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EXISTENCE OF RENORMALISED SOLUTIONS FOR
NONLINEAR ELLIPTIC PROBLEMS IN WEIGHTED
VARIABLE -EXPONENT SPACE WITH L'-DATA

Y. AKDIM *, C.ALLALOU 2 AND N. EL. GORCH?

ABSTRACT. In this paper we study the existence of a renormalized solution
for the nonlinear p(z)-elliptic problem in the Weighted—Variable-Exponent
Soblev spaces, of the form: —div(a(z,u, Vu)) + H(z,u, Vu) = f in Q, where
the right-hand side f belong to L'(Q) and H(z,s,£) is the nonlinear term
satisfying some growth condition, but no sign condition on s.

1. INTRODUCTION

Let Q be a bounded open subset of RN with N > 2, p € C(Q), p(z) > 1. Let A

be the nonlinear operator defined from Wy ™) (€, w) into its dual W=1#'@)(Q, w*)
by the formula Au = —div(a(x,u, Vu)). The objective of this article, is to study
the existence of a renormalised solution for a class of nonlinear p(z)- elliptic
problems of the type

{Au—{—H(w,u,Vu):f in Q

1.1
u="0 in 09, (1.1)

where f € L'(Q2). The operator Au is a Weighted Leray-Lions operator (see as-
sumption (3.1))-(3.3) of Section 3) which is coercive and where H is a non linear
lower order term. Partial differential equations with nonlinearities involving non
constant exponent have attracted an increasing amount of attention in recent
years. The development, mainly by Ruzika [16] of a theory modeling the behav-
ior of electrorheological fluids. Other applications relate to thermistor problem
[18], or the problem of image recovery [10]. This notion was adapted yet to the
study with H = 0 of some nonlinear elliptic problems on Sobolev space a ex-
ponent variable with Dirichlet boundary conditions by Boccardo-Diaz et al.[0].
Recently, Bendahmane and Wittbold in [5] proved the existence and uniqueness
of renormalized solutions to nonlinear elliptic equations with variable exponent
and L' data, besides, when f € L'(Q) + W=7 @(Q) E. Azroul et al. in [/]
proved the entropy solutions for some p(z) quasilinear problem with right-hand
side mesure. In the case where p(z) is a constant some results have been proved
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by, L. Aharouch and Y. Akdim [!], to the case of parabolic equations, is studied
by Y. Akdim et al. [2], where H = 0 and f € L (0, T; W=7 (Q, w*)).

2. PRELIMINARIES

In this section, we state some elementary properties for the Weighted Variable
Exponent Lebesgue-Sobolev spaces L@ (Q,w) which will be used in the next
sections. The basic properties of the variable exponent Lebesgue—Sobolev spaces
Wtr@) (), w), that is, when w(z) = 1 can be found from [11, 13].

Let 2 be a bounded open subsect of RV (N > 2).

Set  CL(Q)={peC(®): min p(z) > 1}.

For any p € C (), we define p™ = max,gp(z), p~ = min,gp(z).
For any p € C(), we introduce the weighted variable exponent Lebesgue space
LP@)(Q, w) that consists of all measurable real-valued functions u such that

LPD(Q,w) = {u: Q = R, measurable, / lu(z) PP w(z)dr < oo}

Then, LP®)(Q, w) endowed with the Luxemburg norm

|U|Lp(.r)(Q’w) = inf{)\ >0: / |@|P(m)w(:p)dl’ < 1}

becomes a normed space. When w(z) = 1, we have LP®)(Q, w) = LP@(Q) and
we use the notation [ul;p@) ) instead of |u|Lp<x) (w)- The following Hélder type
inequality is useful for the next sections. The weighted variable exponent Sobolev
space WP (Q, w) is defined by

WHE(Q,w) = {u € LPD(Q); [Vul € LD (Q,w)},

where the norm is

[l e (0w = Ul @ @) + VU] e (00 (2.1)

or, equivalently

|ull W@ @up = nf{A>0: /| |p(w +w(z)|—

for all u € WHP@(Q, w).

