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NONLINEAR ELLIPTIC EQUATIONS WITH MEASURE DATA
IN MUSIELAK-ORLICZ SPACES

A. ABERQI1∗, J. BENNOUNA2 AND M. ELMASSOUDI3

Abstract. In this paper we will prove the existence of solutions of the uni-
lateral problem

Au− divΦ(x, u) +H(x, u,∇u) = µ (0.1)

in Musielak spaces, where A is a Leray-Lions operator defined on D(A) ⊂
W 1

0LM (Ω), µ ∈ L(Ω) +W−1EM (Ω), where M and M are two complementary
Musielak-Orlicz functions and both the first and the second lower terms Φ
and H satisfies only the growth condition and u ≥ ζ where ζ is a measurable
function.

1. Introduction

Let Ω be a bounded open domain in IRN , (N ≥ 2) and consider the following
strongly nonlinear Dirichlet problem u ≥ ζ,

−div(a(x, u,∇u))− div(Φ(x, u)) +H(x, u,∇u) = µ on Ω,
u = 0 on ∂Ω.

(1.1)

Where ζ is a measurable function, A(u) = −div(a(x, u,∇u)) is a Leray- Lions
operator defined on D(A) ⊂ W 1

0LM(Ω), with M a Musielak-Orlicz function and
both the first and second lower order terms Φ and H satisfies only a growth
conditions described by M and its complementary M . The right hand-side µ is
belong L1(Ω) +W−1EM(Ω).

In the setting of Orlicz space, Gossez J. P. and Mustonen V. in [10] solved (1.1)
in the variational case (i.e. µ ∈ W−1EM(Ω)) Benkirane A. and Bennouna J. in [6]
has been proved the existence and uniqueness of solutions of unilateral problem
where Φ = H = 0 and µ ∈ L1(Ω), Ahrouch L. and Rhoudaf M. in [1] with Φ = 0
and H satisfied the sign condition and Ahrouch et al. in [2] have proved the
existence results where H = 0, Φ ∈ C0(IRN , IRN) and µ ∈ L1(Ω) +W−1EM(Ω).
In the Sobolev spaces with variable exponent in [5] Redwane H. et al. has been
proved the existence of solutions for some nonlinear elliptic unilateral problems
with measure data where H satisfies the sign condition, Φ ∈ C0(IRN , IRN), and
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µ ∈ L1(Ω) +W−1,p′(x)(Ω).
As far as the Musielak space is concerned, there are also interesting works. Indeed,
in [8] Benkirane A. et al. generalized the work of Gossez J.P. and V. Mustonen
V.[10] where they has proved the existence of solutions for the obstacle problem,
in [12] Kellou A. M. and Benkirane A. has proved the existence of solution for
a non-linear elliptic unilateral problems in Musielak-Orlicz spaces with L1 data,
Φ = 0, H satisfies the sign condition.
It is our purpose in this paper to prove the existence of entropy solution for
unilateral problem associated to (1.1) where Φ depends on x, t, u and satisfy
only the growth condition and H is a nonlinear lower-order term having natural
growth with respect to |∇u|. The second member of (1.1) as µ = f − div(F )
with f ∈ L1(Ω) and F ∈ W−1EM(Ω).
The main difficulties of this problem are in the first the lack of coercivity lower
order term Φ that makes the operator that governs the equation, non coercive.
The second lower order term H is controlled by a non-polynomial growth (see
(3.5)) and no sign condition is assumed. The function M defining Musielak-
Orlicz space W 1LM(Ω) does not satisfy the ∆2-condition which makes us lose the
reflexivity of Musielak space.
As an example of equations to which the present result can be applied, we give{

u ≥ ζ in Ω,

−∆M(u) + usin(|∇u|) = f + div(F ) + c(x)M
−1

x M(x, α0|u|) in Ω,

where −∆M(u) = −div(m(x,|∇u|)
|∇u| .∇u), m is the derivative of M with respect to t,

ζ is an admissible obstacle function and c(.) ∈ (L(Ω))N .
The structure of the paper is organized as follows: The section 2 contains some
preliminaries in the Musielak-Sobolev space. In section 3, we give the essential
assumptions to prove that the solution of the problem 1.1 belong to the space
W 1

0LM(Ω). In section 4, we establish the proof of main theorem (3.1).

2. Musielak-Orlicz spaces - notation and properties
2.1. Musielak-Orlicz function.
Let M be a real-valued function defined in Ω× IR+ and satisfying conditions:

• M(x, .) is a N-function for all x ∈ Ω, (i.e. convex, non-decreasing, con-

tinuous, M(x, 0) = 0, M(x, 0) > 0 for t > 0, limt→0 supx∈Ω
M(x,t)

t
= 0 and

limt→∞ infx∈Ω
M(x,t)

t
=∞).

• M(., t) is a measurable function for all t ≥ 0.

A function M which satisfies the above conditions is called a Musielak-Orlicz
function.
Let Mx(t) = M(x, t), we associate its non-negative reciprocal function M−1

x , with
respect to t, that is M−1

x (M(x, t)) = M(x,M−1
x (t)) = t.

Let M and P be two Musielak-Orlicz functions, we say that P grows essentially
less rapidly than M at 0 (resp. near infinity), and we write P ≺≺ M , for every

positive constant c, we have lim
t→0

(
sup
x∈Ω

P (x, ct)

M(x, t)

)
= 0 (resp. lim

t→∞

(
sup
x∈Ω

P (x, ct)

M(x, t)

)
=

0
)
.
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Proposition 2.1. ([9]) Let P ≺≺ M near infinity and ∀t > 0, supx∈Ω P (x, t) <
∞, then ∀ε > 0, ∃Cε > 0 such that

P (x, t) ≤M(x, εt) + Cε,∀t > 0. (2.1)
2.2. Musielak-Orlicz space.
The Musielak-Orlicz space LM(Ω) is define as

LM(Ω) = {u : Ω→ IR mesurable : %M,Ω(
u

λ
) <∞, for some λ > 0}.

where %M,Ω(u) =

∫
Ω

M(x, |u(x)|)dx, equipped with the Luxemburg norm

‖u‖M = inf
{
λ > 0 : %M,Ω(

u

λ
) ≤ 1

}
.

Denote M(x, s) = supt≥0(st−M(x, s)) the conjugate Musielak-Orlicz function of
M .
We define EM(Ω) as the subset of LM(Ω) of all measurable functions u : Ω 7→ IR

such that %M,Ω(
u

λ
) < ∞ for all λ > 0. It is a separable space and (EM(Ω))∗ =

LM(Ω).
We define the Musielak-Orlicz-Sobolev space as

W 1LM(Ω) = {u ∈ LM(Ω) : Dαu ∈ LM(Ω), ∀|α| ≤ 1},
endowed with the norm

‖u‖1
M,Ω = inf{λ > 0 :

∑
|α|≤1

%M,Ω(
Dαu

λ
) ≤ 1}.

Lemma 2.1. ([11])(Approximation theorem) Let Ω be a bounded Lipschitz do-
main in IRN and let M and M be two complementary Musielak-Orlicz functions
which satisfy the following conditions:

(1) There exists a constant c > 0 such that infx∈Ω M(x, 1) > c,
(2) There exists a constant A > 0 such that for all x, y ∈ Ω with |x− y| ≤ 1

2
,

we have
M(x, t)

M(y, t)
≤ |t|

(
A

log( 1
|x−y| )

)
for all t ≥ 1,

(3)

∫
K

M(y, λ)dx <∞, ∀λ > 0 and for every compact K ⊂ Ω,

(4) There exists a constant C > 0 such that M(y, t) ≤ C a.e. in Ω.

