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SOLVABILITY OF NONLINEAR ANISOTROPIC ELLIPTIC
UNILATERAL PROBLEMS WITH VARIABLE EXPONENT

Y. AKDIM! AND A. SALMANI?x

ABSTRACT. In this paper, we study in the anisotropic Sobolev spaces with
variable exponent WO1 P (')(Q), the existence result of unilateral problem asso-
ciated to the equations of the form,

N
- Zaiai(xﬂu7vu) = f7

i=1
where the right hand side f belongs to L().

1. INTRODUCTION

We consider in this paper the following nonlinear anisotropic elliptic Dirichlet

problem
Au= fin Q
{ u=2>0 on 0, (1.1)

Where  is a bounded open set of RY (N > 2), p;(.) € C,(Q), A is a Leray-
Lions operator defined from the anisotropic Sobolev space with exponent variable

W P(Q) into its dual W-170(Q) by

0
Au = — a G\, ,V )
u ; 8xia (x,u, Vu)
and f belongs to L(Q).
In the anisotropic case, L. Boccardo et al. in [13] studied the problem (1.1)
with
N

Z 9 au ’pi—Q%)
8:1:'1 8:132- ox;

and f is a bounded Radon measure on (). In the case where

Z ox; 0xz>
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and the right hand side f = (fi, ..., fu) " is vector-valued Radon measure on 2 of
finite mass, existence solutions of (1.1) is proved by Bendhmane et al. in [9].

In [8] M.B. Benboubker et al have studied the nonlinear anisotropic elliptic
equation of the type

—diva(z, u, Vu) + g(z,u, Vu) + [u|? @2y = f — dive(u).

Our aim in this paper is to prove the existence of entropy solution of the unilateral
problem associated to problem (1.1), more precisely, this work deals with the
existence of entropy solution of problem

(u > ae. in Q.
Ty(u) € WoP(Q).

N
Z/ai(x,u,Vu)(?iTk(u—v) S/ka(u—v),
i=1 7% Q@

| Vv e Ky, N LX) and Vk > 0,

(1.2)

in anisotropic Sobolev space with variable exponent W(}’?(')(Q) with f € LY(Q).
This paper is organized as follows: section 2 is devoted to preliminaries. In section
3 we give some assumptions and Lemmas. The main existence results is stated
and proved in section 4. In section 5, we prove that the operator of approximate
problem is coercive and pseudo-monotone .

2. PRELIMINARIES

Let © be a bounded open subset of RY (N > 2) with Lipschitz continuous

boundary and let 5(-) = (p1(*), ..., py(+)) such that for any i = 1,..., N, p;(.) : Q —

R is a continuous function with 1 < p; := ess in(fzpi(x) < esssupp;(z) = p; < +o0.
z€ zEQ

We degote by pu(2) = max{pi(z), ..., pn(2)}, pm(z) = min{p: (z), ..., pn ()} and

" on _ _ _

Let C(2) = {p € C(),1 < p(z) < 400, for any x € Q}. For any p € C;(2),

the variable exponent Lebesque Space is defined by

LPO(Q) = {u: Q — R measurable such that p,((u) < +00}

where pp)(u) = / |u[P®dz is a modular function.
Q

The expression
|ulpy == inf{A >0 / |@\W>dx <1}
Q

is a norm on LP*)(Q), called Luxemberg norm.
We recall the Holder-inequality, for any v € LP() and v € L) with ﬁ + TII) =1
for all z € ), we have

1 1
uvda:‘g — 4 — )| Ul |V g
|/ (o= + ey lola
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The variable exponent anisotropic Sobolev Space is defined by :
WP (Q) = {u e LO(Q) : du € LPO(Q),i = 1,2, N}

The space W0)(Q) is a separable and reflexive Banach space with respect to
norm

N
ullirser @) = [ulpacy + D [Oulpi- (2.1)
=1

We denote by Wol’ﬁ(')(Q) the closure of C§°(€2) with respect to the norm (2.1)
and we define

WPO(Q) = WPO(Q) 0 Wy (Q).
Since €2 is a bounded open set with Lipschitz boundary 0f2, then
Wl’ﬁ(')(Q) ={u e Wl’ﬁ(')(Q) cu =0 on 0N}.