It is significant that smooth functions are not dense in W'?®)(Q) without addi-
tional assumptions on the exponent p(x). This feature was observed by Zhikov
[18] in connection with the Lavrentiev phenomenon. However, if the exponent
p(z) is log-Holder continuous, i.e., there is a constant C' such that

C
—log |z —y|
for every z,y with |z —y| < %, then smooth functions are dense in variable expo-
nent Sobolev spaces and there is no confusion in defining the Sobolev space with

zero boundary values W@ (Q), as the completion of C$°(Q2) with respect to the
norm ||u(| e o) (see[l1]).

Vu(z) POy < 1}

p(z) —p(y)| < (2.2)
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WP (Q,w) is defined as the completion of C£°(€) with respect to the norm

HUHWlm(w)(Q,w)- B
Throughout the paper, we assume that p € C'{(£2) and w is a measurable positive
and a.e. finite function in €.

Lemma 2.1. (See [11, 13]).(Generalised Hdolder inequality).
i) For any functions u € LP®)(Q) and v € L’ ®)(Q), we have
| Jouvdz] < (= + o) ullolvlly ) < 2lullyw o]l
ii) For all p, q € C(Y) such that p(z) < q(x) a.e. in Q, we have
L1®) — LP®) and the embedding is continuous.

Lemma 2.2. (See[l1].) Denote p(u) = [, w( z)[P@dz for allu € LP®(Q, w).
Then,

U] ppe 0wy < (= 1;> 1) df and only if p(u) < 1(=1;> 1), (2.3)

if Nulisrou > Lthen [ul] o o) < p() < Julfn g, (24)

if |l ) < 1then ’U‘Lw < plu) < ‘U’i;(@(g,w)- (2.5)

Remark 2.3. (See [11].) If we set I(u fQ ]u )P + w()|Vu(z)[P@dz. Then,
following the same argument, we have

: - - -
mm{”“”%l,p(z)(g,w)? Hu‘|€yl,p(w)(g7w)} < I(u) < maX{HuH];Vl,p(z)(Qw HUHW1 (@) (Q, w)}

Let w be a weight function satisfying that
w e Lloc( o and w "G € L},.(9); (2.6)

N 1
—s(x) 1 :
w €L (Qw) with s(z) € (—,00)N|——,00). 2.7
(@) (@) <p(l,) Nk (20)
The reasons that we assume (2.6) and (2.7) can be found in [14].

Remark 2.4. ([11].)

(i) If w is a positive measurable and finite function, then LP®)(Q, w) is a reflexive
Banach space.

(ii) Moreover, if (2.6) holds, then W@ (Q w) is a reflexive Banach space.

For p,s € C, (), denote p,(z) := % < p(x), where s(x) is given in (2.7).

Assume that we fix the variable exponent restrictions

() e P@s@N
i) = Gagron s N > pa(a),
pi(x) arbitrary if N < py(x)

for almost all = € €). These definitions play a key role in our paper. We shall fre-
quently make use of the following (compact) imbedding theorem for the weighted
variable exponent Lebesgue—Sobolev space in the next sections.
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Lemma 2.5. ([11].) Let p,s € C(Q) satisfy the log-Holder continuity condition

(2.2) and let (2.6) and (2.7)be satisfied. If r € C1(Q2) and 1 < r(z) < pi(z) then,
we obtain the continuous imbedding
W@ (Q, w) < L"@(Q).
Moreover, we have the compact imbedding
WPE(Q, w) — L"®(Q),
provided that 1 < r(z) < pi(x) for all v € Q.

From Lemma 2.5, we have Poincaré-type inequality immediately.

Corollary 2.6. ([11].) Let p € C(R2) satisfy the log—Hélder continuity condition
(2.2). If (2.6) and (2.7) hold, then the estimate

||uHLP(I>(Q) < CHVUHLP(@(Q,UJ)

holds, for every u € C3°(Q) with a positive constant C independent of u.