Under this assumptions D(Ω) is dense in LM(Ω) with respect to the modular
topology, D(Ω) is dense in W 1

0LM(Ω) for the modular convergence and D(Ω) is
dense in W 1

0LM(Ω) for the modular convergence.

Exemple 2.1. We give some example for a Musielak-Orlicz functions of approx-
imation theorem

• M1(x, t) = |t|p(x) with p : Ω → [1,∞) a measurable function with Log-
Hölder continuite

M1(x, t)

M1(y, t)
= |t|p(x)−p(y) ≤ t

(
A

log( 1
|x−y| )

)
for all t ≥ 1.
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• M2(x, t) = α(x)(exp(|t|)− 1 + |t|), 0 < α(x) ∈ L∞(Ω).

Remark that M1 ∈ 42 if p+ := ess sup
x∈Ω

p(x) <∞ while M2 /∈ 42.

Lemma 2.2. ([3], [4])(Modular Poincaré inequality) Under the assumptions of
lemma 2.1, and by assuming that M(x, .) decreases with respect to one of coordi-
nate of x, there exists a constant δ > 0 which depends only on Ω such that∫

Ω

M(x, |u|)dx ≤
∫

Ω

M(x, δ|∇u|)dx for all u ∈ W 1
0LM(Ω). (2.2)

Lemma 2.3. ([8]) Suppose that Ω satisfies the segment property and let u ∈
W 1

0LM(Ω). Then, there exists a sequence un ∈ D(Ω) such that

un → u for modular convergence in W 1
0LM(Ω).

Furthermore, if u ∈ W 1
0LM(Ω) ∩ L∞(Ω) then ‖un‖∞ ≤ (N + 1)‖u‖∞.

Lemma 2.4. Let un, u ∈ LM(Ω). If un → u with respect to the modular conver-
gence, then un ⇀ u for σ(LM , LM).

Proof . Let λ > 0 such that

∫
Ω

M(x,
un − u
λ

)dx → 0. Thus, for a subsequence,

un → u a.e. in Ω. Take v ∈ LM(Ω). Multiplying v by a suitable constant, we can
assume λv ∈ LM(Ω).
By Young’s inequality,

|(un − u)v| ≤M(x,
un − u
λ

) +M(x, λv)

which implies, by Vitali’s theorem, that

∫
Ω

|(un − u)v|dx→ 0.

Truncation Operator: Tk, k > 0, denotes the truncation function at level k
defined on IR by Tk(r) = max(−k,min(k, r)).

3. Essential assumptions and Main results

Throughout this sequel we assume that Ω is an open bounded subset of IRN

(N ≥ 2) and let M and P be two Musielak-Orlicz functions such that M and its
complementary M satisfies conditions of Lemma 2.1, M is decreasing in x and
P ≺≺M .
a : Ω × IR × IRN → IRN is Carathéodory function such that for a.e. x ∈ Ω and
for all s ∈ IR, ξ, ξ∗ ∈ IRN , ξ 6= ξ∗

|a(x, s, ξ)| ≤ β(a0(x)+M
−1

x (P (x, k1|s|))+M
−1

x (M(x, k2|ξ|))), β > 0, a0(.) ∈ EM(Ω),
(3.1)

(a(x, s, ξ)− a(x, s, ξ∗)(ξ − ξ∗) > 0, (3.2)

a(x, s, ξ).ξ ≥ αM(x, |ξ|) +M(x, |s|). (3.3)

Φ : Ω× IR→ IRN is a Carathéodory function such that

|Φ(x, s)| ≤ c(x)M
−1

x M(x, α0|s|), (3.4)
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where c(.) ∈ L∞(Ω) such that ‖c(.)‖L∞(Ω) <
α
2

and 0 < α0 < min(1, 1
α

).
H : Ω× IR× IRN → IRN is a Carathéodory function such that

|H(x, s, ξ)| ≤ h(x) + ρ(s)M(x, |ξ|), (3.5)

ρ : IR → IR+ is continuous positive function which belong L∞(IR) and h belong
L1(Ω).
µ ∈ L1(Ω) +W−1EM(Ω) such that

µ = f − div(F ), (3.6)

with f ∈ L1(Ω) and F ∈ (EM(Ω))N .
Given a negative measurable obstacle function ζ : Ω→ IR

Kζ = {u ∈ W 1
0LM(Ω) : u ≥ ζ a.e. in Ω}. (3.7)

Definition 3.1. A measurable function u defined on Ω is a entropy solution of
problem (1.1), if it satisfies the following conditions:

u ∈ D(A) ∩W 1
0LM(Ω), u ≥ ζ,∫

Ω

a(x, u,∇u)∇Tk(u− v)dx+

∫
Ω

Φ(x, u)∇Tk(u− v)dx

+

∫
Ω

H(x, u,∇u)∇Tk(u− v)dx ≤
∫

Ω

fTk(u− v)dx+

∫
Ω

F∇Tk(u− v)dx

∀v ∈ Kζ ∩ L∞(Ω), ∀k > 0.
(3.8)

The main result of the paper as follows,

Theorem 3.1. (Existence of entropy solutions) Assume that (3.1) − (3.7)
hold true.Then there exists at least one solution of the following unilateral problem
(1.1) in the sense of the definition 3.1.

4. Proof of theorem 3.1

Step 1: Approximate problem.
For each n > 0, we define the following approximations

an(x, s, ξ) = a(x, Tn(s), ξ) a.e. x ∈ Ω, ∀ s ∈ IR, ∀ ξ ∈ IRN , (4.1)

Φn(x, s) = Φ(x, Tn(s)) a.e. x ∈ Ω, ∀ s ∈ IR, (4.2)

Hn(x, s, ξ) =
H(x, s, ξ)

1 + 1
n
|H(x, s, ξ)|

a.e. x ∈ Ω, ∀ s ∈ IR, ∀ ξ ∈ IRN , (4.3)

fn is a smooth function such that fn → f strongly in L1(Ω), and ‖fn‖L1(Ω) ≤ ‖f‖L1(Ω).
(4.4)

And we define sgk(s) = Tk(s)
k

.
Let us now consider the approximate problem :

un ∈ W 1
0LM(Ω),

−div(an(x, un,∇un))− div(Φn(x, un))
+Hn(x, un,∇un)− nTn(un − ζ)−sg1/n(un) = fn − div(F ) in Ω,
un(x) = 0 on ∂Ω.

(4.5)



84 A. ABERQI, J. BENNOUNA AND M. ELMASSOUDI

Since Hn is bounded for any fixed n > 0, there exists at last one solution un ∈
W 1

0LM(Ω) of (4.5)(see [10]).
Step 2: A priori estimates.

