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NONLINEAR ELLIPTIC EQUATIONS WITH MEASURE DATA
IN MUSIELAK-ORLICZ SPACES

A. ABERQI'*, J. BENNOUNA? AND M. ELMASSOUDI?

ABSTRACT. In this paper we will prove the existence of solutions of the uni-
lateral problem

Au — div®(z,u) + H(x,u, Vu) = p (0.1)
in Musielak spaces, where A is a Leray-Lions operator defined on D(A) C
Wi Lar(), p € L(2) + WL Ez7(Q), where M and M are two complementary
Musielak-Orlicz functions and both the first and the second lower terms ®
and H satisfies only the growth condition and v > ¢ where ( is a measurable
function.

1. INTRODUCTION

Let © be a bounded open domain in IRY, (N > 2) and consider the following
strongly nonlinear Dirichlet problem

u= G,
—div(a(z,u, Vu)) — div(®(z,u)) + H(x,u,Vu) = p on £, (1.1)
u=0 on Of.

Where (¢ is a measurable function, A(u) = —div(a(z,u, Vu)) is a Leray- Lions

operator defined on D(A) C Wy Ly(Q), with M a Musielak-Orlicz function and
both the first and second lower order terms & and H satisfies only a growth
conditions described by M and its complementary M. The right hand-side p is
belong L'(Q) + W1 Eg(Q).

In the setting of Orlicz space, Gossez J. P. and Mustonen V. in [10] solved (1.1)
in the variational case (i.e. u € W~ E3(Q)) Benkirane A. and Bennouna J. in [(]
has been proved the existence and uniqueness of solutions of unilateral problem
where ® = H =0 and p € L'(Q), Ahrouch L. and Rhoudaf M. in [1] with ® =0
and H satisfied the sign condition and Ahrouch et al. in [2] have proved the
existence results where H = 0, ® € C°(IRY, RY) and pu € L*(Q) + W1 E(Q).
In the Sobolev spaces with variable exponent in [5] Redwane H. et al. has been
proved the existence of solutions for some nonlinear elliptic unilateral problems
with measure data where H satisfies the sign condition, ® € C°(IRY, R"), and
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p € LYQ) + WP @)(Q).

As far as the Musielak space is concerned, there are also interesting works. Indeed,
in [3] Benkirane A. et al. generalized the work of Gossez J.P. and V. Mustonen
V.[10] where they has proved the existence of solutions for the obstacle problem,
in [12] Kellou A. M. and Benkirane A. has proved the existence of solution for
a non-linear elliptic unilateral problems in Musielak-Orlicz spaces with L! data,
® = 0, H satisfies the sign condition.

It is our purpose in this paper to prove the existence of entropy solution for
unilateral problem associated to (1.1) where ® depends on z,¢,u and satisfy
only the growth condition and H is a nonlinear lower-order term having natural
growth with respect to |Vu|. The second member of (1.1) as u = f — div(F)
with f € LY(Q) and FF € W1 E(Q).

The main difficulties of this problem are in the first the lack of coercivity lower
order term ® that makes the operator that governs the equation, non coercive.
The second lower order term H is controlled by a non-polynomial growth (see
(3.5)) and no sign condition is assumed. The function M defining Musielak-
Orlicz space WLy () does not satisfy the Ay-condition which makes us lose the
reflexivity of Musielak space.

As an example of equations to which the present result can be applied, we give

u>C in €,

— Ay () + usin(|Vu|) = f + div(F) + c(z)M, M(z, alu|) in
where —Ajs(u) = —div(™ IV|V|u|) Vu), m is the derivative of M with respect to t,
¢ is an admissible obstacle function and c(.) € (L(Q))V.
The structure of the paper is organized as follows: The section 2 contains some
preliminaries in the Musielak-Sobolev space. In section 3, we give the essential
assumptions to prove that the solution of the problem 1.1 belong to the space
W La(2). In section 4, we establish the proof of main theorem (3.1).

2. MUSIELAK-ORLICZ SPACES - NOTATION AND PROPERTIES
2.1. Musielak-Orlicz function.
Let M be a real-valued function defined in 2 x IR, and satisfying conditions:

e M(x,.) is a N-function for all z € €, (i.e. convex, non-decreasing, con-
tinuous, M (z,0) = 0, M(x,0) > 0 for ¢t > 0, lim; o Sup,cq M(” =0 and
lim;_, o0 inf 0 M = 0).

e M(.,t) is a measurable function for all ¢ > 0.

A function M which satisfies the above conditions is called a Musielak-Orlicz
function.

Let M,(t) = M(x,t), we associate its non-negative reciprocal function M_ !, with
respect to t, that is MY (M(z,t)) = M(x, M 1(t)) = t.

Let M and P be two Musielak-Orlicz functions, we say that P grows essentially
less rapidly than M at O (resp. near infinity), and we write P << M, for every

Plx. ot P(z,ct
positive constant ¢, we have 11_{11 (ilelg ]\4(:(2 Ct))) = 0 (resp. lggo (iug ]\4(:(2 Ct))) -
0).
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Proposition 2.1. ([9]) Let P << M near infinity and ¥t > 0, sup,cq P(z,t) <
0o, then Ve > 0, AC, > 0 such that

P(z,t) < M(xz,et) + C, vVt > 0. (2.1)
2.2. Musielak-Orlicz space.
The Musielak-Orlicz space Ly, () is define as

Ly(Q) ={u:Q— R mesurable : QM,Q(g) < oo, forsome A>0}.

where opro(u) = / M (z,|u(x)|)dx, equipped with the Luxemburg norm
Q

: u
Jullpr = inf {A>0: QMyg(X) < 1}.