Throughout this paper, let p € C, () satisfy the log-Holder continuity con-

dition (2.2) and X = Wy"" (€, w) be the weighted variable exponent Sobolev
space that consists of all real valued functions u from W@ (Q, w) which vanish
on the boundary 02, endowed with the norm

||u||X:inf{)\>O:/‘vu—(°T)
A

which is equivalent to the norm (2.1) due to Corollary 2.6. The following propo-

p(z)
w(z)dr < 1},

sition gives the characterization of the dual space (W™ (€, w))*, which is anal-
ogous to [[13], Theorem 3.16]. We recall that the dual space of weighted Sobolev

spaces Wol’p(x)(Q, w) is equivalent to W17 (#)(Q, w), where w* = w! 7@,
Lemma 2.7. ([7].) Let g € LP™(Q,w) and let g, € LP®(Q,w), with 9nll Lo (0,0
<ec, 1 <r(z) <oo. If go(z) — g(x) a.e. inQ, then g, — g in LP®(Q, w), where
— denotes weak convergence and w is a weight function on Q.

Lemma 2.8. ([3].) Assume (3.1)-(3.3) and let (u,,), be a sequence in Wol’p(')(Q,w)
such that u, — u weakly in Wol’p(')(Q,w) and

/ (a(x, Up, VUuy) — a(x, Uy, Vu)) - V(u, —u)dx — 0. (2.8)
Q
Then, u, — u strongly in Wol’p(’)(Q,w).

3. ESSENTIAL ASSUMPTION

Throughout the paper, we assume that the following assumption hold true.
ASSUMPTION (H1): Let € is a bounded open set of RY(N > 2), p € C,(Q),
suchthat1<p*§p+<ooandzﬁ+ﬁ:1.

We consider a Leray—Lions operator defined by the formula: Au = —div a(z, u, Vu).
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The function a :  x R x RY — R is a Carathéodory function satisfying the fol-
lowing conditions

laz,5,6)| < fuP(x) [’f(fv) + WP sPOL 4 P ()P (3.1)

(2. 5,€) — alw,s,m)] - (€ =n) >0 V¢ £y e R, (3:2)
a(w,5,€) - € = awleh), (33)

for all (s,7,£) € RxRN xRY and for almost every = € €2, where k(x) is a positive

function lying in L?®)(Q) and «, 3 are a positive constants.
ASSUMPTION (H2): Let H : Q x R x RY — R be a Carathéodory function
such that for a.e. x €  and for all s € R, ¢ € RY, the growth condition

[H(z,5,6)| < ~(2) + g(s)wlE ), (3.4)

is satisfied, where g : R — R™ is a bounded continuous positive function that
belongs to L'(R) while v € LY(Q).

fe Q). (3.5)

Finally, we recall that for £ > 0 and s € R, the truncation function Ty(.) defined by

K if |s|<k
Tk(s>_{ki if s > k.

H

Definition 3.1. Let f € L'(Q). A real-valued function u defined on Q is a
renormalized solution of problem (1.1) if

Ti(u) € WoPP(Q,w))  for all k > 0, (3.6)

/ a(z,u, Vu)Vudr — 0 as m — oo, (3.7)
{m<|u[<m+1}

—div <S/(u)a(aj, u, Vu)) + S"(u)a(z,u, Vu)Vu + H(x,u, Vu)S' (u)
= fS'(u) in D'(Q), (3.8)

for all S € W%>(R) which are piecewise C' and such that S’ has a compact
support in R.

Remark 3.2. ([3].) Equation (3.8) is formally obtained through pointwise multi-
plication of problem (1.1) by S’(uw). However, while a(x,u, Vu) and H(z,u, Vu)
do not in general make sense in (1.1), all the terms in (3.8) have a meaning in

D'(Q).

4. EXISTENCE RESULTS
Theorem 4.1. Let f € L}(Q), p € C(Q). Assume that (H1) and (H2) hold

true. Then, there exists a renormalized solution u of problem (1.1) in the sense
of Definition 3.1.
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Proof. Step 1: Approximate problem . For n > 0, let us define the following
respective approximation of H and f;

H
Hn(x,s,§> 1(:):,8,6) .
1+ E‘H(x>s>£)|
Note that |H,(z,s,£)| < |H(z,s,§)|
and |H,(z,5,€)| < nforall (s,&) € RxRY.