Lemma 4.1.
Let un be a solution of the approximate problem (4.5), then for all k > 0, there
exists a constants C1, C2, C3 and C4 such that∫

Ω

a(x, Tk(un),∇Tk(un))∇Tk(un)dx ≤ kC1 + C2, (4.6)

and ∫
Ω

M(x, |∇Tk(un)|)dx ≤ kC3 + C4. (4.7)

Proof. Fix k > 0,

Let a exp(G(un))Tk(un)+ as a test function in problem (4.5),whereG(s) =
∫ s

0
ρ(r)
α′
dr,

and α′ > 0 is a parameter to be specified later, we get∫
Ω

an(x, un,∇un)∇
(

exp(G(un))Tk(un)+
)
dx (4.8)

+

∫
Ω

Φn(x, un))∇
(

exp(G(un))Tk(un)+
)
dx (4.9)

+

∫
Ω

H(x, un,∇un) exp(G(un))Tk(un)+dx (4.10)

+

∫
Ω

nTn(un − ζ)−sg1/n(un) exp(G(un))Tk(un)+dx (4.11)

≤ k exp(
‖ρ‖L1

α′
)‖fn‖L1(Ω) +

∫
Ω

F∇
(

exp(G(un))Tk(un)+
)
dx. (4.12)

* For (4.9), we use (3.4), Lemma 2.2 and Young inequality, we get∫
Ω

Φn(x, un))∇(exp(G(un))Tk(un)+)dx

≤
‖c(.)‖L∞(Ω)

α′
[
α0

∫
Ω

M(x, un)ρ(un) exp(G(un))Tk(un)+dx

+

∫
Ω

M(x, |∇un|)ρ(un) exp(G(un))Tk(un)+dx
]

+‖c(.)‖L∞(Ω)α0

∫
Qτ

M(x, |un|) exp(G(un))dx

+‖c(.)‖L∞(Ω)

∫
Ω

M(x, |∇Tk(un)+|) exp(G(un))dx.

* For (4.10), we have∫
Ω

Hn(x, un,∇un) exp(G(un))Tk(un)+dx ≤ k exp(
‖ρ‖L1

α′
)‖f‖L1(Ω)

+

∫
Ω

ρ(un) exp(G(un))M(x, |∇un|)Tk(un)+dx.
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* For (4.12), we have∫
Ω

F∇
(

exp(G(un))Tk(un)+
)
dx ≤ k

α′
exp(
‖ρ‖L1

α′
)‖ρ‖L∞

∫
Ω

M(x,
|F |
ε1

)dx

+
ε1
α′

∫
Ω

ρ(un) exp(G(un))M(x, |∇un|)Tk(un)+dx

+ exp(
‖ρ‖L1

α′
)

∫
Ω

M(x,
|F |
ε1

)dx+ ε1

∫
Ω

exp(G(un))M(x, |∇Tk(un)+|)dx.

Finally using the previous inequalities and (3.3), we obtain

1

α′

∫
Ω

M(x, un)ρ(un) exp(G(un)Tk(un)+dx+
α

α′

∫
Ω

ρ(un) exp(G(un))M(x, |∇Tk(un|))Tk(un)+dx

+

∫
Ω

a(x, un,∇un) exp(G(un))∇(Tk(un)+)dx

‖c(.)‖L∞(Ω)

α′
[
α0

∫
Ω

M(x, |un|)ρ(un) exp(G(un))Tk(un)+dx

+

∫
Ω

M(x, |∇un|)ρ(un) exp(G(un))Tk(un)+dx
]

+‖c(.)‖L∞(Ω)α0

∫
Ω

M(x, |un|) exp(G(un))χ{Tk(un)+}dx

+‖c(.)‖L∞(Ω)

∫
Ω

M(x, |∇Tk(un)+|) exp(G(un))dx

+

∫
Ω

ρ(un) exp(G(un))M(x, |∇un|)Tk(un)+dx+
ε1
α′

∫
Ω

ρ(un) exp(G(un))M(x, |∇un|)Tk(un)+dx

+ε1

∫
Ω

M(x, |∇Tk(un)+|) exp(G(un))dx

+

∫
Ω

nTn(un − ζ)−sg1/n(un) exp(G(un))Tk(un)+dx

+k exp(
‖ρ‖L1

α′
)[‖f‖L1(Ω) + ‖h‖L1(Ω) + ‖ρ‖L∞

∫
Ω

M(x,
|F |
ε1

)dx] + exp(
‖ρ‖L1

α′
)

∫
Ω

M(x,
|F |
ε1

)dx

(4.13)
Using again (3.3) in (4.13) we get

(
1− α0‖c(.)‖L∞(Ω)

α′
)

∫
Ω

M(x, |un|)ρ(un) exp(G(un)Tk(un)+dx

+
[ α
α′
−
‖c(.)‖L∞(Ω)

α′
− 1− ε1

α′
] ∫

Ω

ρ(un) exp(G(un)M(x, |∇un|)Tk(un)+dx

+

∫
Ω

a(x, un,∇un) exp(G(un))∇(Tk(un)+)dx

+

∫
Ω

nTn(un − ζ)−sg1/n(un) exp(G(un))Tk(un)+dx ≤

+‖c(.)‖L∞(Ω)α0

∫
Ω

M(x, |un|) exp(G(un))χTk(un)+dx

+(‖c(.)‖L∞(Ω) + ε1)

∫
Ω

M(x, |∇Tk(un)+|) exp(G(un))dx

+kc1 + c2.
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We choose α′ and ε1 such that α′ = α
2

and ε1 <
α
2
− ‖c(.)‖L∞(Ω),

we obtain ∫
Ω

a(x, un,∇un) exp(G(un))∇(Tk(un)+)dx

+

∫
Ω

nTn(un − ζ)−sg1/n(un) exp(G(un))Tk(un)+dx ≤

+(
‖c(.)‖L∞(Ω) + ε1

α
)[α0α

∫
Ω

M(x, |un|) exp(G(un))χTk(un)+dx

+α

∫
Ω

M(x, |∇Tk(un)+|) exp(G(un))dx] + kc1 + c2.

since α0α < 1 and using (3.3) we get

[1− (
‖c(.)‖L∞(Ω) + ε1)

α
]

∫
Ω

a(x, un,∇un) exp(G(un))∇(Tk(un)+)dx

+

∫
Ω

nTn(un − ζ)−sg1/n(un) exp(G(un))Tk(un)+dx

≤ kc1 + c2,

we deduce ∫
Ω

a(x, un,∇un) exp(G(un))∇(Tk(un)+)dx

+ c′
∫

Ω

nTn(un − ζ)−sg1/n(un) exp(G(un))Tk(un)+dx ≤ kc′c1 + c′c2, (4.14)

where 1
c′

= 1− (
‖c(.)‖L∞(Ω)+ε1

α
).

It follow that

0 ≤
∫

Ω

nTn(u− ζ)−sg1/n(un) exp(G(un))
Tk(un)+

k
dx ≤ c1,

we deduce by Fatou’s lemma as k → 0 that

0 ≤
∫
{un≥0}

nTn(un − ζ)−sg1/n(un) exp(G(un))dx ≤ c1.

