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EXISTENCE RESULT FOR NONLINEAR PANTOGRAPH
FRACTIONAL DIFFERENTIAL EQUATIONS INVOLVING
GENERALIZED CAPUTO DERIVATIVE

ABDERRAHMAN EL GMAIRI'*, LEKBIR MONSIF! and M'HAMED EL OMARI!

ABSTRACT. In this paper, we are interested in proving the existence, unique-
ness and stability of solutions to nonlinear pantograph fractional differential
equations involving the generalized Caputo derivative with nonlocal conditions.
To obtain the main results, we examine two classical theorems of functional
analysis, the Schaefer fixed point theorem and the Banach contraction prin-
ciple. Furthermore, we explore the stability of the solutions by analogy with
the Ulam-Hyers theory. Finally, as applications of the theoretical results, we
provide specific examples to demonstrate the practicality and validity of the
key findings.

1. INTRODUCTION

Fractional calculus is a branch of mathematics concerned with integrals and
derivatives of non-integer order, dates back to the XVII-th century in the works
of Leibniz and L’Hopital. Since, the concept has rapidly evolved, becoming a
fundamental tool in various applied fields such as fractional geometry and frac-
tional dynamics. (see [18, 2, 21] and the references therein). Fractional calculus
research is gaining attention due to its ability to accurately characterize various
dynamical models compared to integer-order derivatives, it offers more realistic
models, revealing hidden characteristics in mathematical and physical models
[13, 4, 7]. In recent decades, several fractional operators have been developed,
such as Riemann-Liouville, Caputo, Riesz-Caputo, Erdélyi-Kober, Katugampola,
Hadamard, -Hilfer and others, see [3].

Fractional differential equations (FDEs) are used in a variety of domains, includ-
ing dynamical system control, aerodynamics, polymer rheology, physics, chem-
istry, engineering, economics and finance (see [14, 13, 9]). Many academics are
interested in investigating many aspects of fractional differential equations, such
as techniques for determining the existence and uniqueness of solutions, exact
solutions, stability of solutions, and explicit and numerical solutions [16, &, 22].
Iterative procedures, numerical methods, fixed point theorems, and upper-lower
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solutions are commonly used to demonstrate the existence and uniqueness of solu-
tions. Stability theory in the sense of Ulam-Hyers, a concept of data dependence
for solution stability, is a significant topic in the study of fractional differential
equations [ 1].

Pantograph fractional differential equations (PFDEs) are a type of delay dif-
ferential equation that occur in deterministic conditions, they take the following
form:

{9%(0 =£(t,¢(t), ¢Y), te[0,T], >0, y€]o, 1],
((O) = Co-

They are extremely important in mathematics, physics and engineering appli-
cations, such as probability theory, astrophysics, nonlinear dynamical systems,
electrodynamics, biology, economics, quantum mechanics and other technologi-
cal and industrial applications. For more details, we recommend the reader to
[3, 20, 5]. However, we notice the deficiency of Scientific productions and studies
on this type of fractional differential equations, among which we mention:

In [1], Abdeljawad and al. established the existence and uniqueness results and
discussed two sorts of Ulam-Hyers stability for the pantograph fractional dif-
ferential equations (PFDEs) involving Atangana—Baleanu—Caputo derivative and
nonlocal conditions of the form

DT () = £(t,C(1).C(v1),  te[ad], (v,0) €]0,1[x]0, 1]

@) =3 al(n), = elad

k=1
Harikrishman and al. [10] proved the existence and uniqueness solution of pan-
tograph -Hilfer fractional differential equations with nonlocal initial value prob-
lem, represented by:

1D, (¥ ((s) = £(5,((5),((75)), s €la,d], d>a, v €]0,1],
k
557@) = X e (), 7 eladl v =a+f-af,
J:

The last study is innovative in that, given varying values of the ¢ function and
the parameters o and [, the ¥-Hilfer derivative generalises the known fractional
derivatives like Riemann-Liouville (for ¢(t) = t and « = § = 0), ¥-Riemann-
Liouville (for @« = g = 0), Caputo (for (t) = t, Hilfer (for ¢(t) = t) and
a = = 1), Katugampola (for ¥ (t) = t2), and Hilfer-Hadamard derivative (for
(t) = log(+)), see [11].

