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EXISTENCE OF A RENORMALIZED SOLUTION FOR SOME
NONLINEAR ANISOTROPIC ELLIPTIC PROBLEMS

YOUSSEF AKDIM!, MOHAMMED ELANSARI? AND SOUMIA LALAOUI RHALI?

ABSTRACT. In this paper, we study a general class of nonlinear anisotrpic ellip-
tic problems associated with the differential inclusion 8(u) — div(a(z, D(u) +
F(w) > f in Q, where f € L>®(). A vector field a(.,.) is a Carathéodory
function. Using trunction techniques and the generalized monotonicity method
in the functional spaces we prove the existence of renormalized solutions for
L — data.

1. INTRODUCTION

Let © be a bounded domain in RY(N > 1) with Lipschitz boundary 9 if
N > 2. Our aim is to prove existence of renormalized solutions to the nonlinear
elliptic equation

B(u) — div(a(zx, Du) + F(u)) > f in €,
(E’f){ ) ( u):() ) on  OfL.

with a right-hand side f which is assumed to belong to L>(2) for (E, f). Fur-
thermore, F' : R — R is locally lipschitz continuous and 3 : R — 2% is a set
valued, maximal monotone mapping such that 0 € 5(0).

a: QxRN — RN is a Carathéodory function satisfying the following assumptions:

(H;) There exists a positive constant A such that

N
ai(@,)& =AY Jel”
i=1

i=1

holds for all £ € RY and almost every x € €.
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(Hy) |as(x, &) < v(di(z)+|€7"|) for almost every = € €, 7 is a positive constant
fori =1,...,N, d; is a positive function in L”(Q) and every £ € RV,

(H3) (a(x,€) —a(z,n)).(€ —n) > 0 for almost every x € Q and for &, € RY.

In the present paper we use the framework of renormalized solutions. The concept
of this notion was introduced by DiPerna and Lions [9]. It was then extended
to the study of various problems of partial differential equations of parabolic,
elliptic-parabolic and hyperbolic type. This problem has been studied in variable
exponents spaces and Orlicz by Wittbold et al. [16, 11] and in the weighted
Sobolev spaces by Akdim and Allalou [3]. Other works in this direction can be
found in [5, 6, 2]. The interest in studying (E, f) is its various applications to
electrorheological fluids (see [14]) which is an important class of non-Newtonian
fluids. Our objective in this work is to prove an existence result of (E, f) in
anisotropic Sobolev spaces. The main tools in our proofs are Poincaré inequality
and the embedding for anisotropic Sobolev spaces. The paper is organized as
follows. In section 2, we recall the standard framework of anisotropic Sobolev
spaces. In section 3, we introduce the notion of renormalized solution for the

problem (FE, f) and we prove the existence of a renormalized solution for any
L*>-data.

2. FUNCTION SPACES

2.1. Anisotropic Sobolev spaces. Let € be a bounded open subset of RY (N >
2) and let 1 < py,...,py < 0o. The anisotropic spaces (see [15])

WLP(Q) = {u e W (Q): 0pu € LP(Q),i=1,..,N}.

is a Banach space with respect to norm

N
lllwrs @)= lullzi@y+ Y10l re)

i=1

The space W, 7(Q) is the closure of C§°(€2) with respect to this norm.

>
The dual space of anisotropic Sobolev space W, ?(Q) is equivalent to W17 (),
where p/ = (p}, .., ply) and p| =

pi—1
type inequality. Let u € VVO1 ’?(Q), then for every ¢ > 1 there exists a constant
C, (depending on ¢ and ¢ (see [10]), such that

foralli =1,...,, N. We recall a Poincare-

lull Lo < Cpl|Opyt|| Loiy for i =1,...,N. (2.1)

Moreover a Sobolev-type inequality holds. Let us denote by p the harmonic mean
of these numbers, ie. 1= L3" o Let u € Wol’?(Q), then there exists [15] a
constant C; such that

=
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N
1
ull oy < Cs  [1102ull 35 (2.2)
where ¢ = p* = +% if p < N or ¢ € [1,+o0[ if p > N. On the right-hand side

N P
of (2.2) it is possible to replace the geometric mean by the arithmetic mean: let
ai, ...,ayn be positive numbers, it holds

1

1 X
NNE_:

which implies by (2.2) that

N
C;
lull ooy < 57 > N0, ull iy (2.3)
=1

Note that when the following inequality holds
D <N, (2.4)

inequality (2.3) implies the continuous embedding of the space W, H(Q) into
L1(Q2) for every ¢ € [1,7*]. On the other hand, the continuity of the embeding
W&’?(Q) — LP+(Q) with py = maz{p,...,py} relies on inequality (2.1). Tt
may happen that p* < p, if the exponent p; are closed enough, then p, :=

max{p*,py} turns out to be the critical exponent in the anisotrpic Sobolev em-
bedding (see [15]).

