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PRIME IDEAL FACTORIZATION IN QUARTIC NUMBER
FIELDS

L. EL FADIL 1∗, A. CHILLALI 2 AND I. AKHARRAZ3

Abstract. For every prime integer p, and for every number field K defined
by a p-regular polynomial, the form of the factorization of the principal ideal
pZK into prime ideals of ZK is given. To illustrate the potential applications of
this factorization, we derive from this result an explicit description of the fac-
torization of pZK , where K is a quartic number field defined by an irreducible
polynomial X4 + aX + b ∈ Z[X].

1. Introduction

Let K be a number field defined by an irreducible polynomial F (X) ∈ Z[X],
ZK its ring of integers, dK its discriminant, α a complex root of F (X), 4 the
discriminant of F (X) and ind(F ) = [ZK : Z[α]] the index of the group Z[α] in
ZK . In [1], Llorente and Nart given the form of the prime ideal factorization in
any cubic number field K. 21 years later, Alaca et al in [2], for every prime factor
p of pZK , they given a p-generator of p, i.e., an integral element β of K such
that p = pZK + βZK . In this paper, for every rational prime p, the form of the
factorization of pZK into prime ideals of ZK ; pZK =

∏r
i=1 p

ei
i is given, where K is

a number field defined by a p-regular polynomial. In particular, for any quartic
number field K defined by an irreducible polynomial X4 + aX + b ∈ Z[X], and
for every rational prime p, an explicit factorization of pZK into prime ideals of
ZK is given. In that last case, not only the form of the factorization is given, but
for every prime factor p of pZK , a p-generator of p will be constructed too.
First, for a prime integer p, pZK is said to be analogous to the factorization of
F̄ (X) (mod p) if pZK =

∏r
i=1 p

ei
i , where F̄ (X) =

∏r
i=1 gi(X)ei is the factorization

of F̄ (X) in Fp[X], where every pi = (p, gi(α)). It is well known that if p does not
divide the index ind(F ), then the Kummer’s theorem says that pZK is analogous
to the factorization of F̄ (X) (mod p). R. Dedekind gave a criterion to test if
p does not divide the index ind(F ), and in that case, we can apply Kummer’s
theorem(see for example [3, page 257]). In [2], the used method is based on the
construction of a p-generator φ of ZK , when p is not a common divisor of K,
i.e., p does not divide [ZK : Z[φ]]. But a such construction is not very easy. In
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this paper, based on Newton polygon techniques, the form of pZK will be given
and for every prime factor p of pZK , a p-generator element β ∈ ZK of p will be
constructed. A such β will satisfy vp(β) ≥ 1 and for every prime p′ 6= p above p,
vp′(β) = 0 and if the ramification index e(p) ≥ 2, then the first condition will be
replaced by vp(β) = 1.
For every prime integer p, let vp be the p-adic discrete valuation defined in Qp

by vp(p) = 1. vp is extended to Qp[X] by vp(A(X)) = Min{vp(ai) , 0 ≤ i ≤ r},
where A(X) =

∑r
i=0 aiX

i. For every (x,m) ∈ Z2, denote xp = x
pvp(x)

, x (mod m)

the remainder of the Euclidean division of x by m. For every odd prime p, denote
(−
p

) the Legendre symbol.

2. Newton polygons

Let F (X) be an irreducible polynomial in Z[X], φ ∈ Z[X] a monic polynomial
whose reduction modulo p is an irreducible factor of F̄ (X) in Fp[X]. Let Fφ be

the field Fp[X]

(φ)
and F (X) =

∑n
i=0 ai(X)φ(X)i = a0(X) + .. + an−1(X)φ(X)n−1 +

an(X)φ(X)n the φ-adic development of F (X) ( for every i, deg(ai(X)) ≤ deg(φ)−
1). For every prime integer p, the φ-Newton polygon of F (X), with respect to p,
is the lower convex envelope of the set of points (i, ui), ui <∞, in the Euclidean
plane, where ui = vp(ai(X)). For example, let F (X) =

∑n
i=0 ai(X)φ(X)i and

p a fixed prime integer such that vp(a0(X) = 6, vp(a1(X) = 4, vp(a2(X) =
vp(a3(X) = 2, vp(a4(X) = 0, vp(a5(X) = 1 and vp(a6(X) = 0.
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The φ-Newton polygon is the union of different adjacent sides S0, . . . , Sg with
increasing slope λ0 < λ1 < · · · < λg. We shall write Nφ(F ) = S0 + · · ·+ Sg. The
principal part of Nφ(F ), denoted N+

φ (F ), is the polygon determined by the sides
of negative slope of Nφ(F ). For every 0 ≤ i ≤ n, we attach to any abscissa the
following residual coefficient ci ∈ Fφ:

ci =


0, if (i, ui) lies strictly above N or ui =∞,

red

(
ai(X)

pui

)
(mod (p, φ(X))), if (i, ui) lies on N.

Let S be one of the sides of N , with slope λ. Let λ = −h/e such that h and
e are positive coprime integers. Let l = `(S) be the length of the projection of
S to the x-axis and d = `(S)/e the degree of S. Note that, if s is the initial
abscissa of S, then S is divided into d segments by the points (s, us), (s+ e, us +
h), · · · , (s + de, us + dh) of integer coordinates that lie on S. Let FS(Y ) =
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csY
d + cs+eY

d−1 + · · · + cs+(d−1)eY + cs+de ∈ Fφ[Y ], the residual polynomial of
F (X) attached to S. For more details on Newton polygon see [4].

3. Main results

Let F (X) ∈ Z[X] be a monic irreducible polynomial, α a complex root of
F (X), p a prime integer, φ ∈ Z[X] a monic polynomial whose reduction (mod p)
is an irreducible factor of F̄ (X), N = Sk + .. + S1 + S0 the φ-Newton polygon
of F (X) with respective slopes λk < .. < λ1 < λ0. F (X) is said to be φ-regular
if for every i, FSi(Y ) is square free. F (X) is said to be p-regular if there exist
φ1, · · · , φr such that F (X) ≡

∏r
i=1 φ̄

`i
i (X) (mod p) is the factorization of F̄ (X)

in Fp[X] and for every i := 1, ..., r, F (X) is φi-regular.

3.1. Prime ideal Factorization number fields defined by p-regular
polynomials

In this section, K is a number field defined by a p-regular irreducible polynomial
F (X) ∈ Z[X]. Using Newton polygon techniques, the form of the factorization
pZK into prime ideals of ZK will be given.

Recall the celebrated Hensel theorem:

Theorem 3.1. Let F (X) ∈ Z[X] be a monic irreducible polynomial, p a prime
integer, Qp the p-adic completion of Q and Zp its ring of integers. Let F (X) =
F1(X) · · ·Ft(X) be the factorization into a product of monic irreducible poly-
nomials in Qp[X] and consider the local fields Ki = Qp[X]/(Fi(X)), for i =
1, . . . , t. The factorization of pZK into a product of prime ideals of ZK is:

pZK = pe11 · · · pett , where for every i := 1..t, f(pi) = f(Ki/Qp) and ei = deg(Fi)
f(pi)

.