Let (fn)n be sequence of smooth functions such that

fo— fae. inQ, strongly in L'(Q) asn — coand || fullzi@) < |1flli@-

(4.1)
We consider the sequence of approximate problems
Uy € Wol’p(m)(Q,w)
—div(a(x, uy, Vuy)) + Hy(x, uy, Vu,) = fr in D'(Q) (4.2)

Uy, = 0 on Of).

Let f, € W=7 @(Q,w*), p € CL(Q) for fixed n, the approximate problem (4.2)
has at least one weak solution wu, € Wol’p(x)(Q,w). See [13].

STEP 2: A Priori Estimates.

Proposition 4.2. Let u, a solution of the approximate problem (4.2). Then,
there exists a constant C'( which does not depend on the n and k) such that

HTk(Un)HWé,pm(Q’w) <Ck Vk>0.

Proof. Let ¢ € W, ™(Q,w)N L=(Q), with ¢ > 0. Choosing v = exp(G(u,))¢
as a test function in (4.2), where

(the function g appears in (3.4), we have

/Qa(ﬁ,un,Vun)v<exp(G(un))g0>dx—|—/QHn(x,un,Vun) exp(G(uy,))pdx

= /Q frnexp(G(uy))pdz.

In view of (3.4), we obtain

9(un)

/a(x,un,Vun)Vun exp(G(un))god:z+/a(:c,umVun)exp(G(un))Vgodx
Q Q

T)ex U T ex U T U un PP w(z) ex U x
< [ a@ esp(Glu)ede + | fuexp(Glu)ode + [ gl Tu" e exp(Glu)eds,
by using (3.3), we obtain

/Qa(a:,un,Vun) eXp(G(un))Vgodxg/

Q

(v(@) + £) exp(Glun)pdr  (43)
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for all € Wy (Q,w) N L¥(Q), with ¢ > 0.
On the other hand, taking v = exp(—G(uy))p as a test function in (4.2), we
deduce as in (4.3) that

/Q a(@, un, Vi) exp(—G(up))Veodz + /

() exp(—G(un)pdz > / fo exp(~G(un))pdz
Q Q

(4.4)

for all € WiP™(Q,w) N L2(), with ¢ > 0. Letting ¢ = Tp(un)* in (4.3),
we have

/Q(z(x,un,Vun) exp(G(un))VTk(un)+dx§/

@)+ 1] (Gl Tem) . 5)

llgll 1 .
< —=% we obtain

since G(u,) <

g 1
[ o, VT30 (@) YTy () < s (L [y 4l ] < ok
by using (3.3), we have
/ VT4 () [P@ () exp(G(un))da < Cik. (4.6)
Q

Similarly to (4.6), we take ¢ = Ty (u,,)” in (4.4), we deduce that
/ (VT (un) " [P w(z)de < Chik. (4.7)
0
Combining (4.6), (4.7) and Remark 2.3, we conclude that

Wy (Q,w)} = p(VTk’(un)) < Csk.
||Tk(un)||W01,p(x)(Q’w) S 04]{;7 (48)

where Cy, Cs, C3 and Cj are constants independent of n. Thus, Ty (u,) is

. + -
min { T 7 o g [T 2

bounded in Wy (€, w) independently of n for any k > 0. Now we turn to
proving the almost everywhere convergence of u,. Consider a non decreasing
function g € C?*(R) such that

_Js iflsl <5
gk(S)—{k . >k

Multiplying the approximate equation by g (u,), we get
—div(a(z, un, V) g (un)) + a(@, un, Vuy,) gy (un) Vg,
—I—Hn(l‘, Un, Vun)g;c<un) - fng;c<un) (49)

in the sense of distributions. This implies, thanks to the fact g; has compact

support, that g (u,) is bounded in W,” (x)(Q, w), while it’s time derivative ag’“a—(f”)

is bounded in L'(Q) + W™ (Q,w). Due to the choice of g;, we conclude that
for each k, the sequence T} (u,) converges almost everywhere in 2, which implies
that the sequence u, converge almost everywhere to some measurable function
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v in Q. Thus by using the same argument as in [7], [3], [9], we can show the
following lemma.