Denote M (z, s) = sup,o(st — M(z, s)) the conjugate Musielak-Orlicz function of
M.
We define E)y/(2) as the subset of Ly (€2) of all measurable functions u : Q — IR
such that QM@(%) < oo for all A > 0. It is a separable space and (Ej(2))* =
L7 ().
We define the Musielak-Orlicz-Sobolev space as
WLy () = {u € Ly (Q) : D*u € Ly (), V|a| <1},
endowed with the norm
. D%y
lullyrg = nf{A>0: > onal(=—) <1}

o<1

Lemma 2.1. ([I1])(Approzimation theorem) Let 2 be a bounded Lipschitz do-
main in RN and let M and M be two complementary Musielak-Orlicz functions
which satisfy the following conditions:

(1) There exists a constant ¢ > 0 such that inf,cq M(z,1) > ¢,
(2) There exists a constant A > 0 such that for all z,y € Q with |z —y| < 3,
we have

M (z,t)
M(y,t)

(3) / M(y,N)dx < oo, ¥YA>0 and for every compact K C €,
K —
(4) There exists a constant C >0 such that M(y,t) <C a.e. in €.

A
S ’t‘(log(zlm) fO’I" a,ll t 2 17

Under this assumptions D(€2) is dense in Lj/(§2) with respect to the modular
topology, D(Q) is dense in W Ly (€) for the modular convergence and D(Q) is
dense in W Ly (Q) for the modular convergence.

Exemple 2.1. We give some example for a Musielak-Orlicz functions of approx-
imation theorem

o Mi(z,t) = [t|"™ with p : Q — [1,00) a measurable function with Log-
Holder continuite

M1($7t)

Ml(yvt)

A
_ |t|p(:c)—p(y) < t(IOg(TiyV) forall t>1.
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o My(z,t) = afz)(exp(Jt]) — 1+ |t]), 0 < a(z) € L>().
Remark that My € Ny if p* := esssupp(x) < oo while My ¢ /\,.
€
Lemma 2.2. ([3], [1])(Modular Poincaré inequality) Under the assumptions of
lemma 2.1, and by assuming that M(x,.) decreases with respect to one of coordi-
nate of x, there exists a constant d > 0 which depends only on  such that

/M(x, lul)dz < / M (x,0|Vu|)dx  for all u € Wy Ly(S2). (2.2)
Q 0

Lemma 2.3. ([3]) Suppose that Q0 satisfies the segment property and let u €
Wi Ly (). Then, there exists a sequence u,, € D(Q) such that

U, — u for modular convergence in Wy Ly (Q).
Furthermore, if w € Wy Ly () N L>®(Q) then ||un|lo < (N + 1) |¢f/oo-

Lemma 2.4. Let u,,u € Ly (). If u, — u with respect to the modular conver-
gence, then u, — u for o(Ly, Lyy).

Uy — U
Q A
un, — ua.e. in Q. Take v € Ly;(Q). Multiplying v by a suitable constant, we can
assume v € Ly7(9).

By Young’s inequality,

Proof. Let A > 0 such that / M (z, )dx — 0. Thus, for a subsequence,

Uy — U

— <M
(it = o] < Mz,

)+ M(x, \v)

which implies, by Vitali’s theorem, that / |(u, — u)v|dx — 0.

Q
Truncation Operator: T, k > 0, denotes the truncation function at level k
defined on IR by T (r) = max(—k, min(k,7)).

3. ESSENTIAL ASSUMPTIONS AND MAIN RESULTS

Throughout this sequel we assume that € is an open bounded subset of IRV
(N >2) and let M and P be two Musielak-Orlicz functions such that M and its
complementary M satisfies conditions of Lemma 2.1, M is decreasing in = and
P << M.

a: QxR xRN — IRY is Carathéodory function such that for a.e. € Q and
for all s € R, £,&* € RN, £ #¢*

la(z,5,€)| < Blao(@)+IL, (P, kils)+M, (M (x, ks[€]))), B> 0,a0() € E(M<s)z>,
(a(:z:,s,f)—a(x,s,f*)(ﬁ—g*) > 07 ( )
a(z,s,§).£ > aM(z, [£]) + M(z, |s|). (3.3)

®: Q x IR — RY is a Carathéodory function such that

B(2, 5)| < clz)M, Mz, ap)s)), (3.4)

w W w
W N =
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where ¢(.) € L>(Q) such that [c(.)||=@) < % and 0 < ap < min(1, L).
H:Qx R x RN — RN is a Carathéodory function such that

[H (z,5,8)] < h(x) + p(s) M (, [£]), (3.5)
p: IR — IR* is continuous positive function which belong L>°(IR) and h belong
LY(9).
€ LY Q) + W tE(Q) such that
j= f — div(F), (3.6)

with f € LY(Q) and F € (Ez(Q))V.
Given a negative measurable obstacle function ¢ : Q@ — IR

Ke={ue W Ly(Q):u>( ae in Q}. (3.7)

Definition 3.1. A measurable function u defined on 2 is a entropy solution of
problem (1.1), if it satisfies the following conditions:

(w € D(A)NWILy(Q),u > ¢,
a(z,u, Vu)VTi(u — v)dx + / O (z,u)VT(u — v)dx
Q

Q
—i—/H(x,u, Vu)VTk(u—v)dx§/ka(u—U)der/FVTk(u—v)dx
Q Q Q
| Wo'e K nL™(Q), Yk > 0.

(3.8)
The main result of the paper as follows,

Theorem 3.1. (Existence of entropy solutions) Assume that (3.1) — (3.7)
hold true. Then there exists at least one solution of the following unilateral problem
(1.1) in the sense of the definition 3.1.

4. PROOF OF THEOREM 3.1

Step 1: Approximate problem.
For each n > 0, we define the following approximations

an(z,5,6) = a(x,T,(s),&) ae xcQ, VscR Ve RY, (4.1)
D, (r,8) =®(x,T,(s)) ae z€Q, VselR, (4.2)

~ H(w,s,¢)
Ho(@,5,6) = 1 L H(z,s,6)]

fnis a smooth function such that f, — f strongly in L'(Q), and || f,l|ri) < [|f]l219)-

ae.reQ, VseR, Ve RY, (4.3)

(4.4)
And we define sg(s) = T’Ck(s).
Let us now consider the approximate problem :
u, € Wi Ly (9),
—div(an(x, up, Vuy,)) — div(P,(x, uy,)) (4.5)

+Hy (2, U, Vug) — 0Ly (un — €)™ 81/ (un) = frn — div(F) in €,
up(x) =0 on 0ON.
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Since H,, is bounded for any fixed n > 0, there exists at last one solution u,, €
Wi Lys(€) of (45)(see [10]).
Step 2: A priori estimates.