Remark 2.1. In general, we have Wol’ﬁ(‘)(Q) C WLP0(Q) and the smooth func-
tions are not dense in W'P()(Q), but if for each i = 1,..., N, p; is Log-Hélder
continuous, that is, there exists a positive constant C' such that

C
pilx) —piy)| < ————
pi(x) = pi(y)] B p—
for every z,y with |z —y| < 1, then C§°(Q) is dense in WLPO(Q), thus

W,y PO (Q) = W(Q).

3. ASSUMPTIONS AND LEMMAS :
Let © be a bounded open subset of RY (N > 2) with Lipschitz continuous
boundary 0f).
The functions a: QxRxRY — RN such that a(z, s, &) = (al(x, $,€),...,an(z, s, f))

with a; is Carathéodory functions satisfying the following conditions, for all
seR, €eRY ¢ eRYN andae. in Q:

N N
Zai(l‘vsvg)gi Z a2|€l|p,(a:)’ (31)
=1 =1

Jai(z, 5, )| < Blji(x) + s~ + |&P@ 1, (3.2)

(ai(x,5,8) — ai(z,5,))(&— &) >0 for & #¢, (3.3)

where a, 3 are some positive constants, j; is a positive function in LP«() (Q).
Moreover, we suppose that

fe Ll(Q). (3.4)
Let us define the convex set

Ky, ={ue Wol’ﬁ(')(Q), u > ae. in Q}



136 Y. AKDIM AND A. SALMANI

where 1) is a measurable function with values in R such that
e WP(Q) N L2(Q). (3.5)
Lemma 3.1. [21] Let Q@ C RY be a bounded domain, and p(-) € (C Q)N If
q € C(Q) and for all x € Q, q(z) < max(py(z), p*(x)). Then the embedding
ﬁ/Lﬁ(')(Q) N LQ(')(Q%

18 compact.

Where

N (o) p(z) < N,
Ple) = ooy and pr(x) = 7 Jorp()
>im1 @) +oo,  forp(z) > N.
Lemma 3.2. [21] Let Q C RY be a bounded domain, and p(-) € (C.(Q))N.
Suppose that

Vo € Q, pu(z) < pH(w). (3.6)
Then the following Poincaré-type inequality holds
N
|u|pM(') < CZ |Diu|pz‘(')7 Vu € Wl’ﬁ(.)(Q% (3.7)
i=1

where C' s a positive constant independent of u.

Thanks to (3.7), the following norm

N
el gy = D |0
=1

is an equivalent norm on W, " (')(Q).
Under the norm (3.8), the space W, (')(Q) is separable and reflexive Banach
space and its dual is denoted by (W3 ™)(Q))’ which equivalent to W17 0)(Q).

Pi()(Q) (3.8)

Moreover, we consider

761’5(‘)((2) = {w measurable in  : Ty(u) € Wol’ﬁ(.)<9)aka > 0}.

s it s <k
Tils) = { ksign(s) if |s| > k

where

Lemma 3.3. Ifu € 761’}7(')(9). Then there exists a unique measurable function
v; : 0 = R such that

0Tk (u) = viX{u<ky a-€. in €, (3.9)
where x 4 denotes the characteristic function of a measurable set A. Moreover, if
u € Wy (Q) then v coincides with the standard distributional gradient of u, that
18 Qu = v;.

Lemma 3.4. [5, 17] If u,,u € LPY(Q) and p* < 400, then the following prop-
erties hold:
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. |u|p)<1 (resp =1 >1)<:>pp()( u) <1 (resp. :1 > 1),
o min (py() >pp ()7 ) < Julyy < max (pp (W) 7T oy ()7
. m1n(|u| b |uy 1) < Py (w) < max (|u|g;), Jul?

o Julyy < (1) - 1

o U, — ulp) = 0= ppy(un —u) — 0.

1

).