Lemma 3.2. Let F (X) ∈ Z[X]. If F (X) is irreducible in Zp[X], then F̄ (X) is
congruent to a power of an irreducible factor φ̄(X) (mod p), Nφ F = S is only
one side, and FS(Y ) is congruent to a power of an irreducible factor in Fφ[Y ].

Proof. It follows by Hensel Lemma, Theorem of the polygon, and Theorem of the
residual polynomial. �

Assume that F (X) is irreducible in Zp[X], then let K be the local field defined
by F (X) and p prime ideal of ZK. let φ(X) ∈ Z[X] be a monic such that
φ̄(X) (mod p) is irreducible, F̄ (X) is congruent to a power of φ̄(X), Nφ F = S
is only one side of slope λ = −h/e, where h and e are positive coprime integers,
and assume that FS(Y ) is irreducible in Fφ[Y ]. The following proposition, gives
as the ramification index, the residue degree, and a p-generator of p.

Proposition 3.3. Under these hypothesis,

(1) For every polynomial P (X) ∈ Zp[X], vp(P (α)) ≥ e(p)v(P (X)). With

equality if and only if φ(X) does not divide P (X).
(2) e(p) = e is the ramification index of p and f(p) = n

e
= deg(φ)d, where

n = deg(F ) and d = deg(FS).

(3) vp(φ(α)) = h and if we denote γ = φe(α)
ph

, then vp(γ) = 0 and vp(FS(γ)) ≥
1.
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(4) Let n and k are two positive integers such that hn−ek = 1. Then β = φ(α)n

pk

is a generator of p.

Proof. (1) Consider the ring i : Fp[X] −→ ZK
p

defined by i(a(X)) = a(α) (mod p).

Dividing by pv(P (X)), we can assume that v(P (X)) = 0. Since φ̄(X) is the
minimal polynomial of α (mod p), we conclude that P (α) ∈ p if and only
if φ̄(X) divides P̄ (X).

(2) Let F (X) =
∑`

i=0 a`−i(X)φi(X) be the φ-adic development of F (X) and
set vp(φ(α)) = u. Since Nφ F is one side of slope λ, we have for every
i := 0..` − 1, v(ai(X)) ≥ (i − `)λ and v(a0(X)) = −`λ. Thus, for ev-
ery i := 0..` − 1, vp(ai(α)) ≥ (i − `)λ. Moreover, since deg(a0(X)) <
deg(φ(X)), vp(a0(α)) = e(p)v(a0(X)) = −e(p)`λ. By using, F (α) =
φ`(α)+ · · ·+a0(α) = 0, we conclude that vp(φ(α)`) = vp(a0(α) = −e(p)`λ

and vp(φ(α) = −e(p)λ = e(p)h
e

. Since e and h are coprime, e divides e(p).

Let γ = φ(α)e

ph
. Then vp(γ) = e e(p)h

e
− e(p)h = 0 and γ is integral over

Zp. Consider the ring homomorphism: ι : Fφ[Y ] −→ ZK/(p), a(Y ) 7→
a(γ) (mod p). Then ι−1(0) is the maximal ideal of Fφ[Y ] generated by the
minimal polynomial ψ(Y ) of γ̄ in Fφ[Y ] and [Fφ[γ] : Fp] divides f(p) =
[ZK
p

: Fp]. Let H(X) = Xn+bn−1X
n−1+· · ·+b0 be the minimal polynomial

of φ(α)e over Zp and G(X) = H(φ(X)e) =
∑ne

i=0 aen−iφ(X)en−i, where
a(n−j)e(X) = bj and ai(X) = 0 if i 6∈ eN. As vp(φ(α)e) = −e(p)eλ = e(p)h,

using the relation relating roots and coefficients of H(X), vp(b0) = vp(b0)
e(p)

=

nh and for every i = 1 · · ·n − 1, vp(bn−i) ≥ (n − i)h. Thus NφG = T
is one side of slope −neλ

en
= −h

e
= −λ, NX(H) = S0 is one side of slope

−eλ = −h, and GT (Y ) = HS0(Y ). As H(X) is irreducible in Zp[X],
by Theorem of the residual polynomial HS0(Y ) and so GT (Y ) is a power
of an irreducible polynomial in Fφ[Y ]. Since G(α) = 0, by Theorem of
the product, FS(Y ) divides GT (Y ). But by assumption, FS(Y ) is irre-
ducible, then GT (Y ) is a power of FS(Y ) in Fφ[Y ]. On the other hand,
penHS0(γ) = H(φ(α)e) = 0. It follows that ψ(Y ) divides HS0(Y ) and
FS(Y ) = ψ(Y ) up to a non-zero multiplicative constant element. Finally,

[Fφ[γ] : Fp] = [
Fφ[Y ]

(FS(Y )
: Fφ][Fφ : Fp] = d.m and d.m divides f(p). The

fact that e divides e(p) and e(p)f(p) = mde implies that e(p) = e and
f(p) = d.m.

(3) Since vp(φ(α)e) = e(p)h and e(p) = e and the rest follows from FS(Y ) =
ψ(Y ) up to a non-zero multiplicative constant.

(4) vp(
φn(α)
pk

) = nh− ke = 1.
�

The following theorem gives the form of the factorization of pZK , when K is
defined by a p-regular polynomial.

Theorem 3.4. Let F (X) ∈ Z[X] be a p-regular monic irreducible polynomial and
F̄ (X) ≡

∏r
i=1 φ̄

`i
i (mod p) the factorization into irreducible polynomials of Fp[X].

For every i := 1..r, let Ni = N+
φi

(F ) = Si1 + · · · + Siki be the principal φi-Newton
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polygon of F (X). For every j := 1..ki, let FSj(Y ) =
∏rij

s=1 ψi,j,s(Y )ni,j,s be the
factorization of FSj(Y ) into irreducible polynomials of Fφi[Y ].
If every FSj(Y ) is square free, i.e., every ni,j,s = 1, then

pZK =
r∏
i=1

ki∏
j=1

rij∏
s=1

p
e(Sij)

i,j,s ,

and for every i := 1..r, j := 1..ki and s := 1..rij, vpi,j,s(φi(α)) = −e(Sij)λj, where

e(Sij) is the ramification index of the side Sij and λij is its slope.

Proof. By Hensel theorem, it suffices to factorize F (X) = F1(X) · · ·Ft(X) into
irreducible polynomials of Qp[X]. By Hensel lemma, we can split F (X) as a
product F1(X) × · · · × Fr(X) in Qp[X] such that for every i := 1..r, F̄i(X) ≡
φ̄i(X)`i (mod p). Let P be the set of the prime ideals of ZK above p. Then
P =

⋃r
i=1Pi, where for every i := 1..r, Pi = {p ∈ P , φi(α) ∈ p}. Fix i := 1..r.

