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ENTROPY SOLUTIONS FOR A NONLINEAR UNILATERAL
p(z) PARABOLIC PROBLEMS WITH f —divF DATA

MOUNIR MEKKOUR*

ABSTRACT. We study the nonlinear p(x) parabolic problems with obstacle and
f — divF data.

1. INTRODUCTION

Let © be an open bounded subset of RN, N > 2. T is a positive real number
and Q = Q x (0,T), while the variable exponent p  Q — (1,00) is a continuous
function, the data f € L'(Q), uo € L*(R) and F € (LP@(Q))N. The objective
of this paper is to study the existence of an entropy solution for the obstacle
parabolic problems of the type:

(u > 1) a.e. in Q x (0,7,
% — div(|Vul@=2Vu)+ = g(u)|VulP)
(P) +f —divF in Qx (0,7)
u(z,0) = ug in Q
(u =10 on 90 x (0,7).

The function ¢ is a bounded and continuous positive function that belongs to
L*(R). We recall that the notion of solutions for the problem (P) without obstacle
has been proved by Dall’ Algio - Orsina [19] and Porretta [25] with F=0 and
—g(u)|Vu|P™® = H(z,t,u, Vu) and the nonlinearity g satisfying the following
‘natural’ growth condition (of order p):

ga,t,5,6) < b(s)([€]" + c(x, 1))
and the classical sign condition
g(fL‘,t, 875) -5 > 0.

In the case F' = 0 the existence of solutions of some unilateral problems in the
framework of Orlicz spaces has been established by M. Kbiri Alaoui , D. Meskine,
A. Souissi in [22] with the penalization methods. Recently, M. Bendahmane,P.

Date: Received: Dec 2, 2018.
*Corresponding author.
2010 Mathematics Subject Classification. 35J15, 35J70, 35J85.
Key words and phrases. Unilateral, Entropy solutions, Nonlinear parabolic problems, Pe-
nalized equations.
14



ENTROPY SOLUTIONS FOR A NONLINEAR UNILATERAL ... 15

Wittbold and A. Zimmermann in [11] proved the existence of renormalized solu-
tions, and the existence of renormalized solution in Orlicz spaces has been proved
in E. Azroul, H. Redwane and M. Rhoudaf [13] .

The plan of the paper is as follows. Section 2 presents the mathematical prelim-
inaries. In Section 3 we make precise all the assumptions on A, g, f and ug, the
definition of an entropy solution of (P). In Section 4 we establish the existence
of such a solution in ( Theorem 3.1).

2. MATHEMATICAL PRELIMINARIES

Some definitions and basic properties of the generalised Lebegue-Sobolev spaces
with variable exponent LP(*)(Q), W) (Q) and
WP (Q).
Let Q be a bounded open subset of RY(N > 2), we say that a real-valued con-
tinuous function p(.) is log-Holder continuous in €2 if

C
Ip(z) —p(y)| < m

Vz,y € Q such that |z — y| < %, with possible different constant C.

Let us set Cy (2)={p € C() : min,cq p(z) > 1}. For any p € C;(Q2), we define

(1)

p~ = inf p(z) and p" =supp(x).
z€eQ zeQ

For any p € C(Q2), we introduce the variable exponent Lebesgue space by:
LPO(Q) = {u : Q — R; u is measurable with : / lu(z)|P@dx < oo},
Q
endowed with the Luxembourg norm

. u\lxr z
ull re @) = [|ullp@) = lnf{)\ >0 /Q \¥\p( Vdx < 1},

which is a separable and reflexive Banach space. The dual space of LP(*)(() is

LP'@)(Q), where zﬁ + ﬁ =1, (see[21, 27]). If p(x) is a constant function, then

the variable exponent Lebesque space coincides with the classical Lebesque space.
We define also the variable Sobolev spaces by

wh(Q) = {ue LX(Q) and  |Vul € /()]
where the norm is
ull1p@) = [[tllp@) + [Vl Vo€ WHPO(Q).

We denote by W™ (Q) the closure of C°(€) in W?O(Q), i.e.,

(. OO—Wl,p(J(Q)
Wo " (Q) = 5o ()

and we define the Sobolev exponent by p*(z) = ]\],V_p}gg) for p(z) < N.
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Proposition 2.1. (Young’s Inequality ) Let p, p' € P*(S), where p' the conju-
gate for all a,b > 0, we have:

2@ @)

b= @

Proposition 2.2. (Generalised Holder inequality) (see[20, 23]).
i) For any functions u € LP@(Q) and v € LP®)(Q), we have:
| Jowodz] < (5= + 7o) ullp [0l @) < 2llullpe10]le)-
ii) For all p, q € C(Q) such that p(z) < q(z) a.e. in Q, we have
L1@) — [P@) and the embedding is continuous.

The modular of the space LP(*)(€2), which is the mapping p : LP®(Q) — R is
defined by

= / lu(z)[P@dx for all u € LP@(Q).
Q

The next proposition shows that there is a gap between the modular and the
norm in LP® ().

