in Q,[X], where Q, is the p-adic local field [6]. Thus,
it suffices to factorize f(X) into irreducible polynomials of Q,[X]. By Hensel’s
Lemma, f(X) = Fy(X) x F(X) in Q,[X], where Fy(X) = H(X), F(X) = ¢"(X)
in F,[X] and N, F' = N;ﬁ f, up to a translation and a non-zero multiplicative
constant. Let P be the set of prime ideals of Zj above p. It follows that P splits
as disjoint union Py U Py, where every p € Py is attached to Fy(X); Fo(a) =
0 (mod p) and every p € P; is attached to F(X). Since Fy(X) is square free,
Po = {po1, - ,Poi, }, Where ig = deg(H), every por = (p, gr(v)) and H(X) =
[1;—; 9x(X). For Py, by the Theorem of the polygon F(X) = F; x --- x F,(X)
in Q,[X], where for every ¢ := 1,--- ¢, Ny F; = S; up to a translation and
F.S;(Y) = fs,(Y), up to a non-zero multiplicative constant. By Theorem of the
residual polynomial, for every i :=1,--- ,t, Fi(X) = [[}1, Fi;(X) in Q,[X], where
for every i :==1,--- ,t and j := 1,--- ,s;, Fi;(X) is a power of ¢, Ny F}; = Sj;
is only one side of slope A; such that (Fj;)s,;(Y) is irreducible. By Theorem of
the product, if fs(Y) is irreducible in Fy[Y], then f(X) is irreducible in Q,[X].
By Hensel’s Theorem, pZx = I [['_, | p;.’, where I = [T, por and for every
i,7, €i; is the ramification index of p;;.

Now, assume that F'(X) € Z,[X] is a monic irreducible polynomial in Q,[X] such
that F(X) = ¢/(X) (mod p), N, f = S is only one side and Fs(Y') is irreducible
in Fy[Y] of degree d(S). Denote K = Q,[a], Zk its ring of integers over Z, and
p the maximal ideal of Zg. Then pZx = p°®), where e(p) = de%ff;) and f(p)
is the residue degree of p. Let A = + be the slope of S such that e and % are
positive coprime. Let v = v,(a;(X)). As N; is only one side of slope A, v = [\.

Since ¢(X) is the minimal polynomial of @ (mod p) over F, and ¢(X) does not
divides (‘”ng()), we have (a’;f)) # 0 modulo p. So vy(a(a)) = e(p)vy(a)(X)) =
e(p)IX. We now show that v,(¢(a)) = e(p)A. Note that as N is only one side,
vp(a;(X)) > jrforevery j =1,...,1—1. Sovy(aj(a)) > jAe(p) since « is integral
over Z,. Thus, for every j =1,...,1 — 1, vy(a;(a))d(a) =) > jre(p) + (I — j)u,
where u = vy(p(a)). If u # e(p)A, then from the ¢-adic expansion of f(X)
that v,(f(c)) = min{lu,le(p)N), which is impossible since v,(f(a)) = co. Thus,
u = e(p)X and, therefore, vy(a;(a))p(a) ™) > lu. Let d = ged(l,v,(ar(X))),

l X
e= and h = Lj)). Let show that e(p) =e. As vy(p(a) =e(p)X = @, e
and h are coprime, we conclude that e divides e(p). Moreover, since vp(%) =0,

7 is integral over Z,. Since ¢(X) is the minimal polynomial of & (mod p), we
have the following field extensions F, — F, — Fy[y] — Zg/p. Consider the
homomorphism of F,-algebras: ¢: Fy4[Y] — Zg/p, a(Y) — a(y). Its kernel
is the maximal ideal of F4[Y] generated by a monic irreducible polynomial 1 (Y")
such that ¢(y) = 0. Let show that ¥/(Y) = fs(Y) up t o a non zero multiplicative
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constant. Since by assumption fs(Y') is irreducible in Fy[Y], it suffices to show
that fs(y) = 0. But by Lemma , fs(y) =0 and ¢(Y) = f4(Y) up to a non zero
multiplicative constant in Fy[Y]. Thus [Fy[y] : F,] divides f(p) = [ZTK 1 Fp]. As
[Fs[y] : Fp] = [Fg[v] : Fy][Fy : Fp] = deg(fs(Y)).deg(¢(X)) = d.m, d.m divides
f(p). We have then e.d.m = deg(f(X)) = e(p).f(p). As d.m divides f(p) and e
divides e(p), e(p) = e and f(p) = d.m.