From the theorem of the product, the φi-Newton polygon of Fi(X) is Nφi(Fi) =
N+
φi

(F ) = Ni up to a translation. So, we can assume that r = 1, F = F1,

F̄ (X) ≡ φ̄(X)`(X) (mod p) and Nφ F = S1 + · · · + Sk. By the theorem of the
polygon, we can split F (X) as a product G1(X)×· · ·×Gk(X) in Qp[X] such that
for every i := 1..k, Ḡi(X) ≡ φ̄(X)`(Si) (mod p), Nφ(Gi) = Si up to a translation
and GiSi(Y ) = FSi(Y ), up to a non zero multiplicative constant. Therefore, we
can assume that k = 1, F (X) = G(X), F̄ (X) ≡ φ̄(X)` (mod p), Nφ(F ) = S
is only one side and FS(Y ) =

∏r
s=1 ψs(Y )ns is the factorization of FS(Y ) into

irreducible polynomials of Fφ[Y ]. By the theorem of the residual polynomial,
we can split F (X) as a product K1(X) × · · · × Ks(X) in Qp[X] such that for
every i := 1..s, K̄i(X) is a power of φ̄(X) (mod p), NφKi = Ti is only one side
(Ti ⊂ Si), and by the assumption of the Theorem, (Ki)Ti(Y ) is irreducible in
Fφ[Y ]. Thus, for every i := 1..s, Ki is irreducible in Qp[X]. Using (3) of the

Proposition 3.3, for every i := 1..r, Pi =
⋃k
j=1Pi,j, where for every j := 1..ki,

Pi,j = {p ∈ Pi , vp(φi(α)) = hj the hight of Sj} and Pi,j = {pi,j,s , s := 1..rij},
where for every s, pi,j,s is the prime ideal attached to the factor ψi,j,s(Y ) of the
residual polynomial of FSi,j(Y ). �

Example 3.5. Let f(X) ∈ Z[X] be an irreducible polynomial, α a complex
root of f(X) and K = Q[α]. For f = x9 + 48x7 + 6x6 + 24x5 + 12x4 + 3x3 +
18x2 + 48x + 24, let p = 2, by Einstein criterion, f is irreducible over Q and
f ≡ x3(x − 1)2(x2 + x + 1)2 (mod 2). Let φ1 = x, φ2 = x − 1, and φ3 =
x2 + x + 1. Then f = (x − 4)φ4

3 + (6x + 6)φ3
3 − 9xφ2

3 + (4x − 4)φ3 + 2 and
f = φ9

2 + 9φ8
2 + 36φ7

2 + 84φ6
2 + 126φ5

2 + 126φ4
2 + 85φ4

2 + 39φ3
2 + 12φ2 + 2. It follows

that for every i = 1, 2, 3, the principal Newton polygon N+
φi

(f) = Si is only one

side with respective hight H1 = 3, H2 = H3 = 1. Since fS1(Y ) = Y 3 + Y 2 + 1
and fS2(Y ) = fS2(Y ) = Y + 1 are irreducible in F2[Y ], then 2ZK = p1p

2
2p

2
3,

where f(p1) = 3, f(p2) = 1, f(p3) = 2, p1 = (2, α), p2 = (2, α − 1) and p3 =
(2, α2 + α + 1).

3.2. Prime ideal factorization in any quartic field defined by
X4 + aX + b
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In this section, let F (X) = X4+aX+b ∈ Z[X] be a monic irreducible polynomial
such that for every prime p, vp(a) ≤ 2 or vp(b) ≤ 3. Note that this is not a
restriction, because if there exists a prime p such that vp(a) ≥ 3 and vp(b) ≥ 4,
then let q1 and q2 be respectively the quotient of vp(a) by 3 and of vp(b) by 4,
and let θ = α

pq
, where q = Min(q1, q2). Then θ is integral over Z, with minimal

polynomial F (X) = X4 + AX + B ∈ Z[X], where A = a
p3q

and B = b
p4q

. Repeat

this process until to obtain vp(A) ≤ 2 or vp(B) ≤ 3. As K = Q[θ] = Q[α], then
up to replace α by θ = α

pq
, we can assume that for every prime p, vp(a) ≤ 2 or

vp(b) ≤ 3.

Theorem 3.6. In the following tables, the form of the factorization of pZK into
prime ideals of ZK, and for every prime factor p of pZK a p-generator element
β of ZK, i.e, p = (p, β), are given. If pZK =

∏
i p

ei
i , then for every i, a p-

generator βi of pi is an integral element defined by vpj = (βi) = 0 ,for every
j 6= i, and if ei = 1, vpi = (βi) ≥ 1. If ei ≥ 2, then vpi = (βi) = 1. For
p = 2, v2(b) = 2 and v2(a) ≥ 2. In TableA5, a monic polynomial φ2 such that
t = (X, 1/2, φ2) is F (X)-complete is given too.
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Table A
Case Conditions p pZK Generators

A1 vp(a) ≥ 3, vp(b) = 3 p4 p = (p, α
3

p2
)

A2 vp(a) = 2, vp(b) ≥ 3 p31p2 p1 = (p, α
3+a
p2

+ α2

p ),

p2 = (p, α
3

p2
+ α3+a

p )

A3 vp(a) = 1, vp(b) ≥ 2 p31p2 p1 = (p, α+ α3+a
p ),

p2 = (p, α
3

p + p)

A4 vp(a) ≥ 1 , vp(b) = 1 p4 p = (p, α)
A5 vp(a) ≥ 2, vp(b) = 2 2 Tab.A5
A6 vp(a) ≥ 2, vp(b) = 2, 6= 2 p2 p = (p, α)

(
−bp
p ) = −1

A7 vp(a) = 2, vp(b) = 2 6= 2 p21p
2
2 p1 = (p, α

2−ptα
p ),

(
−bp
p ) = 1 p2 = (p, α

2+ptα
p )

vp(t
2 + bp) = vp(a)

A8 vp(a) ≥ 3, vp(b) = 2 6= 2 p21p
2
2 p1 = (p, α+ α2−ptα

p ),

(
−bp
p ) = 1 p2 = (p, α

2+ptα
p + α)

vp(t
2 + bp) = vp(a)

A9 vp(a) ≥ 1, vp(b) = 0 2 Tab.A9
A10 vp(a) ≥ 1, vp(b) = 0, 3 p1p2 p1 = (3, α2 − α− 1),

b ≡ 1 (mod 3) p2 = (3, α2 + α− 1)
A11 vp(a) ≥ 1, vp(b) = 0 3 p1p2p3 p1 = (3, α2 + 1),

b = −1 (mod 3) p2 = (3, α− 1),
p3 = (3, α+ 1)

A12 vp(a) ≥ 1, vp(b) = 0 ≥ 5 Tab.A12
A13 vp(a) = 0, vp(b) ≥ 1 2 p1p2p3 p1 = (2, α),

p2 = (2, 1 + α)
p3 = (2, 1 + α+ α2)

A14 vp(a) = 0, vp(b) ≥ 1 3 Tab.A14
A15 vp(a) = 0, vp(b) ≥ 1, ≥ 5 p1p2 p1 = (p, α),

−a 6∈ F3
p p2 = (p, a+ α3)

A16 vp(a) = 0, vp(b) ≥ 1 ≥ 5 p1p2p3 p1 = (p, α),
−a ∈ F3

p, (−3p ) = −1 p2 = (p,−u+ α)

p3 = (p, u2 + uα+ α2)
u3 ≡ −a (mod p)

A17 vp(a) = 0, vp(b) ≥ 1 ≥ 5 p1p2p3p4 p1 = (p, α),
−a ∈ F3

p, (−3p ) = 1 p2 = (p,−u+ α)

u3 ≡ −a (mod p),
p3 = (p, v1 + α)

p4 = (p,−(u+ v1) + α)
v2 ≡ −3 (mod p),

2v1 ≡ −u(1 + v) (mod p)
A18 vp(ab) = 0 2 p p = (2)
A19 vp(ab) = 0 ≥ 5 Tab.A19
A20 vp(ab) = 0, b ≡ −1 (mod 3) 3 p p = (3)
A21 vp(ab) = 0, 3 p1p2 p1 = (3, α− 1),

a ≡ b ≡ 1 (mod 3) p2 = (3, α3 + α2 + α− 1)
A22 vp(ab) = 0, 3 p1p2 p1 = (3, α− 1),

a ≡ −1, b ≡ 1 (mod 3) p2 = (3, α3 − α2 + α+ 1)
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TableA5 : v2(b) = 2 and v2(a) ≥ 2.

