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RENORMALIZED SOLUTION OF NONLINEAR PARABOLIC
EQUATIONS WITHOUT SIGN CONDITION AND GENERAL
MEASURE DATA

A. MARAH® A. BOUAJAJAZ*) AND H. REDWANE®)

ABSTRACT. We give an existence result of a renormalized solution for a class

az;(:) — div(a(x,t,Vu)) + h(w)|VulP = g,

where the right side is a general measure and b(u) is a strictly increasing C*-
function with b(0) = 0, —div(a(z,t, Vu)) is a Leray—Lions type operator with
growth |[Vu[P~! in Vu and h: R — RT is a continuous positive function that
belongs to L!(R).

of nonlinear parabolic equations

1. INTRODUCTION

Let © be a bounded open subset of RN, (N > 1), T is a positive real number,
and let @ := Qx(0,7), p> 1. We will consider the following nonlinear parabolic
problem

668(;1) — div(a(x,t,Vu)) + h(uw)|VulP = p in Q, (1.1)
b(u)(t = 0) = bug) in Q, (1.2)
u=0 on 9N x (0,7). (1.3)

In Problem (1.1)-(1.3) the framework is the following: the data p is a bounded
Radon measure on @, b(s) is a strictly increasing C'-function for every s €
R with ug belongs to L'(2). The operator —div(a(z,t,Vu)) is a Leray—Lions
operator which is coercive and which grows like |Vu|P~! with respect to Vu, (see
assumptions (3.3), (3.4) and (3.5) of Section 3).

In the case where b(u) = u, and the right hand side is a bounded measure,
the existence of a distributional solution was proved in [10], but due the lack of
regularity of solution, the distributional formulation is not strong enough to pro-
vide uniqueness (see [10] for a counter example in the elliptic case). To overcome
this difficulty the notion of renormalized solutions firstly introduced by DiPerna
and Lions [23] for the study of Boltzmann equation was adapted to parabolic
equations and (elliptic equations) with L! data (see [5, 11, 13, 32, 30, 31]). The
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equivalent notion of entropy solution has been developed independently by [0]
for the study of nonlinear elliptic problems and by [36] in the parabolic case.
Both renormalized or entropy solutions provide a convenient framework to deal
with elliptic or parabolic equations with L! data. A large number of papers was
then devoted to the study the existence of renormalized (or entropy) solution
of parabolic problems with rough data under various assumptions and different
contexts: in addition to the references already mentioned see, among others,

[77 I Y ) Y ) Y I ) ]‘

Concerning the datum g, the existence and uniqueness of renormalized solution
of (1.1)-(1.3) has proved in [38] in the case where b(u) = u, ug € L'(Q), h = 0,
and for every measure p which do not charge the sets of zero p-capacity , the so-
called diffuse measures or soft measures, and we will use the symbol p € My(Q)
to denote them (see Section 2 for the definition). The importance of the measures
not charging sets of null p-capacity was first observed in the stationary case in
[8], and developed in the evolution case in [38].

For u € Mo(Q), up € L'(Q) and h = 0 the existence and uniqueness of
renormalized solution was proved in [15].

In the case where u € My(Q), h = 0, and with the parabolic term on b(x,u),
the existence of renormalized solution of Problem (1.1)-(1.3) was proved in [37].
Concerning the lower order term, existence of renormalized solution of Problem
(1.1)-(1.3) has proved in [19] in the case where b(u) = b(z,u), u € L'(Q), ug €
L*(Q) and h satisfies the sign condition. In the case b(u) = b(z,u), u € L*(Q),
ug € LY(Q) and without sign condition, the existence of renormalized solution of
Problem (1.1)-(1.3) has proved in [1].

Notice that the definition of renormalized solution of problem (1.1)-(1.3) can
be extended to case of general measure by adapting the idea of [25] for elliptic
case and [34] for parabolic case.

For pn € M(Q) (the space of all bounded Radon measures on @), b(u) = u and
ug € L'(Q2), and h = 0, the existence of renormalized solution was proved in [2)]
for elliptic case and [31] for parabolic case.

Our goal is to extend the approach in [37] to general, and possibly singular
measure data and with lower order term which does not satisfies the sign condi-
tion.

The paper is organized as follows as follows. In Section 2 we give some pre-

liminaries and, in particular, we provide the definition of parabolic capacity and
some basic properties.
Section 3 is devoted to specify the assumptions on b, a, h, ug and p and to give
the definition of renormalized solution of (1.1)-(1.3) and see how the definition
of renormalized solution does not depend on the decomposition (not uniquely
determined) of the regular part of © we mentioned above and to the statement
of standard approximation argument we will use later. In Section 4 we establish
(Theorem 4.1) the existence of such a solution.
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2. PRELIMINARIES ON PARABOLIC CAPACITY

We recall the notion of p-capacity associated to our problem. Let @ = Qx(0,7)
for any fixed T > 0, and let us recall that V = W, ?(Q) N L*(Q), endowed with
its natural norm ||.||W01,p(9) + ||| 2202y and

W = {u e LP(0,T;V),u € L (0, T v’)},

endowed with its natural norm ||.||zror;v) + ||| o7 (07,17, remark that W is con-
tinuously embedded in C([0,7], L*(€)), and if 1 < p < oo, then C>(Q2 x [0,T])
is dense in W.

Let U C @ be an open set, we define the parabolic p-capacity of U as

cap,(U) = inf {HuHW cu € Wu> xy ae. in Q},
where as usual we set inf{0} = 400, then for any Borel set B C Q we define
cap,(B) = inf {capp(U) : U open set of Q, B C Q}
We define the space S by
8 = {ue (0, T;W (@), u € L7 (0,T;W ' (2) + L'(Q) ],

endowed with its natural norm ||.||LP(O7T;WO1,p(Q)) + 1l 2w 0w -1 @)+ 21 (@) -

We will denote by M(Q) the set of all Radon measures with bounded total vari-
ation on Q, while Mg(Q) is the set of all measures with bounded total variation
over () that do not charge the sets of zero p-capacity, that is if p € My(Q), then
u(E) =0, for all E C @ such that cap,(E) = 0. We recall the following theorem

Theorem 2.1. Let p be a bounded measure in Q. If p € Mo(Q) then there exists
(f,91,92) such that f € LY(Q), g1 € L' (0, T; W=¥(Q)), go € LP(0,T;V) and

/d)du /f¢ dx dt—i—/ (g1, 9) dt—/0T<¢t,92) dt ¢ € C(Q x [0,T]).

Such a triplet (f, g1, g2) will called the decomposition of .
Proof. See [38]. O

So, if p € M(Q), thanks to a well known decomposition result (see for instance
[27]), we can split it into a sum (uniquely determined) of its absolutely continuous
part o with respect to p-capacity and its singular part pg, that p, is concentrated
on a set £ of zero p-capacity; we will say that ps L cap,. Hence, if p € M(Q),
by Theorem 2.1, we have

== div(G) + g+ 1 — s s
in the sense of distributions, for f € LY(Q), G € (L*(Q))N, g € LP(0,T;V),
where pf and p are respectively the positive and the negative part of u; note
that the decomposition of the absolutely continuous part of p in Theorem 2.1 is
not uniquely determined. Let us state the following result that will be very useful

in the squel; its proof relies on an easy application of Egorov and Dunford-Pettis
theorems.
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Proposition 2.2. Let p. be a sequence of L'(Q) functions that converges to p
weakly in LY(Q), and let o. be sequence of functions in L>=(Q) that is bounded in
L>(Q) and converges to o almost everywhere on Q). Then

lim [ p. 0. dxdt = / p o dxdt.
e—0 Q Q

Here are some notations we will use throughout this paper. For any non neg-
ative real number k we denote by Ty(r) = min(k, max(r, —k)) the truncation
function at level k.
By (.,.) we mean the duality between suitable spaces in which functions are
involved, in particular we will consider both the duality between W, () and
W17 (Q) and the duality between Wy () N L=(Q) and W~17(Q) + L1(Q).