Return to (4.14), we have∫
Ω

a(x, un,∇un) exp(G(un))∇(Tk(un)+)dx ≤ kc′c1 + c′c2,

as one has exp(G(un)) ≥ 1 a.e. in {x ∈ Ω : 0 ≤ un ≤ k} then

0 ≤
∫
{un≥0}

nTn(un − ζ)−sg1/n(un)dx ≤ c1, (4.15)

and ∫
Ω

a(x, un,∇un)∇(Tk(un)+)dx ≤ kc′c1 + c′c2. (4.16)

By (3.3) and (4.16) we get∫
Ω

M(x, |∇Tk(un)+|)dx ≤ kc′c1 + c′c2

α
. (4.17)
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Similarly, taking exp(−G(un)Tk(un)− as a test function in problem (4.5), we
get

+

∫
Ω

an(x, un,∇un)∇(exp(−G(Tk(un))∇Tk(un)−)dx (4.18)

+

∫
Ω

Φn(x, un))∇(exp(−G(Tk(un))∇Tk(un)−)dx (4.19)

+

∫
Ω

H(x, un,∇un) exp(−G(Tk(un))Tk(un)−dx (4.20)

+

∫
Ω

nTn(un − ζ)−sg1/n(un) exp(−G(un))Tk(un)−dx (4.21)

≥
∫

Ω

fn exp(−G(Tk(un))Tk(un)−dx−
∫

Ω

F∇(exp(−G(Tk(un))∇Tk(un)−)dx,

(4.22)
and using same techniques, we obtain also∫

Ω

a(x, un,∇un) exp(G(un))∇(Tk(un)−)dx

− c′
∫

Ω

nTn(u− ζ)−sg1/n(un) exp(−G(un))Tk(un)−dx ≤ kc′c1 + c′c2. (4.23)

One has also exp(−G(un)) ≥ 1) a.e. in {x ∈ Ω : −k ≤ un ≤ 0}, then as above, it
follow that ∫

Ω

a(x, un,∇un)∇Tk(un)dx ≤ kc′c1 + c′c2, (4.24)

0 ≤ −
∫
{un≤0}

nTn(un − ζ)−sg1/n(un)dx ≤ c1, (4.25)

and ∫
Ω

M(x, |∇Tk(un)−|)dx ≤ kc′c1 + c′c2

α
. (4.26)

Combining now (4.16) and (4.24), we get∫
Ω

a(x, un,∇un)∇Tk(un)dx ≤ kC1 + C2, (4.27)

Of the same with (4.17) and (4.26), we get∫
Ω

M(x, |∇Tk(un)|)dx ≤ kC3 + C4. (4.28)

We conclude that Tk(un) is bounded in W 1
0LM(Ω) independently of n and for

any k > 0, so there exists a subsequence still denoted by un such that

Tk(un) ⇀ ξk weakly in W 1
0LM(Ω). (4.29)

On the other hand, using (4.28), we have

inf
x∈Ω

M(x,
k

δ
)meas{|un| > k} ≤

∫
{|un|>k}

M(x,
|Tk(un)|

δ
)dx

≤
∫

Ω

M(x, |∇Tk(un)|)dx ≤ kC3 + C4.
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Then

meas{|un| > k} ≤ kC3 + C4

infx∈Ω M(x, k
δ
)
,

for all n and for all k.
Assuming that there exists a positive function ψ such that limt→∞

ψ(t)
t

= +∞
and
ψ(t) ≤ ess infx∈ΩM(x, t), ∀t ≥ 0. Thus, we get

lim
k→∞

meas{|un| > k} = 0. (4.30)

�

Step 3: Convergence of un and boundedness of an(x, Tk(un),∇Tk(un))
Now we turn to prove the almost every convergence of un and convergence of
an(x, Tk(un),∇Tk(un)).

Proposition 4.1. Let un be a solution of the approximate problem, then

un → u a.e in Ω, (4.31)

an(x, Tk(un),∇Tk(un)) ⇀ $k in (LM(Ω))N , for σ(ΠLM ,ΠEM), (4.32)

for some $k ∈ (LM(Ω))N .
Proof.
Proof of (4.31) : Let η > 0 and ε > 0 then

meas{|un − um| > η} ≤ meas{|un| > k}+ meas{|um| > k}
+meas{|Tk(un)− Tk(um)| > η}.

By (4.29), we assume that (Tk(un))n is a Cauchy sequence in measure in Ω.
thus, there exists k(ε) > 0 such that meas{|Tk(un) − Tk(um)| > η} < ε for all
n,m > n0.
Finally using (4.30) allows as to prove that un is a Cauchy sequence in measure
in Ω and then converges almost everywhere to some measurable function u.
Proof of (4.32) :

We shall prove that {a(x, Tk(un),∇Tk(un))}n is bounded in
(
LM(Ω)

)N
for all

k > 0.
Let w ∈ (EM(Ω))N be arbitrary. By condition (3.2) we have,

(a(x, un,∇un)− a(x, un, w))(∇un − w) > 0.

Then∫
{|un|≤k}

a(x, un,∇un)wdx ≤
∫
{|un|≤k}

a(x, un,∇un)∇undx+

∫
{|un|≤k}

a(x, un, w)(w−∇un)dx,

by (3.1) we have for ν > β

∫
{|un|≤k}

M(x,
|a(x, un,

w
k2

)|
3β

)dx ≤ β

3ν
[

∫
Ω

M(x, |a0(x)|)dx+

∫
Ω

P (x, k1|Tk(un)|)dx+M(x, |w|)dx]

≤ β

3ν
[

∫
Ω

M(x, |a0(x)|)dx+

∫
Ω

P (x, k1k)dx+M(x, |w|)dx]. (4.33)
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Thus {a(x, Tk(un), w
k2

)} is bounded in (LM(Ω))N

by (4.33),(4.6) and by the theorem of Banach-Steinhaus, the sequence
{a(x, Tk(un),∇Tk(un))} remains bounded in (LM(Ω))N and we conclude (4.32).
�
Step 4: Almost everywhere convergence of the gradients.
To have that the gradient converges almost everywhere, we need to prove this
proposition.

Proposition 4.2. Let un be a solution of the approximate problem (4.5), then

(1) lim
m→∞

lim sup
n→∞

∫
{m≤|un|≤m+1}

a(x, un,∇un)∇undx = 0, (4.34)

(2) for a subsequence as n→∞
∇un → ∇u a.e. in Ω. (4.35)

Proof.
(1) Taking the function Zm(un) = T1(un − Tm(un))− and multiplying the ap-

proximating equation (4.5) by the test function exp(−G(un))Zm(un) we get

∫
Ω

an(x, un,∇un)∇(exp(−G(un))Zm(un))dx+

∫
Ω

Φn(x, un)∇(exp(−G(un))Zm(un))dx

+

∫
Ω

Hn(x, un,∇un) exp(−G(un))Zm(un)dx

+

∫
Ω

nTn(un − ζ)−sg1/n(un) exp(−G(un))Zm(un) dx

=

∫
Ω

fn exp(−G(un))Zm(un) dx+

∫
Ω

F∇(exp(−G(un))Zm(un))dx.

(4.36)
Using the same argument in step 2, we obtain∫

Ω

M(x, |∇Zm(un)|)dx ≤ exp(
‖ρ‖L1

α′
)C[

∫
Ω

fnZm(un) dx+

∫
Ω

h(x)Zm(un)dx

+‖ρ‖L∞
∫

Ω

M(x,
|F |
ε1

)Zm(un)dx]

+ exp(
‖ρ‖L1

α′
)C

∫
{−(m+1)≤un≤−m}

M(x,
|F |
ε1

)dx, (4.37)

where
1

C
= [1− (

‖c(.)‖L∞(Ω) + ε1
α

)].