Table A5
Case conditions φ2(X) 2ZK Generators

A5.1 v2(b) = 2, v2(a) = 2 X2 + 2 p4 p = (2, φ2(α)2 )

A5.2 b ≡ 12 (mod 16), v2(a) = 3 X2 + 2 p4 p = (2, αφ2(α)4 )

A5.3 b ≡ 4 (mod 16), v2(a) = 3 X2 + 2X + 2 p4 p = (2, αφ2(α)4 )

A5.4 b ≡ 4 (mod 32), v2(a) = 4 X2 + 2X + 2 p4 p = (2, φ2(α)4 )
A5.5 b ≡ 20 (mod 64), v2(a) = 4 X2 + 2X − 2 p2 p = (2, α)

A5.6 b ≡ 52 (mod 64), X2 + 2X − 2 p21p
2
2 p1 = (2, α+ αφ2(α)+8−4α

8 ),

a ≡ 16 (mod 64) p2 = (2, α+ αφ2(α)8 )

A5.7 b ≡ 52 (mod 64), X2 + 2X − 2 p21p
2
2 p1 = (2, αφ2(α)+8−4α

8 ),

a ≡ 48 (mod 64) p2 = (2, αφ2(α)8 )
A5.8 b ≡ 12 (mod 32), v2(a) ≥ 4 X2 + 2 p2 p = (2, α)

A5.9 b ≡ 28 (mod 32), v2(a) ≥ 4 X2 + 2 p21p
2
2 p1 = (2, αφ2(α)4 + φ2(α)−4

4 ),

p2 = (2, φ2(α)4 + αφ2(α)−44 )

A5.10 b ≡ 4 (mod 64), v2(a) = 5 X2 + 2X + 2 p21p
2
2 p1 = (2, α+ αφ2(α)−4α8 ),

p2 = (2, αφ2(α)8 )

A5.11 b ≡ 4 (mod 64), v2(a) ≥ 6 X2 + 2X + 2 p21p
2
2 p1 = (2, α+ αφ2(α)−4α8 ),

p2 = (2, αφ2(α)8 + α)
A5.12 b ≡ 36 (mod 64), v2(a) ≥ 5 X2 + 2X + 2 p2 p = (2, α)

A5.13 b ≡ 20 (mod 32), v2(a) ≥ 5 X2 + 2X − 2 p4 p = (2, φ2(α)4 )

TableA9 : v2(b) = 0, v2(a) ≥ 1. We pose A = 4 + a, B = 1 + a+ b and θ = α− 1.

Table A9
Case Conditions 2ZK Generators
A8.1 v2(B) = 1 p4 p = (2, θ)
A9.2 v2(B) = 2, a ≡ 0 (mod 4) p2 p = (2, θ)

A9.3 v2(B) ≥ 2, a ≡ 2 (mod 4) p31p2 p1 = (2, θ + θ3+4θ2+6θ+A
2 ),

p2 = (2, θ
3

2 )

A9.4 v2(B) = 3, a ≡ 0 (mod 8) p21p2 p1 = (2, θ
2+4θ+6

2 ),

p2 = (2, θ
2

2 )

A9.5 v2(B) ≥ 4, a ≡ 0 (mod 8) p21p2p3 p1 = (2, θ
2+4θ+6

2 ),

p2 = (2, θ
2

2 + θ3+4θ2+6θ+A
4 ),

p3 = (2, θ
2

2 + θ3+4θ2+6θ
4 )

A9.6 v2(B) ≥ 4, a ≡ 4 (mod 8) Tab.A9.6
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TableA9.6 : b ≡ 3 (mod 8) and v2(a) = 2. We pose t ∈ Z where 3at ≡ −4b (mod 2.4).

k = bv2(4)−9
2 c, θ = α− t, s = t+ 2k, ω = α− s , At = 4t3 + a and As = 4s3 + a.

Table A9.6
Case Conditions 2ZK β3 β2 β1

A9.6.1 v2(4) = 2k + 10 p21p
2
2

θ2

2 + θ2+6tθ+4t2

2
θ3+4tθ2+6t2θ+At

2k+1 + θ

A9.6.2 v2(4) = 2k + 9 p21p
2
2

ω2

2 + ω2+6tθ+4t2

2

b42 ≡ 3 (mod 4) ω3+4sω2+6s2ω+A
2k+1 +ω

A9.6.3 v2(4) = 2k + 9 p21p2
ω2

2
ω2+6sω+4s2

2
b42 ≡ 1 (mod 8) +ω

A9.6.4 v2(4) = 2k + 9 p21p2p3
ω3+4sω2+6s2ω

2k+2 + ω2

2
ω3+4sw2+6s2ω+As

2k+2
ω2+4sω+6s2

2

b42 ≡ 5 (mod 8) +ω2

2 +ω

Table A14 : v3(b) ≥ 1 and v3(a) = 0. We pose A = a − 4a3, B = a4 − a2 + b and
θ = α+ a.

Table A14
Case Conditions 3ZK Generators
A14.1 v3(B) = 1 p1p

3
2 p1 = (3, α), p2 = (3, θ)

A13.2 v3(A) = 1 p1p
2
2p3 p1 = (3, α),

v3(B) = 2 p2 = (3, θ
3−4aθ2+6a2θ+A

3 + θ2)

p3 = (3, θ
3−4aθ2+6a2θ

3 + θ)
A14.3 v3(A) = 1 p1p

2
2p3 p1 = (3, α),

v3(B) ≥ 3 p2 = (3, θ
3−4aθ2+6a2θ+A

3 + θ)

p3 = (3, θ
3−4aθ2+6a2θ

3 + θ)
A14.4 b ≡ 6 (mod 9), a2 6≡ 4 (mod 9) p1p

3
2 p1 = (3, α), P2 = (3, θ)

A14.5 b ≡ 6 (mod 9), a2 ≡ 4 (mod 9) p1p
2
2p3 p1 = (3, α),

v3(B) = 2 p2 = (3, θ
3−4aθ2+6a2θ+A

3 + θ2)

p3 = (3, θ
3−4aθ2+6a2θ

3 + θ)
A14.6 b ≡ 6 (mod 9), a2 ≡ 4 (mod 9) p1p

2
2p3 p1 = (3, α),

v3(B) ≥ 3 p2 = (3, θ
3−4aθ2+6a2θ+A

3 + θ)

p3 = (3, θ
3−4aθ2+6a2θ

3 + θ)
A14.7 a2 6≡ 7 (mod 9), b ≡ 3 (mod 9) p1p

3
2 p1 = (3, α), p2 = (3, θ)

A14.8 b ≡ 3 (mod 9), a2 ≡ 7 (mod 9) p1p
3
2 p1 = (3, α), p2 = (3, θ

3−4aθ2
3 )

v3(B) = 2
A14.9 b ≡ 3 (mod 9), a2 ≡ 7 (mod 9) Tab.A14.9

v3(B) ≥ 3
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Table A14.9: b ≡ 3 (mod 9), a2 ≡ 7 (mod 9) and v3(b+ a4− a2) ≥ 3. We s ∈ Z such
that as ≡ −4b3 (mod 34), and let θ = α− s, A = 4s3 + a and B = s4 + as+ b.