Proposition 2.3. See([21, 27]). Foru € LP®(Q) and {uy}reny C LP@(Q) then,
the following assertions hold
u
w# 0= [l =X = p(5) = 1] )
[ullp@) > 1= [Jul Py < plu) < [[ull?, (3)
[ullp@) < 1= [Jul Py < plu) < [[ull?, (4)
Jim fug|[pe) = 0 < lim p(uy) =0 (5)
lim [|ug]| e ) = 00 & lim p(uy) = oo. (6)
k—o0 k—o00

Proposition 2.4. (See[?1].)

i) Assuming 1 < p~ < p* < oo the spaces WHP@(Q) and Wol’p(m)(Q)
are separable and reflexive Banach spaces.

ii) If ¢ € C4(Q) and q(x) < p*(x) for any x € Q, then WP (Q) s
L1®)(Q) is continuous and compact. In particular, we have Wol’p(x)(Q) >

LI®)(Q) is continuous and compact.
iii) (See [23].) Let Q C RY be an open, bounded set and p € C'(Q) satisfy the

log-Hélder continuity condition (1). Then, for u € Wy’ 2(@) (Q), the p(x)-
Poincaré inequality

|ullp@) < ClIVullpe)
holds, where the positive constant C' depends on p(x) and €.
Remark 2.1. By (i) of Proposition 2./ we know that ||Vu||pw) and ||ul|1 )

are equivalent norms on Wol’p(m)(Q).
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We will also use the standard notations for Bochner spaces, i.e. if ¢ > 1 and
X is a Banach space then L?(0,7; X) denotes the space of strongly measurable
functions w : (0,7) — X for which t — |Ju(t)||x € L%(0,7T) Morever, C([0,T]; X)
denotes the space of continuous functions u : [0,7] — X endowed with the norm
[ulleoryx) = maxieqo,ry [lu(t)[|x- Set

L (0,T; Wol’p(z)(Q)) = {u :(0,T7) — Wol’p(m)(Q) measurable;

T =
p P~
([ 10 ) < 0},

We introduce the functional space see [1]
v={fer 01w @)V € Q) }, (7)

which endowed with the norm

Ll = IV fll oo )

or, the equivalent norm
N7l = 17 ooy + 197y

The space V is a separable and reflexive Banach space. The equivalence of the
two norms is an easy consequence of the continuous embedding LP(™(Q) «
LP(0,T; LP™®)(€)) and the Poincaré inequality. We state some further properties
of V' in the following lemma.

Lemma 2.1. (See [11]). Let V be defined as in (7) and let its dual space be
denoted by V*. Then, we have the following continuous dense embeddings:

L0, T; W™ (Q) = Vs 1P (0, T; Wy ™ ().

In particular, since D(Q) is dense in LP" (0, T Wol’p(x)(Q)), it is dense in'V and
for the corresponding dual spaces, we have

LU0, T3 (W™ (@))) = Vo L0, T5 (W™ (2))"),
Note that, we have the following continuous dense embeddings

LP(0,T; LP™(Q)) — LP@(Q) — LP (0,T; LP™(Q)).

3. ASSUMPTIONS AND DEFINITION

Throughout this paper, we assume that the following assumptions hold true.
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3.1. Basic assumptions. Let p € C(Q2) and assume that p(x) satisfies the log-
Hoélder condition (1) with 1 < p~ < p(x) < pt < oo. The differential operator
A:Qx[0,T] x R x RY — R is defined by

Au = —div(|Vu|'® 2 Vu), (8)
is a Leray-Lions operator which is coercive and
g: R—=RT 9)

is a bounded and continuous positive function that belongs to L'(R)
¢: R — R" isa continuous function, (10)

fis an element of L'(Q),up € L*(Q) N K, ug > 0andp € C,(Q). (11)

Let ¢ be a measurable function with values in R such that ¢ € W, (=) (Q)NL>(£2),
(see [22]), K is defined by: K = {u € Wol’p(x)(Q); u(z) > Y(z) ae. in Q} and

consider the convex set
K, = {uev, u(t) GK}.

Theorem 3.1. Under assumptions (8)-(11), there ezists at least one entropy
solution of problem (P): Let f € L*(Q) and uy € L' (). A measurable function
u defined on @Q is a unilateral entropy solution of problem (P) if

u > ae inQ, (12)
Tw(u) €V, for all k> 0andu € C(0,T; L'()), (13)