Passing to the limit as n → +∞, since the pointwise convergence of un and
strongly convergence in L1(Ω) of fn , we get

lim
n→+∞

∫
Ω

M(x, |∇Zm(un)|)dx ≤ exp(
‖ρ‖L1

α′
)C[

∫
Ω

fZm(u) dx+

∫
Ω

h(x)Zm(u)dx

+‖ρ‖L∞
∫

Ω

M(x,
|F |
ε1

)Zm(u)dx]

+ exp(
‖ρ‖L1

α′
)C

∫
{−(m+1)≤u≤−m}

M(x,
|F |
ε1

)dx.
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Using Lebesgue’s theorem and passing to the limit as m→ +∞, in the all term
of the right-hand side, we get

lim
m→+∞

lim
n→+∞

∫
Ω

M(x, |∇Zm(un)|)dx = 0. (4.38)

On the other hand, by (3.4) and Young inequality, for n > m+ 1 we obtain∫
Ω

|Φn(x, un) exp(−G(un))∇Zm(un)|dx

≤ exp(
‖ρ‖L1

α′
)[

∫
{−(m+1)≤un≤−m}

M(x, α0|Tm+1(un)|)dx+

∫
Ω

M(x, |∇Zm(un)|)dx]

Using the pointwise convergence of un and by Lebesgue’s theorem, it follows

lim
n→+∞

∫
Ω

|Φn(x, un) exp(−G(un))∇Zm(un)|dx

≤ exp(
‖ρ‖L1

α′
)[

∫
{−(m+1)≤u≤−m}

M(x, α0|Tm+1(u)|)dx+ lim
n→+∞

∫
Ω

M(x, |∇Zm(un)|)dx],

passing to the limit in as m→ +∞, we get

lim
m→+∞

lim
n→+∞

∫
Ω

Φn(x, un) exp(−G(un))∇Zm(un)dx = 0.

Finally passing to the limit in (4.37), we get

lim
m→+∞

lim
n→+∞

∫
{−(m+1)≤un≤−m}

an(x, un,∇un)∇undx = 0.

In the same way we take Zm(un) = T1(un − Tm(un))+ and multiplying the ap-
proximating equation (4.5) by the test function exp(G(un))Zm(un) and we also
obtain

lim
m→+∞

lim
n→+∞

∫
{m≤un≤m+1}

an(x, un,∇un)∇undx = 0.

On the above we get (4.34).
(2) For the almost everywhere convergence of the gradients, we use the follow-

ing lemma.

Lemma 4.2. Under the assumptions (3.1)–(3.6), let zn be a sequence in W 1
0LM(Ω)

such that:
zn ⇀ z for σ(ΠLM ,ΠEM), (4.39)

(a(x, zn,∇zn)) is bounded in (LM(Ω))N , (4.40)∫
Ω

[a(x, zn,∇zn)− a(x, zn,∇zχs)][∇zn −∇zχs]dx→ 0, (4.41)

as n and s tend to +∞, and where χs is the characteristic function of
Ωs = {x ∈ Ω; |∇z| ≤ s} then,

∇zn → ∇z a.e. in Ω, (4.42)

lim
n→+∞

∫
Ω

a(x, zn,∇zn)∇zndx =

∫
Ω

a(x, z,∇z)∇zdx, (4.43)
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M(x, |∇zn|)→M(x, |∇z|) in L1(Ω). (4.44)

Proof. see [7]. �

Let υj ∈ D(Ω) be a sequence such that υj → u in W 1
0LM(Ω) for the modular

convergence.

We introduce a sequence of increasing C1(IR)-functions Sm such that

Sm(r) = 1 for |r| ≤ m, Sm(r) = m+1−|r|, for m ≤ |r| ≤ m+1, Sm(r) = 0 for |r| ≥ m+1

for any m ≥ 1 and we denote by ε(n, η, j,m) all quantities (possibly different)
such that

lim
m→+∞

lim
j→+∞

lim
η→+∞

lim
µ→+∞

lim
n→+∞

ε(n, η, j,m) = 0,

the main estimate is
For fixed k ≥ 0, let W n,j

η = Tη(Tk(un)−Tk(υj))+ and W j
η = Tη(Tk(u)−Tk(υj))+.

Multiplying the approximating equation by exp(G(un))W n,j
η Sm(un) and using the

same technique in step 2 we obtain:

+

∫
Ω

an(x, un,∇un) exp(G(un))∇(W n,j
η )Sm(un)dx

+

∫
Ω

an(x, un,∇un)∇un exp(G(un))W n,j
η S ′m(un) dx

−
∫

Ω

Φn(x, un) exp(G(un))∇(W n,j
η )Sm(un) dx−

∫
Ω

Φn(x, un)∇un exp(G(un))W n,j
η S ′m(un)dx

≤
∫

Ω

fn exp(G(un))W n,j
η Sm(un) dx+

∫
Ω

h(x) exp(G(un))W n,j
η Sm(un)dx

+

∫
Ω

F exp(G(un))∇(W n,j
η )Sm(un) dx+

∫
Ω

F∇un exp(G(un))W n,j
η S ′m(un)dx.

(4.45)
Now we pass to the limit in (4.45) for k real number fixed.

In order to perform this task we prove below the following results for any fixed
k ≥ 0:∫

Ω

Φn(x, un)Sm(un) exp(G(un))∇(W n,j
η ) dx = ε(n, j) for any m ≥ 1, (4.46)∫

Ω

Φn(x, un)∇unS ′m(un) exp(G(un))W n,j
η dx = ε(n, j) for any m ≥ 1, (4.47)∫

Ω

an(x, un,∇un)∇unS ′m(un) exp(G(un))W n,j
η dx ≤ ε(n,m), (4.48)∫

Ω

an(x, un,∇un)Sm(un) exp(G(un))∇(W n,j
η ) dx ≤ Cη + ε(n, j,m), (4.49)

∫
Ω

fnSm(un) exp(G(un))W n,j
η dx+

∫
Ω

h(x) exp(G(un))W n,j
η Sm(un) dx ≤ Cη+ε(n, η),

(4.50)
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+

∫
Ω

F exp(G(un))∇(W n,j
η )Sm(un) dx

∫
Ω

F∇un exp(G(un))W n,j
η S ′m(un)dx ≤ ε(n,m, j, η),

(4.51)∫
Ω

[a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(u))][∇Tk(un)−∇Tk(u)]dx→ 0.