Inspired and encouraged by the works listed above, we chose to investigate the
following problem

‘DI = £ (¢ C(at+p(t—2)), telad, a>0, uelo1]
P 1.1
C(a):kZ::l)\kC(Tk), Tk E]a,d[ ( )

where, the generalized Caputo derivative °®%¢ of orders (3, 0) €]0,1]x]0, 00| is
independent of the 1-Hilfer for different values of the parameters, f is a continuous
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function defined on [a,d] x R x R with values in R\ {0}, also f(a, {(a),((pa)) = 0,
P
and the constants )\ satisfies the condition ) A\ # 1.

k=1

The body of this paper is planned like this. After the introduction, we present
a simple review of some definitions, properties and lemmas that appear neces-
sary for our work in Section 2. In Section 3, we aim to prove the existence and
uniqueness of the solution to the pantograph FDEs (1.1), using two well-known
fixed point theorems. In the fourth section, we’ll talk about Ulam-Hyers sta-
bility solutions. Finally, in the final section, we propose using two examples to
concretise and validate the key findings.

2. BASIC MATHEMATICAL TOOLS

In this section, we provide several definitions, lemmas on generalized Caputo
fractional operators and some fixed point theorems that we will utilize throughout
our study.

Let (a,d) € R?, we denote ) := [a,d] and

C°(Q) ={f:[a,d — R, continuous }.
Equipped with the sup metric norm, (C°(€2),|.||) is a Banach space.
Let 8 > 0 and o > 0, two positive real numbers:

Definition 2.1 (Generalized fractional integral [15]).

If £ € C°(Q), the generalized fractional integral of orders (3, o), denoted by
Jf 21(t), is explicitly given by the formula

o'’
I'(8)

t
yoieg (1) — / (12— 50"V £(s) ds, t>a

For the rest of this section, we denote m € N* the ceiling of 3. Furthermore, we
denote C"([a,d]) the set of all functions of class C® on .

Lemma 2.2. If £ € C° (),

lim 372 (¢, C(4),C(a+ p (t — a))) = 0.

t—a &

Definition 2.3 (Generalized Riemann-Liouville fractional derivative (GRL) [15]).

If £ € C"([a,d]), the GRL fractional derivative denoted by GRLZD’f ?£(t), of order
B €|m — 1,m], is given by the following expression:

d m
RLDICE(t) = (t1‘95> TEE(), t>a>0

[S—m+1 m t
_ 0 1—92 / o—1 (0 .0 n—3-1 £
Tw—3) (t dt) a 970 (12 — 89) (s) ds
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Definition 2.4 (Generalized Caputo fractional derivative [17]).
If £ € C"([a,d]), the generalized Caputo fractional derivative (GCFD) denoted by
¢D5ef(t), of order B €lm — 1,m], is given by the following expression:

‘Dies(t) = "D |

. t>a>0.

Definition 2.5 (Generalized Caputo fractional derivative [17]).

If £ € C"([a,d]), the generalized Caputo fractional derivative operator C@f ¢ of
order 5 €lm — 1,m], is given by the following expression:

(o2r) 0= (22 ) 20] . 5220

2.1
_ % / a1 (12— gyt (519%>mf(5)d5 Y
where a > 0, and 5 €m — 1,m|.
Remark 2.6. In case of 8 €]0, 1], if £ € C*([a, d]),
Clier (1) = & / t (2 —s9) " f'(s) ds, t>a>0
L(1-8)
Lemma 2.7. [17] Let £ € C°(Q) and B, o > 0, then:
“Dle 3208 ()] = £(, tefad) (22)
Lemma 2.8. [17] Let £ € C"([a,d]), where m = [[] the ceiling of 5, then
a1 .
58 [09/3 °f ( ] nz; (t —nj@ Kgl—@é> f(ﬁ)} .
Remark 2.9. In case of 8 € (0, 1],
352 (D2 (1) = £(1) — £(a) (2.3)

Establishing the existence theory for the problem (1.1) is mostly dependent
on fixed point theorems. Here, we gather the two fixed point theorems that are
applied in this work.