For p-generators, if e; = 1, as vy, (¢;(«)) > 1 and ¢;(«) € Zg, then p;, = (p, ¢;()).
If h; = 1, then v,,(¢;(e)) = 1 and p; = (p, ¢s(av)) too. O

3. p-INTEGRAL BASES AND PRIME IDEAL FACTORIZATION IN QUINTIC
NUMBER FIELDS DEFINED BY X° 4+ aX + b

In this section, based on Newton polygon techniques, for every prime integer
p, a p-integral basis of Zg, the factorization of pZg into prime ideals of Zy and
for every prime factor p of pZy, a p-generator integral element are given.

Case : v,(a) > 1 and v,(b) > 1
Let p be a prime integer such that v,(a) > 1 and v,(b) > 1. In T'ableAl, for every
case, a p-integral basis of Z is given. In T'able B1, the form of pZy as a product
of prime ideals of Zg, and for every prime factor p of pZy a p-generator integral
element is given.

TableAl

case | vp(b) | vp(a) | p | p-integral basis
2 3 4

1 4 >3 (1,0(,0‘73,%?3,2—1)

2| >4 3 (l,a,%,g—i,g—i)

s e )

5/ >3 2 | #2 (1,a,0‘?,0‘?,;‘—2)

6| >3 2 2 | go to Table Al.6

T >2 1 (1,0[,042,043,0‘7;1)

8| 1 (1,a,a?,a3, o)

TableB1



6 LHOUSSAIN EL FADIL

case | vp(b) | vp(a) | p Pl p-generators
1 4 | >4 pd %f
2 4 3 pip2 B = ap+a B2 = %
3 | >5] 3 pip> Blzg—iwga,ﬁz:;—?
4 3 | >3 pd %f
5 >3 2 2 go to Table B1.5
6 | >4 | 2 [#2]|(52)=—1| pips B = 4+a , B2 = 0%1
T3 | 2 [#2](=52)=—1| pips ﬂl—a“,ﬁz o
S 28| 2 (72| (0 =1 [ pivdpe [ i mas TR g =y HE
B3 = ‘;—;, (u? +a, =0 (mod p?)
9 2 | >2 p5 a?f
10 | 2 1 pip2 B = %, B2 = %f
11| >3] 1 pipa Br=a+te =2
12 1 p° o

Proof. All cases except p = 2, v3(b) > 3 and vy(a) = 2, correspond to a situation
where f(X) is X-regular. The case : p = 2, v3(a) = 2 and v9(b) > 3 is handled
in TableA1.6 and TableB1.5 by using techniques of Newton polygons of second
order.
If p # 2, v,(b) > 3and vy(a) = 2, then Nx(f) = 51455 such that fs, (V) = Y?+a,
and fs,(Y) =Y +b,. Thus, if () = —1, then pZx = pip,. If (=) = 1, then
pZy = pipsps, where vy, (@) = vy,(a) = 1 and vy, (@) = v,(b) — 2. Let u € Z
such that u? + a, = 0 (mod p?). Then vy, (a + pu) > 2, vy, (@ — pu) > 2, and
UP3(a :Fpu) = 1. ThUS, pl = (paa+ (OH-PU)) p - (1%@)7 and p3 = (p7g_:)
(because for i = 1,2, vy, (a) = 1 and vy, (37 ;) =0).