Lemma 4.3. Let u, be a solution of the approximate problem (4.2). Then,
U, — u  a.e.in .
We can deduce from ( (4.8)) that
Ti(un) — Tp(w) in WP (Q,w),

which implies by using (3.3) that for all k > 0, there exists o € (LP' ™ (Q, w*))N

such that
. N
a(x, Tp(un), VTg(uy)) — ¢r in (Lp (”)(Q,w*)> : (4.10)

Lemma 4.4. Let u, be a solution of the approximate problem (4.2). Then,

lim limsup / a(x, up, Vu,)Vupdr = 0. (4.11)
{m<|up|<m+1}

m—o0 p oo

Proof. See Appendix. O

Step 3:Almost everywhere convergence of the gradients :
We will use the following function of one real variable s, which is defined as fol-

lows
1 if sl <m
0 ' >
() = if sl zm
m+1—s if m§3§m+1
m+1+s if —m—-1<s< —m,

where m is a nonnegative real parameter.
To prove the strong convergence of truncation T} (u,), we have to prove the fol-
lowing assertions:

Proposition 4.5. The subsequence of u, solution of problem (4.2) satisfies, for
any k > 0 following assertion:

lim lim sup/ﬂa(:z:,Tk(un),VTk(un)>VTk(un)<1 - hm(un))dm‘ =0. (4.12)

m—r0o0 N—00

lim lim sup/Q {a(x,Tk(un,VTk(unD - a(m,Tk(un,VTk(u))} X

mM—00 N—00

[VTk(un) - VTk(u)} P (up ) dx = 0. (4.13)

nlggo ; [a(m,Tk(un), VTk(un)> - a<x,Tk(un), VTk(u)>] [VTk(un) - VTk(u)} dzx = 0.
(4.14)

The proof of the above proposition is shown in the appendix. Thanks to (4.14)
and Lemma 2.8, we have

Te(un) = Ti(u) strongly in  WoP®(Q,w) vk (4.15)

and
Vu, - Vu. ae.in €,
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which implies that
a(z, Ti(un), VIi(un)) = a(z, Ti(u), VIi(w) in (LZP@Qw)N.  (4.16)

Step 4:Equi-integrability of the non linearity sequence :

We shall now prove that: H,(z,u,, Vu,) = H(x,u, Vu) strongly in L'(Q), by
using Vitali’s theorem. Since H,(x, un, Vu,) = H(z,u,Vu) a.e.in Q.
Considering now ¢ = pp(uy,) fo X{S>h}ds as a test function in (4.3), w
obtain

/ a(x, Un, Vun) Ve g(Un) X fu,>hy exXp(G(uy))dx
Q

< ([ stmmiomds) o (9 [, sy + Il

using (3.3), we have

a / IVt e (2)g (1) exp (G ) )t
{un>h}

< </hoo g(s)ds) exp <@> [anHLl(Q) + ||7HL1(Q)]

and since g € L'(R), we deduce that

lim sup/ |V, P w(z) g(uy)dz = 0.
{un>h}

h—00 peN

Similarly, taking ¢ = pp(u,) fun 9(8)X{s<—nyds as a test function in (4.4), we
conclude that

lim sup/ |V, P w(x)g(u,)dz = 0.
{un<—h}

Consequently,

lim sup/ Vi, |P@w(x) g(uy, )dz = 0.
{lun|>h}
Which implies, for h large enough and for a subset E of €2,

lim / [V [POo(w)g )t < gl lim / IV Tt PP () d

measE—0 E
s V@)
{|un|>h}

30 g(Un)| Vi, [P®w(x) is equi-integrable. Thus, we have shown that
9(n) | Vg PO (2)w(z) — g(u)| VulP™ (x)w(z) stongly in  LY(Q).
consequently, by using (3.4), we conclude that
H, (2, up, Vu,) = H(z,u,Vu) strongly in LY(Q). (4.17)

Step 5: Passing to the limit:
a) Proof that u satisfies (3.7). For any fixed m > 0, one has
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/ a(x, U, Vu,)Vu,dr = / a(x, Up, V) [VTmH(un) — VTm(un)] dx
{m<|un|<m+1} Q