Lemma 2.10 (Arzela-Ascoli theorem).
Let S be a subset of C° (). Suppose that

(i) there is some A > 0 such that, for all £ € S and t € [a,d]
()] < 4

(i) S is equicontinuous;

Then, the closure of S is compact.
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Lemma 2.11 (Schaefer’s fixed point theorem[(]).
Let (B,]| - |) be a normed space, N : B — B a continuous mapping which is
compact on each bounded subset S of B. If for some X\ €]0, 1], the set

G={CeB : (=MN(}
is bounded. Then, N has a fized point in B.

Lemma 2.12 (Banach contraction principle).

Let N : X — X be a Lipschitz mapping on a complete metric space X with Lipschitz
constant k €)0,1[. Then, N has a unique fived point C* € X, and for each ¢ € X,
we have N*(¢) — ¢* as n — +o0.

Moreover, the sequence {(,}2°, C X associated to N, defined by

Co€Mand Gy =N(G),n=0,1,2,3,...,

converges to C*, for any initial guess (o.

3. MAIN RESULTS

In this section, we use the fixed point theorems of Banach and Schafer to
demonstrate the existence and uniqueness of the solution for (1.1).

3.1. Equivalence of (1.1) with integral equation.
This section is devoted to reformulating the generalized Caputo pantograph prob-
lem (1.1) differently.
P
Lemma 3.1. Let 8 €]0,1] and >, Ay # 1. If h € C°(Q) is a continuous function
k=1
on [a,d], withh(a) = 0. A function ¢ € C°(Q) is a solution of the problem
‘@) =n(t) , teQ:=[ad],

((a) = k; MC(m), T €lad] (3.1)

if and only if € is a solution of the fractional integral equation (FIE)

0= —— S nn )+ £ o - P hio) s (32)
N R OF A @
k=1

Proof. Let ¢ € C°(€2) be a solution of the first equation of (3.1). From Lemma
2.8, we have

Bt
C(t) =((a) + ﬁl(ﬁ[; /a 5271 (t2 — 69)° ' h(s) ds. (3.3)
By substituting t = 7 in (3.3), we get

o' P
ING))

A€ (k) = ArC(a) + Ay /Tk 507 (12 — 59)7 " h(s) ds.
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According to the nonlocal condition (second equation of (3.1)), we obtain

((a) =3 — 2 gem(n) (3.4
k=11 — Z /\k:
k=1

By merging the equations (3.3) and (3.4), we get the integral equation (3.2)

p 1-5
N s

€)= — 5T m) + 5
k=11 — Z )\k

k=1

/tﬁg_l (t2 — 597" h(s) ds. (3.2)

For the converse, if y € C°(2) satisfies (3.2). Applying derivative operator ¢D#5:¢
on both sides of (3.2), then using Lemma 2.7, and from the fact °®%¢(c) = 0, for
c constant, we find that

p
: A :
Do) =00 |y — 5T (n)
k=11 — Z )\k
k=1
cab o' " 1 B—1
+ D, {—/59_ t? —s%)" "h(s)ds
r@ /. ( )" h(s)
007230 (1
=h(t).

Substitute t = 73, multiply by A, and sum in (3.2). We get

P p
1 .
Y Ml () = ——— > - I (m).
k=1 L= >0 A k=1
k=1
On the other hand, by taking t — a on both sides of (3.2), then using the fact
that £(a, C(a). C(sta)) = O and lim I22E(t,C(t),C(a -+ o (£ — ) = 0, we et
—a

p

e s
(@)= ——Tn(m).

k=11 — Z )\k

k=1
P
It follows from the last two equalities that ((a) = > A\ (7%)- O
k=1

As a result of Lemma 3.1, we have the following lemma.

Lemma 3.2. Let £ : Q x R? — R be a continuous function. For each ¢ € C°(QQ),
p

if YA # 1 and £(a,((a),{(pa)) = 0, the generalized Caputo pantograph frac-
k=1

tional differentiel equation (FDEs) (1.1) are equivalent to the following generalized
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pantograph integral equation :

¢(t) Z/\k 325 (¢ Cat pl- = ) (1)
1_,;1“"“ ' (3.5)
+ o / s (12— 69 (s, C(s), C(at+ (s —a))) ds, teQ
F(ﬂ) a 7 Y Y *

Remark 3.3. According to the previous lemma 3.2, we can transform the integral
equation (3.5) into the operator N defined on C°(Q2) by

