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ELLIPTIC EQUATIONS INVOLVING MULTI-SINGULAR
POTENTIALS AND CRITICAL NONLINEARITY

ABDESSAMAD EL KATIT*, ABDELRACHID EL AMROUSS? and FOUAD KISSI?

ABSTRACT. Let  be a smooth open-bounded domain in RY (N > 5). We deal
with the following multi-singular critical elliptic problem

m

A%y — Z Lﬂ/ = G(x)|v]* ~2v, wve HEQ)

k=1 ‘x - k|
where p, € R, 2% := 2wy, € Q (1 <k < m) and G(z) is a bounded

positive function on Q. By exploiting the impact of the coefficient of the critical
nonlinearity, we, by making use of variational method, establish the existence
of at least one solution to problem (1.1).

1. INTRODUCTION

Let Q be a smooth bounded domain in RV (N > 5). In the present paper, we
consider the following problem:

A?v =300 Imfﬁu’jkrv = G(z)|v]* v in Q, (L1)
v=Av =0 on 0, '

where f1, € R, 2* := 22w, € Q (1 <k <m) and G(z) is a bounded positive
function on €.

Singular potentials appear across various scientific fields providing models for
phenomena in quantum mechanics, chemistry, cosmology, astrophysics, and dif-
ferential geometry. In quantum chemistry, multi-singular potentials emerge when
considering molecular systems consisting of m nuclei of unit charge situated at a
finite number of points wyg, k = 1,...,m and of m electrons, this class of systems
are described by the Hartree-Fock model where Coulomb multi-singular poten-
tials appear in correspondence to the interactions between the electrons and the
fixed nuclei, we refer to [9, 22].

Problems involving the Laplacian operator with only one singular potential

were first studied in [29]. More specifically, it is proven that if A € [0, (N;2)2),
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then the following problem
{—AU = Zav+ Tl 2 eRY,

1.2
v >0 in RM\{0}, and v € D"*(RY), (1:2)

possesses exactly a one-dimensional C%- manifold of positive solutions character-
ized by
N-—2

Zy = {wMz) = e 7 wMV(etz), e >0}
where

(N(N —2)12) T V2
wM = A and vy = (1 — —2>
(= (U faf2)) = (N=2)
Furthermore, every solution to (1.2) minimizes the related Rayleigh quotient

11)>\ 2 _
Jax IV =Mt de fon (Vw2 — M) do " (1 4\ )N

in . = . = -

veD 2 BVO0Y) ([ [v[2 da)F (Jan [w2|? da) 7 (N —2)?

where S corresponds to the best possible constant in the Sobolev inequality

In recent years, much attention has been paid to the existence of nontrivial
solutions to the following problem

{—A'U — Utar = A0+ [v]* 20 in Q,

1.3
v=20 on 0f), (1.3)

where a € Q, p € (0,q), i:= (%)2 and A € R.

Jannelli in [19] established that when u € (0, i — 1], the problem (1.3) possesses
a positive solution for any A € (0, A;(¢)). The same author proved that if Q =
B1(0) and p € (1 — 1, 1), then there exists A* € (0, A\1(u)), such that (1.3) admits
a positive solution if and only if A € (A*; A\;(u)), where A; () is the first eigenvalue

of the positive operator —A — ‘—ﬂ% with Dirichlet boundary condition.

Cao and Peng [7] also investigated the problem (1.3) when N > 7 and showed
that for u € [0, z—4 ), the problem (1.3) possesses at least a pair of sign-changing
solutions for any A € (0, Ay (u)).