Lemma 4.1.
Let u,, be a solution of the approxzimate problem (4.5), then for all k > 0, there
exists a constants Cy, Cy, C5 and Cy such that

/ a2, To(un), VT (1) )V Tk (1) dz < kCy + s, (4.6)
Q
and

/ M(z, [VTe(u))dz < kCs + Ci. (A7)

Proof. Fix k > 0,
Let a exp(G(u,)) Ty (un) " as a test function in problem (4.5),where G(s) = [ %dr,
and o’ > 0 is a parameter to be specified later, we get

/Qan(a:,un,Vun)V(exp(G(un))Tk(un)+)da: (4.8)
+/Q@n(x,un))V(exp(G(un))Tk(un)+)dx (4.9)
—I—/QH(ar,un,Vun) exp(G (un)) T (u,) " dx (4.10)
—|—/nTn(un — () 5G1/n(tn) exp(G (un)) Tk (up) "da (4.11)

Q
< kex (HpHL M fallz /QFV(exp(G(un))Tk(un)Jr)dx. (4.12)

* For (4.9), we use (3.4), Lemma 2.2 and Young inequality, we get
[ a1V (exp(Gln) Ta(w)
< Hc(')lﬂ [ozo/ M (z, un) p(uy) exp(G(up)) Ty (u,) Tda
0
+ [ MG 9]l exp(Glun) Tiun) d]
0
HleWllz=man | Mo, Jua]) exp(Glu)ds
Q-

+||C(-)||L°°(ﬂ)/QM(£B7|VTk(Un)+|)eXP(G(Un))de~
* For (4.10), we have
/H T, Uy, V) exp(G(u,)) T (u,) Tde < kex p(”p“L Ml

+ /Q p(uy) exp(G (un)) M (z, |V, |) Tr (un) da.
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* For (4.12), we have
n kel 7. [Fl
PV (exp(Glun))Teln) ) < & expL2L2y o) [ 370, i
Q (8% Q Q €1

2 / pltn) exD(G (1)) M (2, [Vt |) Ti (1)

+exp(”f;¢) /Q e s + 6, /Q exp(G () M (, |V T (1) )

€1
Finally using the previous inequalities and (3.3), we obtain

( al /Q M(sc,un)p(un)exp(G(un>Tk(un)+da:+% /Q () exp(Gup)) M (., [V Ty (] ) Ti (1) T da

+ [ al, un, Vi) exp(Glun))V (Te(un) ) dz

e “(')'f‘”(m 0 [ M i) x0(Gl) i)

+ [ MG V() exp(Gln) T () ]

e = | Moo exp(G L) xir oy 1o

e =) [ e V7)) exp(Glw)da

[ ol exp(Glun )M, [V DT o+ 5 [ o) exp(Glun)) Mo [Vt T (,)
/M VT (un) b)) exp(G(uy,))d
WT (1t — €)1 (1) €xD(G (1) Tl

Q

IIpIIL F| ol [ —
| +eexp 1 ey + Wil + ol | W, ' de] + ex a,(4>1 4 M,

F
u)dan

€1

Using again (3.3) in (4.13) we get

(1 - 060HC<-)HL°°(Q))/QM<% un|)p(un) exp(G (un) Ty (un)t da

Ofl

% % o

p2 el ey /Q () exp(G () M (2, |Vt T (1) "
+ /Q a2, n, Vi) exp(Gun))V (To(un) ) d
0T =€) s exp(G ) () e <
el leaa [ Mz, funl) xp(G ) oo

+H(lleC) = +€1)/QM(9€7 VT (tn) ") exp(Gun))d
—f—kJCl + Co.
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We choose o/ and ¢; such that o/ = § and e; < § — ||lc(.)||z (@),
we obtain

/Qa(:v,un,Vun) exp(G (un))V (T (u,) ") dx

—i—/QnTn(un - C)7591/n(un) eXp(G(“n))Tk(un)+dx <

e[z + €
(634

+a/ M (z, |VTi(un) ) exp(G(un))dz] + ke + ca.
Q

+(

oo /Q M (2, |un]) exp(G (tn)) X1, 0+ do

since apar < 1 and using (3.3) we get

= (”C(‘)“L"Z”) ), /Q A,y V) xp(G 1))V (Te(u) )

+ / W (1t — €)™ 51/ (t0n) €xD(G(11) ) T (1) *
< ke + ¢,

we deduce
/Q a(z, U, V) exp(G(un))V(Ti(u,) ) dx

+ C// nTn(Un - <)7Sg1/n<un) eXp(G(Un>>Tk(un)+dx < kc’cl i C/C2’ (414)
Q
where £ =1 — (M)
It follow that

.
0 [ Ty = sgupalin) exp(Gun) e <

we deduce by Fatou’s lemma as k& — 0 that

0< / Tt — €)™ 51 (1) exp(G(un))da < 1.
{unZO}

Return to (4.14), we have

/ a(x, un, Vuy) exp(G(un))V (Ti(u,) ) dz < kd'cp + ey,
Q

as one has exp(G(u,)) > 1 a.e. in {x € Q:0 < wu, <k} then

0 S / nTn(un - C)_Sgl/n(un)dx S C1, (415)
{unZO}
and
/ a(, U, V)V (T (up) T)de < kdey + des. (4.16)
Q

By (3.3) and (4.16) we get
k / /
/M(:c, VT4 (un)* )z < PG CC2 (4.17)
Q (6%
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Similarly, taking exp(—G(u,)Tk(u,)” as a test function in problem (4.5), we
get