Proposition 2.1. If the condition (2.4) holds, then for q € [1,ps] there is a
continuous embedding Wol’ﬁ(Q) — L1(Q). For q < ps the embedding is compact.

WhP(Q) e LIQ). (2.5)

2.2. Notation and functions. Before we discuss the concept of solution we
introduce some notation and functions that will be frequently used.

We begin by introducing the truncature operator. For given constant k& > 0 we
define the cut function 7, : R — R as

—k,if r < —k,
rif |r| <k,
k,if r>k,
and for r € R, let r — r* := max(r,0),r — signo(r) the usual sign function
which is equal
—1,0n | — 00,0/,
r — signg(r) == 1, on |0, oo,
0, if 7=0.

N 1, if r > 0,
r — signg (r) == 0 ifr <o
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Let h; : R — R be defined by hy(r) := min((l + 1 —|r|)T, 1) for each r € R.

For o0 > 0 we define H} : R — R by

0,if r <0,
Hf(r)=1% irif0<r<o,
Lif r>o.

and H, : R — R by

—Lif r< —o,
H,(r):= %r, if —o <r <o,
Lif r>o.

3. MAIN RESULT
3.1. Existence of a renormalized solution.

Definition 3.1. A renormalized solution to (FE, f) is a pair of functions (u,b)
satisfying the following conditions:

(Ry) u: Q — R is measurable, b € L'(Q),u(z) € D(B(x)) and b(z) € B(u(x))

for a.e. z € (2.

(Ry) For each k > 0, Ty (u) € W(}’?(Q) and

/ b.h(u)o + / (a(z, D(u)) + F(u)).D(h(u
Q Q
holds for all 2 € C(R) and all ¢ € W1 P (Q) N L®(Q

)6) = /Q fhwé, (3.1)
).

(R3) Jopeiujersny @@, Du).Du — 0 as k — oo.
Theorem 3.2. For f € L>(Q), there exists at least one renormalized solution
(u,b) of (E, f).

3.2. Approximate solution for L>*°- data. At first we approximate (FE, f) for
L>(£2) by a problem for which existence can be proved by standard variational
arguments. For 0 < e <1, let . : R — R be the Yosida approximation of
(see [8]). We introduce the operators

ﬁ.
Are s WEP(Q) —» w7 (),

u — B:(T1)e(u)) — diva(z, Du)
and

.
Age : WET(Q) —» W7 (),
u — —divF (T (u)).
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Because of (Hy) — (Hg3) , A . is well-defined and monotone (see [13] for instance).
Since 3 o T} is bounded and continuous and thanks to the growth condition
(Hs) on a, it follows that A; . is hermicontinuous (see [13]). From the continuity
and boundedness of F o T, it follows that A, . is strongly continuous. Therefore
the operator A, := A;. + A, is pseudomonotone. Using the monotonicity of
B, the Gauss-Green Theorem for Sobolev functions and the boundary condition
on the convection term [, F(T}/c(u)).Du, we show by using similar arguments
as in [5]) that A. is coercive and bounded. Then it follows from [13] that A. is

surjective. i.e., for each 0 < ¢ < 1 and f € W~1P (Q) there exists a solution
Ue € W&’?(Q) to the problem

(E., f) Be(T1/e(ue)) — div(a(z, Duc) + F((Thye(ue)))) = f in - Q,
) Ue = 0 on (99,
such that the following inequality holds for all ¢ € VVO1 7(Q)

/QﬁE(Tl/g(ue))qb + /Q(a(a:, D(u.)) + F(T1/e(us)).Dop =< f, ¢ > (3.2)

ﬁ
where < .,. > denotes the duality pairing between W&’?(Q) and W17 ().
3.3. A priori estimates.