/QSk(u —v)(T)dx + /Q %Tk(u — v)dxdt

+/ |VulP @ 2VuV Ty (u — v)dedt < / g(w)|[VulP@ T (u — v)dadt (14)
Q Q

+/Qka(u—v)d:cdt+/QFVTk(u —v) + / Sk(uo — v(0))dx,

Q

forallve Kyn L®(Q), % € V' + LY(Q) and Yk > 0,
where Sk(s) = / Ty(r)dr.
0

Proof. The proof is divided into 4 steps.
In Step 1, we introduce an approximate problem. In Step 2, we establish a few a
priori estimates which allow us to prove that the approximate solutions u,, con-
verge to u a.e. in . In Step 3, we define a time regularisation of the field T} (u)
and prove that u,, satisfies (24). In this step using some techniques, we also prove
the modular convergence of Ty (u,) to Ty(u) in LP(0,T; Wa*™(Q)). In Step 4,
we pass to the limit which is the final step to prove Theorem 3.1.
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Step 1: The approximate problem. Let us introduce the following regular-
ization of the data:

fo € LP@(Q), fn— fae inQ, and strongly in L'(Q) as n — oo, (15)
Uon € D(Q) : ||uonll 1) < luollzi) and uo, — uo in L*(2) asn — oo, (16)

Let us now consider the following regularized approximate problem

An — div(|Vu, [P =2Vu,) — nT,((un, — ¥)7)

= g(up)|[Vu, [P + f, — divF in D'(Q),
u, =0 on 99 x (0,7,
un(t = 0) = ugy, in €2.

(Pn)

Moreover, since f,, € V*, proving the existence of weak solution w, € V of (P,)
is an easy task (see [21] ).

Step 2: A Priori estimates. The estimate derived in this step rely on
standard techniques for problems of the type (P,,).

Proposition 3.1. Assume that (8)-(11) hold true and let u, be a solution of the
approzimate problem (P,). Then for all k > 0, we have

T (un) ] - 0.1 70 () < <Ck forallneN,
where C' is a constant independent of n.
Proof. Let h > k > 0 and consider the test function ¢ = Th Tk(un)) exp(G(uy)) €

V' N L>®(Q) in the approximate problem (P,,), where G(s / g(r)dr, we have

<38Utn T, <un Tk(un)) exp(G(un))> + /{k<u o (|Vun’p(z)f2Vun) Vu, exp(G(uy,))dzdt
—l—/Q (]Vun\p(“‘”)’QVun> Vu, T}, (un — Tk(un)>g(un) exp(G (uy,))dxdt
—Tk(un)> eXp(G(un))>dxdt

_ / T, () )T (1 — Telus,) ) exp(Gaw,))
Q

— /Qg(un)wunlp(m)Th (un — Tk(un)) exp(G (uy,))dxdt
+ /Q JuTh (un - Tk(un)> exp(G (uy,))dzdt
+ /Q v <Th (un — Tk(un)) eXp<G(Un))>dxdt.
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Then,

({0 Ty o — Timn)) exp(C) ) ) + / V" exp(G (uy))dudt

{k<[un|<k-+h}

_/”Tn((u — ) ) Th(uy — Ti(uy)) exp(G(uy,))dzdt
/fnTh Up — )> exp(G(uy,))dxdt
+ /Q Fv (Th <un - Tk(un)> exp(G(un)))dxdt,

On the one hand, we have
ou,,
<< 5 Th<un—Tk( )) exp(G /Sh un(T)dx — / S¥ (uon)d
where SF(s) = / T, (q — Tk(q)> exp(G(q))dq and by using the fact that
0

/ SF(un(T)dz > 0 and / S (uon)dz < hexp(| gl 1wy |uon]| L1 @), We get
Q Q

/ |V, [P@) exp(G(uy,))dzdt
{E<|un|<k+h}

[ ATl = 0B (= o)) exp(G ) s
< hrexp (gl ) [ falls @) + luonll 1@

+ /Q FTy (= Ti(t) ) Vitng () exp(Gu)

i /{kS|“n§k+h} F[eXp(G(u"))}

1——L_

o [exp(G(un))} @ |Vu,|dxdt,
hence
/ IV, [P exp(G(uy,))dzdt
{k<|un|<k+h}
_ / T (ot — ) )T (v — Ti(u) ) exp(G )
Q
< hexp(llglo®) | Ifalle) + luonlle |

+ /Q FT3 (1 = Ti(tn) ) Vit g ) exp(G ()l

F[exp(G(un))] e , .
+/{k<un|<k+h} [lp(x)]p(lw) [ép(x)] @

[exp(G(un))] ﬁdasalt

Vu,
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and by Young’s inequality, we have

then

/ |V, [P@) exp(G(uy,))dzdt
{k<|un|<k+h}
- /Q nn((un, — )7 )Th(un — Ti(uy)) exp(G(uy,))dzdt

< hexp(llgllzir)) [anHLl(Q) + |luon | L1 @)

+/@F<Th <un - Tk(“n))vung(un)eXp(G(un))dxdt

1

+= / |V, [P exp(G (uy,))dxdt
2 Jih<|un|<k+h}

P’ (z)
- PP exp(Gln))
{k

Stunlhi) p()(3p(x)) 7

< hexp(llgle) [1allzi@) + luonlliio

&

—|—/QF<Th <un — Tk(un)>Vung(un) exp(G(uy,))dzdt

1
2

+C/ |F|P' @ exp(G(uy,))dadt,
(k< |un|<k-+h}

1
—/ |V, [P exp(G (uy,))dzdt
2 Jih<|un|<k+h}

_ /Q nn((un, — )7 )Ty (un — Tk(un)> exp(G(uy,))dzdt

<h (Hg\lum){!\fnllu +luonllrey | +

/ — Ti( un))Vung(un) exp(G(uy,))dzdt.