:/a(w,Tm+1(un),VTm+1(un))VTm+1(un)dx—/a(x,Tm(un),VTm(un))VTm(un)dm.
Q Q

According to (4.15) and (4.16), one can pass to the limit as n — oo for fixed
m > 0 to obtain

lim a(.x,un,Vun)Vundx:/a(.:z:,Tm+1(u),VTmH(u))VTmH(u)
700 J{m<un | <m+1} Q
—/a(x,Tm(u),VTm(u))VTm(u)da::/ a(x,u, Vu)Vudpt.18)
a {m<lul<m+1)

Taking the limit as m — oo in (4.18) and using the estimate (4.11), shows that
u satisfies (3.7).

b) Proof that u satisfies (3.8)

Let S be a function in W2 (R) with S” has a compact support in R. Let M > 0
such that supp(S’)C [-M,M] . Pointwise multiplication of the approximate
problem (4.2) by S(u,,) leads to :

—div S’(un)a(:c,un,Vun)] + 58" (up)a(x, up, Vu,)Vuy,
+H, (2, Uy, Vu,)S (u,) = 5 (u,) in D'(Q). (4.19)

In was follows we pass to the limit in (4.19) as n tends to occ.

o Limit of 2%{n)

Since S is bounded and continuous, u,, — v a.e. in € implies that S(u, ) converges

to S(u) a.e. in © and L> weakly.

0S(u,)  0S(u)
o ot

e Limit of —div [S’(un)a(x,un, Vun)]

Since supp(S")C [-M, M], we have for n > M

S (up)a(x, up, Vuy) = S (up)a(x, Tos(uy), VT (uy)) a.e. in €.

Then, in D'(Q) as n — oo.

The pointwise convergence of u, to u and (4.16) and the bounded character of
S’ permit us to conclude that as n — oo,

S () a(z, Uy, V) — S (w)a(x, Tay(u), V() in (LP@(Q,w*)N.  (4.20)
S"(w)a(z, Tar(u), VI (u)) has been denoted by S'(u)a(x, u, Vu) in equation (3.8).
e Limit of 5" (uy,)a(x, u,, Vu,)Vu, .

Consider the "energy” term
S" (up)a(x, Up, Vig) Vi, = S" (up)a(z, Taf(un), VT (un)) VT (uy,) ae. in Q.
The pointwise convergence of S’(u,) to S’(u) and (4.15) and (4.16) as n — oo
and the bounded character of S” permet us to conclude that
S (up)a(z, Up, Vun )V, — " (u)a(x, Tay(u), VI (u)) VT () in LH(Q).
(4.21)
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Recall that S”(u)a(z, Tar(uw), VI (u)VTy((w) = S"(u)a(z,u, Vu)Vu a.e. in
Q.

o Limit of S'(u,)H,(z, u,, Vu,).

From supp(S’) C [-M, M] and (4.17), we have

S (un) Hy (2, U, Vi) — S’ (u) H (2, u, Vu) strongly in L*(Q) as n — oo. (4.22)

e Limit of S'(uy) fn -

Since u, — u a.e. in €, and (4.1), we have

S'(up) fn — S'(u)f strongly in L'(Q), asn — oc.

As a consequence of the above convergence result, we are in a position to pass to
the limit as n — oo in equation (4.19) and to conclude that u satisfies (3.8). As

a consequence, an Aubin’s type Lemma (see, [17] implies that S(u,) converge to
S(u) strongly in L'(£2). As a conclusion, of steps 1 to step 5 the proof of Theorem
4.1 is complete. [

5. APPENDIX

Proof of lemma 4.4. Set ¢ = T1(u, — Tpn(uy,))™ in (4.3), this function is
admissible since ¢ € W,"™(Q,w) and ¢ > 0. Then, we have