Lemma 3.3. For 0 <e <1 and f € L>(Q) let u. € W&?(Q)) be a solution of
(E., f). Then

(i) There exists a constant Cy = C1(||f|loo, A, ps N) > 0, not depending on €, such
that

el < C. (33)
(i1)for all 0 < e <1, we have
1= (T e (ue)) oo < I floo (3-4)
(73) for all0 <e <1 and all I,k > 0, we have
/ mﬂpwym%gk/ 1£1. (3.5)
{I<|u|<k+1} {lue[>1}

Proof. (i) Taking u. as a test function in (3.2) we obtain

A@am@m%+éq%m@+lfmm@mp%:Kﬁwm

As the first term on the left-hand side is nonnegative and the integral over the
convextion term vanishes by mathbf(H;), we have

al ou al ou al ou
A / |Pide < /ai x, Du,). deg/fuada:SC flloo / —E |Pidz) /P,
> [ igrlrde <3 [ ate.u) Gide < | I3 | It

Pi < Cy|||uel||, where Cy is a positive

due to the Holder inequality. Thus |||u.]|
constant. Then we can deduce that u. remains bounded in Wy 7 (Q) i.e.,
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[uelll < Cy.

(i1) Taking X(Tiio(Be(T1/e(ue))) — Ti(B=(T1/e(us)))] as a test function in (3.2),
passing to the limit with ¢ — 0 and choosing k > || f||c, We obtain (i7).

(73i) For k,l > 0 fixed we take Ti(u. — T;(u.)) as a test function in (3.2).

Using [, a(z, Du.). DTy (ue—T(u.))dx = f{l<‘u€‘<l+k} a(z, Du.).Du.dx, and as the
first term on the left-hand side is nonnegative and the convection term vanishes,
we get

/ a(x, Dug).Du, < / fTi(ue — Ti(ue))dr < / |fldx.  (3.6)
{I<|ue|<k+1} Q {luel>1}
0J

Remark 3.4. For k > 0, from lemma (3.4.1, i), we deduce

C
/ a(z, Du.).Du. < k| f]|sol{|us| > 1}] < ff
{lS|’U«E|Sk+l} l

BNy

)

(3.7)

=

for any 0 < ¢ <1 and a constant Cy(k) > 0 not depending on «.
3.4. Basic convergence result.

Lemma 3.5. For 0 < e <1 and f € L>®(Q), let u. € WOI’?(Q) be a solution

of (Ee, f). There exist u € W&’?(Q),b € L>(Q) such that for a not relabeled
subsequence of (u:)o<e<1 as € 0:

Ue — U in Wol’?(Q) and a.e. in , (3.8)
Ty(us) = Tp(u) in Wol’?(Q) and strongly in L(Q), (3.9)
Moreover, for any k > 0,
N
DTy (uc) = DTi(u) in ] L7(9), (3.11)
i=1
N /
a(x, DTy(uc)) = a(x, DTy(u)) in [ L7(Q). (3.12)
i=1

Proof. By combining Lemma 3.3 and Remark 3.4, we obtain (3.10). From (3.3)
and (2.5), we deduce with a classical argument (see [1]) that for a subsequence
still indexed by ¢, (3.8) — (3.9) and (3.11) hold as ¢ tend 0, where u is mesurable
function defined on €.

It is left to prove (3.12). For this, by (H2) and (3.3) it follows that given
any subsequence of (a(x, DTy (u:)):), there exists a subsequence, still denoted by
(a(x, DTy(u.)).), such that a(z, DTy(u.)) — @ in [[N, LPQ(Q). We will prove
that &, = a(x, DTi(u)) a.e. on Q. The proof consists of three steps.
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Step 1: For every h € WH*(R), h < 0 and supp(h) compact, we will prove that

e—0

lim sup/ga(q:, DTy (u:)).D]h(us) (T (ue) — Ty (w))]dz < 0. (3.13)

Taking h(u:)(Tx(u:) — Tr(u)) as a test function in (3.2), we have

/Q B (T e (1) () (T () — Ti(w)) + / a(z, D(112)).Dlhe(Ti (1) — Ti(u))]
(3.14)