Lemma 3.5. [7] Let g € L"O(Q) and let g, € L"(Q), ||gnllprory < ¢ 1 <7 <
+o0. If gu(x) — g(x) a.e. in Q, then g, — g in L"0) ().

Lemma 3.6. Assume that (3.1)-(5.3) hold and let (u,), be a sequence in Wol’ﬁ(')(Q)
such that u, — u in Wy’ ()(Q) and

lim (a(m, Up, V) — a(x, uy,, Vu))V(un —u) =0. (3.10)

n—-+o00 Q

Then u, — u strongly in Wol’ﬁ(')(Q) for a subsequence.

Proof: Let D, = [a(x,un,Vun) — a(z, up, Vu)] V(u, —u), by (3.3), D, is a
positive function and by (3.10) D,, — 0 in L'(Q2) as n — +oc. Since u, — u in
Wy P (€2), using Lemma (3.2), we obtain u, — u in LP»)(€). Then u, — u a.c.
in Q and D,, — 0 a.e. in § for a subsequence. Then there exists a subset B of (2,
of zero measure, such that for x € Q\ B, u(z) < 400, |Vu(z)| < 400, |ji(z)] <
+00, uy(z) = u(x) and D,(x) — 0. We have

NNgE

Dy, (x) = [ai(m, Up,y Viy) — a; (T, Uy, Vu)] (05w, — Ojul

=1

N
Z [al T, Up, Vg )ity + ai(2, Uy, V) Oju — a;(x, Uy, Vg, )0iu — a;(x, ty, Vu)@iun}

1:1

N
>a2\3un”1 +a2|8upl Z[ji(x)+|unpl Lt |0, 1@ }\8u|
i=1

N
—62[1 )+ fa P+ 0, 10|

N

pi(@) _ ¢ [1+Z|8u pi(@)= +Z|8un]

i@ c(x) _clx) 0(93) }
= Z 0l | N r @~ Now] o1
where ¢(x) a constant depend on z and not depend on n.
Since D,(z) — 0 a.e. in ), the last inequality implies that (J;u,), is bounded
uniformly a.e. in Q for ¢ = 1,...,N. Letting & be an accumulation point of
(Ojun)p for i = 1,..., N, we have || < 400 and by the continuity of a;(z, .,.), we
obtain

(ai(x, u, &) — a;(z,u, Vu)) <§* — @u) = 0.
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Using (3.3), we obtain & = Ou for ¢ = 1,...,N. The uniqueness of the ac-
cumulation point implies that Vu, — Vu a. e. in (). Since the sequence

<ai(x,un, Vun)> is bounded in L") (Q) and a;(z, 1, Vun) — a;(x, u, Vu) a.e.

in , Lemma (3.5) implies that a;(z, u,, Vu,) — a;(x, u, Vu) weakly in LP¢)'(Q)
and a.e. in 2.
As in [15], we have

ai(2, Uup (), Vi, (1)) 0, — a;(z,u, Vu)dju weakly in L'(£2).

We denote yf = éai(a:,un,Vun)@-un and y* = éai(:c,u, Vu)d;u, using Fatou’s
lemma, we get

, , A 1
/QZyde < 1,1I£1+1g/9 (y; +y' - F|aiun - aiu|pi(x))dl‘

Then, we have 0 < —lim sup/ |0sun, — Oju Pi®) o,
Q

n—-+o0o

Thus, since 0 < lim inf/ |05, — OjulP @ dr < 0.
Q

n—-+oo

@ dr < lim sup/ | 05w, — OjulP
Q

n—-+o0o

Pi®@)dy — 0 as n — +oo.

We deduce / |0y, — Oju
Q
Then, we obtain d;u,, — O;u in LPi)(Q) fori = 1,..., N.
Consequently, we conclude that u,, — u in W7 (')(Q). The proof is complete.
4. MAIN RESULTS

Definition 4.1. A function u € T ?(Q) such that u > 1 a.e. in Q is an entropy
solution of the problem (1.2) if

Z/azxuVuﬁTku— /kau—

for all p € Ky(2) N L>(Q).

