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EXISTENCE SOLUTIONS FOR A CLASS OF NONLINEAR
PARABOLIC EQUATIONS WITH VARIABLE EXPONENTS
AND L' DATA

C. YAZOUGH*

ABSTRACT. In this article, we study the problem
% —div a(z, t,u, Vu) + div ¢(u) = f  in Qx]0, T,
u=0 on 90x]0, T
b(x,u)(t =0) = bz, up) in €,

in the framework of generalized Sobolev spaces, with b(z,u) unbounded func-

tion on u. The main contribution of our work is to prove the existence of
renormalized solutions when the second term f belongs to L*(Qr).

1. INTRODUCTION

Let Q be a bounded open set of RN, p : Q — [2,+00) be a continuous,
real-valued function and let p~ = min,cq p(x) and p™ = max,.q p(x) such that
2<p <pht<oo,@=Qx]0,T]

And let Au = —div(a(z,t,u, Du)) be a Leray-Lions operator defined from the
generalized Sobolev space V' into its dual Vx
Now, we consider the parabolic problem associated for the differential equation
b
%+Au+div o(u) =f inQ,
u=0 on JdNx]0,T], (1.1)

b(u)(t =0) =0b(up) on Q
where the function b is assumed to be strictly increasing C*-function, b(ug) lie in

LY(Q), and a is the Caratheodory function .
For the parabolic equation (1.1) the existence of weak solution has been proved

by J-M Rakotoson [22] with the strict monotonicity and a measure data, the
existence and uniqueness of a renormalized solution has been proved by D. Blan-
chard and F. Murat [15] in the case where a(z,t,s,§) is independent of s, and

by D. Blanchard, F. Murat and H. Redwane [13] with the large monotonicity on
a. For the degenerated parabolic equations the existence of weak solutions have

Date: Received: Dec 2, 2018.
*Corresponding author.
2010 Mathematics Subject Classification. 35K10, 35K59, 35K61.
Key words and phrases. Sobolev spaces with variable exponent, Quasilinear parabolic equa-
tions, Renormalized solutions.
56



EXISTENCE SOLUTIONS FOR A CLASS OF NONLINEAR PARABOLIC EQUATIONS... 57

been proved by proved by L. Aharouch and al [1] in the case where a is strictly
monotone and f € L (0, T, W~ (Q)). See also the existence of renormalized
solution by Y. Akdim et al [I 1] in the case a(z,1,s,§) is independent of s.

Our paper can be see as a continuous of [20] in the case where b(u) = u,
a(x,t,s,€) = [€P@72¢ and [1] if we replace g(z, s,€) by div(p(u)).

The plan of our paper is as follow: In section 2 we give some preliminaries. In
section 3 we make precise all the assumptions on a, and b. In section 4 we estab-
lish some technical lemmas. In section 5 we prove our main result: the existence
of renormalized solutions of problem (1.1).

2. PRELIMINARIES
For each open bounded subset 2 of RN (N > 2) , we denote
C,(Q) = {continuous function p(-): Q= R such that 1<p_ <p, < oo},
where

p-=minp(z)  and  py =maxp(z).

We define the variable exponent Lebesgue space for p(-) € C,(Q2) by:

Lp(’““)(Q) ={u:Q+— IR measurable / / \u(x)]p(x) dr < oo},
Q
The space LP®)(Q) under the norm:

p(z)
lully = inf4 A > 0, / <1
Q

is a uniformly convex Banach space, then reflexive. and we denote by LP'(“’)(Q)

1 1
the conjugate space of L?®)(Q) where — + —— =1

plx)  p'(x)

Proposition 2.1. (¢f[17]) (i) For any u € LP®(Q) and v € LP®)(Q), we have
the Holder type inequality:

/uvdm
Q

(ii) For all p1, py € C.(Q) such that pi(z) < po(x) for any v € Q, then
Lr2@)(Q) s LP@)(Q) and the embedding is continuous.

