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A FINITE DIFFERENCE METHOD ON UNIFORM MESHES
FOR SOLVING THE TIME-SPACE FRACTIONAL
ADVECTION-DIFFUSION EQUATION
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ABSTRACT. In order to investigate linear time and spatial fractional advec-
tion equations, we present a finite difference scheme (FDS) in this paper. The
fractional Taylor series method for u at ¢;4; and x;4; is used to approximate
the fractional derivatives. First, we construct our numerical scheme (NS) for
the mathematical model. In the second part, we study the stability and con-
vergence of our numerical scheme. Finally, the numerical simulations of the
fractional advection equation, using the FDM, is plotted for several values
of fractional parameters o and v. It will be shown that the convergence is
achieved properly which confirms the effectiveness of the proposed algorithm.

1. INTRODUCTION AND POSITION OF PROBLEM

In recent years, mathematical models of dynamic systems with fractional char-
acteristics have garnered special attention, see [1, 1, 8, 9, 10, 11,12 13, 11]. As a
rule, the fractional property of modeled systems can be considered with respect
to space and time, see [30]. The fractional derivatives in relation to the time
and space factor is often expressed by such an important property in applied
sciences and simulated systems. Mathematically, the transition of a dynamic
model to its fractional description can be carried out using the apparatus of
fractional derivatives. In particular, to mathematically formalize the character-
istics of fractional derivatives with respect to spatial coordinates are used, and
to represent the hereditary properties of a system or the memory effect, a frac-
tional derivative with respect to time. There is a known practice of using the
fractional differential approach in mathematical modeling of filtration in complex
not homogeneous porous media, processes of transformation of temperature and
humidity fields in the surface layer of the atmosphere [21], kinetics of dispersive
transfer of charge carriers in semiconductor structures [34], processes of anoma-
lous diffusion and diffusion of particles in not homogeneous media [20], processes
of thermal conductivity [31, 38]. Due to the fact that analytical solutions of frac-
tional differential equations with partial derivatives cause particular difficulties,
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numerical methods, including finite-difference ones, are widely used in the prac-
tice of mathematical modeling [2, 23, 24, 37]. The corresponding derivative is
calculated using Lagrange’s rule for differential operators. Computing n'"-order
derivative over the integral of order p = n — ¢, the q order derivative is obtained.
It is important to remark that n is the smallest integer greater than q. The Rie-
mann-Liouville fractional derivative and integral has multiple applications such
as in case of solutions to the equation in the case of multiple systems, and Variable
order fractional parameter [7, 26, 29].

To a certain degree, some FDMs for FDEs can be thought of as extensions
of the analogous techniques for classical equations [0, 17, 10, 23, 27, 28 32 37].
In [33], difference methods for solving boundary value problems for differential
equations of fractional order are considered. The third boundary value prob-
lem for a fractional order diffusion equation is examined in [22], as are local
one-dimensional schemes for fractional order differential diffusion equations with
first-kind boundary conditions. The L'/L?*-formulas are very effective for ap-
proximating time/space fractional PDEs and are more stable asae — 07, see
[3, 5, 16, 25]. Many different techniques are used by the authors in [15], that
proposes well established methods for fractional time-space PDE using fractional
Laplacian with less regular forcing terms, which is very interesting.

In order to examine the linear time and space fractional advection equation with
boundary conditions, we first introduce the finite difference scheme (FDS). Then,
we construct our numerical scheme (NS) for the mathematical model. After this,
we prove the stability, consistence and convergence of the fractional method. We
also give some numerical simulations of the fractional advection equation using
the FDM which is plotted for different values of fractional parameters a and v.

To begin with, let Q =]0, L[ be a domain of R, where L is any given finite
constant. For

reQ tel0,T], T >0,

we consider the time-space fractional advection-diffusion equation (TSFADE) of
the form

o0 0¥
atff - a;j = f, ave0l, a#uw, (1.1)
together with the corresponding boundary and initial conditions
ou —
ar o= 0,
z=0, z= 1.2
u(z,t =0) = wup(z), (1.2)
u(z,t=T) =uy(x)

In (1.1)-(1.2), we have u = u(x,t) represents the variable concentration field of
one space variable x at time t and which time and space-fractional derivative
%, g;ﬁ are given by means of the o and v order Caputo fractional derivative,
here f = f(z,t) is an external forces. The main aim of the paper is to present
a fractional model of the evolution of the thermal field in diffusion materials.
The mathematical model is formalized as an initial boundary value problem for a

partial differential equation containing a fractional derivative with respect to time.
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The computational algorithm for solving the problem is based on an analogue of
the finite difference scheme to approximate the fractional order derivative together
with the fractional Taylor series method (It was named after a person who, as it
is believed, made the biggest contribution into the study of the principle). An
application program has been developed that allows computer simulation of the
model. The operation of the algorithm was verified on a test problems. The
results of computational experiments are presented using the example.