O

Newton polygons of second order
Let f(X) = X° 4+ aX + b € Z[x] be an irreducible polynomial such that
vo(a) = 2 and vy(b) > 3. Let ¢(X) = X + 2u, where u € Z. Let f(X) =
$° —10ug* +40u?¢® —80uPp* + (a+80u*) p+ (b —2ua—32u®). Then Ny, f = 51455
is two sides of slopes 1/2 and v,(b) — 2 such that Fg (V) = Y%+ 1= (Y + 1)?
in Fo[Y] and Fs,(Y) =Y + 1. It follows that for every ¢(X) = X + 2u € Z[X],
f(X) is not ¢(X)-regular. Thus, we shall pass to use the second order Newton
polygon. Let ¢o(X) = X2+ 2uX + 2v € Z[X], where v5(v) = 0. Let v{” be the
2-adic valuation of second order as defined in [, Sec.2.2]. Recall the following
properties of 11;2):
(1) v (2) (m) = 2vy(m), for all m € Z,
) o(X) =1,
(3) Extended to Q,(X), by vég)(ZLO a; X"'n) = min{2vy(a;) + (n — 1), i =
0,---,n} and so, v( )(gb(X)) = 2.
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Now, let f(X) = Ag(X)p3+ A1(X)p2(X) + Az(X) be the ¢o-adic development
of f(z). For every i := 0,1,2, let r; = 1152) (A;(X)po(X)?*™"). Then the ¢o(X)-
Newton polygon of the second order, No(f), is the lower convex envelope of the
set of points (i,7;), 1 = 0,1, 2, of the Euclidean plane. The second order index is
indy(f) defined by inds(f) = |r—5], where r is the ordinate of the point on Ny ( f)
of abscissa 1. If f(X) is ¢o(X)-regular; all second order residual polynomials are
square free, then from [5, Thm.4.18, p: 47], we have wvs(ind(f)) = inda(f) +
indi(f)=1|r—5]+4=1[r—1].

Theorem 3.1. With the above notations, let f(X) = Ag(X)p3 + A1 (X)da(X) +
Ay (X)) be the po-adic development of f(X) and let Q(X) = Ao(X)p2(X). Assume
that f(X) is ¢o-regular in second order. Then

(1) If ro = 2ry — 5, then 2Zxk = pip, vy, (@) =1 and vy, (¢2(a)) = r1 — 3.

(2) If 2ry > o + 5 and ro = 2k, 2Zk = pip, p = (2,2 + %2), vy, (@) =2 and
o (B2(0)) =12 — 1.

(3) If 2r1 < ro +5, then 2Zx = pip3p, where for every i := 1,2, v, (@) = 1,
Um(%(%)) :( 7“)1 -3 G?d)vpz(@(a)) =Ty —r1+2

o’ Qa aQ)(a

() (L a5 50T Jhvaran

Proof. Note that in all cases, vy,(a) = v2(b) —2. Moreover, since Nx(f) = 51+ .52
and fs,(Y) =Y + 1, by Theorem of the polygon 2Zx = Ip, where p is the prime
ideal attached to the side Sy, vy(a) = v2(b) — 2 and for every prime factor p; of
I, vy, () = @ It follows that:

(1) If ro = 2r; — 5, then No(f) = S is one side of slope r; —5. So, 2Zx = pip,
where vy, (¢p2(v)) = r1 — 3.

(2) If 2ry > ro + 5 and 75 = 2k, then N(f) = S is one side of slope 222,
Thus 2Z = pip, vy, (@) = 2 and vy, (¢2(a)) = ry — 1.

(3) If 2r; < 7o + 5, then No(f) = S7 + S% is two sides. It follows that :
pZy = pip3p, where for every i := 1,2, v,,(a)) = 1, vy, (pa()) =11 — 3,
and vy, (P2(a)) =19 — 11 + 2. )

(4) Since vy,(ind(f)) = |r — 1| and the set (1, v, %, %El?j), 23?51(;2”
over 7Z, it suffices to check that all these elements are integral. So we have
only to check if for every prime ideal p of Zk lying above p, v,(Q(a)) >
e(p)v and vy(aQ(a)) > e(p)(v + 3), where e(p) is the ramification index
of p. But as Ny(f) is convex, véz)(Q(X)) > 2v and véz) (XQ(X)) > 2v+1.
Let p be a prime ideal of Zy lying above p.

(a) If e(p) = 1, then vy(a) = v2(b) — 2 and vy(p2(cr)) > 1. Since A;(X) =
(12u* — 40)X — 8u® + 16uw, if u = 0 (mod 2), then ry = 7. If
u =1 (mod 2), then r, = 8. Thus, v < 3. As Ay(X)=UX+V =
(a+4v*—24vu* +16u*) X +b+16vu—16uv?, if vy (b) = 3, then v = 7/4.
If vo(b) =4, then v € {2,9/4}. If v5(b) > 5, then vy (ape(a)) > 4 and
v <3.

(b) If e(p) = 2, then v,(Q(a)) > e > e

(c) If e(p) = 4, then v,(Q(a)) > e(p)v and vy(aQ(a)) > e(p)v + 2.

) is a 2-integral basis of Zy, where v = § — 1.