Proposition 2.2. (¢f[17]) If we denote

u(z)

< (_1 _1 >H || || ||
u z Vo (z) -
D o p(z) p'(z)

plu) = / [uP® do Vu € LP@(Q),
0

then the following assertions holds:
i) |ullpe) < resp,=1,> — u) < resp, =1,> 1),
piz) <1 1p 1 p . 1 1,>1
(1): ulpey >1 = ullye) < plw) < lullye,  ond flufle <1 =
ullyiy < plu) < lullyg,,
(iii): [Jullpw) = 0 < p(u) =0, and ||u|pe) =00 < plu) = oco.



58 CHIHAB YAZOUGH

Let
WE(Q) = {ue PD(Q)  and  [Vu| € PV (Q)},

which is a Banach space equipped with the following norm
[ullp@) = lullp@) + 1V ullp@):

The space (W@ (Q), || - |1 p()) is a separable and reflexive Banach space.
Next, we define Wy 7™ (Q) as the closure of C°(€2) in W) (Q) and

Proposition 2.3. (see [13])

(i): Assuming 1 < p_ < py < 00, the spaces W@ (Q) and Wy () are
separable and reflexive Banach spaces.

(ii): If g(x) € C.(Q) and q(x) < p*(x) for a.e. x € Q, then the embedding
WP (Q) s LI@(Q) is continuous and compact.
(iii): Poincaré type inequality : there exists a constant C > 0, such that
lullpey < ClIVullywy  Vu € WeP().

Extending the definition of variable exponent p(-) : Q — [1,00) to Qr =

Q x [0,T] by setting p(z,t) := p(z) for all (x,t) € Q, we may also consider the
generalized Lebesgue space

LP®(Qp) = {u: Qr — IR measurable / lu(z, t)[P@ dx dt < oo},
Qr

endowed with the norm

”u||Lp(w)(QT) = inf{)\ > 0, /
T

which, of course, shares the same type of properties as LP(*) ().
Now, we introduce the functional space

V ={ueLF (0,7, Wg"(Q)) : [Vu| € L") (Qr)}

which, endowed with the norm

u(z, ) p(z)

A

de dt < 1}

lullv = [IVull o @r)

or, the equivalent norm

H|u’”V = HUHLP—(QT’WOLP(CE)(Q)) + ”vu|’LP<I>(QT)

is separable and reflexive Banach space.
We have used the standard notations for Bochner spaces, i.e. if X is a Banach
space and ¢ > 1, then L%(0,7;X) denotes the space of strongly measurable
function
w:(0,7) — X
t —||u(t)]|x € L90,T).
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Moreover, C([0,T]; X') denotes the space of continuous functions u : [0,7] — X
endowed with the norm

N t .
ulleom:x) ax l[u(t)]]x

Lemma 2.4. The dual of the Banach space V' is denoted by V*, then we have
the following continuous embedding:

L (0,7, Wo"(Q)) = V s L= (0, T, W "(2))

In particular, since D(Qr) is dense in LP+(0,T, Wol’p(x)(Q)), it is dense in V and
for the corresponding dual spaces we have

L®) (0,7, W9 @(Q)) < V* < L@ (0, T, W19 @ ()

Proposition 2.5. One can represent the elements of V* as follow: if T € V*,
then there exists F = (f1, ..., fx) € (LP@(Q))N such that T = divF and

T
<T,C >V*,V:/ /F.VCdxdt for any¢ e V
o Jao

Moreover, we have
7]

Vv = maX{Hfi”LP'(I)(Q)aZ' = 17 EEEE) N}

3. BASIC ASSUMPTIONS

Let Q be a bounded open subset of RY (N >2), T >0 and p_ > 2.