3. ASSUMPTIONS ON THE DATA AND DEFINITION OF A RENORMALIZED
SOLUTION

Throughout the paper, we assume that the following assumptions hold true: 2
is a bounded open set on RY (N > 1), T > 0 is given and we set Q = Q x (0, 7).

b:R—R (3.1)

is a strictly increasing C'-function with b(0) = 0, and there exist v and A > 0
such that

v V(s) <A, (3.2)

for every s € R.
a:QxRY - RY isa Carathéodory function (3.3)
a(x,t,£).€ > af€)?, (3.4)

for almost every (z,t) € Q, for every ¢ € RY, where o > 0 given real number.

la(z,t,€)| < B(L(x,t) + ), (3.5)

for almost every (z,t) € Q, for every £ € RY, where 3 > 0 given real number, L
is a non negative function in L (Q).

la(z,t,§) —alz, 1, &)][§ = £ >0, (3.6)
for any (£,¢') € R*Y and for almost every (z,t) € Q.
h:R—RF (3.7)
is a continuous positive function that belongs to L'(R).
pe MQ), (3.8)
ug is an element of L'(€2) such that b(ug) € L'(€). (3.9)

To simplify notation, let us also define v = b(u) — g, the definition of a renormal-
ized solution for Problem (1.1)-(1.3) is given below.
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Definition 3.1. A measurable function u defined on () is a renormalized solution

of Problem (1.1)-(1.3) if

Ti(v) € LP(0, T; Wy P(Q)) Vk >0, v € L>®(0,T; L'(Q)) and h(u)|Vul|P € LY(Q),

(3.10)
and, for every function S in W2 (R), which is piecewise C' and such that S’ has
a compact support and S(0) = 0, we have

S(v), — div (S'(v)a(x, t, vu)> + S"()a(x, t, Vi) Vo + S (v)h(u)|[VulP (3.11)

= £8'(v) — div <GS'(U)) +GS"(0)Vo in D(Q),

S(v)(t =0) = S(b(ug)) in L'(9). (3.12)
For every ¢ € C(Q), we have
1
lim — a(z,t, Vu)Vo i de dt = / Ydul, (3.13)
O N J{(z,)eQ ; n<v<2n} Q
1
lim — a(z,t, Vu)Vu dedt = / Ydug . (3.14)
n—oo 1 {(z,t)eQ ; —2n<v<—-n} Q

Remark 3.2. Note that thanks to our assumptions and the choice of S all terms
in (3.11) are well defined (for more details see [15], Remark 3.2). Let also observe
that S(v), € L¥ (0, T;W=7(Q)) + L'(Q) and S(v) € LP(0,T;W,"(R)), which
implies that S(v) € C([0,T], L*()) (see [32]) and (3.11) makes a weak sense,
indeed, since pg € My(Q) and it is defined on the o-algebra of the borelians of
the open set (), then o does not charge set at t = 0, which implies, in the weak
sense, that g(z,0) = 0 for any g such that (f, div(G), g) is a decomposition of pq,
this explains (3.12), (see [38]).

A remark on the assumptions (3.2) is also necessary. As one could check later,
due essentially to the presence of the term g; in the decomposition of the measure
w,we are forced to assume b'(s) > v > 0. We conjecture that this assumption is
only technical and could be removed in order to deal with more general elliptic-
parabolic problems (see for instance [1], [21]).

Now we give the following property of renormalized solutions; throughout the
paper C' will indicate any positive constant whose value may change from line to
line.

Proposition 3.3. Let v = b(u) — g be a renormalized solution of problem (1.1)-
(1.3). Then, for every k > 0, we have

/ |VT(v)|P dedt < C(k+ 1), (3.15)
Q

where C' is a positive constant not depending on k.

Proof. Using assumptions (3.2), following the same arguments as in [31], yields
(3.15). 0

Here, we give two results which show that the renormalized solution does not
depend on the decomposition of the regular part of p.
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Lemma 3.4. Let pg € Mo(Q), and let (f, g1, g2) and (f, 31, 32) to be two different
decomposition of . according to Theorem 2.1. Then we have (go —G2): = [ — f +
g1 — g1 in distribution sense, go — gz € C([0,T], L (Q)) and (g2 — 92)(0) = 0.

Proof. See [38], Lemma 2.29. O

The following result shows that the definition of renormalized solution does
not depend on the decomposition of the absolutely continuous part of g under
the condition of bounded perturbations of time derivative part of g, and due the
estimate (3.15).

Proposition 3.5. Let u be a renormalized solution of problem (1.1)-(1.3). Then,
u satifies definition 3.1 for every decomposition (f,g1,g2) such that go — Gz €
LP(0,T; Wy () N L2(Q).

Proof. See [31], Proposition 3 and Remark 6. O

4. EXISTENCE RESULT
This section is devoted to establish the following existence theorem.

Theorem 4.1. Under assumptions (3.1)-(3.9), there exists at least a renormal-
ized solution w of Problem (1.1)-(1.3).

Proof. We will obtain the existence result by an approximation process, we ap-
proximate the measure u € M(Q) by a sequence defined by

99°
ot
where f© € C(Q) is a sequence of functions which converges to f weakly in
LYQ), GF € (C=(Q))" is a sequence of functions which converges to G strongly
in (LP(Q))N, ¢° € C=(Q) is a sequence of functions which converges to g strongly
in LP(0,T; Wol’p(Q)), and \e. € CX(Q) (respectively A?) is a sequence of non
negatives functions that converges to uf (respectively u; ) in the narrow topology
of measures. Moreover let uf € C'°(2) such that

ui € C°(Q) = uf — ug in L*(Q) as e — 0. (4.2)

i = 7 — div(GF) +

N (4.1)

We also assume

HMEHLl(Q) < C|M|M(Q) and Hb(ué)HLl(Q) < CHb(Uo)”Ll(Q)
Let us now consider the following regularized problem:

u® € LP(0,T; Wy(9)), (4.3)
/ <8§5 ) dit / a(@,t, Vo) Vip dudt+ / h(w)| Vs [Po dedt = / feo dudi+ / GV dadt
Q Q 0

Q
(4.4)
+/<pd)\i—/god)\€
Q Q

Vi € LP(0,T; Wy () N L(Q),
b(u®)(t =0) = b(uy) in Q, (4.5)
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where v = b(u®) — ¢°. As a consequence, proving existence of a weak solution
us € LP(0,T; Wy P(Q)) of (4.3)-(4.5) is an easy task (see [9], [29]).
Now we prove the following proposition which gives some compactness results.

Proposition 4.2. Let u® and v° be defined as before. Then

||| oo 0,701 02)) < O, (4.6)
/ \VTi(u) P dedt < Ck, (4.7)
Q
u® is bounded in L0, T; Wy(Q)) YV1<qg<p-— NLH’ (4.8
|0 || Lo 0,751 () < O, (4.9)
/ VT (%) dadt < C(k + 1), (4.10)
h(5€)|Vu€|p is bounded in L'(Q), (4.11)

and, up to a subsequence, for any k > 0 we have
uf — u a.e. on Q weakly in LI(0,T; W, *()) and strongly in L'(Q)4.12)
v — v a.e. on Q weakly in LY(0,T; W, (Q)) and strongly in L*(Q(4.13)
Tio(uf) — Ty(u) weakly in LP(0,T; W, ?(Q)) and a.e. on Q, (4.14)
Ty (v%) = Ti(v) weakly in LP(0,T; W, 7(Q)) and a.e. on Q, (4.15)

Proof. We prove (4.6) and (4.7), using T (u®)" as a test function in (4.4) and we
integrate in ]0,¢t[ we get

t
/Bk(ua)(zﬁ) cl:ic—i—/ /a(x,t, Vur)VTi(u)* dxds+/ h(u®)|[Vus |PTi(u®) " dzds
Q 0 JQ Q

(4.16)
t
:/ /uETk(ue)er:pds—l—/Bk(ug) dx,
0 Ja Q

for almost every t € (0,7"), and where By(s) = / Ty.(r)*V' (r) dr. Using assump-

0
tion (3.4) and since By(u®) > 0, from (4.16) we obtain that T} (u)" is bounded
in LP(0,T; Wy (Q)), and similarly by taking Tj(u®)~ as a test function in (4.4)
yields (4.7). By (3.2) we have

Bi(s) > 'y/ Ti(r)tdr VseR,
0

and since / Ty(r)Tdr > s—1Vs € R", we obtain
0

/Q W (t) di < %(Hbmowmwww )+ meas(Q).