) is free
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TableA1.6 : vo(a) = 2, va(b) > 3
conditions 2-integral basis of Zx
UZ(b)_B (1 «, 27% QT)
va(b) =4, va(a—4) =3 (Lo, %, + ,O‘T)
vg(b) 25, va(a—4) = (1,a, agz 31:2  aet2a” a4)
va(b) =4, va(a —4) > 4 (1,2047 &, % 023)
va(b) =5, va(a—4) =4 | (1,0, %, ¢ +2g =20 o 420 =20 )
va(8) > 6, vala —4) — 4 | (L,a, &, FH2720 “4+2“3‘2°“ )
va(b) =5, va(a—4) >5 | (1,0, %, @242, C“““a‘”’”a )
02(b) = 6, vala—4) 2 5| (1,0, %, 28 a4+2°‘ +207)
TableB1.5 : vy(a) =2, va(b) > 3
conditions | 2Zg 2-generators
2 2
va(b) =3 | pip glzaf,ﬁ &
va(b) =4, va(a —4) > 4| pip pr =t o +2a+2a 52
va(b) = 4, vala —4) =3 | plp B = ota ‘m“, =5
va(b) =5, va(a—4) =3 | pip 61—a+““ B=%
vo(a+4) =
4 3 1 2
va(b) > 6, va(a—4) =4 | pip e — —20‘4+aj“,62:%
va(b) =5, va(a—4) =4 | pip Bi=a+o3 5=9
UQ(CL+44) =5
va(b) =5, va(a —4) = 4 | pipsp Bi=at o2 pothe g o
UQ((L + 44) Z 6 62 =« + a3+2(§2_20¢ + o/i:’_a
02(b) 2 5, ea(a —4) =3 pipdp fr=of gty foy
va(a+4)>5 By = o 92 4 e
a 2
va(b) =5, va(a —4) > 5| pip 61:%’62?2
va(b) > 6, va(a—4) =5 | pip . 25124%“+a7ﬂ127 ;
0a(0) > 6, vaa —4) > 6 | piodp | fr =+ g2 4 ogpe, g, = B 5= o
Bi=a+ (a? +204+2) + az—a

Proof. In the following table, for every case, ¢y such that f(X) is ¢o-regular,
Ap(X), A1(X), and Ay(X) for every i =0,1,2 A;(X) are given

conditions qbg AO Al A2

va(b) = 3 XZ+2 X —4X (a+4H)X +b
vo(b) > 4, va(a — 4) = X242 X —4X (a+4)X +0b
va(b) =4, v2(a—4) >4 [ X?+2X +2[ X —4| 8+8X (a—4H)X +b
va(b) > 5, v9(a—4) =4 [ X?2+2X -2 [ X —4 | -24+16X | (a +44)X + (b— 32)
va(b) > 5, v(a—4) >4 X?+2X +2 [ X —4| 8+8X (a—4)X +b

O




PRIME IDEAL FACTORIZATION AND p-INTEGRAL BASIS ... 9

Case :v,(b) =0 and v,(a) > 1

If p # 5, then v,(A) = 0 and so, v,(ind(f) = 0; (1, a,0?, &*,a?) is a p-integral
basis of Zg, and pZk is p-analogeous to f(X). For p = 5, go to T'able A2 and
TableB2. Let § = a —b, A=5b"+a and B = —b(b* — 1+ a).

Table A2
conditions 5-integral basis
U5(B) =1 (170792793704)
v5(B) > 2, v5(A) =1 (1,0,6% 6% %)
vs(B) =2, vs(4) > 2 (1.6.0%.7.%)
vs(B) >3, v5(A4) =2 | (1,0, 952, §’ 64—5b63+10b292 10630
vs(B) >3, v5(4) >3 (1,0,6% % 04+5;63+1§8292+1°839>
4azs = —4b (mod 5vs(A)+1)
Table B2
conditions S5Z K 5-generators
vs(B) =1 p° 0
vs(B) > 2, v5(4) =1 pip2 B 23«9 + 294;A; By=% .
v5(B) = 2,u5(A) > 2 pip3 By = LB A0 g, — O
vs5(B) > 3, v5(A) > 3 | go to T'able B2.4

TableB2.4

Let r = Lvs | =2, s € Z such that 4ass = —4b (mod 5(MH1) g =a -5 A =5s*+a
and B = s® + as + b.