Cao and Han in [6] proved that if pu € [O,ﬂ— (%)2» then (1.3) admits

a nontrivial solution for any positive parameter A. Ferrero and Gazzola in [17]
established several results for problem (1.3). Further relevant papers are discussed

in [2, 5, 11, 13, 14, 15, 16, 26], and the references therein.
Lately, biharmonic problems involving Rellich-type potential have been exten-
sively treated, we refer to [21, 20, 18]. Ambrosio and Jannelli in [12] established

some existence and nonexistence results to the following critical problem
L,[v] = A% — P = v+ [v]* ~2v in Q,
v = g—z =0 on 012,

where Q C R"(n > 5) is a bounded open set with 0 € 2, 2* := -2 [i is the best

g
constant in Rellich inequality and p € (0, ). In order to accomplish existence

(1.4)
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results, the authors explored some crucial properties describing the behavior of
the radial solutions to the limit problem £,[v] = |[v|* ~! in the whole space R".
Denote by D*? (RY) the completion of C§°(R") with respect to the norm

(fRN AN dx)l/Q'
For any u € [0, 1), w € RY, define

U2
e (80P - ) e
R, = inf 5 .
veD2:2(RN)\ {0} (f]RN |1) Q*dm)?
From [15, 19], R, is independent of any @ C R in the sense that if

Jo (180 = e ) do
R.(Q):= inf il
vEHF()\{0} (J,, |o]? da)®
then R,(Q) = R, (RY) = R,.
The authors in [12] proved that for any p € [0,), R, admits the unique
positive minimizers

N—-4

{(x—w)=¢€¢ "2 Uye ' (z—w)), >0}, (1.5)
where U, () is positive, radially decreasing, radially symmetric, and solves
Ay — uﬁ =v¥ "t 2z e RV\{0}, v >0,
x

that fulfills,
B 2 N N
/ (]Azé‘(m —w)]? — MM) dr = / |2 (x — w) | do = R,
RN RN

|z — wl*
Moreover, there holds that U,(z) = O;(|z|7*®) at the origin and U,(z) =

Oy (|z[~7) at infinity, where () := ¢(u) (N —4)/2, B(u) := (2—¢(1))(N —4)/2
and ¢ : [0, z] — [0, 1],

olp) =1-— (\/N2 —4N+8—4¢m> /(N — 4).

In the present work, we consider a biharmonic equation involving multiple
Rellich-type potentials and a critical Sobolev exponent. It is worth noting that the
main challenge in studying problems like (1.1) is the lack of knowledge regarding
the explicit form of minimizers to the best Rellich-Sobolev constant R,,. However,
as in [12] and [21], this difficulty can be overcome since the key tool to perform
the required asymptotic expansions is the asymptotic behavior at the origin and
infinity of Rellich—Sobolev extremals. On the other hand, the appearance of
critical growth creates a lack of compactness, as both embeddings

HZ(Q) — L* (Q) and HZ(Q) — L*(Q, |z — wi| *dx),
are not compact. Consequently, the standard variational approach is not appli-
cable directly. In order to ensure compactness conditions, we need to investigate

the effect of the coefficient G and the energy range where the energy functional
associated with (1.1) satisfies the (P.S.). condition.
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Without loss of generality, all through this study, we suppose that there exists
an ko, 1 < ko <m (m > 2), such that

APV -9

16 )

1S S gy <0< g1 < kg2 S0 S s Z e < o= (
k=ko+1

(Hy) There is an [ € {ky + 1,--- ,m}, such that

N N N N
R/j}ko{»l R/‘zlkOJr? R/;lm . Rl:ll
min g R N—1 = N—4>
G wror1) T G (wies2) * G (wm) 1 G (w) 7

and
G(z) = G (w) =o(|Jz — wl]4)
in the neighborhood of w;.

(Hy) 0 < i < pi := £(N? — 16)(N? — 8N) and ZZ:;%M’_‘—ZW > 0 where [

is provided in (H;).
(H3) There exists an zg € Q\ {wy,...,wn} such that G (zg) = Gy = maxg G(x)
and

G(z) — G (z9) =0 (].7: — x0]4)

as x tends to zy. Furthermore ;" | s > 0.

Our main result is the following theorem.

Theorem 1.1. Suppose that (Hy)-(Hs) hold. Then problem (1.1) has at least
one solution.

2. EXISTENCE OF SOLUTIONS TO (1.1)

In this section, we will use the Mountain Pass lemma (see [1]) to establish the
existence of at least one solution to (1.1). A function v € HZ(f) is said to be a
weak solution to problem (1.1) if v satisfies

[ (avao- Z M0 Gl

Wk

T 2)dr =0 Vo € HZ(Q).