We consider a Leray-Lions operator A acted from V into its dual V*, defined
by the formula

Au = —div a(z,t,u, Vu) (3.1)

where a: Qr x R x RY — IRY is a Carathéodory function (measurable with
respect to (x,t) in Qr for every (s,€) in IR x IR, and continuous with respect
to (s,€) in IR x IRY for almost every (x,t) in Qr) which satisfies the following
conditions

la(z,t,5,8)] < BUK (x,t) + [s|PO1 4 [P, (3.2)
(a(m7t757£) _a(m7t75777)) ' (5—77) >0 for 5#7]7 (33)
a(z,t,s,€) - &> al¢PW), (3.4)

for a.e. (z,t) € Qr, all s € Rand &,n € RN, where K(z,t) is a positive function
lying in LP'@(Qr) and a, 8 > 0.

We assume that
b(-,-) : Q2 x R+ IR is a Carathéodory function such that, b(z,0) =0 and
b(z,-) is a strictly increasing function in C'(IR) for a.e. x € Q.
(3.5)
Moreover, For any K > 0, there exists Ag > 0, a function Ax € L>*(Q2) and a
function By € LP®)(Q) such that

< ob(z, s)

A < ob(z, s)

0s

< Aw(z) and ‘vx< ))gBK(:v), (3.6)

0s
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for almost every z € Q, for every s such that |s| < K.
We consider the quasilinear p(x)-parabolic problem

obz,u) _ div a(x,t,u, Vu) + div ¢(u) = f  in Qx]0,T7,
u 286 on 002x]0, T (3.7)
b(x,u)(t =0) = bz, up) in

with ¢(-) € C(IR, RY), f e LYQr) and ug € L'(Q) such that b(z,uy) € LY(9).

Remark 3.1. The problem (3.7) does not admit a weak solution under assumptions
(3.2) — (3.6) (even when b(x,u) = u) since the growths of a(z,t,u, Vu) and
¢(u) are not controlled with respect to u (so that these fields are not in general
defined as distributions, even when u belongs to V.

4. SOME TECHNICAL RESULTS

Firstly, we establish some embedding and compactness results in generalized
Sobolev spaces.
Let p_ > 2, weset X = WP™(Q), H = L2(Q) and X* = W-17'@)(Q),
Denoting the space W, (0,7, X,H) = {v € V. and v, € V*} endowed with
the norm

lllws, = Il + el lv-

is a Banach space. Here u; stands for the generalized derivative of u; i.e.,

/OT u(t)p(t)dt = — /OT u(t)¢'(t)dt  for all p € C3°(0,T).

Lemma 4.1. Let By, B and By be Banach spaces with By C B C By. Let us
set

V={u: uel™0,T;By) and u € L"(0,T;B)}

where pg > 1 and p; > 1 are reals numbers.
Assuming that the embedding By —<— B be compact, then

Y —— LP°(0,T; B)
and this imbedding is compact.
Remark 4.2. Let p_ > 2, we set
By=Wy*™(Q), B=1IL*Q) and B, =W Q)

with pg =p_ and p; = p/_. In view of the Lemma 4.1, we obtain

Wy (0,7, X, H) CY —— L*(Qr). (4.1)
Moreover, in view of [9], we have
W (0,1, X, H) € C([0,T]; L*(2)). (4.2)

Now, To deal with time derivative in the Sobolev space with variable exponents,
we introduce a time mollification of a function u € V' as follows
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Proposition 4.3. [9, 27] The time mollification of a function w € V' for any
1w >0 s introduced by

t

u,(z,t) = u/ u(x, s)exp(p(s —t)) ds where  u(x,s) = u(x, s)X0m1)(s),
the following assertions holds

(i): If u € LP@(Qr), then u, is measurable in Qr, %

/ |u, [P dx dt §/ [u[P®) dz dt.
Qr Qr

(ii): If weV, then v, = u in'V as p — +oo.
(iii): If u, = u in V, then (u,), — u, in V.
(iv): We have |(Ty(u)),| <k for any ue V.