conditions | bZk 5-generators
( ) — ( Bs) —— P?PQ B = 03+5802+10529+103 By = 03
5 , .
vs(D) =8, (ZF2) =1 | pipaps | 1 =0 + 93+5592+15°829+1“S 25%u® + Bs = 25 (mod 5%)
k: >5 By =2 (93+5892+10829+1053)(0+5u)
By =2 (03+5862+103§9+1053)(0 5u)
vs(£) =2k, (552) = =1 pip: Bi=61 P 5=
k=5
vs(A) = 2k, (7535) =1 | pip2ps pr=10+ 93+51053 2s3u? + By = 25 (mod 53)
E>5 By =& (93+5392+10526+1033)(9+5k 34)
- 5k
3 2 ) 3 k—3
63 _ % + (6°+556°+10s SGk—E;OS )(0—5%"3u)
2 2
vs(A) =2k +1| pip3 B = 0§ + O4bst +10s 0+105°
3 4 3 2p2 3
k>5 By = % 4+ 014550 +1gi792 +10s364+-A

Proof. For p = 5, vs(b) = 0 and vs(a) > 1, f(X) = (X +b)® (mod 5). Let
F(X) = f(X —b) = X° — 5bX* + 106°X? — 100°X% + AX + B and 6 = o + b,
where A = 50 + a and B = —b(b* — 1 + a). It follows that:

(1) If v5(B) = 1, then vs(ind(f)) = 0 and 5Zk = (5,6)°.
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(2) If vs(A) = 1 and v5(B) > 2. Thus, F(X) is X-regular, (1,6,02,6% %) is
a b-integral basis of Zx and 5Zx = pip.
(3) If vs(A) > 2 and v5(B) = 2. Thus, F(X) is X-regular, (1,6, 62, 953, ;) is a
5-integral basis of Zg, and since Nx (F') is two sides with respect degrees
3 and 2, 5Zx = pip3.
If vs5(B) > 3 and vs5(A) > 3, then vs(A) >
4azs = —b (mod 5”5(A)+1). Let F(X) = f(X +5) = X5+ 5sX? +
10s2X3 41083 X2+ AX+B,0 =a—s, A=5s*+a,and B = s> +as+b.
Then (4a)*A = 5%(4ass)* + 2%a2) = A (mod 5%®*1) and (4a)°B =
5°(—b° — 28ba2) = —bA (mod 5%5(A)+1). Hence vs(A) = vs(A) — 4 and
v5(B) = v5(A) — 5, Nx(F) = S; + Sy with respective slopes 1/3 and
m=6 such that Fs,(Y) = Y + 253, If vs(A) = 2k + 1, then Fg,(Y) =
25%Y + Bs. If vs(A) = 2k, then Fs,(Y) = 2s3Y2 + Bs. It follows that
(1, o, 02, %, 94+5593+Igf292+10339) is a 5-integral basis of Zy, where r =
|21 Cand
(a) If v5(A) = 2k and (=22) = 1, then 5Zx = pipops.
(b) If vs(A) = 2k and (=£2) = —1, then 5Zx = pip,.
(5) If v5(A) = 2k + 1, then 5Zx = p3p3.

8. Let s € Z such that

(4)

OJ

Case : vy(a) =0 and v,(b) > 1 B
If p # 2, then v,(A) =0, v,(ind(f)) = 0, and pZ is p-analogous to f(X). For
p=2letd=a—-1, A=5+a, B=14a+ b, and go to tables A3 and B3.

TableA3
Conditions 2-integral basis of Zx
va(B) =1 (1,0,0%,03 0%
b=2 (mod 4), a=3 (mod 4) (1,a,a?, a3, a)

va(B) > 2, va(A) = 1 (1,6,6,63, 40)
v2(B) = 2, vy(A) > 2 (1,6,62, C£02 02407
va2(B) > 3, v12(A) =2 (1,6,62, O 0407
va(B) > 3, v2(A) >3 go to Table A3.6

TableA3.6 : vo(B) > 3,v9(A) > 3

Let s € Z such that as = —5by (mod 2v2(*)+3) 4 = s+ 2% and § = a — u, where
k=208,

conditions 2-integral basis
(A) =92k 4+ 8 (1 9 92 93+92 94+5893+105292+10539)
ve(A) =2k +9 | (1,0, 02, 63+92 94+5u93+103292+10u30)
2k
A =1 (mod 4)
va(A) =2k +9 | (1,0, a2, 63+92 94+5u03+10u292+10u39)
A =3 (mod 4)