+= / |V, [P exp(Guy,))dadt
{k<un|<k+h}

21

(17)
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Un

Let us observe that if we take ¢ = p(u,) = / 9(8) X tk<|s|<k+nrds exp(G(uy)) a

test function in the approximate (P, ), we obtain

[/Q 7 (un)dx] 0 i /{k<|un|<k+h} IVun|P(z)g(un) exp(G (un))dzdt
[ (= )

< ([ 9as) exp (Igllre) 1o

—|—/ FV ung(Un) X {k<un|<k+h} €XP(G () )dxdt
Q

([ atsras) /Q | FV g (1) XD (10))X 2 <yl
0

where ¢ (r) = / p(s)ds, which implies, using ¢1(r) > 0 , we obtain
0

/ |V, [P@ g (uy,) exp(G(uy,))dzdt
{k<|un|<k+h}
—/ nT, ((u, — V) 7)p(uy,)dzdt
Q
< g(s)ds ) exp (|lgllr: follor
(] storis) exo (lalre) )£ loco
+/ FNyng(n) X th<un|<k+h} €XP(G(uy))dadt
Q

—l—(/ g(s)ds)/ | FV | g(un) exp(G (Un)) X (k<jun|<k+n} dedt,
0 Q
then

/ V[P g (1) exp (G ()t — / WTo((y — ) )p(y )t
{k<|un|<k+h} Q
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< lglloo exp (gl ) [Ifallire) + luollorey] + /Q F i

R e
x| 50(@)] " [9() exp(G ) | Vit Xpucpuncam dadt

ol [ 17 1« ”)[lpij}(p; )M (9]

1
X [g(un> GXp(G<Un))] e VunX{kﬂunlSk-i-h}dxdtu

and by using Young’s Inequality , we have

/ |V, [P@ g () exp(G(uy,))dzdt — / nn((un, — )7 ) p(uy,)dxdt
{k<|un|<k+h} Q
< liglooexp (gl ) (1l + ol

[FP" ™) g(uy) exp(G (un))
+/Q [ / dxdt

p'(z)

T p(z)
#p(ﬂf)} ’

1
+3 [ 1V g(00) exD(G () Xty
Q

p'(z)
lgle / EPg(un) exp(Glun) oy
Q [ /

P (x)

T ()
’#p(:v)} ’

1
sl | 1709 (00) DG (0 Xt ks,
Q

Since g is bounded function, then we have

/ |V, [P@ g (1) exp(Guy,))dzdt — / nT, ((un, — ) 7)) p(uy,)dzdt
{k<|un|<k+h} Q

< liglloo exp (llgllza ) [Ifallzrie) + ooy

+C|gll o exp (HQHLI(R)>/\Flp/(x)dxdt
Q
1
—|—§/Q|Vun|p(x)g(un) exP(G (Un) )X {k<un| <k+n}ydTdt
HlgleClollryexp (Igllan) [ 1717 daat
Q

1
+5l9le / |Vt g (wn) exp(G ()X fisun i+ my devdlt
Q
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then
/ |V, P g(uy,) exp(G(uy,) ) dodt — / nTy((un — V) 7) p(uy,)dzdt
{k<|un|<k+h} Q
< liglloo exp (Ilglls ) [Ifallzrie) + o llorco)|
+C'lglloe exp (ugnm@)) Lt lgll] [ 1P @z
Q
/ V210 P g (11) €x(G (1)) X i <yl
gl | 90 g(00) (G Ntk sny
and since
/Q|F|p/($)dl'dt - Io(F) S maX{HFH(LP/()(Q) N> HFH LP’() ))N} - C/,
then, we have
/ |V, [P@ g (uy,) exp(Guy,))ddt
(k< un|<k+h}
—/ nT, (u, — V)~ p(uy,)dzdt
Q
< ligloo ( exp(llgllzr @) [ fall 2@ + ol 2o
1
+Cy + —/ |V, P g (u,) exp(Guy,) )dadt
2 S e<jun|<k+h}

1
gl / IVt P g 11) exp (G () derdt
2 {(k<un|<k+h}

where Cy = C'||g]| o0 €xp <||9||L1 R)) [1 + ||9||oo] c”

which give

Cs / (Vtn [P®) g (un ) exp(G (up ) )dadt — / nTy ((wn — ) 7)pun)dzdt < Cy,
{k<|un|<k+h} Q
where C5 =1 — (14 ||g||), then
03/ |V, [P g () exp(Guy))dzdt < Cy + / nT, ((un — ) 7)) p(uy,)dzdt
{k<|un|<k+h} Q
< Cy+ (h+ k) lglleo(exp(llgll 1)) /QnTn(un — ) duwdt
< Cy+ hC5/ nT, ((u, — )" )dxdt