Theorem 4.2. Assume that (3.1)-(3.4) hold. Then there exists at least an en-
tropy solution of problem (1.2).

Proof of theorem 4.2
Approximate problems.
We consider the following approximate problems

U€K¢.

N

> [atewvoou-o < [ fw-v). (4.1)
=179 Q

Vv € Ky and VE > 0,

where f,(z) = %

We have [f,(z)] < [f(z)] and | fu(z)] < n.
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Lemma 4.3. We consider the operator B : Ky — W‘Li’?(')(Q) defined by
< Bu,v >= / a(x,u, Vu)Vodz.
The operator % is coercive and pseudo-monotone .

For the proof of Lemma 4.3, (see Appendix).

Proposition 4.4. Under the conditions (3.1)-(3.4), there ezists at least one so-
lution of the problem (4.1).

Proof of proposition 4.4
Thank’s to Lemma 4.3 and theorem 8.2 chapiter 2 in [25] , there exists at least
one solution of the problem (4.1).
A priori estimate.

Proposition 4.5. Assume that (3.1)- (3.5) hold and if u, is a solution of the
approximate problem (4.1). Then there exists a constant C' such that

é/a |0: T (wn )

Proof: Let v = u, — nTi(u} — ¢*) where > 0. Since v € Wy (Q) and for
all n small enough, we have v € K,,. We take v as test function in problem (4.1),
we have

Pi®) < Ok Yk > 0.

N
i»nyvnaiT ;t_ +d_ nT :_+
;/ﬂa(xu ) 0; T (u @/J):L‘</Qf k(U YT)

That implies

N
i X + _ ot + o+
;/Q“Z(x’“mwnﬁﬂ(un v < [ £ =0

< |[fllzrek < Ck. (4.2)
Thus, we have
N
Z/ (2, Uy, Vuy,)0ul < Z/ a;i (T, Up, V)0t + Ck.
{luat ¢+|<k} =1 J{lud —ut|<k}

By (3.1) and Young’s inequality, we have

N

S o
=1 {|u7-'{_¢+|sk}

Since {x € Q, |u+| <k}c{zeQ, |ut —¢T| <k+ Y|}, then

/ |0, T3 () [P d: = Z/ Ot

{lut|<k}

Pil®) dy < Ck. (4.3)

Pi(2) o
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N
<>/ Ouut
i=1 YAl

{lut =yt [<k+[[¢T |l }

pi(x)dx,

which implies, by (4.3), that
N
Z/ 0, T () |Pi @ dx < Ck, Yk > 0. (4.4)
i=1 Y

Similarly, taking v = u,, + Tj(u,,) as test function in approximate problem (4.1),
we obtain

_Z/al T un,Vun 6Tk /fnexp un))Tk(u;)

Thus, we have

_Z/ T, Uy, Vg )0 T (u /fnT,C (4.5)

since f e L'(Q) and || fulln@) < ||f|lL1 @), we have

N
{un<0}

i=1
. By (3.1), we deduce that

N

S i)
i=1 Y {un<0}

Combining (4.4) and (4.6), we obtain
N
> [ 1ogiw)
=1 Q

It yields, by Lemma 3.4,

ITk() 00 ) < Ok N < Ok, V> 1 (4.7)

ri(®) < Cf. (4.6)

ri@) < OF.

where

N = p- i [0 (un)|pi) 2 1
p+ if |8Z-Tk(un)|pi(.) <1

Strong convergence of truncations:

Lemma 4.6. There exists a measurable function u and a subsequence of u,, such
that

Ty (un) = Ti(u) strongly in Wol’ﬁ(')(Q).
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Proof:
We will prove that (u,), is a Cauchy sequence in measure in 2. For all A > 0,
we have

meas{|u, — um| > A}

< meas{|u,| > k} +meas{|un,| > k} +meas{|Ti(u,) — Ti(un)| > A}. (4.8)
By Holder’s inequality and (4.7), we have

kmeas{|u,| > k} = | Ty (uy,)|dx < / | Ty (uy,)|d
{lun|>k}

1
— + ), )1 T () s )
) Py

< 2(meas(Q))[|Tr(un) |70
< 2CKk.