Clearly, nontrivial solutlons to (1.1) are equivalent to the associated nonzero
critical points of the energy functional

Kv) = %/ﬂ <|Av|2 _ > Mlﬁc—zklll> dx — L(v), (2.1)

%/ G(@)|v|* dr, ve HEQ).

Problem (1.1) is related to the following Rellich inequality (see [25]):

2 2
/|x—wk|4 r< — /|AU| dx Vv e Hi(Q),

where

L(v) :=
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1/2
and from Y )" puy, < fi, we obtain that <fQ(]Av\2 Dbt ] . dx) is an

Te—w?
equivalent norm of H3((2).
To establish existence of solution to (1.1), we need to show that IC satisfies
(P.S.). condition for ¢ in a suitable interval. We start with a lemma concerning

the (P.S.). condition of K.
Lemma 2.1. The functional K fulfills (P.S.). condition with

Proof. Let {v,} C HZ() satisfy

K(v,) = c< ¢,  dK(v,) — 0 strongly in H 2(Q).

Invoking Hardy inequality, we derive that |v,|| w2 S €. Thus, up to a
subsequence, we may suppose that

v, — v weakly in HZ(Q);

v, — v weakly in L? (Q, |z — (,ukr4 da:) for 1 <k <m;
v, — v weakly in L*" (Q);

v, — v a.e. on 2.

Hence v € H3(Q) is a weak solution to (1.1). Applying the concentration com-
pactness principle [23], there exists a subsequence, still denoted by {v,}, at most
countable set Z, a set of distinct pomts {Zi}er € O\{wi,ws, -+ ,wn}, nonnega-

tive real numbers )\x 0z, 1 €T and )\wk, Oups Yo, (1 < k< m) such that

A [* = dX > AP+ T 08+ Y A

i€l k=1
|Un‘ Ado- = |,U|2 +Zo—x16xz +Zawk Wk’
€L
2 2
v _ v —
Lﬁl AN — |—|4 + rywk(;wk_
|z — wy |z — wy

where 9,, is the Dirac mass at z; and J,, is the Dirac mass at wy.
N

. . 4
Claim. Z is finite and for any i € Z, either o,, = 0 or G (;) 0, > }?3,4.

! a T
Indeed, assume £ > 0 small enough such that for each 1 < k£ < m, we ﬁave
wi & Be (z;) (i € I). ‘
Let ¢! be a smooth cut-off function centered at z; such that 0 < ¢ <1,

, CZ(:L‘) =0if |z — x| > ¢, !VC§| < g and ‘ACZ‘ < —=

&

C;(x) =1if |z — a2 <

DO | ™
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By our assumptions, we have

(dK (vy) , vaCl) :/ |Av, > ¢ da + / v, Av, AC dx + 2/ Av, Vv, - V( dx
Q Q

Zu Ll e [ G ¢ d. (22)

oz — wl*
lim/|Avn| ¢ dm_/c A > /|Av[ Cdr + n, (2.3)

lim [ G(z) v, ¢ da = / G(z)¢ do = / G(2)|v|*" ¢ do + G (2;) 0, (2.4)
0 Q

n—o0 0

Invoking Holder inequality, we get
lim lim

/vnAvnAC; dx
e—+0n—o0 Q
1 1
. . 2 2 2 P12 2
< lim lim ((/\Avnl dx) (/ |va|* | A d:c) >
e—=+0n—o00 Q Q
2 j |2 2
< Clim (/ lv]* |A| da;>
2 N—4
N oON 2N
< Clim |AC® da:) (/ |U\N—4dx)
e—0 BE (z:) B:(z;)
( BE

< Clim ) =0, (2.5)

e—0

(24)

and

lim lim
e—0n—o0

< lim lim ((/ |Avn|2dq:) (/ ’VUn|2 ‘VCide) )
e—=0n—oo Q Q
. 2 il12 %
< Clim (/ Vol? |V d:c>
< Clim \v¢g|Nda:> </ V|~ 2d:1:>
e—0 Be ()
< Be wz

|Vv]N 2 d;z:) =0. (2.6)