Table A14.9
Case Conditions 3ZK Generators

A14.9.1 v3(4) = 6, p1p2 p1 = (3, α), p2 = (3, θ)
B3 ≡ 1 (mod 3)

A14.9.2 v3(4) = 6, p1p2p3 p1 = (3, α),

B3 ≡ −1 (mod 3) p2 = (3, (θ+3s)(θ+4s)
3 ),

p3 = (3, (sθ
2+3θ−9s)(sθ+4s−3)

9 )
A14.9.3 v3(4) = 2r ≥ 8, p1p2p3p4 p1 = (3, α),

B3 ≡ 1 (mod 3) p2 = (3, θ
2+4sθ
3 + (θ2+4sθ+6s2)(θ+3r−2)

3r−1 )

p3 = (3, θ + θ2+4sθ+6s2

3 ),

p4 = (3, θ
2+4sθ
3 + (θ2+4sθ+6s2)(θ+3r−2)

3r−1 )

A14.9.3 v3(4) = 2r ≥ 8, p1p2p3 p1 = (3, α), p2 = (3, θ + θ2+4sθ+6s2

3 )

B3 ≡ −1 (mod 3) p3 = (3, θ
2+4sθ
3 )

A14.9.3 v3(4) = 2r + 1 ≥ 7, p1p2p
2
3 p1 = (3, α), p2 = (3, θ

2+4sθ
3 ),

B3 ≡ 1 (mod 3) p3 = (3, θ
2+4sθ
3 + θ2+4sθ+6s2

3r−1 )

Table A18: p ≥ 5, vp(ab) = 0. Wepases ∈ Z suchthat 3as+ 4b ≡ 0 (mod p4). Letθ =
α− s,A = 4s3 + a and B = s4 + as+ b.

Conditions pZK with generators
vp(4) = 0 analogous to F̄ (X)
vp(4) = 1 p1p

2
2 p2 = (p, θ),p1 = (p, θ2 + 4sθ + 6s2)

(−2p ) = −1

vp(4) = 1 p1p2p
2
3 p3 = (p, θ),p2 = (p, θ + s(2− u))

(−2p ) = 1 p2 = (p, θ + s(2 + u)), u2 ≡ −2 (mod p)

vp(4) = 2r + 1 p1p
2
2 p2 = (p, θ + θ3+4sθ2+6s2θ

pr ), p1 = (p, θ2 + 4sθ + 6s2)

(−2p ) = −1

vp(4) = 2r + 1 p1p2p
2
3 p3 = (p, θ + θ3+4sθ2+6s2θ

pr ),p2 = (p, θ + s(2− u))

(−2p ) = 1 p2 = (p, θ + s(2 + u)), u2 ≡ −2 (mod p)

vp(4) = 2r p1p2 p2 = (p, θ),p1 = (p, θ2 + 4sθ + 6s2)
(−2p ) = −1

(
−6Bp
p ) = −1

vp(4) = 2r p1p2p3 p3 = (p, θ), p1 = (p, θ + s(2− u))
(−2p ) = 1 p2 = (p, θ + s(2 + u))

(
−6Bp
p ) = −1 u2 ≡ −2 (mod p)

vp(4) = 2r p1p2p3 p3 = (p, θ + (θ2+4sθ+6s2)(θ−prt)
pr ),p1 = (p, θ2 + 4sθ + 6s2)

(−2p ) = −1 p2 = (p, θ + (θ2+4sθ+6s2)(θ+prt)
pr

(
−6Bp
p ) = 1 6s2t2 ≡ −Bp (mod p)

vp(4) = 2r p1p2p3p4 p3 = (p, θ + (θ2+4sθ+6s2)(θ+prt)
pr ), p1 = (p, θ − s(2− u))

(−2p ) = 1 p2 = (p, θ + s(2 + u)), p4 = (p, θ + (θ2+4sθ+6s2)(θ−prt)
pr )

(
−6Bp
p ) = 1 u2 ≡ −2 (mod p), 6s2t2 ≡ −Bp (mod p)
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Proof Theorem3.6.
Notice that all cases, except (p = 2, vp(b) = 2 and vp(a) ≥ 2), correspond to a situation
where F (X) is a p-regular polynomial. The case p = 2, vp(b) = 2 and vp(a) ≥ 2 is
handled in TableA5 by using techniques of Newton polygons of second order.

First case: vp(a) ≥ 1 and vp(b) ≥ 1. Then F̄ (X) ≡ X4 (mod p). Let NX(F ) be
the X-Newton polygon of F (X).

(1) vp(a) ≥ 3 and vp(b) = 3. Then NX(F ) = S is only one side such that FS(Y ) is

of degree 1. Thus, pZK = p4, vp(α) = 4× 3/4 = 3, and vp = (p, α
3

p2
).

(2) vp(a) = 2 and vp(b) ≥ 3. Then NX(F ) = S1 + S2, where FS1(Y ) and FS2(Y )
are of degree 1. Thus, pZK = p31p2, vp1(α) = 2 and vp2(α) = v2(b) − 1. So,

p1 = (p, α
2

p + α3+a
p ) and p2 = (p, α

3

p ).

(3) vp(a) = 1 and vp(b) ≥ 2. Then NX(F ) = S1 + S2, where FS1(Y ) and FS2(Y )
are of degree 1. Thus, pZK = p31p2, vp1(α) = 1 and vp2(α) = v2(b) − 1.

So,p2 = (p, α
3

p + p) and if vp(b) = 2, then p1 = (p, α
3+a
p ). If if vp(b) ≥ 3, then

p1 = (p, α+ α3+a
p ).

(4) vp(b) = 1 and vp(a) ≥ 1. Then NX(F ) = S is only one side such that FS(Y ) is
of degree 1, pZK = p4, and p = (p, α).

(5) If vp(b) = 2 and vp(a) ≥ 2, then NX(F ) = S is only one side such that
FS(y) = Y 2 + bp. If p 6= 2, then we have the following cases:

(a) If (
−bp
p ) = −1, then pZK = p2 such that vp(α) = 1 and p = (p, α).