Similarly by taking Ty(u®)~ as a test function in (4.4) we conclude that u® is
bounded in L*(0,T; L'(Q2)), which yields (4.6). Now, using (4.6), (4.7), and
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arguing as in [10] we obtain (4.8). Taking Ty (v°)" as test function in (4.4) and
we integrate in |0,¢[, by assumptions (3.2), (3.4), (3.5), (3.7) and by means of
Young’s inequality one obtains

/Tk(vg)(t)dx—f—g/ V' (u®)|Vu© [Pdadt (4.17)
0 2 Jyjes 1<k

ep’ P
S C(”G HLp’(Q) + ||LHLP’(Q) + HVg HLP(Q )
HR( M@ + 10us)l @) + A2 L@ + 1A% @),
where Tj(s) = / T.(r)tdr Vs € RT. Similarly by taking Ty(v°)™ as a test
function in (4.4) we deduce that (4.9) and (4 10) hold true.

NOW we prove that (4.11) holds, we use py(u fo 5)X{s>k} d5 as test function
in (4.4) we obtain
/ B (u*)(T) dx + / a(z,t, Vu®)Vuh(u®) X us k) dedt (4.18)
Q Q

< / " h(s) ds) |l oy + / By () d
gC’/k h(s) ds,

S

where By(s) = / pr(r)'(r) dr.

By assumptions (3.4) and (3. 7) we obtain that fQ u®) | Vus [PX e sy dadt is
bounded, similarly taking px(u fue h(s)X{s<—k}y ds as test function in (4.4)
we obtaln the same result.

We have

/ h(u®)|Vu|P dedt < / h(u®) [ VU [P X fus | <k} dxdt+/ h(u®) [V uf [P X (us| >k} dadt,
Q Q Q

due to (3.7), (4.7) and (4.18) we get (4 11) By (3.2), (4.8), (4.11) and since u° is
bounded in L'(Q), one obtain that 227 is bounded in L'(0,T; W~1(Q)), using
compactness arguments (see [11]) yield (4.12) and (4.13). O

Let us introduce for k£ > 0 fixed, the time regularization of the function Ty (u)
in order to perform the monotonicity method. This kind of regularization has
been first introduced by R. Landes. More recently, it has been exploited to
solve a few nonlinear evolution problems with L' or measure data. This specific
time regularization of Tj(u) (for fixed & > 0) is defined as follows. Let (vf), in
L=(Q) N W, ?(Q) such that |5 || Lo () < K, for all v > 0, and vf — T, (uo) a.e. in
Q with +[|v§||Lr) — 0 as v — +oo.

For fixed k > 0 and v > 0, let us consider the unique solution Tj(u), € L>*(Q) N
LP(0, T, W,7()) of the monotone problem:

0Tk (U)V
ot

+v(T(u), — Te(uw)) = 0 in D'(Q),
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Ty (u),(t =0) = vy in Q.
The behavior of Ti(u), as v — +oo is investigated in [29] (see also [21]) and we
just recall here that:

Ty (u), — Ti(u) strongly in LP(0, T, WyP(Q)) a.e. in Q as v — +o0

with || 7% (w), || o) < k for any v > 0, and %j?# e LP(0, T, Wy (Q)).

Here and in the rest of paper w(e, n, d, 1) will indicate any quantity that vanishes
as the parameters go to their limit point with in the same order in which they
appear, that is, for example

lim lim lim lim |w(e, n,d,v)| = 0.
v—00 §—0 n—o0 e—0
Now we prove the following proposition
Proposition 4.3. The sequence (Vu®) converges to Vu a.e. in Q,

In order to prove the Proposition 4.3 we give the following result .

Lemma 4.4. Let 2° be a sequence in LP(0,T; W, (Q)) N C°([0, T); L*(2)) such
that 2°(.,0) = 0, and (2°), € LY (0,T; W= (Q)), suppose that 2° converges
almost everywhere in Q to a function z such that Tj,(z) € LP(0,T; W, ?(Q)) for
every k > 0. then we have

/0 <%, T, (= — To(2),))) dsdt > w(n, v, k, o) (4.19)

Proof. See [7] O

Remark 4.5. The proof of Lemma 4.4 extends the case of sequences (uf) converg-
ing in L', the only difference being to include the initial condition u§ in Landes
approximation. This technical point can be found e.g. in [32].

Now we are ready to prove the Proposition 4.3

Proof. We follow the method used in [7], by the monotonicity of a(x,t,§), the
result will be proved if, up to subsequences still denoted by u® (for simplicity of
notation, we will omit the dependence of a on = and t),

0
[m(vue) — a(Vu)).(VuE — vu)] 0. (4.20)
Note that (4.20) will be true if we show that

/Q [(a(wa) —a(Vu)).(Vu® — Vu)} ’ dzxdt = w(e), (4.21)

for some 6 > 0, thanks to Proposition 4.2, the following estimate holds
meas({|b(u)| = k}) = w(k),

and for simplicity we set w = b(u).
We can write

/Q [(a(VUS) —a(Vu)).(Vu® — Vu)] ' dxdt
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%
- / [(a(VuE) — a(Vu)).(VaE — vu)] ddt
{lw|>k}

+ /{ o [(a(Ve) = a(Vu).(Vu - Vu)]e dadt

= 1legk + Ja,k-
Since u° is bounded in L2(0, T'; W,4(Q)) for some ¢ < p, we can choose 6 < % <1,
so that using Holder inequality, we obtain

/ Op/
sl < o Q2P+ 9ul+1901)7) " meas({o] = k)0
Q

< e meas({|w| > k})'/1,
and so I, = w(e, k). On the other hand,

ek = /{ " [ (a(Vu) = a(Vuxquian) ) (Vo - w)]e davdt

< /Q [(a(VUE) — a(VuX{|w|<k})> (Vue — Vux{|w|<k}>} ’ dxdt
We define
U, ) = (a(Vus) — a(VuX{‘ka})) (Vua - Vux{|w|<k}>,

and we have

/Q [(a(V) ~ a(Vu)) (Ve — V)  dwdt (4.22)

= /Q WO X e T <o} + /Q U X (T 50} + W(E, K),

since \Ifgyk is bounded in L% (@) and since X{|w—Ty(w)|>0} CONVerges to zero almost
everywhere in () as k tends to infinity, we obtain

Thus, (4.21) becomes

/Q [(a(Vu) ~ a(Vu)).(Vu# — V)| dads

< /Q \Ijg,kXﬂwf—Tk(w)y\ga} + W(éf, v, k)

Using Hélder inequality (with exponents 1/6 and 1/1 — ) the last integral is
smaller than

0
meas(Q)1_9</ \Ija,k:X{\wEka(w)ﬂga}) )
Q
so that (4.21) will be proved if we can show that

/ \Ije,kX{\weka(w)Aga} = w(e, v, k’, 0'). (423)
Q
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Now recalling the definition of W, ;, we can write by (3.2)

/Q Ve kX {jwe ~ Tk (w)s|<o} (4.24)

1 e . .
< ;(/Qb (U )a(Vu )(VU — VUX{\w\Sk})X{lwszk(w)V\gg}

- /Q b (u)a(Vuxqpuice) (Vi = Vixuic ) X110} )

By Proposition 4.2 and since |Tj(w),| < k we obtain

/ b'(u€>a(VUX{|w|Sk})<WE - VUX{|w|§k}>X{|wszk<w>u\sU} (4.25)
Q

= / b (w)a(Vuxuic) (VX ipuick o) = VUXuich) )Xo T, iso) + @(E)
Q

= w(e).
On the other hand we have

/Q V' (w)a(Ver) (WE - VUX{lwlgk})X{|ws—Tk<w>u\sU} (4.26)

B /Q“WUEW(UJE — Ty (W)w) X e~ Ty (w) <o)

+/ b (u)a(Vus) (0 (u) VT (w)y, = b (w) ™V Tk(w) X fue ~ i (w)o [ <o} -
Q
We have

/Qb’(ua)a(vua)(bl(ug)_lvﬂ(w)u — V' (u) T VT (W) X w13 (w) <o}

- /Q a(t/(u) " Vs o (W) VT (W) X {05 T (w), | <0}

—/ b ()Y (1)~ a(b' (u) ™V T o (wF) VI (W) X (T (), <0
Q
since a(V/ (uf) 'V Ti o (w?)) converge weakly to I'y, in LP'(Q), b'(uf) converges

to b'(u) x-weakly in L*°(Q), and almost everywhere in ) by Propostion 2.2 we
obtain