Q
with Cs = 2|g|loo (exp(|| gl 21 &) )
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so, we obtain

/ |V, [P g(uy,) exp(G(uy, ) )dzdt < hC’6/ nT, ((u, — )" )dxdt
{k<Jun|<h+h} Q

C4 C5)

with Cp = max(g!, &2

Un

Let us take pi(u,) = / 9(s)xjs)<kyds exp(G(un)) a test function in the ap-

proximate (P,), we obtain
[/ ©a(un) d:c / IV P g () exp(G (tn) ) X jun| <y ddt
Q
_ / T (n — ) )pa () daclt
Q

< ([ oas)exp (Igllom) Il

+/ FV U, g(tn) X {lun <k} exXP(G (uy,))dadt
Q

+</Ooog(s)ds>/Q|FVun|g(un) exp (G (un)) X {jun|<krdadt,

where (1) = / p1(s)ds, which implies, using () > 0, by using Young’s

0
Inequality, we obtain

/ V[P g (1) exp (G (1)t
{lun|<k}
< liglloo exp (llglli ) [Ifallire) + luollorey] + Co

1
—i——/ |V, |P®) g(uy) exp(G(uy,))dadt
{lun|<k}

2
1
sl [ Tl g(un) exp(Glan)dadt,
2 {un|<k}
then

Clo/ |Vt [P@ g (1) exp(Guy,))dzdt < hC’ll/ nT, ((u, — )" )dxdt

Similarly, taking ps = ffﬂ 9(8)x{s;>k+nyds exp(G(uy,)) as a test function in the
approximate (P,), we conclude that

012/ |Vt [P@ g (1) exp(Guy,))dzdt < hClg/ nT, ((un, — )" )dxdt
{Jun|>k+h} Q
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Conclusion, we have :

(G fy 190 g1 exp( G )t < o fy s [Tt () exp(Cu)
+Cho f{|un|§k} |vun|p(x)g(un) exp(G(uy))dzdt
+C5 f{k§|un\§k+h} IV, [P® g(u,) exp(G(u,))dzdt
< hCis fQ nT, ((w, — 1) )dxdt

(where Ciy = Min(Cs, Cyg, C12)andCys = Max(Cy, C11, C13)

using (17), we have

/ VPP g (1) exp(C ) dirdt < — /
Q Q

< hCm/ nTn(un — w)id{ﬂdt + hCr,
Q

N T ((un — )" )Th (un - Tk(un)> exp(G(uy))dxdt

we obtain

—/ nTy (uy — )" Ty, (un — Tk(un)> exp(G(uy,))dzdt < thf nTy, (uy, — )~ dxdt + hC7
Q Q

so, that

7Th (un - Tk(“n)) B
—/ nTy (uy — ) - exp(G(uy))dzdt < Cﬁ/ nTh (uy, — )" dxdt + Cr.
Q Q

Let us now fix k > ||[¢]|«, by the fact that
nTy (un, — ) (u, — E)X {un<vik<un<k+n} > 0 and letting A — 0 , one has

/ nT, (u, — )" dxdt < Cs. (18)
Q
Let use v = T(u,)" exp(G(uy))x(0,7) as a test function in (P,)
[/ 904(Un)d:c}T+/ (V[P 2V, )V T (1) exp(G (uy,))dadt
Q 0 T
+ | |V, PO Ty (un) " g(uy) exp(G(uy,))drdt
QT
- / Tt~ )V Tel) xp(G )t
= / 9(n) | Vtn PO T () T exp(G (uy,) ) dzdt
+ [ faTk(un,) " exp(G(uy,))dxdt
QT

+ /T FTk(un)+Vung(un) eXp(G(Un))dl’dt

+/ FVT(un)t exp(G(uy,))dzdt
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r

where ¢, (r) = / Ti(s)" exp(G(s))ds.
0

Due the definition of ¢, and |G (u,)| < exp(||gll 21 (®))||tonl 21 (@), We have
0< / ©4(uon)dr < kexp(||g|| 1 @))||ton || 1) By using (18) then,

Q

(VT () T[P®) exp(G (uy,) ) dadt
Q‘r
< kexp(|lgll ) [||fn||L1(Q) + [luoll @) + 08] +Ce

1
+§ VT (1) T P exp(G (uy,))dzdt
Q‘r

1
+§||9||oo IV Tk (1) [P exp(G(u,,) ) ddt.
QT

Un

Let us take ps(u,) = / 9(s)x{s>01ds exp(G(uy)) a test function in the approx-
0

imate (P,,), we obtain
T
[/gog,(un)d:c}o +/ IV, P g(u,) exp(G (un)) X u, >0y drdt
Q Q
- / T (n — ) ) ps (1) dclt
Q