(4.52)
Proof of (4.46): If we take n > m+ 1, we get

Φn(x, un) exp(G(un))Sm(un) = Φ(x, Tm+1(un)) exp(G(Tm+1(un)))Sm(Tm+1(un)),

then Φn(x, un) exp(G(un))Sm(un) is bounded in LM(Q), thus, by using the
pointwise convergence of un and Lebesgue’s theorem we obtain
Φn(x, un) exp(G(un))Sm(un) → Φ(x, u) exp(G(u))Sm(u) with the modular con-
vergence as n→ +∞, then Φn(x, un) exp(G(un))Sm(un)→ Φ(x, u) exp(G(u))Sm(u)
for σ(ΠLM ,ΠLM).
In the other hand ∇W n,j

η = ∇Tk(un)−∇(Tk(υj)) for 0 ≤ Tk(un)− (Tk(υj)) ≤ η

converge to ∇Tk(u)−∇(Tk(υj)) weakly in (LM(Ω))N , then∫
Ω

Φn(x, un) exp(G(un))Sm(un)∇W n,j
η dx→

∫
Ω

Φ(x, u)Sm(u) exp(G(u))∇W j
η dx

as n→ +∞.
By using the modular convergence of W j

η as j → +∞ and letting µ tends to
infinity, we get (4.46).
Proof of (4.47):
For n > m + 1 > k , we have ∇unS ′m(un) = ∇Tm+1(un) a.e. in Ω. By the
almost every where convergence of un we have exp(G(un))W n,j

η → exp(G(u))W j
η

in L∞(Ω) weak-* and since the sequence (Φn(x, Tm+1(un)))n converge strongly
in EM(Ω) then

Φn(x, Tm+1(un)) exp(G(un)) W n,j
η → Φ(x, Tm+1(u)) exp(G(u))W j

η

converge strongly in EM(Ω) as n → +∞. By virtue of ∇Tm+1(un) → ∇Tm+1(u)
weakly in (LM(Ω))N as n→ +∞ we have∫

{m≤|un|≤m+1}
Φn(x, Tm+1(un))∇unS ′m(un) exp(G(un))W n,j

η dx

→
∫
{m≤|u|≤m+1}

Φ(x, u))∇u exp(G(u))W j
η dx

as n→ +∞.
with the modular convergence of W j

η as j → +∞ and letting µ→ +∞ we get
(4.47).
Proof of (4.48):
For (4.48), we have∫

Ω

an(x, un,∇un)S ′m(un)∇un exp(G(un))W n,j
η dx

=

∫
{m≤|un|≤m+1}

an(x, un,∇un)S ′m(un)∇un exp(G(un))W n,j
η dx
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≤ ηC

∫
{m≤|un|≤m+1}

an(x, un,∇un)∇un dx.

Using (4.34), we get∫
Ω

an(x, un,∇un)S ′m(un)∇un exp(G(un))W n,j
η dx ≤ ε(n,m).

Proof of (4.50):
Since Sm(r) ≤ 1 and W n,j

η ≤ η we get∫
Ω

fnSm(un) exp(G(un))W n,j
η dx ≤ ε(n, η), and

∫
Ω

h(x) exp(G(un))W n,j
η Sm(un)dx ≤

ε(η).
Proof of (4.51):

Denoting by IF,1 =

∫
Ω

F exp(G(un))∇(W n,j
η )Sm(un) dx

and by IF,2 =

∫
Ω

F∇un exp(G(un))W n,j
η S ′m(un)dx.

For the first integral we have

IF,1 ≤ exp(
‖ρ‖L1(IR)

α′
)

∫
Ω

F ∇W n,j
η dx ≤ ε(η).

Since Tk(un) and Tk(vj) converge weakly in W 0,1LM(Ω), we deduce

IF,1 ≤ ε(n, j, η).

For the first integral we know that ∇unS ′m(un) = Tm+1(un) and using (3.3) we
get

IF,2 ≤ exp(
‖ρ‖L1(IR)

α′
)[ε1

∫
Ω

M(x,
F

ε1
)W n,j

η dx+ε1η

∫
m≤|un|≤m+1

an(x, un,∇un)∇undx]

≤ ε(n,m, j, η).

Proof of (4.49):∫
Ω

an(x, un,∇un)Sm(un) exp(G(un))∇W n,j
η dx

=

∫
{|un|≤k}∩{0≤Tk(un)−Tk(υj))≤η}

an(x, Tk(un),∇Tk(un))Sm(un) exp(G(un))(∇Tk(un)−∇Tk(υj)) dx

−
∫
{|un|>k}∩{0≤Tk(un)−Tk(υj))≤η}

an(x, un,∇un)Sm(un) exp(G(un))∇Tk(υj) dx.

(4.53)
Since an(x, Tk+η(un),∇Tk+η(un)) is bounded in (LM(Ω))N , there exist some
$k+η ∈ (LM(Ω))N such that an(x, Tk+η(un),∇Tk+η(un)) → $k+η weakly in
(LM(Ω))N . Consequently:∫

{|un|>k}∩{0≤Tk(un)−Tk(υj))≤η}
an(x, un,∇un)Sm(un) exp(G(un))∇Tk(υj) dx

=

∫
{|u|>k}∩{0≤Tk(u)−Tk(υj))≤η}

Sm(u) exp(G(u))∇Tk(υj)$k+η dx+ ε(n), (4.54)
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where we have used the fact that

Sm(un) exp(G(un))∇Tk(υj))χ{|un|>k}∩{0≤Tk(un)−Tk(υj))≤η}

→ Sm(u) exp(G(u))∇Tk(υj))χ{|u|>k}∩{0≤Tk(u)−Tk(υj))≤η}

strongly in (EM(Ω))N .
Letting j → +∞, we obtain∫
{|u|>k}∩{0≤Tk(u)−Tk(υj))≤η}

Sm(u) exp(G(u))∇Tk(υj)$k+η dx

=

∫
{|u|>k}∩{0≤Tk(u)−Tk(u))≤η}

Sm(u) exp(G(u))∇Tk(u)$k+η dx+ ε(n, j).

One has,∫
{|u|>k}∩{0≤Tk(u)−Tk(u))≤η}

Sm(u) exp(G(u))∇Tk(u)$k+η dx = ε(n, j).

By (4.45)-(4.50), (4.53) and (4.54) we obtain∫
{|un|≤k}∩{0≤Tk(un)−Tk(υj))|≤η}

an(x, Tk(un),∇Tk(un))Sm(un) exp(G(un))(∇Tk(un)−∇Tk(υj)) dx

≤ Cη + ε(n, j,m),

we know that exp(G(un)) ≥ 1 and Sm(un) = 1 for |un| ≤ k then∫
{|un|≤k}∩{0≤Tk(un)−Tk(υj))|≤η}

an(x, Tk(un),∇Tk(un))(∇Tk(un)−∇Tk(υj)) dx

≤ Cη + ε(n, j,m). (4.55)

Proof of (4.52):
Setting for s > 0, Ωs = {x ∈ Ω : |∇Tk(u)| ≤ s} and Ωs

j = {x ∈ Ω : |∇Tk(υj)| ≤
s} and denoting by χs and χsj the characteristic functions of Ωs and Ωs

j respec-
tively, we deduce that letting 0 < δ < 1, define

Θn,k = (a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(u)))(∇Tk(un)−∇Tk(u)).

For s > 0, we have

0 ≤
∫

Ωs
Θδ
n,k dx =

∫
Ωs

Θδ
n,kχ{0≤Tk(un)−Tk(υj)≤η} dx+

∫
Ωs

Θδ
n,kχ{Tk(un)−Tk(υj)>η} dx.

The first term of the right-side hand, with the Hölder inequality∫
Ωs

Θδ
n,kχ{0≤Tk(un)−Tk(υj)≤η} dx ≤ (

∫
Ωs

Θn,kχ{0≤Tk(un)−Tk(υj)≤η} dx)δ(

∫
Ωs
dx)1−δ

≤ C1(

∫
Ωs

Θn,kχ{0≤Tk(un)−Tk(υj)≤η} dx)δ.