/ Avann.VC; dx
Q

< Clim

e—0

Moreover, we have

lim limZu T 0, (2.7)

e—=0n—oo |l‘ — wk|
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and

¢! dx = 0. (2.8)

lim/ |Av|*¢tdr =0 and  lim G( Yo*

e—0 Q e—0

Combining (2.3)-(2.8) with (2.2), we infer that

0 =lim lim (dK (v,),v.(l) = As, — G (2;) 0. (2.9)

e—0n—o0

Meanwhile, by Sobolev inequality, R(]&;?l* < )T; for any ¢ € Z, which together

with (2.9), yields that o,, = 0 or G (x;) 0, >
M
Next, we examine the possibility of concentration at the points wy (1 < k

<
Letting € > 0 be small enough such that for any i € Z,z; ¢ B. (wg) (1 < k <
m), and ¢* be a smooth cut-off function centered at wy fulfilling 0 < ¢* < 1,

2
) =1if |2 — x| < g, )y =0if |2 — x| > ¢, ‘VCﬂ < B and ‘Aﬁf‘ <

As a result we have

e—0n—o0

lim lim G( ) o) Cdx—hm/G )¢F de

i ( [ Gl tar+ 6 ) 6“)
Q

e—0
=G (wk) O'/Jk,
N P\
lim lim dr = lim lim ( dvy = lim dr + Yo, | = Y
e—=+0n—o00 |x — wk| e—+0n—o0 e—0 |I — wk|

lim lim [ v,Av,AC* dx =0, lim lim [ Av,Vv,. V(¥ dr =0,

e—0n—oo Q e—0n—oo Q

and

e—0n—o0 €T — wl

k
limlim/‘|n|C dr = 0 for i # k.

Thus, we derive that

0 = lim lim (dK (v,),vaC} > \oy — Wi Yeor, — G (Wi) Oy - (2.10)

e—0 n—oo

2 —~

By the Rellich inequalities, we obtain R, 0., 2" < Ay, — [k7w, » Which along with
(2.10), implies

2

R,uko-wk z < G(wk)(;;k7

S0
Ri
O =0 01 G(wp)oy, > —— forall 1 < k < m.
G(wk)T
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Based on the preceding arguments, we infer that

=K (v, ——<dIC (Un) ,vn) + 0(1)
N/ 2) [oal? dz + o1)
:%</Q G(x )|v|2dx—|—ZG T %JrZG Wk ka>~

€L

If there exists a i € Z such that o,, # 0, or there is an k € {1,2,...,m}, such
that o, # 0, then we derive that

R R R R
2
c}Nmin{ e e s 134} (2.11)
G T G T Gl T G
Noting that py, < 0 for any k < ko, hence R, > Ry. Since G (wy) < Gy for
N N
4
k=1,2,...,m, we deduce that R“’;\,_4 > — for every k < ky. Invoking

(2.11), we obtain that

N N N N
1 1 1T 1
> 2 . Rﬂk0+1 Ruko+2 lem R04 Lk
C/len N_4 N_—4)°* ") N—4 N—4 =c,
G ((J.Jk0+1) 4 G (CL)]{;0+2) 4 G (wm) 4 GM4

which contradicts the assumption ¢ < ¢*. Hence, up to a subsequence, we con-
clude that v, — v strongly in HZ(). O

Set vl () = n(r — a)z!(x — a) where a € Q with n € Cg° (B,(0)) satisfies
0<n<1n=1Ve e Be(0) and z¢'(z) is the same function as in (1.5). The
next asymptotic properties hold.