NQE) = 5 S N D2 (.0 el ) ()
1— Z A k=1
+Q1_zj /tsg_l (2 — 69" £(5,((s),C(a+ pu(s —a))) ds, teQ
1—\(/3) N ) ) ) N

(3.6)

3.2. Existence results.

In accordance with Lemma 3.2 and Remark 3.3, the generalized Caputo panto-
graph FDEs (1.1) admits a solution if and only if, the operator N : C°(2) — C°(Q)
defined in the previous remark admits a fixed point. In the course of searching
for results in accordance with adopted fixed point theorems cited above, we are
led to formulate the following hypotheses:

(H;) Suppose that, there exists My > 0, such that

£(£,0,0)| <My, Vte Q.

(Hs) The function £ : Q x R? — R is continuous, and there exists Ly > 0 such
that, for all t € Q and (1, (o, &1, & € R,

£(t, G, G) —£(t, &, &) <Le (|G — &l + 16 — &)

Lemma 3.4. The mapping N, defined above, is completely continuous.
Proof.
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Let S C CY(Q) be a bounded set (3 R > 0 such that ||¢|| <R for all ¢ € 8).
Then, for ( € S and t € €2, we have

p

1 .
(VOO < ——— D Ml [Ufflf(Tk,C(Tk),C(a+ p (7, —a))) — £(7, 0,0)]|
‘1 — >0 A k=1
k=1
+3%¢)£(7,0,0)]
o [ o—1 (qo 0\8-1
+1—\(5) 5 (t -5 ) |f(57<(5)7<<a+:u(5_a)))_f(5a070)| ds
OBt -
+ §97 (12 — 69)" 7 |£(s,0,0)| ds
5 | =) ixe.0.0)
2Ls0 " P Moo~
< > Ml (7 =207 ¢l + —
DB +1)[1- 3 a8 e+ - £
k=1 k=1
p — _
2L;0 " Mo~ 5
N e 1 RN 0@ de — a2)?
<D0 Pl 7 = 28"+ gy 00— a0 el + g (e -2
p
For brevity, if we put A\p;1 = ‘1 — kz Akl and 7,41 = d, we get
=1
|(NOIl < wiR + wo, for all ¢ € 8,
where,
IL Q_ﬁ p+1
wy = >Nl (7 =2, (3.7)
DB+1) 11— >0 Ag| k=t
k=1
and
M Q_B p+1
wy = T YNl (7 =22 (3.8)
F(B—l—l)‘l— >0 k| k=1
k=1

Therefore, the set N'(8) is uniformly bounded on 2 = [a,d].
In order to apply the Arzela-Ascoli theorem Lemma 2.10, we must demonstrate
the uniform equicontinuousness of A/ (S). For this, let a < v; < vy < d, for all
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¢ €8, we get
1-8
(8)

- /Ul 27 (0f =597 £(5,(s), C(a + p (s — a))) ds

(N O)(a) = N O)(w)] < £

/U2 59_1 (Ug - 59)5,71 f(57 ((5>’ C(a + (5 - a))) ds

Qiﬂ . o\ 0 o\B—-1 0 0\8—1
< g [y (- - 0t =) 266.0.0)
+[£(s,C(5). C(a+ p s — 2)) — £(5.0,0)]] ds

U e o\ (.0 0\B—1
+W/m (s2) (v8 — 52)° " |£(s,0,0)]

+£(s5,¢(s), C(a+ p (s — a))) — £(5,0,0)[] ds
< 07 (Mo + 2L¢[C])) /U1<8g)/ ((Ug _ 5@)6—1 — (08— 59)6—1) ds

I'(3)
Q_B (M0+2Lf||g||) v 2y (12 — g2 B—-1
# T [y g - at) ! s
Q_ﬁ (M0+2Lfl|CH) e 0 0 0
< T3+ 1) <_(U2_U1)B+(U2_a)6

~(vf —a2) + (v —v9)’)

Q_ﬂ (MO+2LfHCH> 0 0 4 0
S e (CRECESIC RO

(3.9)
As the function vy — (02 — a2)” — (1?2 — a2)” is continuous on €2, the inequality’s
right side (3.9) tends to 0, as vy — v; independently of ( € S. Since N (8) C 8
and S is bounded, referring to Arzelas-Ascoli theorem (Lemma 2.10), the mapping
N 8 — S is compact, and the demonstration was completed. O

Our first existence result is based on Schaefer’s fixed point theorem (Lemma
2.11).