+/Qan(x,un,Vun)V(eXp(—G(Tk(un))VTk(un)_)dx (4.18)
4 /Q By (2, 1))V (exp(— G (T (1) )V T (1)~ )l (4.19)
+/QH(x,un,Vun) exp(—G (Tx(un)) Tk (uy,) dx (4.20)

+ [ T = O sgyu) exp(=Glun ) Ti(wn) e (421)

2/Qfnexp(—G(Tk(un))Tk(un)_dm—/QFV(exp(—G(Tk(un))VTk(un)_)da:,
(4.22)

and using same techniques, we obtain also

/Qa(:v,un,Vun) exp(G(un))V (Ti(uy,) ™ )dx

— c’/ nT(u — C) 7891/ (un) exp(—G (un)) T (uy) “dr < kc'cy + o, (4.23)
Q

One has also exp(—G(u,,)) > 1) a.e. in {z € Q: —k < u, <0}, then as above, it
follow that

a(z, wy, Vi, )V (u,)dz < kd'ey + ey, (4.24)
Q
0< —/ T (Un — C) 7 8g1/n(un)de < c1, (4.25)
{un<0}
and " )
/ M, [V i) ) < 242, (4.26)
Q
Combining now (4.16) and (4.24), we get
/ a(z, up, V) VT (uy)dr < kCy + Csy, (4.27)
Q
Of the same with (4.17) and (4.26), we get
/ M(z, VT (un)|)dz < kC + Ci. (4.98)
0

We conclude that T} (u,) is bounded in W} Ly () independently of n and for
any k > 0, so there exists a subsequence still denoted by u,, such that

Te(uy) — &  weakly in -~ Wy Ly (Q). (4.29)
On the other hand, using (4.28), we have

k T (u,
inf M(z, —)meas{|u,| > k} < / M(z, Ty (u >|)d:c
el 0 {lun|>k} 0

< / M(z, VT (un)|)dz < kC + Ci.
Q
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Then
kC5 + Cy

meas{|u,| > k} < ,
e }_infa:eQM(x>§)

for all n and for all k.

Assuming that there exists a positive function v such that lim;_, @ = +00
and
Y(t) < essinfyeq M(z,t), ¥t > 0. Thus, we get
lim meas{|u,| >k} = 0. (4.30)
k—o00
O

Step 3: Convergence of u,, and boundedness of a,(z, Ty (u,), VI (u,))
Now we turn to prove the almost every convergence of u, and convergence of

Proposition 4.1. Let u, be a solution of the approrimate problem, then
U, = u  a.ein €, (4.31)

an (2, Ti(up), VIk(un)) = @ in (L)Y,  for oLy, 11Ey), (4.32)
for some @y, € (Lyz(Q))N.
Proof.
Proof of (4.31) : Let n > 0 and € > 0 then

meas{ |u, — | > n} < meas{|u,| > k} + meas{|u,,| > k}
+meas{|Ty(un) — Tk (um)| > n}.
By (4.29), we assume that (T(u,)), is a Cauchy sequence in measure in 2.
thus, there exists k(¢) > 0 such that meas{|Tx(u,) — Tk(um)| > n} < € for all
n,m > ng.
Finally using (4.30) allows as to prove that u, is a Cauchy sequence in measure

in 2 and then converges almost everywhere to some measurable function w.
Proof of (4.32) :

We shall prove that {a(z, Ty(u,), VIk(un))}, is bounded in (LM(Q))N for all
k> 0.
Let w € (Ep(Q))Y be arbitrary. By condition (3.2) we have,
(a(x, un, Vu,) — a(x, u,, w))(Vu, —w) > 0.
Then
/ a(x, up, Vu,)wdr < / a(a:,un,Vun)Vundx—l—/ a(x, up, w)(w—Vu,)dz,
{lun|<k} {lun|<k} {lun|<k}
by (3.1) we have for v > 3

w

ez, up, k—2)| ﬁ o
oy T g5 500 < 1 WGt | Pl 0 ol

< 21 [ 7z, |ao(@)) )z + /QP(;U, k) + M (x, |w|)da). (4.33)
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Thus {a(z, T(us), 52)} is bounded in (L ()N

by (4.33),(4.6) and by the theorem of Banach-Steinhaus, the sequence

{a(z, Ty(u,), VTi(uy,))} remains bounded in (L77(2))" and we conclude (4.32).
O

Step 4: Almost everywhere convergence of the gradients.

To have that the gradient converges almost everywhere, we need to prove this
proposition.

Proposition 4.2. Let u, be a solution of the approzimate problem (4.5), then

(1) lim lim sup/ a(z, up, Vu,)Vu,dr =0, (4.34)
{m<|un|<m+1}

m—00 psoo

(2) for a subsequence as n — oo

Vu, - Vu a.e in . (4.35)
Proof.
(1) Taking the function Z,,(u,) = T1(u, — T (uy,))” and multiplying the ap-
proximating equation (4.5) by the test function exp(—G(uy))Zp(u,) we get
(
/ (2, Uy, Vun )V (exp(—G(uy)) Zm(uy,))de + / S, (2, u,)V(exp(—G(uy)) Zm(uy))dx
Q

+ | Hy(z,upn, Vu,) exp(—G(uy,)) Zm (uy,)dx
+ f nTn(“n - C)_Sgl/n(un) eXp(_G<un)>Zm(un) dx

sznexp(—G(un))Zm(un) dx+/QFV(eXp(—G(un))Zm(un))daz.