= pu(u—wu,) and

Lemma 4.4. (see. [3]] Letg € '™ (Qr) and g, € L' (Qr), with gnll Lre @qp) <
C,1<r <oo. Ifgyz) = g(x) aein Qp, then g, — g in L"®(Qr) where
n — oo.

Lemma 4.5 (see. [1]). Assume that

S — ot By i D(QR)
where a,, and B, are bounded respectively in V* and in L'(Qr). If v, is bounded
in V, then v, — v in L*™(Qr). Further v, — v strongly in L'(Qr) where

loc
n — oQ.

Lemma 4.6. Assuming that (3.2) — (3.4) holds, and let (u,), be a sequence
m V such that u, —u wn V and

/ (a(a;,t, Vu,) —a(z,t, Vu)) - (Vu, — Vu)de — 0, (4.3)

T

then u, — u in V for a subsequence.
The proof of this Lemma is the same as in the case of constant exponent p
(see. [0]).
5. MAIN RESULTS

Definition 5.1. A measurable function w« is an renormalized solution of the
Dirichlet problem (3.7) if Ty(u) € V' Vk >0,

b(z,u) € L0, T; L'(Q)) and lim a(z,t,u, Vu)-Vudrdt =0,
M0 S Im<|ul<m+1}
(5.1)
% —div (8" (w)a(z, t,u, Vu)) + " (w)a(z, t,u, Vu) - Vu

—div (' (u)p(u)) + S"(w)¢(u) - Vu= fS'(u)  in  D'(Qr),
(5.2)
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for any functions S(-) € W2*(IR) such that S’(-) has a compact support in IR,
with
= 0b
Bg(x, z) = / %S’(T)dr and Bg(x,u)(t =0) = Bg(x,up) in €.
0
(5.3)

Theorem 5.2. Let f € LY(Q7) and b(z,uy) € LY(Q). Assume that (3.2)-(5.6)
hold. Then, there exists at least one renormalized solution u of problem (3.7).

Proof of the Theorem 5.2.

Step 1: Approzimate problems. Let (f,), be a sequence in V* N L'(Qr) such
that f, — f in L'(Qr) with |f,| < |f|, and let (up,). be a sequence in C5°(£2)
such that b(x,ug,) — b(z,up) in L'(Q) and |b(x,ug,)| < |b(z,up)|. We define

the following approximation

by(z,7) = b(x,Tn(r))—i—%r, an(x,t,8,8) = alx,t, T,(s),) and  én(s) = d(To(s)).

(5.4)
We consider the approximate problem:
%ﬁ’u”) —div a(z,t, T, (uy), Vu,) — div ¢, (un) = fn in  Qr,
Uy, =0 on 00 x (0,7),
by (2, u,)(t = 0) = by (2, up ) in Q.
(5.5)
In view of [21], there exists at least one weak solution u,, € V' of the problem
(5.5).

Step 2: Weak convergence of truncations. Let 7 € [0,T7], taking T (un)x(0,-) as
a test function in (5.5), we obtain

ob, (x,u, T
/<— (gt u ).,Tk(un)X(o,TQ dx —i—/ / a(z,t, Ti(un), VTi(tn)) - V() dz dt
Q o Jao

+ /0 ' /Q Gt - V() da dt = /0 ' /Q £ T () da dt,

it follows that

/Q B (s un (7)) da + /0 ' /Q a2, T (), VT () - V() da dt

+ /0 ' /Q bt - V(1) s dt = /0 ' /Q £ T () dae it + /Q B;g(x,uo,n)(dm)
5.6

T

with Bp(z,r) = | Ti(s)b, (z,s) ds.

s

Taking ®,(s) = [ ¢n.(0)do, then @,(0) = 0ry and @,(-) € CY(R, RY), in

S—S—
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view of the Divergence Theorem, we obtain