< ([ oas) exp (Iglloe) Il

+ / FVt09(ttn) X, 50y exp(G (1)) devdlt
Q

+</0009(8)d8>/Q|FVun|g(un) exp(G(un)) X fu, >0y dxdt,

T

where @5(r) = / ps(s)ds, which implies, using p5(r) > 0, by using Young’s

0
Inequality, we obtain
/ |V, [P@ g (uy,) exp(G(uy,))dzdt
{un ZO}

< liglloo exp (llgllzre ) | Ifalliri@ + luollzaiey] + Cre

1

+= / |V, [P g (uy,) exp(G(uy,) )dadt
2 Jtun20)

1
gl / IVt P g (1) exp(G ),
2 {un>0}

then
/ |Vun\p(x)g(un) exp(G(uy))dzdt < Ciy
{“n 20}
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Similarly, taking pg = ffn 9(s)xs<oyds exp(G(u,)) as a test function in the ap-
proximate (P,), we conclude that

/ IVt [P g (1) exp(G () )t < Cis
{un SO}

Consequently,
/ |V, P () exp(G(uy,) ) dadt < Cy.
Q

Above, (1, ....,Cig are constants independent of n, we deduce that

/Q VT3 (un) T PP dadt < k Cop. (19)
Similarly to (19), we take ¢ = Ty (u,) " x(0,7) in (P,) to deduce that

/Q VT3 (up)” PP dadt < k Coy. (20)

Combining (19), (20) and Proposition 2.3, we conclude that

T
[ min {9 T 2 19Tl Yt < p(V T (1) < 1Con
0

||Tk<un)||Lp_ (O,T;Wol’p(')(ﬂ)) S k 022.

Then, we conclude that Tj(u,) is bounded in LP~ (0, T; Wy ™ (Q)), indepen-
dently of n for any £ > 0. Now we turn to proving the almost everywhere
convergence of u,,.

Consider a non decreasing function g, € C?(R) such that

Multiplying the approximate equation by g (u,), we get

0 Unp, . T)— / z) gt
_gg(t ) _ dw(ywm( ) QVun)gk(uw) + |V ") gl ()

= ()| V" gi (un) + fugi(un) — div(Fgi(un)) + FVungy (u,)(21)

in the sense of distributions. This implies, thanks to the fact that g; has compact
support, that g (u,) is bounded in LP~ (0, T; Wy "™ (€2)), while it’s time derivative
% is bounded in L'(Q) 4+ V* Due to the choice of gi, we conclude that for
each k, the sequence Ty(u,) converges almost everywhere in ), which implies
that the sequence u, converge almost everywhere to some measurable function
v in Q. Thus by using the same argument as in [10], [17], [18], we can show the

following lemma.
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Lemma 3.2. Letu, be a solution of the approximate problem (P,). Then,
u, — u ae in Q. (22)

We can deduce from (19) that

Ti(un) — Ti(u)  in LP (0,T; Wy (Q)). (23)
Lemma 3.3. [12] Let u,, be a solution of the approximate problem (P,). Then,
lim limsup / a(z,t,up, V(u,))Vu,drdt = 0. (24)

MO0 n—oo {m<un|<m+1}

Step 3: Almost every convergence of the gradients :
This step is devoted to introducing for a fixed £ > 0 fixed, a time regularization
of the function T (u) in order to perform the monotonicity method.
This specific time regularization of Ti(u) (for fixed k£ > 0) is defined as follows.
Let (vf), be a sequence of functions defined on €2 such that

vl € L*(Q) N Wol’p(x)(Q) for all >0, (25)
[vg @) <k forall p>0, (26)
1
vl = Ti(ug) a.e. in Q and p|lvg||Lp(m)(Q) — 0, as p — 0. (27)

For fixed k, p > 0, let us consider the unique solution (Ty(u)), € L®(Q) N
LP (0,7, Wol’p(x)(Q)) of the monotone problem:

OB (1w~ i) =0 in D'(@), (29)
(Tt =0) = vof i (29)
Note that due to (28), we have for 4 >0 and k > 0,
—a(T’;)(t“”“ € L7 (0,T; Wy ™). (30)
We just recall here that (28)—(29) imply that
(T (u)), = Ti(u) a.e. in Q, (31)

as well as weakly in L(Q) and strongly in L (0, T; W, "™(Q)) as p — oo.
Note that for any p and any k& > 0, we have

(T () ]| Loe (@) < max (I\Tk(U)HLw(Q); HUG‘HL%(Q)) < k. (32)
We introduce a sequence of increasing C'*°(R)—functions S, such that
Su(r) =1 for vl < m, supp(S) © [—(m + 1),m + 11, 1 | pegey < 1.
for any m > 1, and we denote by w(n, 1,7, m) the quantities such that

lim lim lim lim w(n, p,n,m) = 0.
m—ro00 n—0 u—roo n—oo
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Lemma 3.4. ([12, 18]). We have

[ (1 = (3t00)) G ) ) > ) i 2 1.
33)

+
Taking now v = T, (un - (Tk(u))u> S (un) exp(G(uy,)), in (P,) and by adapt-

ing the same way as in [1, 11, 10, 9, 8 (], we obtain

[ (97293 0)) = 19302073 0

< [VT4(u) — V()] )9 dz dt — w(n) (34)
which implies that
Te(un) = Tp(u) in  LP(0,T;WoP™(Q)) v k > 0. (35)
By using [16, 17], there exist a subsequence also denoted by wu, such that
Vu, = Vu ae. in Q. (36)

Proposition 3.2. Let u, be a solution of the approzimate problem (P,).
Then wuw>1 a.e inQ.