S
0, there exists ky Vk > ko, we have

meas{|u,| >k} < % and meas{|un,| > k} < % (4.9)

On the other hand, since the sequence (Tj(uy)), is bounded in Wol’ﬁ(‘)(Q), there
exists a subsequence (Ty(uy,)), such that Ty (u,) converges to n; a.e. in 2, weakly

in Wol’ﬁ(')(Q) and strongly in LP»()(Q) as n tends to 4+o0o. Then the sequence
(Tk(un))n is a Cauchy sequence in measure in €2, thus VA > 0, there exists ng
such that

meas{|Ty(un) — Ti(um)| > A} < %, Vn,m > ny. (4.10)
Combining (4.8), (4.9) and (4.10), then for all A > 0 and for all £ > 0, we have
meas{|u, —un| > A} <e Vn,m > n,.

Then (uy,), is a Cauchy sequence in measure in €2, then there exists a subsequence
denoted by (u,), such that wu, converges to a measurable function u a.e. in
and

Ty (un) — Tk (u) weakly in Wol’ﬁ(')(Q) and a. e. in Q VE > 0. (4.11)

Now , we prove that

lim i /Q (i, Th(wn), V() = (e, Tilun), VT(w) ) (T (1) = 0,T4(w) ) = 0

n—00 4
1=

Let us take v = u,, + T3 (u, — T, (u,))~ in approximate problem (4.1), we obtain

—Z/ (2, V)T (1 — T (1)) /fnTl o))



142 Y. AKDIM AND A. SALMANI

Then, we have

N
Z/ a;(x, Uy, V)0, < /fnTl — To(uy))™.  (4.12)
i=1 Y {—(m+1)<un<-m}

By Lebesgue’s theorem, we have

lim lim/fnTl(un—T Up))” = hm /fT1 u—Ty(u)” =0.
Q

mM—00 N—00

We deduce, from (4.12), that

lim lim SupZ/ a;(x, Up, Vuy,)Oiu, = 0. (4.13)
{—(m+1)<un<-m}

Similarly, taking v = w, — 97T (un, — Tin(u,))™ as test function in approximate
problem (4.1), we get

N
lim lim supZ/ a; (T, Up, V) Ou, = 0. (4.14)

We consider the following function of one real variable:

1 if |s|<m
hm(s)=¢ 0 if |s|>m+1
j+1—1s| if m<|s|<m+1

where m > k.
Let ¢ = up, —n(Ti(un — T (w)) Tl (uy,) as test function in approximating problem
(4.1), we obtain

Z/Qai(x,un,Vun)&-(Tk(un) — T (u) Ao (u)

+§;AM%WN%WW%%JMWWMMMW>

s/nwm%mmwm—ﬂwﬁmw»
Q

Which implies that

Z/ﬂai(x,un,Vun)ai(Tk(un) — T (u) " Ry (uy)

N

<> 05(, n, Vitn) (Tit0n) — T () * Oyt
i—1 Y {im<un<m+1}

[ FTuln) = Tefa)) o)
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Thanks to Lebesgue’s theorem, we have

lim lim [ fu(2)T1(up — T(un)) " hon(u,) = 0. Then
Q

mM—00 N—00

Z/Qai(x,un,Vun)&-(Tk(un) — T (u) B (uy)

N
Z / ai(, U, V) (T () — Ty(w)) O, + e(n, m),
i—1 {m<unp<m+1}

using (4.14), we obtain
N

lim lim / a; (2, Un, Vur) (Ti(uy) — Ti(u)) T su, = 0.