/OT/QQSn(un).VTk(un) dz dt :/OT/Qdiv &, (Th(uy)) dz dt

(5.7)
= / b, (Ti(uy)).1 do dt =0,
0o Joo
since u, =0 on 0N and 7 = (ny,ngy,...,ny) the exterior normal vector on the
boundary 0f2.
On the other hand, since b, (s) have the same sign as s, then
0< / Bp(z,ugy) do < k/ |bn (2, ) |do < Kk[|b(, uo) || L1(02)- (5.8)
Q Q

By using (5.6) — (5.8), we deduce that

0 S/B,?(w,un(T)) da:~|—/ /a(x,t,Tk(un),VTk(un))~VTk(un) dx dt
Q o Ja
k(I fallr@r) + I6(uo) |1 @)

<
< Cik for any 7 € [0, 7.
(5.9)
It’s clear that / B (z,un (7)) dx > 0, Thanks to (3.4) we obtain
0
VT g < / VTo(u)P® dedt +1< Cok Yk >1. (5.10)
Qr

We have T} (u,) is bounded in V. In view of the Remark 4.2, there exists a
subsequence still denoted Ty(u,) and vx € V' such that

Ti(u,) = v, in V and Ti(uy) = v ae. in Q. (5.11)
Let k > 0 large enough, by virtue of Holder’s and Poincaré inequality, we have:
k. meas {|un| > k} :/ T ()| d dt g/ T ()| d dt
{{U«n‘>k} QT
< (—_ + ]F)||Tk(un)HLP(QC)(QT)||1||LP'(I)(QT)
< ColIVTilun) o)
S C’4kp7_7

which implies that

meas{ |u,| > k} < Cs — 0 as k— +oo, (5.12)

1—-L

since for all § > 0 that

meas{ [, — up| > 6} < meas{|u,| > k} + meas{|u,,| > k}
+ meas{|T}(u,) — Ty (um)| > 6}

Using (5.12) we get that for all € > 0, that exists ky > 0 such that

(5.13)

meas{ [u,| > k} < g and meas{ [uy,| > k} < % Vk > ko(e). (5.14)
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On the other hand, in view of (5.11), we can assume that (7j(uy,)), is a Cauchy
sequence in measure in Qp, then for all £ > 0 and d, € > 0 there exists
ng = no(k, d,e) such that

meas{ | T (un) — Ti(um)| > 6} < % Vn, m > ny. (5.15)

By combining (5.13) — (5.15), we deduce that for all €, 6 > 0, there exists
no = no(d, €) such that

meas{|u, —u,| >0} <e  Vn,m >ny. (5.16)

If follows that (u,), is a Cauchy sequence in measure, then there exists a sub-
sequence still denoted (u,), such that

U, = u a.e. in Qr, (5.17)
bn(z,u,) — bz, u) ae. in Qr. (5.18)
Using (5.11), we deduce that
Ti(uy) — Ti(u) in V, (5.19)
and in the view of the Lebesgue dominated convergence theorem
T (un) — Ti(u) in  LP9(Qp). (5.20)

We now establish that b(x,u) belongs to L>=(0,T; L'(2)). Using (5.9), (5.17) and
Fatou’s Lemma, we conclude that

1
o< / By(w, u(m)dz < (| flw@n + lluollziey) = Cs,

for any 7 € (0,7). Due to the definition of By(z,s) and the fact that +By(x, u)
converges pointwise to b(x,u), as k tends to 0, shows that b(z,u) belong to

L(0,T; LY(Q)).