/Qb'(ug)a(VuE)(b'(ug)1VTk(w)u = V(W) T VT3 (W)X {ws - T () |<o}

= / Lho (VT (W), — VT(W))X{jw-T; (w),| <o} T W(E)
Q

= w(e,v).
Hence (4.24), (4.25) and (4.26) imply that

/ e X (e =Tk (w)o| <o} < / a(Vus)V(w® — Ti(w)y) X{jws—Ty (w), |<o} + W(E, V).
Q Q
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Now we use the equation solved by u®. Taking T,(w® — Tip(w),)" in (4.4) we
obtain

T 8w€ g w + a ug wg_ w + T
/0 (W,Ta(w T (w),) >dt+/Q (Vu)VT,( Ti(w),) " dadt

+/ h(u®)|VuF [PT, (w® — Ty (w),) " dedt = / T, (w — Ty (w),) " dadt.
By propcérty of pf we have ‘
| [ ot i) doc] < ol lusia < olalon
By Lemma 4.4 and assumption (3.7) we obtain
/Qa($, t, Vu*)VT,(w® — Ti(w),) " dzdt < w(e, v, 0).
Similarly we take T, (w® — Ty (w),)” as test function in (4.4) we deduce
/Qa(Vu‘E)VTU(w‘E — Tr(w),) dedt < w(e, v, o). (4.27)

Then we obtain (4.27) and therefore (4.21). O
Now we give the basic result about approximate capacitary potential.

Lemma 4.6. Let pus = pt — p; € M(Q) where uf and u; are concentrated
respectively, on two disjoint E¥ and E~ of zero p-capacity. Then, for every
0 > 0, there exist two compact sets Kgr C E* and K; C E~ such that

pi(EN\KS) <6, p (BN\K;) <6, (4.28)
and there exist V5, 5 € C3(Q), such that
Y =1 and 5 =1 respectively on K and Kj , (4.29)
0<4y, ¥ <1, (4.30)
supp(yy) N supp(vs ) = 0. (4.31)
Moreover
15 lls <6, [lv5lls <9, (4.32)

and in particular, there exists a decomposition of (V3): and a decomposition of

(¢35 )i such that

MW@ < 5 (4.33)

1) o w10 ) <

| S WIS

@ Rl < 5 (4.34

Both v¢§ and 5 converges to zero x—weakly in L>(Q), in LY(Q), and up to
subsequences, almost everywhere as 6 vanishes. Moreover, if A and A\° are as in

(4.1) we have

”(wg)tlHLP’(O,T;W‘W/(Q)) =

[vraxi=we). [ udur<s (4.35)
Q Q
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[otax —oeo. [ uide < (4.36)
Q Q
/(1 ) AN = wle,6m), /(1 LRy dpt <4 (437)
Q Q

/ (1= g5 07) A = w(z, 8,1), / (L= du; <640 (438)
Q Q

Proof. See [31], Lemma 5. O

In what follows we will always refer to subsequences of both ¢f and ;5 that
satisfy all the convergence results stated in Lemma 4.6.
Now we will prove the following theorem

Theorem 4.7. Let v° and v be as before. Then, for every k > 0
T (v%) = Ti(v) strongly in LP(0,T; Wy P (Q)).

Proof. Let us first introduce the following function that we will use in the proof
of Theorem 4.7.

(1 if |s| < n,

an_s if n<s<2n,
) = nrs if —2n<s< —n,

0 " if |s| > 2n.

\

Let also introduce another auxiliary function in terms of H,, by B,,(s) = 1—H,(s).
Our aim is to prove the following asymptotic estimate:

@ a(x,t, Vu®) VT (v°) drdt < / a(x,t, Vu)VT(v) dz dt. (4.39)
© Q Q

In order to prove (4.39), we shall follow several steps.

* Step 1.

For every d,n > 0, let ¢, f{, Y5 and ¢, as in Lemma 4.6 and let ET and

E~ be the sets where, respectively, pf and p; are concentrated. Setting @5, =

1&;1&; + 95 1, , we can write

/Qa(x, t, Vu )V (T (v°) — Ti(v), ) Hp(v°) dx dt (4.40)
= /Qa(m,t, Vu )V (T (v°) — Ti(v),) Hp (v°) Py, dadt

+/ a(z,t, V)V (T (v°) — T (v),) Hp (v7) (1 — ®s,,) dadt.
Q

Now, if n > k, since a(x,t, Vusx{pe<2n) VI (v), is weakly compact in L'(Q)
as € goes to zero, H,(v°) converges to H,(v) *weakly in L>(Q), and almost
everywhere in (), by Proposition 2.2 we have

lim [ a(x,t, Vuo)V(Ti(v°) — Ti(v),) Hp (v°) @y, ddt (4.41)

e—0 Q
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:M[/ a(z,t, VUE)VTk(vE)(I)g,nahdt] —/a(:v,t, Vu)VTi(v), Hy,(v)®s,, dedt
Q

e—0 Q

:m[ / a(z, t, vus)VTk(UE)%dxdt] - / a(z,t, Vu)VTi(v)®s, dudt + w(v).
Q

e—0 Q

Since ®;,, converges to zero - weakly in L>°(()) as ¢ goes to zero,
/ a(z,t, Vu)VTi(v) s, dedt = w(0).
Q
Therefore, if we prove that

lim lim lim | a(z,t, Vu©) VT (v°)®s,, dzdt < 0, (4.42)

n—0 6—0 =0 Q

then we can conclude

lim lim lim | a(z,t, Vu©) V(T (v°) — Ti(v),) Hy (v°) @5, drdt < 0. (4.43)

n—0 §—0 e—0 Q

* Step 2. Near to E.
Before proving (4.41), we first show the following result

Lemma 4.8. Let u® be a solution of (4.3)-(4.5). Let n be a positive real number,
and let ¢’ and ¢ be two non negative functions in C°(Q)) such that

0<y) <1, 0<¢" <1,

and
0< / elduf <mn, 0< / el dug <, (4.44)
Q Q
we then have
1
= / V(u)a(z,t, Vu)Vuse dedt = w(e, n,n), (4.45)
N J{—2n<ve<—n}
1
— / V' (u®)a(z,t, Vu*)Vubp! dexdt = w(e, n,n). (4.46)
n J{n<ve<2n}

Proof. Let us prove (4.46); let 5,(s) = Bn(s'), we can choose §,(v°)¢" as test
function in (4.4) and rearranging conveniently all terms we have

1
— / b (u)a(x, t, Vu®)Vus " dx dt + /
{n<ve<2n}

h(w) |V P B (v°) " daedt + / B (1) AN

1

= —/ a(z,t, Vu®) Vg™ dx dt
N J{n<ve<2n}

+ E(vg)dg’; dxdt—/a(x,t,Vua)Vgoiﬁn(ve) dwdt%—/faﬂn(vs)(p’i dadt
Q Q

T
- [ <av(@) a0 > dek [ Bt ax,,
0 Q
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where B, (s / Bn(r)dr. Using the fact that / Bn(v)" dA° > 0 and by

assumptions (3.2), (3.4), (3.5), (3.7) and Young’s mequahty we obtain

1 /
—/ V(u)a(z,t, Vu*)Vuse! dxdt < g/ (\Vga\p + |LP ) dx dt
{n<ve<2n} nJg

/ﬁn d:cdt—/a(x,t, Vu®). V' B, (v°) dwdt—i—/fgﬁn(va)goz dx dt
Q Q

T
—/ < div(G?), B (v7)" > dt—i—/ﬁn e dAT.
0

By Proposition 4.2 and 4.3 we have a(x,t, Vu®) converges weakly to a(x,t, Vu)

n (L7(Q))N as € goes to 0 for every ¢ < 1+ m, since ¢" belongs to

C*(Q) and f,(v°) converges to (3,(v) a.e. in @ and x-weakly in L>(Q) as € goes
to zero and 3, (v) converges to 0 a.e. in ) and *-weakly in L>°(Q) as n goes to
400, thanks to Proposition 2.2, we obtain

/ a(z,t, Vu* )V 5, (v°) dz dt = w(e,n).
Q

Since f,(v°) converges to B,(v) in L'(Q) as & goes to 0, and j3,(v) converges to
0in L'(Q) as n goes to +00, we obtain

/ B (v dac dt = w(e,n).