It yields

lim lim Z/ T, U, Vi )0; (Ti () — Ti(w)) o (uy) <0,

which implies that
N

a;(x, Uy, V)0 (Te(un) — T (w)) i (uy)

lim lim /
mM—>00 N—00 ; {Ty (un) —Tg () >0, |un | <k}
N
— lim lim / Cli(x,umVun)ai(Tk(U))+hm(Un> <0,
o0 00 S STk (un) T (u) 0, un | >k}

since A, (u,) = 0 if |u,| > m + 1, we have

/ a;i (T, U, V)0 (Th(w)) o (un)
im1 7 ATk (un) =Tk (u)>0,|un|>k}
N

/ ai(x7Tm+1(un)v VTm—H(un>)az(Tk(U))+hm(un)
i=1 Y ATk (un) =Tk (u) 20, |un|>k}

Moreover, (a;(x, Tyi1(tn), Vi1 (un))n is bounded in LriC) (), then
a;(z, Tm+1(un) VT (u,)) = X¢ in LPi0) (Q) It yields

lim lim Z/ '($,Tm+1(un)7VTm+1(Un))ai(Tk(u))+hm(u">
M—00 N—00 {Th (un) u)>0,|un | >k}
N
—im Y [ XaT @)
m—roo Py {|u|>k}
=0.

Using a;(x, T (un), VTE(un)) i (un) — ai(z, Ti(uw), VTg(uw))hp(u) ae. in Q, the
sequence

<ai(x, Ti(un), VTk(un))hm(un)> is equi-integrable in Lpi(')/(Q) and Vitali’s the-
orem implies that "

a;(x, T (un), VI (up)) hm(u,) — ai(z, Tp(uw), VIg(uw))hy(u) in Lpi(')/(Q). Since
OiTh(uy) — 0Ty (u)) weakly in LPO)(Q), we get
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lim Z / a;(, Tho(un), V(1) (Tio(wn) — Ti (1)) hiy (un) = 0, thus

we conclude that

lim lim /

m—00 N—00 Z {Th (un) u)>0}
&(Tk(un) — Ti(u)) hm(u,) = 0. (4.15)

Similarly, we take ¢ = u,, + (Tx(un) — Tk(w)) " hm(uy,) as test function in approx-

imating problem (4.1), we obtain

(e, Tilwn), V() = ai(, Ti(un), VTi(w)))

(e, Tilwn), V() = ai(, Ti(un), VTi(w)))

lim lim /

i (Ti(un) — T(w)) b (uyn) = 0. (4.16)
Combining (4 15) and (4.16), we deduce that

lim lim Z/ a;(x, Te(un), VTi(uy)) — ai(z, Ti(uy,), VT (u )))

m—00 N—r00

Oi(Ti(uyp) — Ti(w)) A (uy,) = 0. (4.17)
Let ¢ = up, + Ti(u,) ™ (1= hyy(uy,)) as test function in approximate problem (4.1).
Using (3.2) , we get
N

/ 01 (2, Tt O T (1) (1 — T (1)
{un<0}
N
< — / a;(x, U, V) Ti(uy)Oiuy,
Z {=(U+D)<un<-j}

_Z/an(x)Tk(un)_(l D)

In view of (4.13) and Lebesgue’s theorem, the second and the third integrals
converge to zero as n and m tend to infinity. Then
N

lim lim Z/ a;(z, Up, V) 0Ty (un ) (1 — A (uy,)) = 0. (4.18)
{un<0}

M—00 N—+00 4
i

On the other hand, we take ¢ = u,, — nTi(u;} — ™) (1 — hy,(uy,)) as test function
in approximating problem (4.1) and using (3.2), we get
N

> / i (2, U, Vi )0 Th(u — ) (1 = By (1))
i—1 Y/
! N
<> 05( V)T (1) — 0) it
{-=(U+1)<un<—j}

+ Zl /Q Jo(@) T (u — ) (1 = hp(uy))

= e1(n,m).
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By Lebesgue’s theorem and (4.13) , we have €1(n, m) converges to zero as n and
m go to infinity. Then we deduce that

(2, Uy, Vug) Ol (1 — by (uy,
Z fooe 0u (1 ()

< Z/ (2, U, VU, )0 (1 — hyp(uy,)) + £1(n, m). (4.19)