(b) If (
−bp
p ) = 1, then let t ∈ Z such that vp(t

2 + bp) ≥ vp(a). So, FS(Y ) =

(Y − t)(Y + t), pZK = p21p
2
2 and for every i, vpi(α) = 1. Consider F (X) =

φ22− 2tpφ2 + aX + b+ t2p2 the φ2-adic development of F (X), where φ2 =
X2 +pt (resp. φ2 = X2−pt). We have then vp1(α2 +pt) = 2vp(a)− 1 and
vp2(α2−pt) = 2vp(a)−1. Since Y −t and Y +t are coprime, vp1(α2−pt) = 2

and vp2(α2 + pt) = 2. Thus, if vp(a) = 2, then p1 = (p, α
2−pt
p ) and

p2 = (p, α
2+pt
p ). Else, then p1 = (p, α+ α2−pt

p ) and p2 = (p, α+ α2+pt
p ).

(6) For p = 2, v2(b) = 2 and v2(a) ≥ 2. In that case, using techniques of Newton
polygons of second order, for every subcase, a monic polynomial φ2 ∈ Z[X]
such that t = (X, 1/2, φ2) is F (X)-complete is given (see [4, Def 3.9, p 38]).
Let F (X) = φ22 + U(X)φ2 + V (X) be the φ2-adic development and N2 the
φ2-Newton polygon of second order of F (X). From [4, Cor 3.8, p 38], if N2 is
one side, then 2ZK = pe, where e = 2e2 and e2 is the ramification index of N2.
If N2 is two sides, then for every side, e2 = 1 and 2ZK = p21p

2
2.

(a) If v2(a) = 2 or v2(a) ≥ 3 and b ≡ 12 (mod 16), then for φ2 = X2 + 2,
t = (X, 1/2, φ2) is F (X)-complete, U(X) = −4, and V (X) = aX + b+ 4.
If v2(a) = 2, then N2 is one side with ramification index e2 = 2. Thus,

2ZK = p4, vp(φ2(α)) = 5 and p = (2, φ2(α)2 ).
If v2(a) = 3 and b ≡ 12 (mod 16), then N2 is one side with ramification

index e2 = 2, 2ZK = p4, vp(φ2(α)) = 7, and p = (2, αφ2(α)4 ).
If v2(a) ≥ 4 and b ≡ 12 (mod 32), then N2 is one side with ramification
index e2 = 1, 2ZK = p2 and p = (2, α).
If v2(a) ≥ 4 and b ≡ 28 (mod 32), then N2 is two sides, 2ZK = p21p

2
2

such that vp1(φ2(α)) = 4 and vp2(φ2(α)) = vp2(V (α))− 4 ≥ 5. Therefore,
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vp1(φ2(α)4 ) = 0, vp2(φ2(α)4 ) ≥ 1, vp1(φ2(α)−44 ) ≥ 1, vp2(φ2(α)−44 ) = 0 and

for every i = 1, 2, vpi(α) = 1. Thus, if v2(a) = 4, then p1 = (2, φ2(α)−44 )

and p2 = (2, φ2(α)4 ). If v2(a) ≥ 5, then p1 = (2, α + φ2(α)−4
4 ) and p2 =

(2, α+ φ2(α)
4 ).

(b) If v2(a) = 3 and b ≡ 4 (mod 16) or (v2(a) ≥ 4 and b ≡ 4 (mod 32)), then
for φ2 = X2 + 2X + 2, t = (X, 1/2, φ2) is F (X)-complete, U(X) = −4X,
and V (X) = aX + b− 4. It follows that:
If v2(a) = 3 and b ≡ 4 (mod 16), then N2 is only one side and 2ZK = p4

such that vp(φ2(α)) = 7, vp(α) = 2 and p = (2, αφ2(α)4 ).

If v2(a) ≥ 4 and b ≡ 4 (mod 32), then N2 is only one side and 2ZK = p4

such that vp(φ2(α)) = 9 and p = (2, φ2(α)4 ).

If v2(a) ≥ 5 and b ≡ 4 (mod 64), then N2 is two sides, 2ZK = p21p
2
2

such that vp1(φ2(α)) = 5 and vp2(φ2(α)) = vp2(V (α)) − 5 ≥ 6. Hence

vp2(αφ2(α)−4α8 ) = 0, vp1(αφ2(α)−4α8 ) ≥ 2, vp1(αφ2(α)8 ) = 0, vp2(αφ2(α)8 ) ≥ 1,

and for every i = 1, 2,vpi(α) = 1. So, p1 = (2, α + φ2(α)−4α
8 ) and if

v2(a) = 5, then p2 = (2, αφ2(α)8 ). If v2(a) ≥ 6, then p2 = (2, α+ αφ2(α)
8 ).

(c) If v2(a) ≥ 4 and b ≡ 20 (mod 32), then for φ2 = X2 + 2X − 2, t =
(X, 1/2, φ2) is F (X)-complete, U(X) = −4X+8 and V (X) = (a−16)X+
b+ 12. It follows that:
If v2(a) ≥ 5, then N2 is only one side, 2ZK = p4, vp(φ2(α)) = 9, and

p = (2, φ2(α)4 ).

If v2(a) = 4 and b ≡ 20 (mod 64), then N2 is only one side 2ZK = p2 and
p = (2, α).
If v2(a) = 4 and b ≡ 52 (mod 64), then N2 is two sides, 2ZK = p21p

2
2 such

that vp1(φ2(α)) = 5 and vp2(φ2(α)) = vp2(V (α))− 5 ≥ 6. vp1(αφ2(α)8 ) = 0,

vp2(αφ2(α)8 ) ≥ 1, vp2(αφ2(α)+8−4α
8 ) = 0, vp1(αφ2(α)+8−4α

8 ) ≥ 2, and for
every i = 1, 2, vpi(α) = 1.

Second case: vp(a) = 0 and vp(b) ≥ 1.
If p 6= 3, then vp(ind(F )) = 0 and pZK is analogous to F̄ (X) (mod p).
For p = 3, let P (X) = F (X − a) = X4 − 4aX3 + 6a2X2 + AX + B and θ = α + a,
where A = −a(4a2 − 1) and B = (a4 − a2 + b).

(1) If v3(B) = 1, then v3(ind(F )) = 0 and 3ZK = (3, α)(3, θ)3.
(2) If v3(B) = 2 and v3(A) ≥ 2, then 3ZK = p1p

3
2, where p1 = (3, α) and p2 =

(3, θ
3−4aθ2+6a2θ

3 ).

(3) If v3(A) = 1 and v3(B) ≥ 2, then 3ZK = p1p
2
2p3, where p1(3, α), vp1(θ) = 0,

vp2(θ) = 1, vp3(θ) = v3(B)−1 . Thus, vp3( θ
3−4aθ2+6a2θ

3 ) ≥ 1, vp2( θ
3−4aθ2+6a2θ

3 ) =

0 and p3 = (3, θ
3−4aθ2+6a2θ

3 ). For p2, we have vp3( θ
3−4aθ2+6a2θ+A

3 ) = 0 and

vp2( θ
3−4aθ2+6a2θ+A

3 ) = 2v3(B) − 3 ≥ 1. Therefore, If v3(B) = 2, then p2 =

(3, θ2 + θ3−4aθ2+6a2θ+A
3 ). Else, then p2 = (3, θ + θ3−4aθ2+6a2θ+A

3 ).