The structure of this paper is summarized as follows. Section 1 describes in-
troduction and position of problem for the mathematical model of the time-space
fractional advection-diffusion equation (TSFADE) with boundary conditions and
initial condition. In Section 2, we apply the finite difference method (FDM) to
impend the new dicretize model. In Section 3, we also study the consistence,
stability and convergence of the model in different steps. Finally, in the section
4, we finish the paper by given some numerical simulations of the fractional ad-
vection equation using the FDM which is plotted for several values of fractional
parameters « and v using MATLAB program.

2. DISCRETIZATION

Let [0, L] be the domain of interest, and we dicretize the domain first using
Taylor’s theorem and the Taylor series expansion for an n-times differentiable
function. Then, we define

v, =ih,¥i=0,N and t; = jk,Vj =0, M, (2.1)

where k represent the time step size and h represents the space step length. Let
us assume that

u(z;, t;) = uf and f(z;,t;) = l-j,‘v’z' =0,N and Vj=0,M, (2.2)

here uf is the numerical approximation of u(x;, ;). Then, the equation (1.1) can
be written at nodes z; and t; as follows

o*ul  ovul y
R 2.
ot Oav v (23)
Vo € [0,L),Yi=T,N, Vi, €[0,T],Vj=1,0,
Va,v €]0,1], a#wv.

2.1. Development of the Scheme. The Euler method uses the first order Tay-
lor series to obtain the integration scheme. It is the easiest numerical integration
method but the errors are usually very big so is not frequently used. If we sup-
pose that u is a solution of problem (1.1), then according to the fractional Taylor
series for u at ¢;1 and x;41 it can be written

A¥ 0%
u(zi, tjyn) = u(x, ty) + F(Oé—jrl)%(xi,tj) + Ri(zi, tjg1, 5, 0), (2.4)
Al 0’u

7(%’,75]') + Ro(xit1, x4, t5,0), (2.5)
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such that A} = k*[(j + 1)* — j*] and Ay = h¥[(i + 1)” — ¢¥], then we find
J J+1 . u]
~ - 1 2.
ata) tr(a 1) (26)
' uz+1 B Uz
~ ———T 1). 2.7
( or? )Z Al (V+ ) ( )
Using (2.6) and (2.7) in (1.1), then we get the following scheme

4" =(1- S v S o e 89
forall i=0,N—1 and j=0,M — 1,
with the boundary conditions
u%:u{:O for all j =0, M,
u) = up(z;) for all i =0, N,

u! = wy(z;) for all i =0, N.

The fractional Taylor series improves over traditional methods by accurately
incorporating fractional-order derivatives, capturing memory effects inherent in
fractional systems. Unlike standard approaches, it ensures higher stability and
precision, as demonstrated in the convergence analysis, making it more effective
for varied fractional parameters and boundary conditions.

3. CONSISTENCE, STABILITY, AND CONVERGENCE

Here, we treat the questions of consistence, stability and convergence of the
implicit finite difference method.

3.1. Consistence. By (2.4)—(2.8), the local truncation error R of the Scheme
(2.8) is given by

) 5% u]+1 . ’LL]
Rg: |: sz,t —l—*lPO[—f—]_:|
G t) = B )
0"u uJ-'H — !
— (. t:))— =T 1 ) 1
+ |Gt = ) | (3.)