/ a(z, up, Vuy,) exp(G(uy,))Vu,dx (5.1)
{m<un<m+1}
< [ @) exp(Glun) T, = T(w) o

+/ fnexp(G(up)) Ty (u, — Tm(un))+dx.
Q

Since f, — f in L'(Q) and
T exp(G(un)) T (uy, — Trn(uy))t < exp (M)fm then by Lebesgue’s theorem,

we have

lim lim Jnexp(G(un)) Ty (uy — Trn(uy))tdz = 0. (5.2)

m—r0o00 N—00 0

Similarly, since v € L'(2), we obtain

lim lim [ vexp(G(un))Ti(un — Trn(uy)) dx = 0. (5.3)

m—r00 N—r00 Q

Together (5.1), (5.2) and (5.3), we conclude that

lim lim sup / a(z, u,, Vu,)Vu,dr = 0. (5.4)
{m<un<m+1}

m—r0o0 n—oo

On the other hand, taking ¢ = T} (u, — T, (u,))” as a test function in (4.4) and
reasoning as in the proof of (5.4), we deduce that

lim lim sup / a(x, uy, Vu,)Vu,dr = 0. (5.5)
{=(m+1)<un<—m}

m—o0 poco

Thus, proof of Lemma 4.4 follows from (5.4) and (5.5).
Proof of Proposition 4.5.
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Assertion (4.12). We take ¢ = Tp(u,)" (1 — hp(u,)) (where h,, is defined in
step 3 ) as test function in (4.3), we obtain
/ a(x, un, V) exp(G(u,)) Vu, Ty (u,) T d
{m§U7L§m+1}

+/ a(x, Tp(un), VTe(un)) VT (un) exp(Guy)) (1 — by (uy,))dz
{T (un)20}

< / () + ) exD(C ) Tilat) (1~ () (5.6)
because

/ a(, Up, V) exp(G(u,)) Vi, Ty (u,) T dx
{m<unp<m+1}

<C a(x, uy,, Vu,)Vu,de.

{m<up<m+1}

By using (3.3) and (4.11), the first integral of (5.6) converges to 0 as firstly n
goes to infinity and m tend to infinity. On the other hand, in view of Lebesgue’s
theorem, we can deduce that the right hand side of (5.6) goes to zero. Hence, by
passing to the limit of (5.6), becomes

m—0o0 N—00

lim lim sup/ a(a:,Tk(un), VTk(un)>VTk(un) exp(G(un))(1 — hy(up))dz =0
{Th(un)>0}
which gives

lim lim sup / a(az,Tk(un),VTk(un)>VTk(un)(1 — h(un))dz = 0. (5.7)
(T (un) >0}

m—r00 N—00

On the other hand, let ¢ = Ty (u,) (1 — hp(uy,)) in (4.4) as test the function,
then similarly to (5.7), we deduce that

lim lim a<a:,Tk(un), VTk(un)>VTk(un)(1 ~ B (un))dz = 0. (5.8)

Finally, combining (5.7) and (5.8), we conclude assertion (i).

Assertion (4.13). On one hand, let ¢ = (T (1) =T (1)) T hun (1) € Wy ™™ (€2, w)N
L*>(Q), with h,, is defined in step 3 and ¢ > 0, then we take ¢ as test function
in (4.3), we obtain

/ a(x, uy,, Vu,)V (Tk(un) — Tk(u)> hm(uy) exp(G(uy,))dx
{Th (un)—Ti (u) 20}

B /{m<un<m+1} a2, tny V) Vet (Tk(un) - Tk(“)) i exp(G(uy,))dx

< /Q (+@) + £.) (Tk(un)—Tk(u)>+hm(un)exp(G(un))d:c.
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Observe that
+
| (@, tn, Vi)Vt (Ti () = Telw)) exp(G(uwn))da
{m§U7L§m+1}
< 2kexp (ngﬂ> / la(z, upn, Vu,)Vuy,|dx
a {m<up<m+1}

thanks to (4.11) the second integral tend to zero as n and m tend to infinity, and
by Lebesgue theorem, we deduce that the right hand side converge to zero as n
and m goes to infinity.

In view of (4.1), the convergence f, to f in L'(Q) and v € LY(Q).