(4) If v3(A) ≥ 2 and v3(B) ≥ 3, i.e., b ≡ 3 (mod 9), a2 ≡ 7 (mod 9) and v3(B) ≥ 3,
then v3(4) ≥ 6. Let s ∈ Z such that as ≡ −4b3 (mod 34), P (X) = F (X+s) =
X4+4sX3+6s2X2+AX+B and θ = α−s, whereA = 4s3+a andB = s4+as+b.
In this case, we have v3(A) = v3(B) = v3(4)− 3 ≥ 3. So,
(a) If v3(4) = 6, then NX(P ) = S0 + S1 such that PS1(Y ) = sY 3 − Y 2 +B3.

Hence if B3 ≡ 1 (mod 3), then PS1(Y ) is irreducible and 3ZK = p1p2,
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where p1 = (3, α) and p2 = (3, θ).
If B3 ≡ −1 (mod 3), then PS1(Y ) = (Y + s)(sY 2 + Y − s) = ψ1(Y )ψ2(Y )
and 3ZK = p1p2p3, where p1 = (3, α) and for every i = 2, 3, vpi = (θ) = 1.
Form (3) of the Proposition3.3, vp2 = (θ + 3s) ≥ 2 and vp3 = (sθ2 + 3θ −
32s) ≥ 3. As (Y + s) and sY 2 +Y − s are coprime, vp3 = (θ+ 3s) = 1 and
vp2 = (sθ2 +3θ−32s) = 2. Since vp1(θ+4s) = 1 and X3 +4sX2 +6s2X ≡
(sX2 + 3X − 9s)(s−1X + 4− 3s−2 (mod 9), we have p2 = (3, (θ+4s)(θ+3s)

3 )

and p3 = (3, θ + (θ+4s−3s−1)(sθ2+3θ−32s)
9 ).

(b) If v3(4) = 2r ≥ 8, then NX(P ) = S0 + S1 + S2 such that for i = 0, 1,
PSi(Y ) is of degree 1 and PS2(Y ) = −Y 2+B3. Thus, if B3 ≡ −1 (mod 3),
then PS2(Y ) is irreducible and 3ZK = p1p2p3, where p1 = (3, α), p2 =

(3, θ + θ2+4sθ+6s2

3 ) and p3 = (3, θ
2+4sθ
3 ).

If B3 ≡ 1 (mod 3), then 3ZK = p1p2p3p4, where p1 = (3, α), p2 = (3, θ +
θ2+4sθ+6s2

3 ). For p3 and p4, since PS2(Y ) = (1 − Y )(1 + Y ), and λ2 =

r − 2, from (3) of the Proposition3.3, we have vp3(θ + 3r−2) ≥ r − 1,
vp4(θ−3r−2) ≥ r−1, and vp3(θ−3r−2) = vp4(θ+3r−2) = r−2. Hence p3 =

(3, θ
2+4sθ
3 + (θ2+4sθ+6s2)(θ+3r−2)

3r−1 ) and p3 = (3, θ
2+4sθ
3 + (θ2+4sθ+6s2)(θ−3r−2)

3r−1 ).
(c) If v3(4) = 2r + 1 ≥ 7, then NX(P ) = S0 + S1 + S2 such that for i =

0, 1, 2, PSi(Y ) is of degree 1 and then 3ZK = p1p2p
2
3, where p1 = (3, α),

p2 = (3, θ + θ2+4sθ+6s2

3 ) and p3 = (3, θ
2+4sθ
3 + θ3+4sθ2+6s2θ)

3r−1 ).

Third case: svp(a) ≥ 1 and vp(b) = 0.
If p 6= 2, then vp(ind(F )) = 0 and pZK is analogous to F̄ (X) (mod p). For p = 2, let
P (X) = F (X + 1) = X4 + 4x3 + 6X2 +AX +B and θ = α− 1, where A = 4 + a and
B = 1 + a+ b.

(1) If v2(B) = 1, then 2ZK = p4 and p = (2, θ).
(2) If v2(a) = 1 and v2(B) ≥ 2, then v2(A) = 1, 2ZK = p31p2, where vp1(θ) = 1 and

vp2(θ) = v2(B)− 1. Hence, p2 = (2, θ
3

2 ) and p1 = (2, θ + θ3+4θ2+6θ+A
2 ).

(3) If v2(B) = 2 and v2(a) ≥ 2, then NX(P ) = S is only one side such that
PS(Y ) = Y 2 + Y + 1. Thus, 2ZK = p2 and p = (2, θ).

(4) If v2(a) ≥ 3 and v2(B) = 3, then NX(P ) = S1 + S2 such that PS1(Y ) = Y + 1
and PS2(Y ) = Y 2 + Y + 1. So, 2ZK = p21p2, where vp2(θ) = vp1(θ) = 1. Hence

p1 = (2, θ
2+4θ+6

2 ) and p2 = (2, θ
2

2 ).

(5) If v2(a) ≥ 3 and v2(B) ≥ 4, then NX(P ) = S1 + S2 + S3 and 2ZK = p21p2p3,

where vp1(θ) = 1, vp2(θ) = 1 and vp3(θ) = v2(B) − 2. Thus, p1 = (2, θ
2+4θ+6

2 ),

p2 = (2, θ
2

2 + θ3+4θ2+6θ+A
4 ), and p2 = (2, θ

2

2 + θ3+4θ2+6θ
4 ).

(6) If v2(a) = 2 and v2(B) ≥ 3, then v2(4) ≥ 11. Let t ∈ Z such that 3at ≡
−4b (mod 24). Let k = bv2(4)−9

2 c, At = (4t3 + a), Bt = t4 + at+ b, θ = α− t,
ω = α− t− 2k, and P (X) = F (X+ t) = X4 + 4tX3 + 6t2X2 +AtX+Bt. Since
(3a)4Bt ≡ b4 (mod 24) and (3a)3At ≡ −4 (mod 24), we have v2(At) =
v2(4)− 6 and v2(Bt) = v2(4)− 8. It follows that:
(a) If v2(4) = 2k + 10, then NX(P ) = S1 + S2 and for every i := 1, 2,

PSi(Y ) = Y + 1. So, 2ZK = p21p
2
2 such that vp1(θ) = 1 and vp2(θ) =

2k + 1. Thus, vp1( θ
2+4tθ+6t2

2 ) ≥ 2, vp2( θ
2+4tθ+6t2

2 ) = 0, vp1( θ
2

2 ) = 0,

and vp2( θ
3+4tθ2+6t2θ+At

2k+1 ) = 1. Therefore, p1 = (2, θ + θ2+4tθ+6t2

2 ) and

p1 = (2, θ
2

2 + θ3+4tθ2+6t2θ+At
2k+1 ).
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(b) If v2(4) = 2k + 9, then NX(P ) = S1 + S2, where PS1(Y ) = Y + 1 and
PS2(Y ) = Y 2 + 1. Let s = t + 2k and consider K(X) = F (X + s) =
X4 +4sX3 +6s2X2 +AsX+Bs. Since As ≡ At+12t22k (mod 22k+3) and
Bs ≡ 6t222k + Bt (mod 23k+2), (3a)4Bs ≡ (3a)4.6t222k + b4 (mod 2.4),
v2(As) = k+ 2 and v2(Bs) = 2k+ 1 + v2(3(3a2)

4t2 + b42). It follows that:
If b42 ≡ 3 (mod 4), then v2(Bs) = 2k + 2 and 2ZK = p21p

2
2 such that

vp1(ω) = 1 and vp2(ω) = 2k+1. Therefore, p2 = (2, ω
2

2 + ω3+4sω2+6s2ω+As
2k+1 )

and p1 = (2, ω + ω2+4sω+6s2

2 ).