‘u'n 7ﬁJr|<k:}

Thanks to (3.2) and Young’s inequality, we have

Z/lu —w+|<k:} (@, tn; Vn) Oy (1 = hin(un)) < £2(n,m)

where £9(n, m) converges to zero as n and m tend to infinity. It yields
N

i (T, U, Vi)t (1 — hpy (1)) < e3(n, m).
S L D0u (1 = () < (02,0

Since {z € Q, |uf| <k} C{x € Q, |uf — ¢t <k+ ||¢p"| =@}, hence
N
Z/ a; (2, U, V) Oiut (1 — hpn(uy)).
{luf|<k}
N
< 2/ ai(x, Up, Vg )Oput (1 — hyp(uy)) < e3(n,m).
; {lun —yt|<k}

Which implies that , for all £ > 0
N

lim lim Z /{un>0} (2, To(), VT ()T (1) (1 — o (1)) = 0 (4.20)

m—r00 N—00

Combining (4.18) and (4.20), we obtain

lim lim Z/Qal-(a:,Tk(un),VTk(un))GiTk(un)(l — h(uy)) = 0. (4.21)

mM—+00 N—00 4
1=

Moreover, we have

iv: /Q (ai(x,Tk(un),VTk(un)) - ai(x,Tk(un),VTk(u))) <8iTk(un) - &-Tk(u))
- Z_:/ <a’ & Tilun), VT (un)) = aifw, Ti(un), VTk(U))) (&Tk(un) - a,-Tk(u))hm(un)

+ Z/ a;(x, T (un), VT (un))0i Tk () (1 — hy(uy))

N

=3 [ o T, T 0) (1 = )

=1
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— Z/Qai(x,Tk(un),VTk(u))(&-Tk(un) — 0Tk (uw)(1 — Ay (uy)).

By (4.17) and (4.20), the first and the second integrals of the right hand side
converge to zero as n, m — +00.

Since <a,~(:v, T (uy), VTk(un))> is bounded in LPi)'(Q) and 9Ty, (u)(1 — by (uy))

converges to zero in LP*)(Q), thus the third integral converges to zero. So the
fourth integral converges to zero while 9;Tj(u,) — 9;T)(u) weakly in LP¢)(Q) and
a;(x, Tp(un), VI(uy))(1 — hp(uy,)) converges to a;(x, T (u), VT (u))(1 — hy(u))
strongly in L)' (Q). We conclude that

lim i\f:/ﬂ (ai(m,Tk(un), VT (un)) — ai(x, T (uy,), VTk(u))> (&Tk(un) — &Tk(u)> =0

n—oo

(4.22)
Using (4.11), (4.22) and lemma 3.6, we deduce
Ti(un) — Ty(u) strongly in Wol’ﬁ(')(Q) and a. e. in Q VE>0 (4.23)
This implies that
Vu, — Vu a. e. in €, (4.24)
which gives
a;(z, uy, Vuy,) = a;(x,u, Vu) in Wol’ﬁ(')(ﬂ)
Passage to the limit:
Let ¢ € Ky, N L>®(2) and v = u,, — Ty (u, — ) as test function in approximate
problem (4.1). We get
Uy, € Ky.
a(x, Uy, Vu, ) VT (u, —¢)) < / T (un — @)
V& € Ky NL®(Q) and Vk > 0, N

5. APPENDIX:

Proof of Lemma 4.3
Let vy € Ky, thanks to Holder’s inequality and (3.2), we have

N
1 1
| < Bv,ug > | < E ((p»’)’ + E)W(%U’VU)|p¢(-)/|az'U0 pi()
i=1 1 K3

<28 i <|jz pi(~)> |0;v0
i—1

S QﬂHUOHWg,ﬁ(-)(Q) <NC + NC + ||U||Wg’ﬁ(')(§2))
Which implies, by (3.1), we have

ity T [Vlp,y + |05 pi()
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N
a;(z,v, Vou)ov
< Bv,v — vy > S ;/Q - 25”110||W01,5(-)(Q) <NC’ + NC + ||v||W01,ﬁ(.)(Q))
||U||W01717(~)(Q) H,UHWOl’ﬁ(‘)(Q) ||UHW01’5(')(Q)
pi(z)