+/QF(Tl/a(ua))-D[ha(Tk(ua)—Tk(U))] ZAfh(ua)(Tk(ua)—Tk(U))-

Using |he(Tk(u:) — T(u))| < 2k||h||, by Lebesgue’s dominated convergence
theorem we find that lim._,o [, fh(ue)(Tk(us) — Ti(u)) = 0 and then
limn, 0 fp, F(Tse(te))- Dlhe(ue) (Ty(te) — Ti(w))] = 0. By using the same argu-
ments as in [4], we can prove that
imasup [ 6.7y (02). () (T ) = Ti)) o > .
e—0

Passing to the limit in (3.14) and using the above results, we obtain (3.13).
Step 2: We now prove that for every k > 0,

lim sup/ga(x, DTy(ue)).[D(Tk(us) — DTi(u))]dz < 0. (3.15)

e—0

Indeed, for k > [, take hy(u.)(Tk(u.) — Ti(u)) as a test function in (3.2). Letting
€ — 0 and then [ — oo, we obtain

lim sup /Q a(x, DTy (ue)).D[hy(ue) (T (ue) — Ti(u))]de = Ey + Ey + Ej.

e—0

where

E, = f{luslsk} hy(us)a(z, DTy (ue)).[DTi(us) — DTy (u)]dz:
Ey = f{lus\>k} hy(us)a(z, DTy (ue)).(— DTy (u))]dz
= Jo Iy(ue) (T (u) = Ti(u))a(z, DTy (u.)). Du.dz
Since | > k, on the set {|u.| < k} we have hj(u.) = 1 so that we can write

limsup F; = lim sup/ a(x, DTy(ue)).(DTg(ue) — DTy (u))dx.
Q

e—0 e—0

For E,, using Lebesgue’s dominated convergence theorem, we get

lim By = / hy(w)®4 1. DTy (u)dz = 0.
{lue[>k}

e—0

For E5, we have

_ /Q B () (To(uz) — To(u))a(z, DTi(u.)) Ducda
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< Qk/ a(x, Du.)Du.dz.
{I<|ue|<I+1}

Using (3.7), we deduce that

lim sup lim sup(— /Q hy(ue) (Th(ue) — Ti(w))a(z, DTy (u.)).Ducdz) < 0.

l—00 e—0

Applying (3.13) with h replaced by hy,l > k, we get

lim sup/ga(x,DTk(us)).[DTk(us) — DTy (u)|dx

e—0

< limsup(—/ hy (ue) (Th(ue)—Tx(w))a(z, DT} (u.)).Du.dz).
e—0 Q

Now letting [ — oo yields (3.15).

Step 3: In this step, we prove by monotonicity arguments that for k£ > 0,

¢, = a(z, DTy (u)) for almost every z € Q. Let ¢ € D(§2) and o € R. Using
(3.15), we have

ozlir% a(zx, DTy (u.)).Dodx > a/ a(zx, D(Ty(u) — ag)).Dodz.
E— Q Q
Dividing by @ > 0 and a < 0 and letting a — 0, we obtain
lir% a(zx, DTy(u.)).Dodr = / a(x, DTy (u)).Dodzx. (3.16)
E—> Q Q

This means that for all k& > 0, [, ®y.Dode = [, a(x, DTy(u)). and so &, =
a(z, DTy (u)) in D'(Q) for all £ > 0. Hence &5, = a(x, DT} (u)) a.e. in 2 and so
a(x, DTi(u.)) — a(x, DTy(u)) weakly in []X, LPi ().

0

3.5. Proof of the existence result. We are now in position to conclude the
proof of our main result presented in Theorem 3.2:

Proof. Let h € C}(R) and ¢ € WOI’?(Q) N L>(Q). Taking hy(u:)h(u)(p) as a test
function in (3.2), we obtain

J;, + 1371 + If,l = [;{l (3.17)

where

If,l:/gfhl(ue)h(u)cp.