{
(4.36)
Using the same argument in step 2, we obtain

ol
/QM(x, |V Z(un)])de < exp( )C’[/Q frnZm(uy,) do + /Q hx) Zy, (up,)dz

al
M 1] Z d
+lpllpe (2, —) Zm(un)dz]
Q €1
_F
T exp(12ley e / (e, Ehae,  (a37)
« {~(m+1)<un<—m} €1

lc()llze@) + €

)l

Passing to the limit as n — 400, since the pointwise convergence of u, and
strongly convergence in L'(Q) of f,,, we get

lim M(z,|V Z,(uy)])dz < exp(”iéﬁ)C’[/Q fZm(u) dx + /Q h(x)Z,, (u)dz

n—-+00 Q

1
h —_— = 1—
where 1—(

Hiol [ (e, L)z, o

1 — |F
+exp(m)0/ M(a:,u)dx.
o {=(m+1)Sus—m} “
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Using Lebesgue’s theorem and passing to the limit as m — +o0, in the all term
of the right-hand side, we get

lim lim M(z,|VZ,,(uy)|)dx = 0. (4.38)

m—-+00 n—-+00 Q

On the other hand, by (3.4) and Young inequality, for n > m + 1 we obtain
/ 1B (2, ) exD(— G 1))V Zon (1) |z
Q

< exp(HpHL1 )[/ M (z, ag| Ty (un)])de + / M (z,|V Z,, (uy,)])dz]
{—(m+1)<un<-m} 0

a/
Using the pointwise convergence of u,, and by Lebesgue’s theorem, it follows

Jim /Q 10, (2, ) exp(—C (1)) V Zon (1)t

n—-+00

< exp( HpO’J/LI )[/ M (z, ag|Try1 (u)])dz+ lim M(z,|V Z,,(uy)|)dz],
{~(mt1)<us-m) n=rtoo Jo

passing to the limit in as m — +o0, we get

lim lim D, (2, up,) exp(—G(uy))V Zp(uy)dx = 0.

m—-+00 n—-+00 Q

Finally passing to the limit in (4.37), we get

lim lim (T, Uy, VU, )Vu,dr = 0.
m—+00 Nn——+00 {—(m+1)<un<—m}
In the same way we take Z,,(u,) = Ti(u, — Trn(u,))" and multiplying the ap-
proximating equation (4.5) by the test function exp(G(uy))Zm(u,) and we also
obtain
lim lim an (2, Uy, Vu,)Vu,de = 0.

m—+00 n—-+00 {m<un<m-+1}

On the above we get (4.34).
(2) For the almost everywhere convergence of the gradients, we use the follow-

ing lemma.

Lemma 4.2. Under the assumptions (3.1)—(3.6), let z, be a sequence in W Ly ()
such that:

zn — 2z for o(IlLy, 1 Eg;), (4.39)

(a(x, 20, V2,)) s bounded in (Lz7(Q))", (4.40)

/[a(x, Zny Vin) — a(, 2n, V2X5)|[V2, — Vzxs)de — 0, (4.41)
Q

asn and s tend to +00, and where xs is the characteristic function of
Qs = {x € Q;|Vz| < s} then,

Vz, = Vz a.e in(, (4.42)
lim a(x, zp, V) Vepdr = / a(z,z,Vz)Vzdz, (4.43)
n—+o0o [q Q
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M(x,|Vz,|) = M(z,|Vz|) in L'(Q). (4.44)
Proof. see [7]. O

Let v; € D(Q) be a sequence such that v; — u in WLy (Q) for the modular
convergence.

We introduce a sequence of increasing C!(IR)-functions S,, such that
Sm(r) = 1for |r| <m, S, (r) = m+1—|r|, for m <|r| <m+1, S,(r)=0 for|r| > m+1

for any m > 1 and we denote by €(n,n,j,m) all quantities (possibly different)
such that

lim lim lim lim lim e(n,n,j,m) =0,
m——+00 j—400 n—+00 p—+400 n—+400

the main estimate is

For fixed k > 0, let W7 = T, (Tj.(un) —Tr(v;)) " and W) = Ty (Ty(u) — Ty (v;)) T
Multiplying the approximating equation by exp(G(u,))W;’ Sy (u,) and using the
same technique in step 2 we obtain:

( + / an (T, U, V) exp(G(uy) )V (W) S, (un ) da
+ /a n (T, U, Vg ) Vg exp(G(uy) )W) S, (uy,) da
- / O, (2, un) exp(G(un)) V(W) Sy (uy) dz — /Q Dy, (2, un) Vg, exp(G (w,) ) W S (wy,)da
< ] Fu exp(G (un) )W Sy (w) d + /Q h(z) exp(G (un)) Wi S (un)da
+ fﬂ F exp(G(un))V (W) S () daz + /Q FVuy, exp(G(un) )W, Sy, (un)da.
(4.45)

\

Now we pass to the limit in (4.45) for k real number fixed.
In order to perform this task we prove below the following results for any fixed
k> 0:

/ D, (2, up)Sm (Uy) exp(G(un))V(Wg’j) dr =¢€(n,j) for any m >1, (4.46)
0
/ Dy (2, tn) Vun Sy, (1) exp(G(uy) )W, d = €(n, j) for any m > 1, (4.47)
0
/ n (2, U, Vun ) Vug S, () exp(G(uy ) )W da < €(n,m), (4.48)
0

/Qan(x, U, V) Sy () exp(G(un))V(W;"j) dr < Cn+e€(n,j,m), (4.49)

/anSm(un) exp(G(uy)) W, d:v—i—/Q h(z) exp(G () )W) Sy (1) dz < C+e(n, n),
(4.50)



92 A. ABERQI, J. BENNOUNA AND M. ELMASSOUDI

+/Q FeXp(G(un))v(W:J)Sm(un) d:l?/QFVun eXp(G(un))ngjS;n(un)dx <e(n,m,j,n),
(4.51)
/Q[a(x, Ti(un), VIg(uy)) — alz, Tr(uyn), VIi(0))][VTk(un) — VT (u)|dz — 0.