We put
R} = Ry(zi,tj41,t5,0) + Ro(zi41, 4,15, 0), (3.2)
forall i=0,N—1 and j=0,M — 1,
then we have

Ao Cik%o1 5% (D1 — By)j*
MPa+1) T'(a+DI'Q2a+1) I'2a+1) |’
forall t=0,N—1 and j=0,M — 1,

Rl(‘xh tj+17tj7 O) = kZa |:

such that
0%y,

1= W(%O)»
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0%
Bl = M(Q:iaglL
0%y,
C, = W(l’u&),
and )
0“*y
D, = W@n&s)‘
The error

Ry(xit1, 24, t5,0),
can be written as follows

AQO’QiV CQhVO-QZQV (Dg — Bg)iQQ
R [ iat'vo = h2l/ - 3
2(Tir1, 24 5, 0) T+ 1) Tw+Ow+l)  Tertl)

forall t=0,N—1 and j=0,M — 1,

such that
0% u
A2 = w(@, tj),
0*u
B2 axg,j(Tlatj)a
0% u
C2 = o2y (T27tj)7
and
0% u
D2 axQV (T37 t])
Now, let
o= ({J+1)*—j%forall j=0,M—1, (3.3)
and
oy =(i+1)" =i forall i=0,N —1. (3.4)

3.2. Stability of the Difference Scheme. In this part, we will discuss the
stability of the difference scheme (2.8) by the Fourier method. Let UF be the
approximate solution of (2.8) and define

pl=u) —U/ forall i=0,N—1 and j=0,M — 1. (3.5)

So, for all © = O,N —1 and 57 = 0,M — 1, we easily get the following error
equations

; AT(v +1) . AT(v+1)

j+1 1 1 j

Pi ( AT(a+1) ) At AT(at 1)/

such that

p) =0 forall i =0,N.
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Taking in mind that

Pl = D 1&m) for all j =037

Now, we suppose that the equations (3.3)—(3.4) has the following form
pl =& forall i=0,N—1 and j=0,M — 1,

where [ = v/—1 and A = 27m.
Then we obtain

AT(wv+1)  ATw+1) 5, T

=] 1=  forall j=0,M—1

St Al(a+1)  ATl(a+1)° &y forall j =0, )
where h represents the space step length with the range h = % For more
details, please see [18], for numerical solutions using implicit schemes and [35],

for an analysis about conditional and unconditional stability when using explicit
or implicit schemes.

Theorem 3.1. The scheme (2.8) is stable if
CATw+1) | AT +1) gy
Alf‘(a + 1) Alf(a + 1)
Proof. The scheme (2.8) is stable if
lp7ll2 < 11p°]]2 for all j =0, M. (3.6)

<1 forall a,v €]0,1].

E

Now, for j = 0, we get

AT(v+1) AT(v+1)
1. _ |12 1 I\
Il = lel =] 1= St + SR e g
and for j = 1, we get
AT(v+1)  AT(v+1) 2
2 _ _|1_ 2 1 IAR
17 =l =| 1= S + S g™ |
Finally, for j = M, we get
AT(w+1) | AT(w+1) "
M e —=|1— 21 1 I\R .
||p ||2 |€]| ‘ Alr(@+ 1) + Alr(a+ 1)6 |§0|

So we obtain
I/l < i, tor st =037

This completes the proof of Theorem 3.1 which means that the difference scheme
(2.8) is stable. O
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3.3. Convergence of the Difference Scheme. Assume that u(z;,t;) is the
exact solution of equation at (z;,t;), we define

J J

e] =u] —u(z;,t;) forall i=0,N—1 and j=0,M — 1.
so we get
i+ _( 4 ATw+1)\ ; AT+ 1) j j
D=\ e ) S T A G T R
AlN(a+1) Al'(a+1)

forall i=0,N—1 and j=0,M — 1.
Theorem 3.2. The scheme (2.8) converges if and only if
e |loe < C*M(K** 4+ h*) for all j =0, M and for all a,v €]0,1].
Proof. We have
gt AT(v+1) o AT(v+1) 4R
’ Al'(a+1) ) Al(a+ 1) v
forall i=0,N—1 and j=0,M — 1,
and

il —
€]l = ma |el].

Then, we obtain

ATw+1)\ . ATw+1 |
J+1 1 — J 1 RJ
‘( A1Fa+1)) U ATt
AT(v+1) AT(v+1)
<|1-= J 1 J R
—’ AT(a+1) " [+ ‘All“(omtl €1l + IR

which implies
. AT (v + 1) AT(v + 1) : :
e (| - Sl |+ Sore ) 1+ 1

After that, we can have

IR ]loe < (K% + 1)
S ( Ajoj® Cik%o® (Dy — By)j2
0<i<N \ || T?2(a+1) T(a+1DI'2a+1) I'2a+1)
Ay Cyh? ogi® (Dy — By)i2
2(v+1) Tw+1DI02v+1) T2v+1) )
= C*(K** + h*).