Step 3 : A priori estimates. Taking T (u, — Th(u,)) as a test function in (5.5),
we obtain

T on
/ <M, T, (up, — Th(un)))dlt + / a(z,t, Ty (up), Vi) - Vu, dz dt
0 ot {h<|un|<h+1}
+/ On(Uy) - Vu, de dt = T (g — T(uy)) dz dt.
{h<|un|<h+1} Qr
We have

T
/ On(Uy) - Vu, de dt = / / div @,,(Tho1(uy,)) do dt—
{h<|un|<h+1} o Ja

T
/ /div By (Th () da dt = 0,
0 Q

it follows that
/ Byn(x,un(T)) do + / a(z,t, T, (u,), Vuy,) - Vu, dr dt
Q

h<|un|<h+1}

< / | fu| dx dt + / Byn(x,ug,) de
{lun|>h} {

‘u0|>h}
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with B, p(z,r) fo bl (z,5)T1(s — Th(s)) ds, it’s clear that B, ,(z,u,(T)) > 0,
then

lim a(x,t,Tn(un),Vun)~Vundq:dt§/
700 J{h<un|<h+1} {lul>h}

|f\d:cdt—|—/ b(x, up)dx.

{luol>h}

Since f € LY(Qr) and b(z,ug) € L'(Q), we obtain

lim a(x,t, Uy, Vuy,) - Vu, dz dt = 0. (5.21)
hin=00 Jth<fun|<h+1}

and thanks to (3.4), we deduce that

lim |V, |P®) de dt = 0. (5.22)

hin=00 Jh<|un|<h+1}

Step 4 : Convergence of the gradient. This step is devoted to establish the fol-
lowing limits

a(z,t, Te(up), VIk(un)) = a(z,t, T(u), VTi(u)) weakly in (LF'@(Qr))N.

(5.23)
Let h > k > 0 and n large enough (n > h + 1), In the sequel, we denote by
gi(n)i =1, 2,... avarious functions of real numbers which converges to 0 as n

tends to infinity (respectively for ¢;(n, ) and g;(n, u, h)).

Let wy, = Tk(u,) — (Tk(w)),, where (Ty(u)), is the mollification with respect
to time of Ty (u).

Taking Sy (-) € W2*°(IR) an increasing function, such that Sy(r) =r for |r| < h
and supp(Sy,) C [-h — 1,h + 1], then supp(S)) C [-h —1,—h]U[h,h + 1].
Using wy, ;5 (u,) as a test function in (5.5), we obtain

T ob
/ <W Wi, u S (un)) dt + / a(z,t, T (un), Vuy) - Vw, .Sy (uy,) da dt

0 T
a(z,t, Tn(un), Vuy) - Vu,Sy (uy)wp,, de dt + O () - Ve, S (uy) do dt

Qr
i ) - Vu,Sy (un)wn,, de dt = / Jnwn, Sy (uy,) dz dt.
Qr Qr
(5.24)

Now, we study each terms of the above inequality.
For the first term on the left hand side of (5.24), we have

[ sy e = [P )~ @) $) ) de do > 240

see Lemma 3.2 of [13].
Concerning the third term on the left-hand side of (5.24). Let n large enough,
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since supp (Sy) C [=h —1,—h| U [h,h+ 1], and thanks to (5.21), we obtain
go(n,h) < ‘/ a(z,t, Tn(un), Vuy,) - Vu,Sy (uy)wp,, de dt

T

= a(z,t, T (un), Vuy) - Vu, |S) (un)||wn,,| dz dt

{h<|un|<h+1}

< 2k||Sy || oo (m) a(x,t, Uy, Vuy,) - Vu, dedt — 0 as n,h — o0.
{h<|un|<h+1}
(5.25)

For The fourth and fifth terms on the left-hand side of (5.24), it’s clear that
(L1 (1)) = ¢(Ths1 (n)) = S(Thpa (w)) in (L7P(Qr))Y, and since VT (un) -
V(Ti(u)), — 0 in (LP@(Q7))N, we conclude that

o) =] [ Onun)) - VoS ) do

— ‘ Z <hin) On(Tha1 (un)) - (VTk(uy) — V(T (w)) ) Sh(u,) do dt

< |IShllzoe(m) |O(Tht1(un))| |[VTi(un) = V(Ti(w))u| dedt =0 as n, p— oo,
{lun|<h+1}
(5.26)
In view of Young’s inequality and (5.22), we obtain
eq(n,pu,h) = ‘ G () - Vun Sy (un)wn,, dx dt
Qr
< 180l [ 60T (0 )Vt | d
{h<|un|<h+1} @)
n(Thr (un)) P
< ISfheei | T )
{h<|un|<h+1} P ()
" |V, [P)
+ 2k||S; || Lo () —————drdt -0 as n, uthen h — oo.
{h<lunl<hiry  P(T)