Moreover, the weak L'(Q) convergence of f¢ to f and thanks to Proposition 2.2
we obtain

/ 125, (v%) @™ dedt = w(e,n).
Q

Due the strong convergence of div(G®) to div(G) in L (0, T, W~4'(Q2)) and the
weak convergence in L?(0, T, Wy™(Q)) of 3,(v°) to Bn(v) and B,(v) to 0 strongly
in LP(0,T,W,"(€)) (this facts is an easy consequence of the estimate on the
truncates of u° in Proposition 4.2), we obtain

T
/ < div(G®), Bn(v°)p! > dadt = w(e,n).
0

Finally, by (4.44) and since (3, (v®) is non negative and bounded and ¢” is con-
tinuous, we have

/ Ba(vF)g" dNS, < / o dpt + w(e) = wle, ).
Q

Putting together all these facts lead to (4.46), while (4.45) can be obtained in the
same way choosing (,(s) = B,(s7) and 5, (v°)¢] as test function in (4.4). O
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Now let us check (4.42). For fixed k > 0, we choose (k—T}(v*)) H, (v°) exp(—H (v°) )05 ¥
as test function in (4.4), defining I, x(s) = / (k — Ty (r))Hy(r) exp(—H (r)) dr,
0

*h rl<2m} P
and H (s) :/ (r) m{C_LX{I <2n) PAr) dr.
0 Ya ming<ony h(r)
Integrating by parts, we obtain

(4.47)

— [ aslo?) w50 e [ (b= Te(o)) exp(—H () oo )aCist, V) 05 057 dds
Q Q

+/ a(z,t, Vu)V H, (v°) exp(—H (v°)) (k — Ty (v%)) 05 ;" dadt
Q
—/Qa(x,t,Vus)VTk(vs)exp(—H(v‘g))Hn(1}5)1/13’1/1;r dxdt

-I—/ h(u®)|Vus [P H, (v%) exp(—H (v%) ) (k — T (v°) )13 ;) dadt
Q

 maxyjs|<an} A(s)
Yyormings<any h(s

/h( Ja(z,t, Vus)Vo© exp(—H (v%))(k — T (v%)) 05 o) dadt
= | 7 xpl HO H o)k = Tl 5 dac

- / < div(GF), exp(— H(v") H, (v°)(k — Tl )i o5t > dt

0
" /Q exp(— H (v°)) Ho (o°) (k=T (%) i dN— /Q exp(— H(vF)) Hy (0) (k=T (08) 5 5 dAC.
For n > k, we have

H,(v%)a(x,t, Vu©) X e )<k = a(x, t, VUu©) X<y a-€. in @,

then rearranging all terms of (4.47) and using assumptions (3.4) and (3.7), we
obtain

(4.48)
/b’(ue)a(a:,t,Vus)Vusxﬂquk}exp(—H(vE)) grzﬂ;rdxdt—i—/ exp(—H (v°)) Hn (v°) (k=T (v°)) 35 0, dA
Q Q
+ max A(s / VP exp(—H (o) (k — Tu(v)) 6 6 ddt
d 2k
< —/F k(U7) = (V) da dt+— a(z,t, Vu©) Ve exp(—H (v°))y ;) d dt
Q dt {—2n<ve<—n}

T / exp(— H(v%))(k — Ty(v")) (), £, Vil )V (65 05 dadt

/ £ exp(—H (%)) (k — T(o") Ha(oF )y dad
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+ {‘H‘%};} h(s / VU [P Hy, (v7) exp(—H (v°)) (k — T (v°) )05 o, daedt
+/ h(u®) |Vl [P Hy (v7) exp(—H (v%) ) (k — Ty (v°) )y oy dadt
{lus[>2n}
—/0 < div(G®), exp(—H (v°)) H,, (v°) (k=T (v%)) grl/z,;r > dt+/Q(k:—Tk(v€))exp(—H(Ue))Hn(ve) ;wﬁ

+/Qh(v5)Hn(v£)a(a:,t, V)V g exp(—H (v°))(k — Ti(v°) )05 b,y ddt

—l—/a(x,t,Vus)Xﬂvsgk}Vga exp(—H (v°))yy o dadt.
Q

(4.49)
/ V' (uf)a(x, t, Vus) Vs x g <ky exp(—H (0%) )i b, dadt
Q
+/Q€XP(—H(UE))Hn(U€>(k — Ti(v%)) exp(—H (v7))ib5 by dA
< —/ Lok vs) (1/1}1/1*)da:dt+% a(z,t, Vu©)Vo© exp(—H (v°))y; b, da dt
Q {—2n<ve<—n}

+ | XD H)) (k= Tu(e) Ha(w)ale, , V)V (45 ) dd

= [ 5= i) s 0 H o v
+/ h(u®) |Vl [P Hy (v%) exp(—H (0%) ) (k — Ti(v°) )5 o dadt
{lu[>2n}
—/0 < diV(GE),eXp(—H(’UE))Hn(’UE)UC—Tk(ve))¢;¢7—;— > dt
+/(k—Tk(va))exp(—H(va))Hn(va) ;@D;“ AN\
Q
—|—/Qa(x,t, Vs ) X joe|<ky V9© exp(—H (v°)) (k — Tp(v°))05 ¥y dadt

+/Qh(va)a(a:,t,Vua)Vga exp(—H (v°)) Hn (v°) (k = Ty (v)) 95 ¢, dadt

Let us analyze term by term the right hand side of (4.48). Due to Proposition
4.2 we have T, ,(v°) converges to T, (v) weakly in LP(0,T; Wy *(12)), and since
T, x(v) € LP(0, T; W, P(Q)) N L®(Q), we deduce

d
[ Paser) 0w dat
Q

Jr

= /Qank(v)%@D;’ dxdt + /ank(v)%d); dzxdt + w(e) = w(e, 9).
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Since (k — Tp(v°))H,(v°) converges to (k — Ti(v))H,(v) a.e. and * weakly in
L>(Q), thanks to Proposition 2.2, Proposition 4.2 and Lemma 4.6, we deduce

/Qexp(—H(v‘E))(k — T () Hn (v)a(a, t, Vuf)V (b3 1, ) dadt

_ /Q exp(—H(v%))(k — To(v)) Hy (v)a(x, £, Vi) V(5 67 ddt + wi(e)

= w(e, ).
Moreover, (k—Ty(v°)) exp(—H (v°)) H, (v°)15 4 weakly converges to (k—T(v)) Hn(v)5 by
in LP(0,T; Wol’p(Q)), and *- weakly in L*°(Q), thanks again to Lemma 4.6, we
have

/0 < div(G*), exp(—H (v°))(k — Tp(v°)) Hy (v°) Y500 > dt = w(e, d),
and
/Q 1% exp(—H(0%)) (k — To(v°)) Ha(0°)6 6F deedt = wie, 6).

Using assumptions (3.7), Proposition 2.2, Proposition 4.2 and Lemma 4.6, we
deduce

/Qh(vs)a(x, t, Vu®) Vg exp(—H (v°)) H, (v°) (k — Tp(v%))05 4, dedt = w(e, d),

/ a(z, t, Vus) x| <iy V9° exp(—H (v%))(k — Ty(v)) Ho (0%)05 Yy dwdt = w(e, 0).
Q
Thnks to (4.18) we obtain

/{ o }h(u5)|Vu€|PHn(UE) exp(—H(vE))(k‘ . Tk;(/UE)> ;_w;;_ dedt — w(s,n).