Step 1: Letting € — 0 using the convergence results (3.8),(3.10) from Lemma
(3.5) we can immediately calculate the following limits:




178 Y. AKDIM, M. ELANSARI AND S. LALAOUI

lim I, = / bhy(u)h(u)p, (3.18)
E— O
lin 12y = | flu(h(u)e. (3.19)

We write 12, = I} + I2} where
gl = [, hi(u:)a(z, Du.).Duch(u)p | z—:l = [ hi(us)a(z, Du.).D(h(u)p).
Using (3.7), we get the estimate

[l 72| < [[Al ool oo Col 7). (3.20)

By Lebesgue’s dominated convergence theorem it follows that for any ¢ € {1, ..., N},
we have

hm%%wwmﬁmu

Keeping in mind that IZ’IZ = [ u(uc)a

(h(u)p) in LP" as e = 0.

a(x, DT111(ue)).D(h(u)p). by (3.12), we get

hm[212—/th(u)a(x,DTZH(U)).D(h(u)cp). (3.21)

e—0

Let us write I3, = I’} + I27, where
1 = [ )P0 Duchw)e,
Q

@f=AMWJﬂEM%»Dme)
For any [ € N, there exist £¢(/) such that for all € < g¢(1),
lﬁzémmmwwmﬂw»mw. (3.22)

Using the Gauss-Green Theorem for Sobolev functions in (3.22), we get for all
e < eo(l),

e //T+ " ) F () D (b)) (3.23)

Now, using (3.8) and the Gauss-Green Theorem, after letting ¢ — 0, we get

hm[jl1 —/Qh;(u)F(u).Duh(u)go. (3.24)

Choosing ¢ small enough, we can write

lﬁz/%mwmﬂﬂwwﬂmwm> (3.25)
Q

and conclude

E—

hn(l)[jf = /Q hi(w) F(u).D(h(u)yp). (3.26)
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Step 2: Passage to the limit with [ — oo.
Combining (3.17) and (3.18) — (3.26) we find

'+ R+ +L'+0 =1 (3.27)
where

ﬁzéwmmw% = /ﬁd)mDﬁﬂwaw@7

1] < Col i YP B0 oc I = /hz( )E(u).D(h(u)p),

17 = [ BwF).Duwy. 1 = [ fiutontu)

Obviously, we have
lim I} = 0. (3.28)

E—0OO
Choosing m > 0 such that supp h C [—m,m], we can replace u by T,,(u) in
I, I2, .., 1%, and

hy(u) = hy(Tn(uw) =0 if 14+1>m, hi(u) = hy(Tr(u)) =0 if 1 >m.
Therefore, letting | — oo and combining (3.27) with (3.28) we obtain

/ bh(w)o + /( (z, Du) + F(u)).D / Fhiu (3.29)
0 0
for all h € C}(R) and all ¢ € WOI’W(Q)HLOO(Q). Step 3: Subdifferential argument

It is left to prove that u(x) € D(B(x)) and b(x) € B(u(x)) for almost all z € 2.
Since [ is a maximal monotone graph, there exist a convex, l.s.c and proper
function j : R — [0, oo], such that

B(r)=0j(r) for all r € R.

According to [8], for 0 < e < 1,j. : R — R defined by j.(r fo Be(s)ds has
the following properties as in [16]
i) For any 0 < e < 1, j. is convex and differentiable for all » € R, such that

ji(r) = po(r) forall r € R and any 0 < e <1
i1) je(r) — j(r) for allr € R as e — 0.

From 1), it follows that for any 0 < e <1

Je(r) 2 Je(Tye(ue)) + (r = Thye(ue)) B (T /e (ue)) (3.30)

holds for all » € R and almost everywhere in 2. Let E U be an arbitrary
measurable set and xp its characteristic function. We fix ¢y > 0. Multiplying
(3.30) by hy(us)x g, integrating over €2 and using ii), we obtain

i(r) /E ha(u.) > /E oo (T () has) + (1 — Toa () Bo(The(w)  (3.31)
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for all € R and all 0 < ¢ < min(eo, %) As ¢ — 0, taking into account that E
arbitrary we obtain from (3.31)

J(r) () = Jeo (Trgr(u))hu(u) + bhu(u) (r = T (u)) (3.32)

for all » € R and almost everywhere in 2. Passing to the limit with [ — oo and
then with ¢y — 0 in (3.32) finally yields

j(r) = j(u(z)) + b(@)(r — u(z)) (3.33)
for all » € R and almost everywhere in €2, hence u € D(3) and b € B(u) for almost

everywhere in €). With this last step the proof of Theorem 3.2 is concluded.
O
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