Lemma 2.2. ([20], [21]) Suppose that N > 5, a,w € Q, p € [0, u*) and € — 0,
we have ,
N
/Q (ym |2 - |g|3 jﬁld ) dr = R} + O(2Pm=9)y, (2.12)
* N *
/ vt [P de = R + O(e” PW=9), (2.13)
Q
2 2
e 4o = / S e ) (2.14)
o lv —wl* ry |7+ (@ —w)[* ’
and
/ o M P / AP dr o).  (215)
— —dr=— 2417 dx + oe :
ey |2+ (@ —w)|* ja —wl* Jgv

Lemma 2.3. Suppose that (Hy)-(H3) hold, then there exists a nonnegative func-
tion u € HF(Q)\{0}, such that sup,-, K(su) < ¢*, where c* is provided in Lemma
2.1.
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N
Proof. 1f ¢* = %G R)%A, by (Hi), and since 8() > &, for any 7 > 0, we have

wi

/ |G(z) — G (wy) ||le8’2* dxédT/ |z — w* ‘lee|2* dr < dret,
Q w

Bp(wi)

which, along with (2.13), yields that

/ ’lee‘ da::/Gwl ‘leg} dx—l—/(G( ) — G(wr)) |lee|2* dx
Q 0 0
— G (w) R + O G- M +o(e). (2.16)

Thanks to the fact that for any Dy, Dy > 0, we have

o0 \ 2 2% NTboT2 ’

and by (2.12), (2.14)-(2.16) and (Hs), we arrive at

N/4
m

2 v |’ v |’
suplC( vo’jf 6) =~ (/Q |Avﬁf€| —Mﬁ — ZﬂkL

1
520 T — wy
X </ |vwl€‘ da:)
Q
m

kAl
2 N
= | e S ot o)
RN * |wr — wi

dx

—(N-4)/4

N/4

Ic;él

—(N—-4)/4

X (G (wr) R,% + O(¥ B=9)) 4o (84)>

(2.17)

N
If ¢ = %%, it follows from (2.12)-(2.13) that
Gt

/ }Avgoﬂe|2 dr = Ro% +0 (N, / |v2075‘2* dx = RO% +0(N).  (2.18)
Q Q
By (Hz), we have
/ G(x) ‘ (O 6| dr = / G(xo) |U20,€ 2 dr + /(G(x) — G(xp)) ‘vgo’e
Q Q Q

= GuRS +O(Y) + 0 (") (2.19)
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Based on (2.14)-(2.15) in Lemma 2.2, for any 1 < k& < m, we have
0 ‘2 4

|Uﬂco £ €

S0 dr = [ 2P dr o (). (2.20)
Q|517_Wk:| |1U0—wk| RN

Making use of (Hs) and (2.18)-(2.20), we deduce that

5 2 N/4
Ssliglc( V) N (/ (‘A%os ZM |x—wk| ) dw)
(N—4)/4
X (/ G(z) |v), - da:)
0

" N/4
2 N I _
N(m 4N|z?|2d$;—k SO (N 4)+0<g4)>

T |zo — wl
N —(N-4)/4
X <GMRO4 +0 () +o (54)>
N
2 R
N
NGM4

As a consequence, there is a nonnegative function u € HZ(Q)\{0} such that
Sup,o K(su) < c*. O O

Proof of Theorem 1.3.
Proof. Set ¢ = inf,ep supyep 1) K(7(s)), where

I'={yeC([0.1],Hs() : v(0) =0, v(1) <0}.
Applying Rellich inequality, we get

N

1 1 & N—4
K(v) > 5 (1 — Z uk) / |Av|*dx — o NL (/ |Av|2d$) ,

'u k=ko+1

for any v € HZ(Q2)\{0}. Therefore there exists a sufﬁ(nently small positive number
p such that

b= inf K(v) > 0=K(0).

vll=p
Since K(su) — —oo as s — oo, where u € HZ(2)\{0} is from Lemma 2.3. Hence,
there exists so > 0 such that ||sou|| > p and K (sou) < 0.
By the Mountain Pass lemma [1], there exists a sequence {v,} C HZ(f2) satis-

fying
K(v,) = ¢, dK(v,) — 0.
By Lemma 2.3, we have

¢ < sup K (ssou) < sup K(su) < c*.
s€[0,1] 520
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From Lemma 2.1, {v,,} has a subsequence, still denoted by {v,}, such that

v, — v strongly in H ().

As a result v is a critical point for K and thus is a solution to (1.1). ¢ is a critical
value of the functional /. 0J
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