Proof. Thanks to (18), we can write fQ T (un — ) ~dadt < €. And by using
Fatou’s Lemma as n — oo, we have that fQ(u — 1))~ dxdt converges to zeros, we

get (u— 1)~ =0 a.e. in Q. Consequently we conclude that u > 1 a.e. in Q.
Step 4:Passing to the limit

a) We claim that v € C(0,T; L'(Q)) .We will show that
u, = u in  C(0,T; LY (Q)).

Since Ty (u) € Ky, for every k > ||i)|| 1 there exists a sequence v; € Ky N D(Q)
such that

v; = Tu(w) in L7 (0,T; Wy "™ ()
for the modular convergence.
Let w;L = (Ty(vj)), + e *Ty(n;) with n; > 0 converge to ug in L'(Q), where
(Ti(vj))u is the mollification of Ti(v;) with respect to time. Choosing now

0
v =Ty (u, — wj

,H)X(OJ) as test function in (P,), we get

duy, i - i
<8L’ Ty (up, — w]L)> + / |V, [P 2V, VT (u, — cuji)dxdt
t QT o

- / T (un — ) Ti(u, — wit,)drdt (37)

= / 9(n) |Vt [P Ty (u, — wj-i)dxdt + foTx(up, — w;-:lu)dsndt
T QT

+/ FVTi(u, — w;-i)dxdt.
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By using the fact that
—/ T (uy, — )" Ti(uy — w;i)dxdt >0
, we deduce that:

aun i z)— i
<E,Tk(un — wj’,l#)>QT + /T ]Vun\p( ) *Vu,VTi(u, — wji)dxdt

= / g(uy) ]Vun\p(x)Tk(un — w;:L)dxdt + foTk(upn — w;i)dxdt
T Q‘I’

+ / FVTi(u, — wi,)dadt.
On the one hand, we have

I = / |V, [P 2V 0, VT (un — w3, )dadt

— /{|T T |V, [P 2V, [V T (u) — Vw;-i]da:dt. (38)
B(Un) =Wy, 1S

In the following, we pass to the limit in (38): first we let n tend to oo,

I = / |VTk(un)|p(x)_2VTk(un)VTk(un—wji)d:vdt

= / _ VT (u) PP =2V T () [VTk(u) — Vw;L] dxdt + e(n)
{7 (w)—w'l, | <k}
and let p tend to co. Then,
I— / VT )2V Ty () [V T () — VTi(v,) | ddt + e, ).
{ITk ()~ Ty (v;)|<k}

finally j tend to oo, we have

'[ = 6(”7 M?j’ l)'
On the other hand, we have

J :/ 9 () |Vt [P T (wy —w;:L)dxdt. (39)

In the following, we pass to the limit in (39): first we let n tend to oo, since
() |V P9 — g(u)| V'™ in LNQ),
we obtain J = er g(u)| VulP@ Ty (u — wizz)dxdt + €(n) and let p tend to oo and
7 — o0, we have
J =e(n,u,j,1).
Similarly to (39) and by using (15), we have

|| Tulun = ) dedt = el 1.1
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and we have
/ Fv [Tk(un - W;L)} drdt = €(n, p, 3, 1)
and by using Vitali’s theorem, we get

ouy, ;
lim sup lim sup lim sup lim sup lim <i, Tio (g — W )>Q <0. (40)

k—o0 i—0 j—ro0 p—oo0 MO0 ot Tk

We have (see([1]))

3(,01-’1 i i i ;
< o Telun = WJ:L)>QT = “/ (T (v5) = wi ) Ti(un — wjp,) > €(n, j, p, ).

(41)
uniformly on 7. Therefore, by writing
— Wbt = (== — Wbt
/st<un(7_) w],M(T)>d$ < ot ’Tk(u” ]7M)>QT
awifl .
. Jsbt bl _ )
< T, ww)>QT—|— /Q Sk<un(0) Tl(m))d;c (42)

and using (40) and (41) and (42), we see that

/Q Si(ua(r) = i1, (7) ) < el . . D), (43)

which implies, by writing

/ng (W)dm < ;(/st(un(ﬂ — w;L(T))dx
+ /Q S (um(T) - w;i;ﬁt(f))dbr) (44)
that
/QSk (un(T)_Qum(T))dx < e€1(n,m).
We deduce then that