Theorem 3.5. Suppose there is a continuous function v : [a,d] —]0, +oo[, such
that

£t C(0, E0)] < () forall teQ=[ad] (3.10)
If the above assumptions (Hy) and (Hsy) are verified, the generalized Caputo pan-
tograph (FDEs) (1.1) has at least one continuous solution defined on €.

Proof.
For A\ €]0, 1], let us show that the set & = {¢ € C°(Q) : ( = M ({)} is bounded.
Given ¢ € G we have, for each t € [a,d],
SO < A= [(NO) ()]
< (VO]
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Adopting the same steps as the proof of the lemma 3.4, we obtain

[C(H)] < Z!Ak\ IZE (-, C(), Cat p(- — ) | (7)
\1 NE=
k=1
Qlfﬁ t ” 51
e E [ s e Cla) Ca ko — )] s
ol [ e” ] L el b 8
< > Z Akl (7 (% —a?)
1y DI L5 +1)
k=1
ol [ e? R~ 5
< —5 >l (7 — 29)
PN R =
k=1
where A1 = 1 — Zp: M|, Tpr1 = 4, and ||| = sup [¢(t)| < oo. Therfore,
k=1 te

lyll < ||@/)H N

which proves that the set & is bounded. According to Lemma 3.4 and Schaefer’s
fixed point Theorem (Lemma 2.11) we conclude that, the operator A has at least
one fixed point according to . The proof is therefore complete since there exists
at least one solution ((.) to the problem (1.1) on 2 = [a,d]. O

3.3. Uniqueness result.
Now, we reveal the circumstances in which the Banach contraction principle the-
orem ensures that there is only one solution to the pantograph FDEs (1.1).

Theorem 3.6. Assume that (Hy) and (Hs) are verified. If the constant wy pro-
vided by (3.7) meets the following inequality

wy < 1, (3.11)

there is only one continuous solution to the generalized Caputo pantograph (FDEs)

(1.1) on €.

Proof. We developed the proof in two steps:
(i) Construction of a N -stable subspace of C°(2).
For ¢ € C°(€2). Adopting the same steps as the proof of the lemma 3.4, it follows

(VO ®)] < willy]l + wa,

where, wy and wq are constants given in (3.7) and (3.8) respectively.
Let R > . Consider By the closed ball of radius R, defined as

B = {¢() €C°(Q) + [IC] <R}.
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For each ( € By, clearly we have
IV < willyll + (1 = wi)R
S (JJlR + (1 - (JJl)R
<R.
Then, the mapping N carries By into itself. Moreover, the closed ball By is
bounded, convex, and nonempty.

(il) Now, let us show that N is a contraction mapping.
For ¢, £ € C°(Q), we have

(NO®) = (VO] < + D el 13228 (7 (), S (2 g (e — =)
’1 - 2 )\k k=1

— £(7, (1), §(a+ pu (1 — )]

> Ak
k=1

L o = 806, Co)Cla o - a))
—f(s £(s),8(a+p(s —a)))| ds
20"~

’1_D Zlu ﬁﬂ)( a?)” ¢ ¢l

2Ls0' " e _ 0V —
+m(d )7 1I¢ =€l

2Lfgl_5 1 0y o o8| 1
< FEIT ‘1_ - ;Mk ¢ —af)’+ (a2 —a)"| ¢ ¢l

wi - [l =&
Therefore,
INCQ) = NI < wi - [I¢ =<l

According to the inequality (3.11), A/ is a contraction map. By the Banach fixed
point theorem (Lemma 2.12) we deduce that N has a fixed point, which is the
unique solution of the generalized Caputo pantograph FDEs (1.1). The proof is
finished. [l

4. STABILITY IN THE SENSE OF ULAM HYERS

In this part, we discuss the stability of solutions for pantograph’s equations
FDEs (1.1). For € > 0, we consider the following inequation:

D) —£(LC().Catput—a)| <e teQ:=[ad. (41

Definition 4.1 (Ulam Hyers stability).
The generalized Caputo pantograph FDEs (1.1) are Ulam Hyers stable if there
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exists § > 0 such that, for all ¢ > 0 and each ¢ € C°(2) solution of (4.1), there
exists a unique ¢* € C(Q) solution of (1.1), with

Stggk"(f) — " (H)] < de.