Using assumptions (3.2), (3.5), Young’s inequality, since 0 < ¢F < 1 and
exp(—H (v°)) < exp(C||h|| 1 (r))we obtain

1
’—/ exp(—H (v°))a(z, t, Vu) Voo d dt‘
{—2n<ve<—n}

1 /
< —/ V' (u®)a(z, t, Vu®)Vuy, d dt + g/ <]Vg5|p + |LJP > dxdt,
{—2n<ve<—n} nJqg

+

applying Lemma 4.8 for ¢’ = 4;f, we obtain

1
- / a(z,t, Vu*) Vo do dt = w(e,n,n).
{—2n<ve<—n}

Using (4.38) in Lemma 4.6, we have
’ / H, (v°)(k=Ty(v ))w;@ﬁ dxe | < 2k/ ng%frd)\s = 2k/ ¢;¢+dﬂs +w(e) = w(g, d).
Collecting all we have shown above, we get

/ H,(v*)(k—Tx(v ))1/1;1/1; d)\‘i+/ a(x,t,VUE)VT;C(1)8)@/);@/);r dzxdt < w(e,d,n,1m).
Q
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Slnce/ H(v%) (k= T (v%) )13 b dAS > 0 and exp(—H (400)) < exp(—H (v°)) <

exp(— o0)) we obtain

/ a(z,t, Vu )V T (v%) iy ¢ dedt < w(e, d,n).
Q

On the other hand, reasoning as before with (k+ T}, (v°)) H,, (v®) exp(H (v°))¢5 ¢,
as test function we can obtain

/ a(r,t, Vu?) VT (v )5 ¥, drdt < w(e, 6, 1),
Q

therefore, we obtain (4.42) which yields (4.43).

Remark 4.9. As we have shown above we have

/ Hy () (k=T (v®)) 5 4 d)\i—i—/ V' (u®)a(x, t, Vus) x| <ky VU5 O dedt < w(e, d,n,1),
Q

by assumptions (3.2), (3.4), thanks to Proposition 4.2, 4.3 and Lemma 4.6 one

obtains

/H (k — Tu( )t dXs = w(e, 8, m).

Analogously we obtain
/ (") (k + Tol(o") iy b X = (e, 6.1m,1).

The two last results above show an interesting property of approximating renor-
malized, they expresse the fact that v® (and so the solution u®) is very large
(greater than any k > 0 ) on the set where the singular measure p is concen-
trated, and small (smaller than any & < 0) on the set where the singular measure
[y is concentrated.

* Step 3. Far from F.
We first prove a result that will be essential to deal with the second term on the
right hand side of (4.40).

Lemma 4.10. Let k > 0 be fized. Let S be an increasing C*°(R)-function such
that S(r) =r for |r| <k and supp S’ is compact. Then

T(v5) — To(v),) (1 — ®s,)) dsdt > w(e, v).

Proof. The proof of the above Lemma follows the arguments in [I1], Lemma 1
and we just sketch the proof of it.
Let k& > 0 be fixed. Since S is increasing and S(r) = r for |r| <k,

Ti(S(v%)) = Tp(v°) and Ty (S(v)) = Ti(v) a.e. in Q.

As a consequence Ty (S(v)), = Tk(v), a.e. in @, for any v > 0.
It follows that under the notation z¢ = S(v°) and z = S(v), and thanks to
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properties of Tk , we have

(vF) = Te(v), ) (1 — @5,.)) dsdt (4.50)

/ / — Ti(2),)(1 — Bs)) dsdt
:/ /< - _Tk V>7(ZE—Tk(Z)u)(1—<I>5,n)> dsdt

/ / To(=))(1 — ®s,)) dsdt

/ / (2 = Ty(2)) (1 — @y,) ddt,

integrating by parts we have

T(v°) — Th(v),)(1 — ®g,,)) dsdt (4.51)

o Jo o F
:%/OT/:/Q(f—Tk(z) d?”dddt——/ /Z—Tk d(zdndxdsdt
% /OT/Q(zs — Ti(2),)? dwdt — E/Q(f = Tiu(2),)*(t = 0) dz
_1/T/(z€—Tk(zf))dedHZ/Q(ZE—Tk(zE))?(tZO) da
/ //aT’“ — Ti(2),)(1 = ®5,,) dz ds dt,

since / (s —Tr(s))ds = 2(7“—Tk( )2

Using t(ile definition of 2° and z, the fact that S is bounded and v® converges to v
a.e. on @, we have 2° converges to z strongly in L?(Q) and in L>®(Q) *— weakly,
the strong convergence of b(u5) to b(ug) in L'(€) implies that 2°(¢ = 0) converges
to S(b(up)) strongly in L?(€2).

Passing to the limit as € tends to zero in (4.51) leads to

T(v5) — To(v),) (1 — Bs,,)) dsdt (4.52)

o Jo ot
:%/T/(Z—Tk(z) dq)‘s’”ddt——//z—Tk d%”ddt
/ /Z—Tk dmdt——/z—Tk (t=0)dz
__/ /(z—Tk(z))g dxdt+§/9(z—Tk<z))2(t=0) dz

/ / / Itz — T3 (2),) (1 — @5,)) do ds dt + w(e),
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by rewriting the definition of Ty(u), in terms of Ty (z) we have

M s (1), ~ Tl2) = 0in D(Q)

T(2),(t =0) = vy in Q.

By properties of Ty(2), we obtain that Ty(z), converges to Ty(z) strongly in L*(Q)
and Ty (2),(t = 0) converges to Tj(S(b(ug))) strongly in L*(2) as v tends to oo.
Passing to the limit-inf as v tends to oo in (4.52) leads to

Jim L / /
- 1// / /(Tk(z) CTu(2)0) (2 = Th(2)u)(1 = Bs,) dadsdt.

Thanks to definition of Ty (z), we have

/ / / (Til 2)u) (2 = Ti(2),) (1 — ®s) dadsdt

_ /{ L E TG T~ @) dadsat

(v°) = Ti(v),)(1 — ®s,y)) dsdt

[ =T~ Tl — ) dadsi
{z>k}

+/ (—k —Ti(2),)(z — Tp(2),) (1 — ®s,,) dadsdt,
{z<—k}

and the three terms are all non negatives, then

(0%) = Ti(0)) (1 = @s)) dt > w(e, v)

OJ

Now, let us multiply by H, (v°)(T)(v*) — Tk (v),)" (1 — ®s,,) the equation solved
by u® and integrate to obtain

/OT <%, H,, (v°)(Ti (v°) — Tip(v),) (1 — <1>5,,7)> dt (4.53)
+ /Q a(z, t, Vu©).V(Tp(v°) — Ti(v),) T Ho(v°) (1 — @s,,) dadt
+ /Q a(z, t, V).V Hy (05)(Th(v%) — T(v),) " (1 — ®s,,) ddt

- /Q 0, £, V) g, Ho (0) (To(07) — Ta(w),)* devdt

[ BT @) T0) = Ti0)) (1 = ) d

/ H, o) = Ti(w),) (1 — Bs,)* dardt
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- [ < AN BT~ Tu(0)* 1~ 5y) >
/ H T (0)) (1 = By) X
/H —Th(0))) (1 = By) dA

Let us analyze term by term the identity (4.53), by Lemma 4.8 we have

/0 <%, Hy (v7) (T (v°) — Ti(v),) T (1 — <I>57,])> dt > w(e,v).

By assumption (3.7) we have
/ h(u®) |V [P H,, (v°) (T (v°) — Ti(v),) " (1 — ®5,)) ddt > 0
Q

The almost everywhere and x—weak convergence of H,, (v°)(Ty(v°) — Ti(v),)"
to H,(v)(Tp(v) — Ti(v),)"T in L*(Q), the properties of Ti(v), and thanks to
Propositions 2.2 and 4.2 we have

/Qa(a:, t, Vu).VOs, H,(v)(T)(v°) — Tx(v),) " dadt = w(e,v).

Due the strong convergence of div(G?) to div(G) in L” (0, T, W~ (Q)), Propo-
sition 4.2 and the properties of Tj(v), one obtains

/0 < div(G®), Hy(v°) (T (v°) — Tie(v),) T (1 — Ps,) > dt = w(e,v).