For j = 0, we have

le'lloe < C*(K* + h"),
and for j = 1, we have
lle?]|oe < 2C* (K™ + hY).
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Finally, for j = M, we get
HejHoo < C*M<k2a 4 h,QV).
This completes the proof of Theorem (3.2) which means that the difference scheme

(2.8) converge. O

4. TEST PROBLEM

In this section, we present a numerical comparison between differential values
of different values of o and v for solving linear time and space fractional advection
equation. Two examples are given. The numerical results reveal that differential
finite difference method is very efficient and accurate.

Example 4.1. Consider the linear time and space fractional advection equation

0%u  0"u 9 .3
— = t 4 t<4 4.1
5ia B +t7, O<z<4, 0<t<d4, (4.1)
together with the corresponding boundary and initial conditions
0
= =0, 0<t<d, (4.2)
ax =0, x=4
u(z,0) =z, x€|0,4], (4.3)

wz,4) =2, ze€0,4].
We test our method by taking !
N = M = 50,100, 150,200; o = 0.80, v = 0.85, f(z,t) = 2° + 1>, 2 € [0, 4],
and ¢ € [0,4]. Also, we test our method by taking

F1GURE 1. Numerical Simulation of the linear time and space frac-
tional advection equation with zg = 0,2, = 4,t) = 0,t; = 4, =
0.80,v = 0.85,N = M = 50,100, 150,200, f(x,t) = 2> + 3,2 €
[0,4] and ¢ € [0, 4].

N = M = 50,100, 150,200; « = 0.88,v = 0.89, f(z,t) = 2° + t*, 2 € [0, 4],
and ¢ € [0, 4].
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F1GURE 2. Numerical Simulation of the linear time and space frac-
tional advection equation with 2y = 0; 2y = 4; to = 0; t; = 4;
a=0.88;v=0.89; N = M = 50,100,150,200; f(z,t) = 2>+ 3,z €
[0,4] and ¢ € [0, 4].

Example 4.2. Consider the linear time and space fractional advection equation

ou_ o

— - =248, 0<wz<4, 0<t<4 4.5
S " Lt < , <t< A4, (4.5)
together with the corresponding boundary and initial conditions:
0
gt =0, 0<t<d4, (4.6)
81‘ z=0, x=4
u(z,0) = sin(z).cos(x), x €]0,4], (4.7)

u(z,4) =1+ sin(x), x €]0,4[.
We test our method by taking
N = M = 50,100, 150,200; a = 0.90, v = 0.95, f(z,t) = 2*.t*, 2 € [0, 4],
and t € [0,4].
Finally, we test our method by taking
N = M = 50,100, 150,200; a = 0.96, v = 0.98, f(z,t) = 2*.t*, 2 € [0, 4],
and t € [0,4].

CONCLUSION AND COMMENTS

In this paper, a finite difference scheme (FDS) has been proposed. In order
to study the linear time and space fractional advection equation, we have con-
structed a numerical scheme associated to the continuous problem. The stability,
consistence and convergence of our method are presented (many applications of
such fractional maps are expected to be appear later). Besides, numerical exper-
iments are also presented, which verify the theoretical analysis. If the problem
is nonlinear, the regularity on coefficients would be acceptable for our scheme
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F1GURE 3. Numerical Simulation of the linear time and space frac-
tional advection equation with 2y = 0; 2y = 4; to = 0; t; = 4;
a=0.90;v=0.95; N = M = 50,100, 150,200; f(x,t) = 2°.t3,x €
[0,4] and ¢ € [0, 4].

F1GURE 4. Numerical Simulation of the linear time and space frac-
tional advection equation with 2y = 0; 2y = 4; to = 0; t; = 4;
a=0.96;v=0.98; N = M = 50,100, 150,200; f(x,t) = 2°.t*,x €
[0,4] and ¢ € [0, 4].

to retain its numerical properties, it will be addressed in our next paper work-
ing on. For solving time-fractional diffusion or advection-diffusion equations, we
mention that there are some new related works, such as [36], in which the idea
of convergence analysis can be referenced. In our next future works, we will con-
sider the error estimation and corresponding convergence rate. Future work will
focus on extending the proposed finite difference scheme to nonlinear time-space
fractional advection-diffusion equations. Additionally, efforts will be made to im-
prove convergence rates by incorporating higher-order numerical approximations
and adaptive mesh refinement techniques.
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