(4.52)
Proof of (4.46): If we take n > m + 1, we get

P (2, un) exp(G(un)) Sm(un) = @(@, Ting1(un)) exp(G(Tint1 (un))) S (Tt (un)),

then @, (z,u,)exp(G(uy,))Sm(u,) is bounded in Ly;(Q), thus, by using the
pointwise convergence of u,, and Lebesgue’s theorem we obtain
D, (x, uy) exp(G(un))Sm(un) = P(z,u) exp(G(u))S(u) with the modular con-
vergence as n — 400, then ®,,(x, u,) exp(G(uy,))Sm(u,) — P(x,u) exp(G(u)) S, (u)
for O'(HLH, HLM)
In the other hand VW = VT (u,) — V(Ti(v;)) for 0 < Ti(un) — (Ti(vy)) <1
converge to VT (u) — V(T (v;)) weakly in (Ln(22))Y, then

/@n(x,un) exp (G (un)) S () VW) dz — / D (z, u) Sy (u) exp(G(u)) VW] da
Q Q

as n — +00.
By using the modular convergence of Wg as j — +oo and letting ¢ tends to
infinity, we get (4.46).
Proof of (4.47):
For n > m + 1 > k, we have Vu,S/ (u,) = VT1(u,) ae. in Q. By the
almost every where convergence of u, we have exp(G(uy )W,/ — exp(G(u))W}
in L>() weak-* and since the sequence (®,(z, Tp11(un))), converge strongly
in E57(€2) then

@ (2, Tini1 (un)) exp(G (un)) Wi — (2, Tnia(u)) exp(G(u)) Wy

converge strongly in Fq7(Q)as n — +oo. By virtue of V7,41 (un) = V151 (u)
weakly in (L ()Y as n — 400 we have

/ o (2, Ty (tn)) Vtn S () exp(G () )Wy die
{m<|un|<m+1}

— ®(z, u))Vuexp(Gu)) W) dx
{m<|ul<m+1}
as n — +00.
with the modular convergence of Wg as J — 400 and letting p — +o0  we get
(4.47).
Proof of (4.48):
For (4.48), we have

/ n (T, U, Vg ) S, () Vit exp(G () )W da
0

- / an(.f, Unps Vun)sin(un)Vun exp(G(un))ng dx
{m<un|<m+1}
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< 770/ an (T, Up, Vg, )V, dx.
{m<|un|<m+1}
Using (4.34), we get

n (T, U, Viin) Sy, (Un) Vg exp(G(uy) )W) da < e(n,m).
Q

Proof of (4.50):
Since Sy, (r) <1 and W7 <n we get

/Q FuSn (1) exp(G (1)) W dx < e(n, ), and /Q (1) ex(G (1) W Sy (1) <
e(n)

Proof of (4.51):

Denoting by Ip; = / F exp(G(un)) V(W) S () da
Q

and by Ipy = / FV uy, exp(G(un) )W, S], (un)da

Q
For the first integral we have
Ip; < exp(”p“;&) / FVW,?’jdx < €(n).
Q

Since Tk(u,) and Ty (v;) converge weakly in WLy, (Q), we deduce
IF,l S E(naja 77)

For the first integral we know that Vu,S! (u,) = T4+1(uy,) and using (3.3) we
get

Ips < exp(———— H'OHL /M W"de—l—eln/ (x, Up, Vu,)Vu,dx]
m< un\<m+1
< e(n,m, j,n).
Proof of (4.49):

/ A (2, Uy, V) S () eXp(G(un))VWf;’j dx
Q

an (T, Ti(un), VIi(n)) S () exp(G (un) ) (VT (un) =V Tk (v))) dz

/{IUn<k}ﬂ{0<Tk(Un)Tk(vj))<fi}

an (T, U, V) S (Uy) exp(G(uy,)) VT (v;) d.

(4.53)
Since @, (, Tty (tn), Viiy(uy)) is bounded in (Lg7(2))Y, there exist some
@ity € (Lyp())Y such that an(z, Tyyy(un), Vi (un)) — @i, weakly in
(L37(9))™. Consequently:

/{Iun>k}ﬂ{0<Tk (un) =T (v;))<n}

/ an (T, Un, V) S (uy) exp(G(uy,)) VT (v;) dz
{lun[>k}{0<T}, (un) =Tk (vj))<n}

/ Sy (1) exp(G(w)) VT (05 ) sy d + e(n),  (4.54)
{lu|>k}IN{0<T, (u) =Tk (v;))<n}
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where we have used the fact that
S (tn) €xp(G(1n)) VT1(01) X {un |5k} {0<T s (un) T (0)) <1}
— S () exp(G (w)) VT1(05) X {jul>k}n{0<T5 (u)~Te (v;)) <n}
strongly in (Ep(Q))V.
Letting j — +00, we obtain
Sm(u) exp(G(u)) VT (vj) gy dz

{lu[>k}{0<T}.(u) =T (vj))<n}

Sm(u) exp(G(u)) VT (u)wyyy dz + €(n, j).

/{u>k}ﬁ{0§Tk(U)—Tk(U))§n}
One has,
/ Sm(u) exp(G(u)) VT (w)wysy dx = €(n, j).
{lul>E}{0<T} (u)—Tk (u))<n}
By (4.45)-(4.50), (4.53) and (4.54) we obtain

/ an(x, Ti(wn), VI (Un)) S () exp(G(uy) ) (VT (wn) =V Tk (v))) dz
{lun| SEIN{0< Ty (un) =Tk (v5))|<n}
we know that exp(G(u,)) > 1 and S,,(u,) =1 for |u,| < k then

/ (2, To(ttn), VT (1)) (V1) — VT (7)) dat
{un |<E}N{0<Ty (un)—Tr(v;))|<n}

< Cn+e(n,j,m). (4.55)
Proof of (4.52):
Setting for s > 0, Q° = {x € Q: [VT}(u)| < s} and Q3 = {z € Q: |[VTi(v;)| <
s} and denoting by x* and X} the characteristic functions of 2* and Q% respec-
tively, we deduce that letting 0 < § < 1, define

Onr = (a(x, Tp(un), VI (uy)) — a(x, Ti(un), VIe(w)) (VT (un) — VTIi(u)).
For s > 0, we have

0< /Q 0) pdx = /Q O L X{0<Ty (un)~Ti (v <n} 4T + / O kX (T (un) T () >} A

0s

The first term of the right-side hand, with the Holder inequality

/ O A XOT ()~ o)<} 4 < ( / O kX 10T (un)~ T (vy) <} 4)° ( / dx)'

s s

<O [ OnpX{(0<Ts(un)-To (o)) <n} A7)’

Qs
Also using the Holder inequality, the second term of the right-side hand is
/ O X T ()~ Ti(o)>ny 4T < (| O d)’( / dr)'’,
Qs Qs Ty (un) =T (v;)>n)
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since a(x, Ty (uy), VT (uy)) is bounded in (L77(2))Y, while VT},(u,) is bounded
in (Ly(2))Y then

/Qg Gi,kX{Tk(Un)_Tk('Uj)>77} dr < Comeas{zr € Q: Ti(u,) — Ti(v;) > 7]}1_6.