Also using the Hölder inequality, the second term of the right-side hand is∫
Ωs

Θδ
n,kχ{Tk(un)−Tk(υj)>η} dx ≤ (

∫
Ωs

Θn,k dx)δ(

∫
Tk(un)−Tk(υj)>η)

dx)1−δ,
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since a(x, Tk(un),∇Tk(un)) is bounded in (LM(Ω))N , while ∇Tk(un) is bounded
in (LM(Ω))N then∫

Ωs
Θδ
n,kχ{Tk(un)−Tk(υj)>η} dx ≤ C2meas{x ∈ Ω : Tk(un)− Tk(υj) > η}1−δ.

We obtain ∫
Ωs

Θδ
n,k dx ≤ C1(

∫
Ωs

Θn,kχ{0≤Tk(un)−Tk(υj)≤η} dx)δ

+C2meas{x ∈ Ω : Tk(un)− Tk(υj) > η}1−δ.

On the other hand ∫
Ωs

Θn,kχ{0≤Tk(un)−Tk(υj)≤η} dx

≤
∫
{0≤Tk(u)−Tk(υj)≤η}

(a(x, Tk(un),∇Tk(un))−a(x, Tk(un),∇Tk(u)χs))(∇Tk(un)−∇Tk(u)χs) dx

For each s > r, r > 0, one has

0 ≤
∫

Ωr∩{0≤Tk(un)−Tk(υj)≤η)}
(a(x, Tk(un),∇Tk(un))−a(x, Tk(un),∇Tk(u)))(∇Tk(un)−∇Tk(u)) dx

≤
∫

Ωs∩{0≤Tk(un)−Tk(υj)≤η)}
(a(x, Tk(un),∇Tk(un))−a(x, Tk(un),∇Tk(u)))(∇Tk(un)−∇Tk(u)) dx

=

∫
Ωs∩{0≤Tk(un)−Tk(υj)≤η)}

(a(x, Tk(un),∇Tk(un))−a(x, Tk(un),∇Tk(u)χs))(∇Tk(un)−∇Tk(u)χs) dx

≤
∫

Ω∩{0≤Tk(un)−Tk(υj)≤η)}
(a(x, Tk(un),∇Tk(un))−a(x, Tk(un),∇Tk(u)χs))(∇Tk(un)−∇Tk(u)χs) dx

=

∫
{0≤Tk(un)−Tk(υj)≤η}

(a(x, Tk(un),∇Tk(un))−a(x, Tk(un),∇Tk(υj)χsj))(∇Tk(un)−∇Tk(υj)χsj) dx

+

∫
{0≤Tk(un)−Tk(υj)≤η}

a(x, Tk(un),∇Tk(un))(∇Tk(υj)χsj −∇Tk(u)χs) dx

+

∫
{0≤Tk(un)−Tk(υj)≤η}

(a(x, Tk(un),∇Tk(υj)χsj)−a(x, Tk(un),∇Tk(u)χs))∇Tk(un) dx

−
∫
{0≤Tk(un)−Tk(υj)≤η}

a(x, Tk(un),∇Tk(υj)χsj)∇Tk(υj)χsj) dx

+

∫
{0≤Tk(un)−Tk(υj)≤η}

a(x, Tk(un),∇Tk(u)χs)∇Tk(u)χs) dx

= I1(n, j, s) + I2(n, j) + I3(n, j) + I4(n, j) + I5(n).

passing to the limit as n, j, µ, and s→ +∞

I1 =

∫
{0≤Tk(un)−Tk(υj)≤η}

a(x, Tk(un),∇Tk(un))(∇Tk(un)−∇Tk(υj)) dx
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−
∫
{0≤Tk(un)−Tk(υj)≤η}

a(x, Tk(un),∇Tk(un))(∇Tk(υj)χsj −∇Tk(υj)) dx

−
∫
{0≤Tk(un)−Tk(υj)≤η}

a(x, Tk(un),∇Tk(υj)χsj))(∇Tk(un)−∇Tk(υj)χsj)) dx.

Using (4.55), the first term of the right-hand side, we get∫
{0≤Tk(un)−Tk(υj)≤η}

a(x, Tk(un),∇Tk(un))(∇Tk(un)−∇Tk(υj)) dx

≤ Cη + ε(n,m, j, s)−
∫
{|u|>k∩0≤Tk(u)−Tk(υj)≤η}

a(x, Tk(u), 0)∇Tk(υj) dx

≤ Cη + ε(n,m, j).

The second term of the right-hand side tends to∫
{0≤Tk(u)−Tk(υj)≤η}

$k(∇Tk(υj)χsj −∇Tk(υj)) dx,

since a(x, Tk(un),∇Tk(un)) is bounded in (LM(Ω))N , there exist some $k ∈
(LM(Ω))N such that (for a subsequence still denoted by un

a(x, Tk(un),∇Tk(un))→ $k in (LM(Ω))N for σ(ΠLM ,ΠEM).

In view of the fact that

(∇Tk(υj)χsj−∇Tk(υj))χ{0≤Tk(un)−Tk(υj)≤η} → (∇Tk(υj)χsj−∇Tk(υj))χ{0≤Tk(u)−Tk(υj)≤η}

Strongly in (EM(Ω))N as n→ +∞.
The third term of the right-hand side tends to∫

{0≤Tk(u)−Tk(υj)≤η}
a(x, Tk(u),∇Tk(υj)χsj))(∇Tk(u)−∇Tk(υj)χsj)) dx.

Since

a(x, Tk(un),∇Tk(υj)χsj))χ{0≤Tk(un)−Tk(υj)≤η} → a(x, Tk(u),∇Tk(υj)χsj))χ{0≤Tk(u)−Tk(υj)≤η}

in (EM(Ω))N while

(∇Tk(un)−∇Tk(υj)χsj))→ (∇Tk(u)−∇Tk(υj)χsj))

in (LM(Ω))N for σ(ΠLM ,ΠEM) Passing to limit as j → +∞ and µ → +∞
and using Lebesgue’s theorem, we have

I1 ≤ Cη + ε(n, j, s).

For what concerns I2, by letting n→ +∞, we have

I2 →
∫
{0≤Tk(u)−Tk(υj)≤η}

$k(∇Tk(υj)χsj −∇Tk(u)χs) dx.
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Since a(x, Tk(un),∇Tk(un)) ⇀ $k in (LM(Ω))N , for σ(ΠLM ,ΠEM)
while

(∇Tk(υj)χsj−∇Tk(u)χs)χ{0≤Tk(u)−Tk(υj)≤η} → (∇Tk(υj)χsj−∇Tk(u)χs)χ{0≤Tk(u)−Tk(υj)≤η}

strongly in (EM(Ω))N .
Passing to limit j → +∞, and using Lebesgue’s theorem, we have

I2 = ε(n, j).

Similar ways as above give

I3 = ε(n, j),

I4 =

∫
{0≤Tk(u)−Tk(υj)≤η}

a(x, Tk(u),∇Tk(u))∇Tk(u) dx+ ε(n, j, s,m),

I5 =

∫
{0≤Tk(u)−Tk(υj)≤η}

a(x, Tk(u),∇Tk(u))∇Tk(u) dx+ ε(n, j, s,m).