(5.27)
For the term on the right-hand side of (5.24), we have f, — f in L'(Qr), and
since Ty (u,) — (T (u)), — 0 weak-+ in L>*(Qr), then

les(n, p)| < IISAIILO%JR)/ [l 166 (Th(un) — (Ti(w)),)| de dt

Qr
—0 as n, [ — oo.

By combining (5.24) — (5.28), we deduce that

(5.28)

lim sup / A, t, T, V) - V(Th(un) — (Th())) S () dar dt < 0, (5.29)

n,h,p—00 T

and since S} (u,) =1 on {|u,| <k}, then

lim sup/ a(z,t, Ti(up), VIi(uy)) - VI (uy,) do dt
nTee JQr (5.30)
< lim sup a(z,t, Tn(un), Vuy,) - V(T (u)) .Sy (u,) dx dt.

n,h,u—00 J Qp
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We have

/ a(z,t, T, (un), Vuy) - V(Ti(u)) .Sy (uy) da dt

T

= it a(z,t, Ti(un), VIi(uy)) - V(Ti(w)), dx dt (5.31)

+ a(x,t, Thi1(un), Vi (un)) - V(T (w)) Sy (un) da dt
{k<|un|<h+1}

we have (a(z,t, Ti(un), VIk(un)))n is bounded in (LP'®)(Qr))Y, then there exists
& € (LP@(Qr))N such that a(x,t, Ti(un), VIk(un)) = & in (LY@ (Qp))VN, it
follows that

lim a(z,t, Tx(un), VIi(uy)) - V(Ti(w)), do dt = &k - VTi(u) do dt.
IO S fun| <k} Qr
(5.32)

Similarly, we have

lim a(x,t, Thir(tn), VIt (uy)) - V(Ti(w)) S, (u,) do dt

TR0 S (k< |un|<h+1}

= Ena1 - VTi(w)Sy (u) dx dt = 0.
{k<|u|<h+1}
(5.33)
By using (5.30) — (5.33), we conclude that

limsup/ a(x,t, Ty (un), VI (un)) - VTi(uy,)dzdt < &-VTi(u)dzdt. (5.34)

n—oo T Qr

On the other hand, thanks to (3.3) we have

/Q (a(@,t, Te(un), VIi(un)) — a(z, t, Tp(u,), VI (u)))
(V) — VTk(w) dz dt > 0

then

/ a(x,t, T (upn), VTE(uy)) - VIg(uy,) de dt > a(x,t, Ty (upn), VT (uy)) - VTg(u) dz dt

> /z a(z,t, Te(un), VIi(w)) - (VTi(uy) — VIi(u)) do

T

it follows that

lim inf a(z,t, Ti(up), VT (u,)) - VT (uy,)drdt > &k VT (u)dxdt. (5.35)
Having in mind (5.34), we obtain

lim a(z,t, Ty (un), VIg(uy)) - VT (uy,) dx dt = & - VTi(u) dx dt. (5.36)

= JQr Qr
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Which imply that,

limn_m/Q (alz,t, T(un), VIk(un)) — a(z, t, Te(u,), VIi(w)))
(VT(un) — VTi(u)) dx dt = 0.