We obtain
/ﬂg @fl’k dx < C1(/ﬂg O kX {0< T (un) Ty (v;)<n} dx)’

+Comeas{z € Q : Tj,(u,) — T (v;) > 77}1_6~
On the other hand

@n,kX{OSTk(un)*Tk(’Uj)Sn} dzx
Qs

< (a(z, Ty (un), Vi (un)) =a(, T (un), V() xs)) (VITk(un) =V Tk (u) X5 ) do

AOSTk(U)—Tk(Uj)SW}
For each s > r,r > 0, one has

0< / (a(x, T (upn), VT (un))—a(z, Tr(un), VI (1) (VT (u,) —VTi(u)) dx
Q" N{0< Ty (un) =Tk (v;)<n)}

IN

/QSO{O<T( (o< )}(a(ﬂf,Tk(Un)vVTk(Un))—a(LTk(un),VTk(U)))(VTk(un)—VTk(u))dx

/*n{0<T s )}(a(m,Tk(un),VTk(un))—a(x,Tk(un),VTk(u)XS))(VTk(un)—VTk(u)Xs)dm

IN

/m{0<T o )}(a(x,Tk(un)aVTk(Un)>_a(I,Tk(Un),VTk<u)XS)>(VTk<un)_ka(u)Xs)dx

(a(z, Te(un), VTi(un))—a(z, Te(un), VI (0;)x;) (VT (un) =V Ti(v;)x;) dx

{OSTk (Un)_Tk (Uj ) SU}

+/ a(a:,Tk(un),VTk(un))(VTk(U]) — VT (u)x?®) dx
{0<Ty (un)—Tx(vj)<n}

+/ (a(z, Te(un), VTi(vj)x;)—a(z, Te(un), VTi(u)x*)) VT (u,) do
{0<T (un) =Tk (vj)<n}

_ / a(x, Ty (un), VT (v;)X5) VTk(v;)X5) dx
{0< T (un) =Tk (v;)<n}

+/ a(x, Te(un), VTe(u)x*) VT (u)x®) dz
{0<Ty (un)—Tk(v;)<n}

= Il(n7j7 S) + [2(naj) + I3(”7.7) + [4(77'7]) + [5(TL)
passing to the limit as n, j, p, and s — 400

I = a(z, Ty (un), VI (un)) (VT (uy) — VTk(v;)) da

/{0<T,c (un) =Tk (v;)<n}
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—/ a(r, T (un), VTi(un)) (VT(0;)X; — VTi(vy)) dx
{0< T (un) =Tk (v;)<n}

-/ (e, Ti1n). VI (0 ) (VTil1) — VIr(w)x5)) do
{0< Ty (un) =Tk (v;)<n}

Using (4.55), the first term of the right-hand side, we get

/ a2, Ty(un), VT (1)) (VT () — VTa(0;)) di
{0< Ty (un) =Tk (v;)<n}

<Cn+e€(n,m,j,s) — / a(z, Ty,(u),0)VT(v;) do
{]u|>EN0<L Ty, (u) =Tk (vi)<n}
< Cn+e(n,m,j).
The second term of the right-hand side tends to

/ B(VTe(v,)X — VTe(vy)) do,
{0<Ty (u)—Tx(v;)<n}

since a(z, Ty (un), VTi(u,)) is bounded in (L77(2))V,there exist some w;, €
(L37(22))™ such that (for a subsequence still denoted by u,

a(z, Tp(un), VTi(u,)) — wp  in (La ()Y for o(IlLys, IEy).
In view of the fact that
(VT (v)x = VT (0) X {0<Tx ()~ Ti (o)<t = (VT(01)X5 =V Te(05)) X {0<T ()T (05)<n}
Strongly in (Ey ()Y as n — +oo.
The third term of the right-hand side tends to

/ a(, Ti(w), VTi(0)x3) (Vi) — VT(v,)x) do
{0<T (u)—Tx(vj)<n}

Since
a(x, Ty (uy), VTk(Uj)X;))X{ong(un)—Tk(vj)gn} — a(x, Ty(u), VTk(Uj)X;))X{OSTk(“)*Tk(Uj)SW}
in (E57())Y while

(VTk(un) = VIk(v;)x;5)) = (VIi(u) = VTi(v))x3))
in (Lp(Q))N for o(IlLyz, [1E)) Passing to limit as j — +oo  and p — +oo
and using Lebesgue’s theorem, we have

[1 S C77 + E(naja 8)'

For what concerns Iy, by letting n — +o00, we have

I, — @i (VT (v;)x; — VTi(u)x®) dx.
{0< Tk (u) =Ty (vj)<n}
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Since a(z, Ty (un), VIk(u,)) = @y in (Ly7(Q))Y, for o(IILyz, [TEyy)
while

(VT (v) x5 = VTi(u)X®) X (o< ()T (w;)<ny — (VTk(U)XG= VT (w) X)X {0<T0 (w)~ T (0) <}

strongly in (Ep(Q))V.
Passing to limit 7 — +o00, and using Lebesgue’s theorem, we have