N
|0;
> a;/g v

||/U||W01’ﬁ(‘)(ﬂ)
On the other hand, we have

N X N N
SN TNEDY /Q |0y [P
1 i=1

<NC + NC + ”v||W01’ﬁ(')(Q)>

lv

- 25”%”%’17(')(9) | L70) (@)
Wy’

[0 0y = (21000

=1 i=

where
v P {0 21
ph i 0| < 1
N .
. 8i?] pi(z)
Then ol gy < 2
0 ||U||W&’ﬁ(')(ﬂ)
N
> | ol
i=1 /&
Thus ————— — +oo as [|v]|,, L) — +oo.
[[o]ly 0

Which implies that
< Bv,v — vy >

lv

— 400 as [[v|| ;1) — +o0.
g0 0
We deduce the operator B is coercive.
Now we prove that the operator B is pseudo-monotone. Let (ux)x be a sequence

in Wol’ﬁ(')(Q) such that

up — u  weakly in Wol’ﬁ(’)(Q)

Buy — x  weakly in W_l”;,(')(Q)

limsup < Aug,up > < < x,u>.

k—+o00
We will prove that y = Bu and < Bug,ur >—< x,u > as k — +oo. Since
W&’ﬁ(')(Q) — L 0)(Q), then up — u strongly in LP"©)(Q) and a.e. in  for a
subsequence denoted again (uy)g. Since (uy)y is bounded in W&’ﬁ(')(Q), by (3.2),
we have (a;(z, ur, Vug))y is bounded in LP()(Q). Then there exists a function
@; € LPi0)(Q) such that

a;(z, ug, Vug) — ¢; as k — +o0. (5.1)

For all v € Wol’ﬁ(')(Q), using (5.1) , we obtain

<x,v>= lim < Aug,v >
k—+o00
N

:kETOOZ/QCLi<J],Uk,VUk)8@‘U

i=1
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N
= ;/ﬂ%aﬂk

Hence, we have
N

lim sup < Buy, u;, >= lim supZ/ a;(x, ug, Vug)Ozuy,
k—+o0 k—+o0 i—1 )
< <xu>

N
- 281 )
X e

which implies that

N N
limsupZ/ai(a:,uk,Vuk)aiuk < Z/gpﬁiu. (5.2)
Q — Ja

k——+o00 i1

N
By (3.3), we have Z/ (ai(x, g, Vug) — a;(x, ug, Vu)) (Qjup — Oju) > 0. Then
— Jo
N ' N N
Z/ai(x,uk,Vuk)ﬁiuk > —Z/ai(x,uk,Vu)&-u—i—Z/ai(:c,uk,Vuk)aiu.
PEEEAY i=1 Y i=1 78

N
+Z/Qai(x,uk,Vu)8iuk.
i=1

Using (5.1), we get

N N

l%rgigofizl/ai(x,uk,Vuk)aiuk > Z/%aiu. (5.3)

i=1 /8
Combining (5.2) and (5.3), we obtain

N

N
kliIJP Z/ai(x,uk,Vuk)&»uk :Z/goiaiu. (5.4)
el Q i=1 Y

=1

N

lim < Bug,u; >= lim Z a;(x, ug, Vug)Osug
k——+o0 k—+o00 4 T Ja
1=
N
=Y [ o
i=1 7
=< x,u > .

In addition to this, since a;(z, uy, Vu) converges to a;(x, u, Vu) strongly in LPi¢)(Q),
by (5.4), we obtain

N
Z/ (ai(:c, ug, Vug) — a;(x, ug, Vu))(@iuk — o) = 0.
i=1 79

Using lemma (3.6), we get u converges to u strongly in W&’ﬁ(')(Q) and a. e. in
Q, then a;(z, uy, Vu) converges to a;(z,u, Vu) weakly in LPi)(Q) . Then for all
v € WiPY(Q), we have
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<x,v>= lim < Aug,v >
k—+o00
N

:kETOOZ/QCLi(I,Uk,Vuk)aiU

=1

N
:Z/ai(a:,u, Vu)ov
i=1 79

=< Au,v >.

Which implies that Bu = y.
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