(5.37)

In view of the Lemma 4.6, we deduce that
Ti(uy) — Tip(u) in V then Vu, — Vu a.ein Qr. (5.38)

Then a(z,t, Ti(u,), VIg(u,)) — a(z,t, Tp(u), VIp(u)) a.e. in Qr, and since
(a(z,t, Tr(un), VTi(un)))y is bounded in (L@ Q7)Y we get

a(x,t, Ty, (un), VI (un)) = alx, t, T (u), VIi(u)) in  (L"@Qr)N.  (5.39)

Moreover, in view of (5.37), we deduce that

lim a(:r;,t,Tk(un),VTk(un))~VTk(un)dxdt—/ a(x,t, Ty (u), VTi(u))- VT (u)dzdt.
n—oo QT
(5.40)

T

Step 5 : Passage to the limit. Let ¢ € V N L>®(Qr) and S(-) € C*(R),
with supp S'(+) C [-M, M] for some M > 0. Taking S’(u,)p a test function in
(5.5), we obtain

T n
[ OB gt [t Vi) (57 00V + 5 (1)) i
0 T

+ / bu(tn) - (8" () oVt + S () Vo) drdt = [ [ (wn)p da .

Qr Qr
(5.41)
with Bg(z,z) = [ S/(T)—ab"a(f’T) dr.

Firstly, since S’(-) is bounded and Bg(z,u,) converge to Bg(x,u,) a.e. in Qr
and weak—x in L*>°(Qr), then

0Bg(x,u,)  0Bs(z,un)
ot ot

Concerning the second term on the left-hand side of (5.41), we have

D'(Qr). (5.42)

/ a(z,t, T, (un), Vug) - (S"(un)pVu, + S (u,) V) da dt
Qr

= /Q a(x,t, Toar(un), VI (un)) - (" (un) VT (un) + S (un) Vo) dz dt,

and thanks to (5.39), we have
a(x,t, T (n), VTus (u)) = al, t, Tar(u), VTu(w))  in (27@(Qr))Y,
and since

S" () oV T (wn) + S (u, ) Vo — 8" (u) eV Ty (u)+ S (u)Ve  in (Lp(z)(QT))N,
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hence

lim a(z,t, Ta(un), VT (uy)) - (8" (un) VT (uy) + S (un) Vi) da dt

n—oo
Qr

- / a(,t, Tos (), VTt () - (S"(w)oVTa () + ' (w)Vep) dar dit

= /Q a(z,t,u, Vu) - (8" (u)pVu + S (u)V) dx dt.
Qr

(5.43)
Similarly, since ¢, (u,) = ¢(Th(uy,)) for n > M, then
i [ Gulun) - (5" (1) Vit + S'(0) Vi) s d
n—oo QT
— Iim / O(Tar (1)) - (5" (1) oV Tt (1) + S (1) V')l
AP (5.44)

= (T (8" (w)pVTy(u) + S (u) V) do dt
—j (u) - (8" (u)eVu+ S"(u)Vp) dx dt.
Qr
Moreover, since S(u,) ¢ — S(u) ¢ weak—« in L>(Q2), then

/ [nS' (un) @ do — / 8" (u) ¢ du. (5.45)
Q Q
By combining (5.41) — (5.45), we deduce that

ot

+/QT od(u) - (8" (u)eVu + S (u)V) de dt = /T 8" (u)p dux dt,

[ vt [ et Fu) (8" eV + S ) T) dde

(5.46)
we conclude that u is a renormalized solution to problem (5.30).

It remains to show that Bg(z,u) satisfies the initial condition (5.3). To this
end, firstly remark that, S(-) being bounded, B%(x,u,) is bounded in L*(Qr).
Secondly, (?7) and the above considerations on the behavior of the terms of
this equation show that ‘?)B;Liu") is bounded in L'Y(Qr) + V*. As consequence
BS (uy,) lies in a compact set of C°([0,T], L*(2)). It follows that on the one hand,
B3 (uy,)(t = 0) = B (u,)(uf) converges to Bs(u)(t = 0) strongly in L'(2). On
the other hand, the smoothness of S implies that

Bg(u)(t =0) = Bg(ug) in Q.

As conclusion of step 1 to step 4, the proof of theorem 5.2 is complete.
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