I, = €(n7j>‘
Similar ways as above give

]3 - €(n7j>a

I - / alz, Tu(w), VTu())VTi(w) do + e(n, j, 5, m),
{0<T (u)—Tx(v;)<n}

I :/ a(z, Ti(u), VT (uw)) VT (u) dx + €(n, j, s,m).
{0< Tk (u) =T (v;)<n}

Finally, we obtain
/ O dr < C(Cn+ e(n,n,m))° + Cy(e(n, ) ~°.
Which yields, by passing to the limit sup over n, j ,u, s and n

[(a(Tx(un), VT (un)) = a(Ti(un ), VT3())) (VT (1) =V Tk ()]’ da = €(n).
(4.56)

/{Tn (Th (un) =Ty (v;))20}NQ"

Taking on the hand the function W7 = T, (T (un) — Ti(v;))~

and Wj = T,(Tp(u) — Tx(v;))”. Multiplying the approximating equation by

exp(G(un))) W, Sp(un), We obtain

(a(Ti(un), Vi (un)) =a(Ti(un), VIe(w)) ) (VL) = Vi (w))) da = e(n),
(4.57)

/{Tn (T (un ) =T (v)) <O}NQ"

by (4.56) and (4.57) we get
/T[(a(x, T (un), VT (un))—a(z, Ti(un ), V() (VTk(un) = VT (1)) dz = e(n).

Thus, passing to a subsequence if necessary, Vu,, — Vu a.e. in 2", and since r
is arbitrary,

Vu, - Vuae in Q.
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Step 5: Equi-integrability of the nonlinearity sequence:
We shall prove that H,(z,u,, Vu,) — H(z,u, Vu) strongly in L'().

Consider go(u,) = | pl)xopds and multiply (1.5) by exp(G(Ti())gn(ws)
0
, we get after using the same technique in step 2,
p(un) M (z, Vu,)dr <
{un>h}

+o0
([ ptopiyexp (P20 s+ el + 1 [ 37, Dy

ol r — F
Toxp (IR / e, D).
a {un>h}

€1

Since p € L'(IR), we get

lim sup / p(un)M(x, Vu,)dz = 0.
{un>h}

0
Similarly, let go(u,) = / p(8)X{s<—nydx in (4.5), we have also

lim sup / p(un) M (z, Vu,)dz = 0.
{un<—h}

We conclude that

lim sup / p(un) M (z, Vuy,)dx = 0. (4.58)
h=0neN J{ju,|>n}
Let D C Q then
/ p(un) M (z, Vu,)dr < max (p(x))/ M (z, Vun)dx—i—/ p(un) M (z, Vu,)dx
D {lun|<h} D |un|<h} D{Jun|>h}

Consequently p(u, )M (z, Vu,) is equi-integrable. Then p(u,,) M (z, Vu,,) converge
to p(u)M(z, Vu) strongly in L'(IR). By (3.5), we get our result.

Step 6: We show that u satisfies (3.8)
Firstly show that u > ( a.e. in €).
In fact, from (4.15) and (4.25) we get
(&1

0< / To(u, — ¢) " dx < —
Q

Let n tends to +00 we obtain

Jw=¢rar=o,

then (u — ()~ =0 a.e. in Q; thus u > ( a.e. in (.

Secondly passing Now to the limit in (4.59) to show that u satisfies the equation
(4.5).

Let v € KN L*>®(2), then by lemma (2.3) there exists v; € D(2) such that
v; = v in WLy (Q) for the modular convergence in Wy Ly ()
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with [|v}]| L) < (N + 1)||v]|1=(q), and v; € K.
Pointwise multiplication of the approximate equation (4.5) by T (u, —v;), we get

/ an (T, Up, V) ) VT (U, — v;)dx + / D, (z, uy) VT (uy — vj)da
Q Q

+ Hn(l’, un)VTk(un - Uj)dx + / nTn(un - C)_Sgl/n(un)Tk(un - Uj)dx
Q

= ] Tk (un, — v;)de — / FVTy(u, — v;)dx.
\ Q Q

(4.59)
We pass to the limit as in (4.59), n tend to 400 and j tend to +oo:

e We follow same way in [6] to prove that

liminfliminf/a(x,un,Vun)VTk(un—vj)dxdsz/a(x,u, Vu)VTy(u—v)dzds.
0

j=o0  n—0o 0
o Forn > ki + (N + Dl[ull (o
P (2, un) VT (un — v5) = (2, Thr (N41) 0] oo () (Un)) VT (U, — ).
The pointwise convergence of u,, to u as n tends to +ooand (3.4), then
(2, Tt (V1) o] oo ) (Un)) VT (tn = 05) = (2, T (N-41) ol oo 0y () VT (0 = 05)

weakly for o(I1L,, I1L5;).
In a similar way, we obtain

i [ ® (@, Ths (V1) ol oo gy (@) VT (u—05)dz = / (2, T (N41) ol oo (o (W) VT (u—v) dix

j—00 Q Q

= / O (z,u)VT(u — v)d.
Q

e Limit of H,(x, u,, Vu,)Tj(u, — v;):
Since H,(x,u,, Vu,) converge strongly to H(z,u, Vu) in L'(Q) and and
the pointwise convergence of u, to u as n — 400, it is possible to prove
that H,(x, u,, Vu,)Tk(u, —v;) converge to H(x, u, Vu)Tx(u—v;) in L' (Q)
and

lim [ H(x,u, Vu)Ti(u —v;)de = / H(z,u, Vu)Ty(u — v)dz.
Q

170 Jq
e Since f, converge strongly to fin L'(Q), and Ty(u, — v;) — Ti(u — v;)
weakly* in L*°(Q), we have /fnTk(un —vj)dr — /ka(u —v;)dx as
n — 0o, “ “
and / [T (u — vj)de — / fTe(u —v)dr as j — oo.
Q Q

Also, it easy to get lim lim / FVTi(u, —vj)dr = / FVTi(u—v)dz.

Jj—oon—oo [o Q
Finally Since — / T (uy — ) Ti(uy, — vj)dx > 0, we obtain (3.8).
Q

As a conclusion, the proof of Theorem (3.1) is complete.
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