TableB3
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conditions 27 2-generators
v2(B) =1 p1p3 pr=a, By =10
x 3
va(B) > 2, va(A) = p1pip3 B = a, B3 = T
By =0+ 94+503+1002+109+A
2
va(B) =2, v13(A4) > 2 p1p3 Br=a,Ba=10
va(B) = 3, v12(A) = 2 p1p3p3 Bi = a, By = O + CHBC+1007+100
By =0+ 634562
= 2
02(B) > 4, va(A) = 2 p1p2psps Bi=a, By =01+ 0°+50%+100+10 | 07+50°+100%+100

2 4
_ 034562 044503 +1002+100+A

By = 0+ OE30% | (OHSOTH0HI0)0420) (1) 4 A = § (mod 16))

’1}2(3) Z 3, UQ(A) Z 3

go to Table B3.6

TableB3.6 : v2(B) > 3,v2(A) > 3

Let s € Z such that as = —5by (mod ZUQ(A)JF?’), u=s+2" 0, =a—u, A=>5ut+aq,
and B = u® + au + b, where k = L”(%J.

Proof. Let F(X)

conditions 27,k Generators
wa(B) =20+ 8| B3 | i = B — 0+ TIPS
By =0+ 03+62 + 04+5593+105292+1os39
2
3 2 2 3
va(A) =2k +9 | pip3p; | Si=aq, Py =10 +f +5Sf “202 zHO:
Ao =1 (mod 4) By =0+2 459 4+ 02 45uf’ +2119}r¢10 +10u0
va(D) =2k +9| pipdps | fi=a, By = 0+ CEOEL0T0HI0S
A9 =3 (mod 8) 53:94_%
3 2 2 3
va(A) =2k +9 | prp3pspa | b=, fo=0+" +§89 2“203 6+10s
Ny =7 (mod 8) 53_6+9+9
_ 03+0% | 0445 63+10 292+10 36

=f(X+1)=X54+5X*+10X3+10X?+ AX + Band § = a — 1,

where A=54+aand B=1+a+b.

(1)

(2)
(3)
(4)

If va(B) = 1 and vz(A) > 1, then wva(ind(F)) = 0 and 2Zx = pip3, where

p1 = (2,a) and pz = (2,0).

If vo(B) > 2 and v2(A) = 1, then va(ind(F)) = 1 and 2Zg = p1p2p3

If vo(B) = 2 and v9(A) > 2, then vy(ind(F)) = 2, 27 = p1p2,

If va(A) = 2, vo(B) = 3, then va(ind(F)) = 3 and 27 = p1p3ps. If vo(A) = 2,
v2(B) > 4 and Nx(F) = S; 4+ S2 + S3 + Sy such that Fg, (Y) = Fs,(Y) =
ng(Y) FS4<Y) =Y + 1. Thus, 1)2( ( )) =3, 27K = P1P22P3P4, vp, (9 +
3)=1,vp,(0) =1=vp,(0) and vp,(0) = v2(B) —2 > 2.
LetueZ,s:1+2uandF( ) = f(X +5) = X° +5sX* +10s2X3 +

1083 X2 + a4 X + a5, where ay = 5s* 4+ a and a5 = s® +as +b. Then vy(ag) = 2
and a5 = B — 2uA + 40u® — 80u® + 80u* — 32u®. If vy(B) = 4, then for
u = —Ay (mod 4) and if va(B) > 5, then for u = 2 — Ay (mod 4), we have
3 2
va(as) > 5. Thus, vp, (6 —2u) > 3, and then 83 = 6+ (67+56 +1OZ+10)(0+QU) and
3 2

B, = § 4 (E+50°+100+10)(0+4)