/ |tn,(T) — U (7)|dx < €2(n, m), not depending on 7 (45)
Q

and thus (uy,) is a Cauchy sequence in C(0,T; L*(€)) and since u, — u, a.e. in Q, we
deduce that

u, — u in C(0,T; LY()). (46)

b) we prove that u satisfies (14)
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Indeed, let v € Ky N L>(Q), % e L»7) (0, T; W—1»(*)(Q)). By the pointwise multi-
plication of the approximate problem (P,,) by Ty (u, — v), we get

/QSk (un(T) - ’U(T))dl’ - /QSk (uOn - U(O))dl‘

+ %Tk(un — v)dxdt + / (|VulP@=20) VT, (u, — v)dadt
Q Q

—/ Gn () VI (un — v)dadt
Q
_/ nTn(un - w)iTk(Un - v)da:dt
Q

= / 9 () |V PO T, (wy, — v)ddt
Q

—|—/ Tk (upn, — v)dzdt + / FVTi(uy — v)dzdt,
Q Q

where Sk(s) :/ Ti(r)dr.
0
Since v € Ky NL>®(Q), we have — fQ nT (un — )™ T (up — v)dadt > 0, we deduce that

/QSk (un(T) - ’U(T))dl‘ — /QSk (uOn - v(O))dw + /Q %Tk(un — v)dxdt

—i—/ (| V[P =2 u) VT (u, — v)dadt — / On(un) VT (uy — v)dxdt
Q Q
< / 9 () |V PO T, (wy, — v)ddt (47)
Q
+/ oL (uy — v)dxdt + / FV T (un — v)dzdt.
Q Q

e Let us pass to the limit with n — oo in each term in (47). we saw that u, — u in

C(0,T, L*(R)). Therefore uy,(t) — u(t) in L}(Q) for all t < T..
As Sy, is lipschitz of coefficient k, when n — oo, we have

/ Skt — 0)(T)dz — / Sy — v)(T)da
Q Q

cmd/Q Sk(un, —v)(0)dz = /QS;C(UOn —v(0))dz — /QS;C(UO —v(0))dx.

e Since 9 € L)' (0, T; W' (®)(Q)), that is

/OT <%,Tk(un - U)>dt — /OT <%Tk(u - v)>dt.
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e Let us pass to the limit with n — oo for the term / (|V [P =2V, ) VT (17— dazdlt.
Q

Since v € L*(Q), we note M = ||v||o0, We get

/ (|Vtn [P 2V 0, )V T (u, — v)dadt
Q
T
:/ /(|Vun|p(x)_2vun)VTk(Tk+M(un) —v)dxdt
0 Q
g 2
:/0 /Q(|Vun|p(x) VUN)VT]H-M(UTL))1{\Tk+M(un)7v|§k}dIdt

T
_ /O /Q(|Vun|P(z)—2Vun)VU1{|Tk+M(un)_v|§k}dxdt

As Ty pr(uy) is bounded in LP (0,75 Wol’p(g&)(Q)), Vu, — Vu a.e. in Q,
VTiinr(un) = VT (u) almost everywhere

and by using Lebesgue theorem, we deduce that

/Q(|vun|p(x)_2vun)VTk+M(un))1{Tk+M(un)—vgk}dwdt

— /Q (IVulPD) 2w, umo <y dadt

and

T
/0 A(’Vun’p(x)_Qvun)vvl{lTk+M(un)—U|<k‘}dmdt —

T
/0 /Q (IVulP 2 Vu) Vol g, (o) <k dadt
then

/ (|Vtun [P@ =20, Ty (1, — v)ddt — / (VP =2 u) Ty, (u — v)dadt.
Q Q
e Let us pass to the limit for other term

[ ulu) VT v)dadt = | (1) VT (Thrs () — )i
Q Q

Since Ty4ar(uy) is bounded in LP (0,7} I/VO1 P (x)(Q)) and ¢, is a Lipschitz continuous
bounded function R in to RY, such that ¢, uniformly converge to ¢ on any compact
subset of R as n tend to +o00. Then, we have

Due to (11) , Ti(un) = Te(u) in  LP~ (0, T; Wo P ™ (Q)) V k > 0 and u, — u ace. in
@, we have

fnTi(ty —v) = fTp(u —v) strongly in L*(Q)

and by Lebesgue theorem, we have

/ oIk (uy —v) — / fTi(u — v) strongly in L'(Q).
Q Q
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e Similarly, since g is a bounded and continuous functions belong to L'(R) and u,, — u
a.e. in (), we obtain

[ 96 VPO~ ) = [ 9(a) TuP T~ 0) strongly in L'(Q),
Q Q
e For the second term of the right hand side of (47), we have
/ EVTi(up —v) — / FVTi(u—v) asn — +o0,
Q Q

since VT (tp — v) = VT (u—v) in (LP®(Q))N, while F e (L #)(Q))" and Lebesgue
theorem. Then, we conclude that u satisfies (14).
As a conclusion of Step 1 to Step 4, the proof of Theorem 3.1 is complete.[]
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