Let €;(n,m) i = 1...,n various functions tend to zero as n and m tend to infinity,
then we obtain

a(z, un, Vun)V(Tk(un) - Tk(u))hm(un) exp(Gun))dz < e1(n,m).
(5.9)

/{Tk (un)—Ty(u) >0}

Moreover, (5.9)

/ e, (1), )V (Titt) = Ti(w) ) P () exp(G o)
{Tk (un) =Ty (u) 20,lun|<k}

— lim lim a(x, Up, V) VT ()b, (uy,) exp(G(uy,) )d

M0N0 J AT (un) =T (1) >0, |un | >k}
S €1 <n7 m)

Since

| / (2, s V1)V T (10) (1) ex(G (1)t
{Th (un) =Ty (u)>0,|un | >k}

< C’l/ la(z, U, Vu,) || VTi| (w) b (uy)dz — 0 as n — oo
{lun| =k}
which implies that

/ exp(G(un))a(z, Ti(un), VTk(un))V<Tk(un) - Tk(u)> hon ()2
{T (un) =T (u) 20, lun|<k}

S 62(”7 m)
and so that
/ a(z, Ty (un), VTk(un))V<Tk(un) - Tk(u)>hm(un)dx
{T (un) =T (u)>0}
< e3(n,m). (5.10)
Moreover

/ la(z, T(un), VTk(un)) — alz, Ty(tn), V() (1) da
{T (un) =Ty (u)>0}

- / 0, To(un ), VT (1)) [V T (1) — VT () o (10,
{Tk (un) =T (u) >0}

< 63(”7 m)
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Since a(z, Ti(up), VTi(u,)) — ¢ in LP@(Q, w*) and Ty(u,) — Ti(u) weakly in
Wol’p(x)(Q, w) hence, the last integral tend to zero as n — +o0o. Which yields,

lim lim sup

o0 Moo /{Tk(un)Tk (u)>0}
[VTk(un) . VTk(u)} B () dzz = 0. (5.11)

On the other hand, take ¢ = (Tj(u,) — Tk(w))” hpm(uy,) in (4.4). Similarly, we
can deduce as in (5.11) that

[a(x, T (n), Vi (un)) — alz, Te(un), VTk(u)]

lim lim sup

Moo nTreo /{Tlc(un)_Tk (u)<0}
[VTk(un) - VTk(u)} hun () dz = 0. (5.12)

[a(:c, Ty (un), VTi(un)) — ale, Ti(un), VTk(u)]

Combining (5.11) and (5.12), we obtain the desired assertion (ii).
Assertion (4.14). First, we have

/Q [a <x Ty (), VTk(un)) - a(a:, Ty (), VTk(u))} [VTk(un) - VTk(u)] da
- /Q [a(x,:rk(un),v:rk(un)) - a(g;,:rk(u),v:rk(u))} [VTk(un) - VTk(u)} B (10 ) da

—l—/ﬂ [a(x,Tk(un), VTk(un)> — a(x,Tk(un), VTk(u)>] {VTk(un) - VTk(u)} (1 = hp(uy))dz.

By (4.13), the first integral of the right hand side converge to zero as n and m
goes to infinity. For the second term, we have

/Q [a(x Ti(un), VTk(un)) - a(w, Ty (un), VTk(u)>] [VTk(un) . VTk(u)} (1 — hup(un))da

_ /Q 0, To(tn), VT () )V T (i) (1 — P (1)l — /Q 0, Ty (), VT (1)) VT (1) (1 — B ()

— /Q a(z, T (un), VT (w) V[T (uyn) — Tk(u)] (1 = hp(u))de.

From (4.12) the first term of the right hand side converge to 0 as n, m — 400, and
since <a(:v,Tk(un),VTk(un))> in is bounded (L' ®(Q,w*))Y and VT, (u,)(1 —

hm(u)) converge to zero as n and m goes to infinity. For the third integral it’s
converge to zero because VTj(u,) — VTi(u) weakly in (LP@(Q,w))" and by
using Lemma 2.8, we deduce that

lim [a(m Ty (un), VTk(un)) - a(x, Ty (un), VTk(u)>] [VTk(un) - VTk(u)} dz = 0.

n—o0 Q

The proof of Proposition 4.5 is complete.
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