The weak convergence of f¢ to f in L'(Q), the almost everywhere and *— weak
convergence of H,(v°)(Ty(v?) — Ti(v),)" to Hp(v)(Tk(v) — Ti(v),)" in L2(Q),
Propositions 2.2, the properties of Ty (v), and the Lebesgue’s dominated conver-
gence theorem leads to

/ f°H, (v°) = T(v),) T (1 = Ds,)) dwdt = w(e, v).
By Lemma 4.6 and the fact that |H, (v¥)(Ty(v°) — Tk (v),)T| < 2k we obtain
| / H, — Th()) (1 = D) NG

<% / (1= 0 )X, + 2k [ dyv,ax,
Q Q
and

/H CT(0)y) (1 — Bg,) XS = w(e, 8,1),

and similarly we get

/H — Th(v),) (1 — ®5,) dX° = w(e, 6,7).
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It remains to prove that
/Qa(x, t, Vu®).VH, (v°)(Ti(v°) — Ti.(v),) " (1 — @5, dzdt = w(e,n,d,n).
We have
\1/‘ o, t, V)V (Th(07) = Ta(v),) (1 = By,) da dt
S {n<ios|<2n}

2k
< 2

. J{n<|ve|<2n}

V(u¥)a(z,t, Vu)Vus (1 — §s,) da dt

C ,
+—/<Wﬂﬂww>wﬁ:h+@
nJq

we have Iy = w(e,n), and we rewrite I; as follows:

2k
== V' (u®)a(x, t, Vus)Vus (1 — o)) da dt,
- J{n<ve<2n}
2k , o
—— V(u)a(z,t, Vu?)Vus i, dedt,
. J{n<ve<2n}
2k , o
— V(u)a(z,t, Vu')Vus (1 — 5, ) dz dt,
. J{—2n<vs<—n}

2k
—— V' (u®)a(x, t, Vus)Vuses o, du dt.

N J{—an<ve<—n}

We can apply Lemma 4.8 for every term above. Indeed, if we define @‘in =
1 — 451y, we have by Lemma 4.6,

/meJ§n+&
Q

then ™" satisfies (4.44), thanks to Lemma 4.8 we obtain
2k

V' (u®)a(z, t, Vus)Vus (1= ) do dt < w(e,n)+o+n = w(e, n,6,n).
N Ji{n<ve<2n}

In analogous way we obtain the same result for the others terms. Therefore, we
obtain our estimate far from F

/Qa(x,t, V)V (T (v°) = Tio(v),) " Ha(v°) (1 — Ps,y) dadt < w(e, v, n,d,n).(4.54)

Similarly to (4.54), we take (T (v®) — Ti(v),)” Hy(v°)(1 — P@s,)) as test function
in (4.4) we deduce

/Qa(x,t, Vu )V (T (v°) = Ti(v),)Hp (v°) (1 — ®s,) daedt < w(e, v, m,0,7). (4.55)

O
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* Step 4. Strong convergence of truncates.
Collecting together (4.40), (4.41) and (4.55), we have by taking again n > k,

@ a(x,t, Vu®)VTi(v°) dedt < / a(z,t, Vu)VTi(v) dxdt. (4.56)
E— Q Q
Now, we prove that

lim [ b'(u®) [a(:v,t, Vs x o |<iy) —a(, 1, Vux{|v|§k})] [VU‘EX{WEKH—VUX{‘U‘S;C} dx dt = 0.

e—0 Q
(4.57)
We set

AT = / b'(u) |:a($a t, VS ) xqpos <iy — al, 1, VU)X{Mgk}} [V X(joe 1<y — Vux{joi<ny] dadt.
Q
We split (4.57), into A® = A] + A5 + A3, where

Al = / b'(u)a(z, t, Vus) Vuxjee|<hy dadt,
Q
A = —/ V' (u¥)a(z, t, Vu)Vux o <ky X o<k} dadt,
Q

AS = —/ V' (u)a(z, t, V) (Vus xqeej<ky) — Vuxgo<ky)) dedt.
Q

We pass to the limit as € tends to 0 in A7, A5 and A5. Let us remark that we have
V (u?)Vur xqej<ky = VTR(v7) + Vg x(ue<ky a-e in Q, and we have also x{jve|<k}
almost everywhere converges to Xju<k} in @ (see [7]), we obtain:

lim AT = lim [ a(z,t, Vu®)VT,(v%) dedt + lim | a(z,t, Vu©)x e <k Vo« do @4.58)
e—0 e—0 Q e—0 Q -

< / a(z,t, Vu)VTi(v)dx dt+/ a(z,t, Vu)Vgxqo<ky dx dt.
Q Q
As a consequence of Proposition 4.2, we deduce that

lir% A5 = —/ a(z,t,Vu)(VT(v) + Vg) dx dt, (4.59)
E— Q
and
hir(l) A = —lim [ a(z,t, Vu) (VTk(va) + V%) X{oe <k} (4.60)

e—0 Q

Y () () (VTk(v) + Vgx{|v|§k}>> dz dt = 0.

Therefore collecting (4.58), (4.59) and (4.60) yield (4.57). Through the mono-
tonicity argument which relies on (3.6) (see [12], Lemma 5), we can deduce from

(4.56) and Proposition 4.3, that a(z,t, Vu®) Vux{jue| <k} converges to a(z,t, Vu) Vux <k}
weakly in L'(Q), by coercivity argument we have that |Vu®|Pxje<ky Is equi-
integrable, as a consequence of Vitali’s theorem and since ¢° strongly converges

in LP(0,T; W, 7(Q)) yields

Ti(v°) — Ti(v) strongly in LP(0,T; Wy (Q)),
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the proof of Theorem 4.7 is complete. O

* Equi — integrability of the nonlinearity sequence. We shall prove now
that h(u®)|Vus|P converge strongly to h(u)|VulP in L'(Q), by Proposition 4.3 we
have h(u®)|Vu®|P converge to h(u)|VulP a.e. in @ and (4.18) implies that

/ B0 )|V P X oy it = (k). (4.61)

Q

Let E be a subset of () we have

/ h(u®)|Vu©|P dedt = / h(u®)|Vu© [P dxdt—i—/ h(u®)|Vu©|P dxdt
E En{|ve|<k+1,|uf|<k} En{|ve|<k+1,|us|>k}

+ / h(u®)|Vus [P, dzdt,
En{jve|>k+1}

+/ h(u®)|Vus|P(1 — Bs,,) dadt.
En{|ve|>k+1}

Let Bk(s) = Bgry1(sT), we can choose Bk(ve)w;
rearranging conveniently all terms we obtain

/ h(u®)[Vu® [P, dedt —i—/ V' (u)a(z,t, Vu®)Vue, dr dt + / Br(v¥), dAZ
{ve>k+1} {k<ve<k+1} Q

as test function in (4.4) and

<c [ (1P LY S 6P 1) dode
{ve>k}

JF/QE(Us)dd—; d:pdt—/Qa(x,t,Vua).V@/)gﬁk(va) dx dt

+/ GV, Br(v®) do dt + / Br(v¥)1, A
Q Q
By following the same proof as in the Lemma 4.8 we obtain

/ h(u®)|Vu® [P, drdt = w(e, k,n).
{ve>k+1}

Similarly as above we can choose B (s) = By k+1(s~) and B (v°)1)," as test function
in (4.4) imply that

/ h(u) |V [Py, dadt = (e, k). (4.62)
{jo=|>k+1}

By taking T3 (v® — Ti(v®))* (1 — ®s,,) as test function in (4.4) we obtain

— _.dd
/ O (v%) d;’" dx dt+/ h(u®)|VuP(1-Ds,) dxdt+/ V(u)a(z,t, Vu)Vu (1-Ds,,) ¢
Q {ve>k+1} {k<ve<k+1}

< 0/ (IV g+ L + |G +1) dacdt—/ GV Ty (0" =T (v°))* da dit
{ve>k} Q

+/ a(z,t, Vu©). Ve, Ty (v° — Tp(vF)) " da dt + / T (v° — Ti(v%)) (1 — ®s)) dAT
Q Q
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—/QTl(v6 — Tp(v%)) " (1 = @s,y) A=

+ / On(vg) d.
Q

where Oy (s) = /OTl(r—Tk( )" dr.