Finally, we obtain∫
Ωs

Θn,k dx ≤ C1(Cη + ε(n, η,m))δ + C2(ε(n, ))1−δ.

Which yields, by passing to the limit sup over n, j ,µ, s and η

∫
{Tη(Tk(un)−Tk(υj))≥0}∩Ωr

[(a(Tk(un),∇Tk(un))−a(Tk(un),∇Tk(u)))(∇Tk(un)−∇Tk(u))]δ dx = ε(n).

(4.56)
Taking on the hand the function W n,j

η = Tη(Tk(un)− Tk(υj))−
and W j

η = Tη(Tk(u) − Tk(υj))
−. Multiplying the approximating equation by

exp(G(un)))W n,j
η Sm(un), we obtain∫

{Tη(Tk(un)−Tk(υj))≤0}∩Ωr
[(a(Tk(un),∇Tk(un))−a(Tk(un),∇Tk(u)))(∇Tk(un)−∇Tk(u))]δ dx = ε(n),

(4.57)
by (4.56) and (4.57) we get∫

Ωr
[(a(x, Tk(un),∇Tk(un))−a(x, Tk(un),∇Tk(u)))(∇Tk(un)−∇Tk(u))]δ dx = ε(n).

Thus, passing to a subsequence if necessary,∇un → ∇u a.e. in Ωr, and since r
is arbitrary,

∇un → ∇u a.e. in Ωr.

�
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Step 5: Equi-integrability of the nonlinearity sequence:
We shall prove that Hn(x, un,∇un)→ H(x, u,∇u) strongly in L1(Ω).

Consider g0(un) =

∫ un

0

ρ(s)χ{s>h}ds and multiply (4.5) by exp(G(Tk(un)))g0(un)

, we get after using the same technique in step 2,∫
{un>h}

ρ(un)M(x,∇un)dx ≤

(

∫ +∞

h

ρ(s)dx) exp
(‖ρ‖L1(IR)

α′
)
[‖f‖L1(Ω) + ‖h(x)‖L1(Ω) +

‖ρ‖L∞(IR)

α′

∫
Ω

M(x,
F

ε1
)dx]

+ exp
(‖ρ‖L1(IR)

α′
‖ρ‖L∞(IR)

∫
{un>h}

M(x,
F

ε1
)dx.

Since ρ ∈ L1(IR), we get

lim
h→0

sup
n∈IN

∫
{un>h}

ρ(un)M(x,∇un)dx = 0.

Similarly, let g0(un) =

∫ 0

un

ρ(s)χ{s<−h}dx in (4.5), we have also

lim
h→0

sup
n∈IN

∫
{un<−h}

ρ(un)M(x,∇un)dx = 0.

We conclude that

lim
h→0

sup
n∈IN

∫
{|un|>h}

ρ(un)M(x,∇un)dx = 0. (4.58)

Let D ⊂ Ω then∫
D

ρ(un)M(x,∇un)dx ≤ max
{|un|≤h}

(ρ(x))

∫
D∩{|un|≤h}

M(x,∇un)dx+

∫
D∩{|un|>h}

ρ(un)M(x,∇un)dx

Consequently ρ(un)M(x,∇un) is equi-integrable. Then ρ(un)M(x,∇un) converge
to ρ(u)M(x,∇u) strongly in L1(IR). By (3.5), we get our result.

Step 6: We show that u satisfies (3.8)
Firstly show that u ≥ ζ a.e. in Ω.
In fact, from (4.15) and (4.25) we get

0 ≤
∫

Ω

Tn(un − ζ)−dx ≤ c1

n
.

Let n tends to +∞ we obtain ∫
Ω

(u− ζ)−dx = 0,

then (u− ζ)− = 0 a.e. in Ω; thus u ≥ ζ a.e. in Ω.
Secondly passing Now to the limit in (4.59) to show that u satisfies the equation
(4.5).
Let v ∈ Kζ ∩ L∞(Ω), then by lemma (2.3) there exists vj ∈ D(Ω) such that
vj → v in W 1

0LM(Ω) for the modular convergence in W 1
0LM(Ω)
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with ‖vj‖L∞(Ω) ≤ (N + 1)‖v‖L∞(Ω), and vj ∈ Kζ .
Pointwise multiplication of the approximate equation (4.5) by Tk(un−vj), we get

∫
Ω

an(x, un,∇un))∇Tk(un − vj)dx+

∫
Ω

Φn(x, un)∇Tk(un − vj)dx

+

∫
Ω

Hn(x, un)∇Tk(un − vj)dx+

∫
Ω

nTn(un − ζ)−sg1/n(un)Tk(un − vj)dx

=

∫
Ω

fnTk(un − vj)dx−
∫

Ω

F∇Tk(un − vj)dx.

(4.59)
We pass to the limit as in (4.59), n tend to +∞ and j tend to +∞:

• We follow same way in [6] to prove that

lim inf
j→∞

lim inf
n→∞

∫
Ω

a(x, un,∇un)∇Tk(un−vj)dxds ≥
∫

Ω

a(x, u,∇u)∇Tk(u−v)dxds.

• For n ≥ k + (N + 1)‖v‖L∞(Ω)

Φn(x, un)∇Tk(un − vj) = Φ(x, Tk+(N+1)‖v‖L∞(Ω)
(un))∇Tk(un − vj).

The pointwise convergence of un to u as n tends to +∞ and (3.4), then

Φ(x, Tk+(N+1)‖v‖L∞(Ω)
(un))∇Tk(un − vj) ⇀ Φ(x, Tk+(N+1)‖v‖L∞(Ω)

(u))∇Tk(u− vj)
weakly for σ(ΠLv,ΠLM).
In a similar way, we obtain

lim
j→∞

∫
Ω

Φ(x, Tk+(N+1)‖v‖L∞(Ω)
(u))∇Tk(u−vj)dx =

∫
Ω

Φ(x, Tk+(N+1)‖v‖L∞(Ω)
(u))∇Tk(u−v)dx

=

∫
Ω

Φ(x, u)∇Tk(u− v)dx.

• Limit of Hn(x, un,∇un)Tk(un − vj):
Since Hn(x, un,∇un) converge strongly to H(x, u,∇u) in L1(Ω) and and
the pointwise convergence of un to u as n → +∞, it is possible to prove
that Hn(x, un,∇un)Tk(un−vj) converge to H(x, u,∇u)Tk(u−vj) in L1(Ω)
and

lim
j→∞

∫
Ω

H(x, u,∇u)Tk(u− vj)dx =

∫
Ω

H(x, u,∇u)Tk(u− v)dx.

• Since fn converge strongly to f in L1(Ω), and Tk(un − vj) → Tk(u − vj)

weakly* in L∞(Ω), we have

∫
Ω

fnTk(un − vj)dx →
∫

Ω

fTk(u − vj)dx as

n→∞,

and

∫
Ω

fTk(u− vj)dx→
∫

Ω

fTk(u− v)dx as j →∞.

Also, it easy to get lim
j→∞

lim
n→∞

∫
Ω

F∇Tk(un − vj)dx =

∫
Ω

F∇Tk(u− v)dx.

Finally Since −
∫

Ω

Tn(un − ζ)−Tk(un − vj)dx ≥ 0, we obtain (3.8).

As a conclusion, the proof of Theorem (3.1) is complete.
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