If If vy(A) > 3 and ve(B) > 3, i.e, a = 3 (mod 8) and b = 4 (mod 8), then
va(A) > 11, then let s € Z such that as = —5by (mod 292(8)+3) § = o —s, and
F(X)=f(X—5) = X°+55X%+10s° X3 +10s> X%+ AX + B, where A = 55 4-a
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and B = s° +as+b. It follows that (4a)*A = 5°b* +2%a° = A (mod 2%2(»)+3)
and (4a)°B = —5%0° — 5b28a° + (4a)°b = —bA (mod 2v2(2)3). Thus, vy(A) =
v2(A) =8, va(B) = v2(A) +v2(b) —10 = v2(A) — 8, and Nx (F) = S1 +S2+ 53
with respective slopes 0, 1/2 and A3 = % — 4 such that Fg, (Y) = Fg,(Y) =
Y +1.
(a) Ifva(A) = 2k+8, then Fy, (Y) = Y +1, va(ind(f)) = k+1, (1, a, a2, F0 07+50710520%41057%0
is a 2-integral basis of Zy and 2Zx = p1p3p3.
(b) If vo(A) = 2k + 9, then A\3 = k and Fs,(Y) = (Y + 1)2. Let u = s + 2,
F(X) = f(X +u) = X° +5uX* + 1042 X3 + 10u3X? + a4 X + a5 and
0 = a—u, where ay = bu*+a = 5.24F 4 5523642 1 155292k+1 1 5539k+2) 1 4
and as = f(u) = (2% + 5524 4 55223F+1) 4 (553.22k+1 1 B) + 2% A. Since
k > 2, va(as) = k +2. The fact that (4a)°a5 = —22FT1by(Ag + 5402a?) +
2k+24 N\ 4 23k+1153b%a3 _ 24k+1052b2a4 4 25k+10,5 (mod 2v2(A)+3) implies
that va(as) > 2k + 2.
(i) If Agl = (mod 4), then va(as) = 2k + 2, va(ind(f)) = k + 2 and
27K = P1p3p3-
(i) If Ay =7 (mod 8), then va(as) > 2k + 4. Thus, ve(ind(f)) =k+3
and 2Zg = p1p3p3pa.
(iii) If A9 =3 (mod 8), then va(as) = 2k + 3, va(ind(f)) = k + 3 and
27K = p1p3p3.

O

Case : v,(ab) =0
In that case, if p € {2,5}, then v,(A) = 0, p does not divide ind(f), and pZg is
p-analogous to f(X).
If p ¢ {2,5} and v,(A) > 2, then let s € Z such that 4as = —5b (mod pUr B Let
r = L%J, =a—s, A=5s*+aand B =s®+as+0b. InTableA4 and TableB4,
for any prime integer p ¢ {2,5}, a p-integral bases of Zx and the factorization of pZj
are given.

Table A4
Conditions p-integral basis of Zg
vp(ab) =0, vp(A) <1 (1,0,02,03, 0%
94 03 202 3
Up(A) > 92 (1’9"92793’ +5s +;95 +10s )
TableB4 :
Conditions L g p-generators
vp(A) <1 p-analogious to f(X)
vp(D) =2k Ip I is p-analogous to X3 + 5sX2 + 10s2X + 10s3
B 4 3 292 3
kzl,( pp)zfl p:(p79+556 +;]9f9+103 9)
vp(A) =2k Ipipo I is p-analogous to X3 + 5sX2 + 10s2X + 10s3
k Z 17(—fp) -1 pl _ (p’ (93—0—5592_‘_103201;0—1033)(0-‘-}716114))7 1083U2 + B = p (mod p2)
pp = (p, (93+5s€2+1032p€k+1053)(9—pku))
vp(DN)=2k+1 | Ip? I is p-analogous to X3 + 5sX?2 + 10s2X + 10s3
E>1 p=(p, 04—&-5503—&-1]5);292—&-10539)

Proof. If v,(A) < 1, then vy(ind(f)) = 0 and pZk p-analogous to f(X).
For p ¢ {2,5} and v,(A) > 2, let s € Z such that 4as = —5b (mod pUr(®)+1). Let
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F(X)=f(X+5) = X°+5sX*+10s2X2 +10s*X + AX + B and 6 = o — s, where
A=5s'+aand B = 5"+ as+b. Since (4a)*A = 5°0* + 284° = A (mod pr(A)H1)
and (4a)°B = —b(5°* 4 284°) = —bA (mod pUr(P)+1) v, (A) = v,y(B) = v,(A) and
Nx(F) = S7 + 59 such that :

[1]

(1) If v,(A) = 2k, then Fs, (Y) = Y3 +5s5Y2+10s2Y +10s% and Fg,(Y) = Y2+ B,

are square free. Thus, v,(ind(f)) = r, where r = L%j Moreover, if (_f”) =

—1, then pZy = Ip. If (—22) = 1, then pZx = Ip1ps.
(2) Ifvy(A) = 2k+1, then Fs, (Y) = Y3+55Y2+10s*Y +10s% and Fs,(Y) = Y+B,
are square free. Thus, v,(ind(f)) = r and pZg = Ip>.

g
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