Then we obtain f{v5>k+1} h(uf)|[Vus|P(1 — s, dedt = w(e, k, 6,7), and similarly
by using T (v® — Ti(v°))~ as test function in (4.4)

/ h(u®)|VusP(1 — @5,,) dedt = w(e, k, 9, 7). (4.63)
{Jos|>k+1}
By assumption (3.2) and (3.7) we have

/ h(u®)|Vu©|P dedt < max h(s)/ |Vus|P dxdt
En{|ve|<k+1,Jus|<k} {Is|<k} En{|ve|<k+1}

< P P
{ﬁg}g}h /\VTk Bl dxdt—i—/ V| dxdt)

and

/ h(u®)|Vu©|P dedt < / h(u®)|Vu©|P dxdt
En{|ve|<k+1,|us|>k} En{|u®|>k}

Then(4.18), (4.61), (4.62), (4.63) and thanks to Theorem 4.7 we deduce that
h(u®)|Vuf|P is equi-integrable and by Vitali’s Theorem we deduce that

h(u®)|Vuf [P — h(u)|Vul’ in LY(Q). (4.64)
Proof. (Proof of Theorem 4.1). Now we are able to prove that Problem (1.1)-
(1.3) has a renormalized solutions.
Let S in W2 (R), such that S’ has a compact support as in Definition 3.1, and
let ¢ € C°(Q), then the approximating solutions u® (and v°) satisfy
T
—/ (gpt,S(vg))dt—l—/ S’(ve)a(m,t,VUE)Vgpdm‘dt—l—/ S"(v¥)a(x, t, Vu®) Voo dadt
0 Q Q
(4.65)
/S’ u®)|Vus [Py dadt

/fES' )(pd:cdt—i—/GES' )Vgodxdt+/5”( VGV pdadt

/ S' (v ) dX\s — / S (v%)pd)°..

Thanks to Theorem 4.7 and (4.64), all terms in (4.65) easily pass to the limit on
e except the last two terms that give some problem. We can write following the
arguments in [34]

| sredr = [ S ax + [ Seea-uh . (@
Q Q Q
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Let 15 be defined as in Lemma 4.6, then we have
[ stst-vpa| <o [- e o
Q Q
while choosing S'(v¥)pf in (4.4) one gets,

/S'(ve)wwgrd)\i:—/fES'(ve)ww;dxdt—/GES'(ve)V(npw;)dxdt (4.67)
Q Q Q

—/ G‘ES"(ve)Vvaapz/);rdxdt+/ S (v ) s d)\a_—/S(ve)(cpwg)tdxdt
Q Q Q

—l—/ S'(v%)a(x, t, Vu©)V (Y5 @) dedt + / S"(v)a(x, t, Vu©) Vo dadt.
Q Q
+/ S’ (v)h(u®)|Vus [Py ¢ dadt
Q
Now, thanks to Proposition 4.2 and the properties of ¢§, we have

/ S (%) oy dadt = w(e, §) and / G=S' (V) V (b)) dadt = w(e, d).
Q Q

By Lemma 4.6, we deduce
| /Qs'(va)wg e < C/ng 0N = wie. 8).
Again by Lemma 4.4, and since S(v) € LP(0,T; W, ?(Q)) N L>®(Q),
[ S0 e dndt = (e, ).
By Theorem 4.7 and Lemria 4.6, we have

/ S'(v¥)a(z,t, Vi)V (5 @) dedt = w(e, ),
Q

and
/ S"(v%)a(x, t, Vu®)Vors p dedt = w(e, d).
Q

and again by Lemma 4.6 and (4.64) we obtain
/ S (%) h(u®)|Vus [Py o dzdt = w(e, §)
Therefore, from (4.66)Qwe deduce
/ S' (V%) d\S = w(e). (4.68)
Similarly, we can prove that ’
/QS’(UE)QD dXE = w(e). (4.69)

As a consequence of the above convergence results, we are in a position to pass
to the limit as ¢ tends to 0 in (4.65) and to conclude that u satisfies (3.11).
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It remains to show that S(v) satisfies the initial condition (3.12). To this end,
firstly remark that S(v°) being bounded in L*(Q), secondly, (4.65) and the above
0S5 (v°) "
— i

ot

considerations on the behavior of the terms of this equation show that

bounded in L'(Q) + L¥ (0, T; W17 (Q)).

As a consequence, an Aubin’s type lemma (see e.g., [11], Corollary 4) implies
that S(v°) lies in a compact set of C([0,T]; W1%(Q)) for any s < inf(p/, 12).
It follows that, on one hand, S(v°)(t = 0) converges to S(v)(t = 0) strongly
in W~1(Q), On the other hand, the smoothness of S imply that S(v°)(t = 0)
converges to S(b(u))(t = 0) strongly in L"(Q2) for all » < co. Due to (4.2), we
conclude that S(v%)(t = 0) = S(b(u)) converges to S(b(u)(t = 0) strongly in
L7(Q2). Then v satisﬁes (3.12).

Now choosing f3,,(v°) as test function in (4.4) where ¢ € C2°(Q), we obtain

—/ (@1, Bu(v° dt—i-/ Bn(v%)a(z,t, Vu®)Ve da:dt—{—l/ a(z,t, Vu®) Vo' dadt
{n<ve<2n}
(4.70)
+/ h(u®)|Vuf|P B (v°)p dadt
Q

T
— / feBn(v%)p dxdt—/ < div(G®), Bn(v%)p > da:dt—i—/ Bn(v®)p d)\i—/ B (V) dA°..
Q 0 Q Q

Reasoning as before (in particular as in the proof of Lemma 4.8) we obtain

T
/ (o0 BaltF)) dt = w(e,m), / B (v%)a(z, 1, Vo). Vip dadt = w(e,n),
0

/ feBn(v)pdadt = w(e, n), / < div(G®), B, (v°)p > dadt = w(e, n),
Q

0
thanks to Theorem 4.7 we have
1

1
—/ a(x,t, Vu®)Vop dedt = —/ a(xz,t, Vu)Vu pdzdt + w(e),
{n<ve<2n} N J{n<v<2n}
and (4.64) gives

h(u®)|Vus P B, (v°)p dedt = w(e,n).
Q
Now we deal with the two last terms in the right hand side of (4.70) we can write

/ﬁn Jpd\ = /h (va)gpd)\i+/cpd)\i,

where h,(s) = sT). By construction of A% we have

/godAiz/godpj—l—cu(a).
Q Q

Following the same argument as in (4.64) and (4.65) by taking h, (v¢) = S’ (v°)
we obtain

/ b (V%) XL = w(e).
Q
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If we prove that

/ Bn(v9)pdA° = w(e), (4.71)
Q
then, we obtain for every ¢ € C°(Q)
1
lim — a(z,t, Vu)Vou o dzdt = / odut (4.72)
oo N Jin<v<on} Q

We can write
/ Bu(v)pdX° = / Bu(vF) oy dAS + / Bu(v)p(1 — ) dA°,
Q Q Q
by Lemma 4.6, we obtain
/Q Bulv )L — 5) AN = w(e, ).

Choosing 3, (v°)e1; as a test function in the formulation of u®

/ B0ty AN = / (o5 )os Br(v)) dt — / Bu(v%)al(z, t, V)V (i ) dardt
Q 0 Q

1

——/ a(z,t, Vu®)Vupy dxdt
N J{n<ve<2n}

_ / () V[P B (0 )i p dirdi+ / B (0 ) oss derdi+ / G B (0°)V (i) derdt
Q Q Q

1

+—/ GV i)y dadt + / B (V%) )y dAT.

N J{n<ve<2n} Q

Using again Proposition 2.2, Proposition 4.2, Lemma 4.6, Lemma 4.8 and (4.64)

yields (4.71), and therefore we obtain (4.72) for every ¢ € C*(Q). Now if

v € C*(Q), we can split

1 1
—/ a(z,t, Vu)Vuv pdxdt = —/ a(z,t, Vu)Vo oibf dedt (4.73)
{n<v<2n} {n<v<2n}

n n
1
+—/ a(x,t, Vu)Vv o(1 — ) ) dzdt, .
N J{n<v<2n}
Thanks to (4.72), we have
1

lim — a(x,t, Vu)Vo oo dedt = / odut + w(d),
n=O N Jin<v<on} Q

By Lemma 4.8, we obtain

1
— / a(x,t, Vu®)Vo© (1 — ¢f ) dedt = w(e,n, d).
{n<ve<2n}

n

Thanks to Theorem 4.7, we deduce

1

—/ a(x,t, Vu)Vo o(1 — ) dedt = w(n, ).
n J{n<v<2n}
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Putting together all these facts above, from (4.73) we get (3.13) for every ¢ €

C*(Q), and by density argument (3.13) holds for every ¢ € C(Q). To obtain
(3.14) we can reason as before using ¢; in the place of ¢; and viceversa, and

this conclude the proof of Theorem 4.1. O
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