If b42 ≡ 1 (mod 8), then v2(Bs) = 2k + 3, and 2ZK = p21p2 such that

vp1(ω) = 1 and vp2(ω) = k + 1. Hence, p2 = (2, ω
2

2 ) and p1 = (2, ω +
ω2+4sω+6s2

2 ).

If b42 ≡ 5 (mod 8), then v2(Bs) ≥ 2k + 4, and 2ZK = p21p2p3 such that
vp1(ω) = 1, vp2(ω) = k + 1, and vp3(ω) = v2(Bs) − (k + 2) ≥ k + 2.

So, p1 = (2, θ + ω2+4sω+6s2

2 ), p2 = (2, ω
2

2 + ω3+4sω2+6s2ω+As
2k+2 ), and p2 =

(2, ω
2

2 + ω3+4sω2+6s2ω
2k+2 ).

Fourth case: vp(ab) = 0.
If p ∈ {2, 3}, then vp(ind(F )) = 0 and pZK is analogous to F̄ (X) (mod p). For p ≥ 5,
let s ∈ Z such that 3as+4b ≡ 0 (mod p4), θ = α−s, A = 4s3 +a, B = s4 +as+ b and
P (X) = F (X + s) = X4 + 4sX3 + 6s2X2 +AX +B. Then vp(A) = vp(B) = vp(4).
If vp(4) = 0, then pZK is analogous to F̄ (X).
If vp(4) ≥ 1, then NX(P ) = S0 + S1, where PS0(Y ) = Y 2 + 4sY + 6s2.
If vp(4) = 1 and (−2p ) = 1, then PS1(Y ) = 6s2Y + Bp and pZK = p1p2p

2
3, where

p3 = (p, θ), , p2 = (p, θ − v1), p1 = (p, θ − v2), v1 = −s(2 + u), v2 = −s(2 − u) and
u2 ≡ −2 (mod p).
If vp(4) = 1 and (−2p ) = −1, then pZK = p1p

2
2, where p2 = (p, θ) and p1 = (p, θ2 +

4sθ + 6s2).
If vp(4) ≥ 2, then we have the following cases:

(1) If vp(4) = 2r + 1, then PS2(Y ) is of degree 1. So, if (−2p ) = 1, then pZK =

p1p2p
2
3, where p3 = (p, θ + θ3+4sθ2+6s2θ

pr ), p2 = (p, θ − v1), p1 = (p, θ − v2),

v1 = −s(2 + u), v2 = −s(2 − u) and u2 ≡ −2 (mod p). If (−2p ) = −1, then

pZK = p1p
2
2, where p2 = (p, θ + θ3+4sθ2+6s2θ

pr ) and p1 = (p, θ2 + 4sθ + 6s2).

(2) If vp(4) = 2r, then PS2(Y ) = 6s2Y 2+Bp. Hence, if (−2p ) = 1 and (
−6Bp
p ) = −1,

then pZK = p1p2p3, where p3 = (p, θ), p2 = (p, θ − v1), p1 = (p, θ − v2),
v1 = −s(2 + u), v2 = −s(2− u) and u2 ≡ −2 (mod p).

If (−2p ) = −1 and (
−6Bp
p ) = −1, then pZK = p1p2, where p2 = (p, θ) and

p2 = (p, θ2 + 4sθ + 6s2).

If (−2p ) = −1 and (
−6Bp
p ) = 1, then FS2(Y ) = 6s2(Y − t)(Y + t), where 6s2t2 ≡

−Bp (mod p). Thus, pZK = p1p2p3, where p1 = (p, θ2 + 4sθ + 6s2), p2 =

(p, θ+ (θ2+4sθ+6s2)(θ+prt)
pr ), and p3 = (p, θ+ (θ2+4sθ+6s2)(θ−prt)

pr ). If (−2p ) = 1 and

(
−6Bp
p ) = 1, then pZK = p1p2p3p4.

Examples 3.7. Let f(X) = X4 + aX + b ∈ Z[X] be an irreducible polynomial, α a
complex root of f(X) and K = Q[α].
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(1) a = 210.5 and b = 29.3.5. Let θ = α
4 . Then θ is integral with minimal

polynomial F (X) = X4 + 80X + 30 and K = Q[θ]. Thus 2ZK = (2, θ)4,
3ZK = (3, θ)(3, θ − 1)3, 5ZK = (5, θ)4 and for every p 6∈ {2, 3, 5}, pZK is
analogous to F̄ (X).

(2) a = 48 and b = 188. From TableA5, row A5.9, we have 2ZK = p21p
2
2, where

p1 = (2, αφ2(α)4 + φ2(α)−4
4 ), p2 = (2, φ2(α)4 + αφ2(α)−44 ), and φ2(α) = α2 + 2.

(3) a = 144 and b = 36. From TableA5, row A5.4, we have 2ZK = (2, α
2+2α+2

4 )4.

Since (−b33 ) = −1, from TableA, row A6 3ZK = p2, where p = (3, α). Since

4 = −214.36.971, for every p 6∈ {2, 3, 5}, pZK is analogous to P̄ (X).
(4) a = 28, b = 189 and p = 2. Let F (X) = P (X+1) = X4+4X3+6X2+32X+218.

Since B = 218 = 2.109, we have 2ZK = (2, α− 1)4.
(5) a = 22 and b = 66. Then 4 = 24.35.113.13. We have 2ZK = (2, α)4, 11ZK =

(11, α)4, 13ZK = (13, α)(13, α3 + 9) and for every prime p 6∈ {2, 3, 11, 13},
pZK is analogous to P̄ (X). For p = 3, since a2 ≡ 7 (mod 9), b ≡ 3 (mod 9)
and b + a4 − a2 = 9.25982, from TableA14, row A14.8, 3ZK = p1p

3
2, where

P1 = (3, α− 5a) and P2 = (3, θ
3−4aθ2

3 ).

(6) a = 36.55.139 and b = 22.35.55.139. Let θ = α
15 . Then θ is integral with

minimal polynomial F (X) = X4+AX+B and K = Q[θ], where A = 33.52.139
and B = 22.3.5.139. Thus 2ZK = (2, θ + 1)(2, θ2 + θ + 1)(2, θ), 3ZK = (3, θ)4,
5ZK = (5, θ)4, 139ZK = (139, θ)4. Since 4 = 2092367789117959822875 =
202317851.7.33.53.1393.163, for every p 6∈ {3, 5, 139}, pZK is analogous to F̄ (X).
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