Remark 4.2. A function ¢ € C°(Q) is a solution of inequality (4.1) if and only if
there exists a function @, € C°(Q) which depends on ¢ such that

(a) lwe(W)] <&, tel,

(b) “DTEC() = £(t.C(0),C(a+ plt — ) + ac(t), te Q.

Lemma 4.3. Given ¢ € C°(Q). If the function ¢ is a solution of the inequation
(4.1), then ( is also solution of the following inequation,

60 = Q¢+ T ( (0. Ca+ plt )] | < ne (42)

with, Q¢ = —L— 3" Ay 37598 (-.¢C(), C(a + (- — a)) () and

=
+
=
7 N\
—
M=

Proof. In view of Remark 4.2, we have:
CDIEC(H) = £ (6,4, Cla+ p(t—a)) + = (), te
@) = 3= MC(m), e
=1

Then, by Lemma 3.1, we get

() = Ep: ZM T2 (¢ Cat pl- =) + e ()] ()

k=1

B1E ( C(), Cla+ (- — )+ ()] (9
S A (¢l o il — )

1— Z A k=1
k=1

p

0% (4, (6), Clat plt — ) + ——— > NI (7e) + I (1

L= >0 A k=1
k=1
. 1 P .
= Qe+ 3% (6,C (), Cat plt— a))>] Y NI (m)
1-— Z >\k k=1

k=1

+ ja+ w¢ (t)
(4.3)
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From this it follows that

5 1 "L
<(0) = [Qc+ 322 (L.¢(0), Cat e - 2)] | £ ——— D M3l ()
1-— Z /\k k=1
k=1
+ j at ?IJ< (t)
1 15
<o (I5e [T ey as)
L= >0 A k=1 2
k=1
[ewello™” AR
S ¢ Z )\k — aQ
@1 (1= £a) &
Q_g p+1
<e > Z )\k — ag
G (1- £ a4
k=1
Hence, the proof is established. O

Theorem 4.4. Under the same conditions as in the previous Theorem 3.6, the
generalized Caputo pantograph (FDEs) (1.1) are stable according to the Ulam-
Hyers theory.

Proof. Let ¢ and ¢* be two elements of the space C°(2) solutions of the problems
(4.1) and (1.1) respectively. For € > 0, according to Lemma 3.2, we get

() = S N TP (L (), Clat - — @) ()
1- k; A h=1 (4.4)

+IE (L Catut-—a)) (), te



PANTOGRAPH FRACTIONAL DIFFERENTIAL EQUATIONS 437

Applying hypothesis (H3) and the result of Lemma 4.3, it follow
ORI CIES O [Q< + LA (¢, Cat plt— )|

o LS 3 (). C a4 il — ) ()
1-— Z A k=1
+ [IZ2F (600, Clat p(t = ))) = T2 (,C7(), ¢ (a+ p(- — ) (1)
e 1 - .~ﬂ@ a . —a
< e+ \1—%& O ) (45)
=1 _B
= £ (000 Cla = )| () + 5 Sup k() — (0]
-8 p+1
Shet (mef—a@)ff) sup [C(6) = (1)
I‘(6+1)‘1— Z_:)\k k=1 teQ
< Ae o 5 sup () = ¢°(9)]

Passing to the supremum on t € €) in the right side of the previous inequality, we
obtain sup |((t) — (*(t)| < de, where
teQ

2n
2—(4.11'

Hence, the proof is established. O

0=

5. PRACTICAL EXAMPLES

Example 5.1. In this example, we justify the validity of the first result (The-
orem 3.5). For p = £ €]0, 1], we consider the following the generalized Caputo
pantograph fractlonal differential equation with nonlocal conditions described by

C@éﬁ((t) =£(,C(t),¢(1+2(t—1))), te[l,e

¢(1) = 1¢ (g) +3C2)+ ¢ (§> _ (5.1)

Where, f : [a,d] x R x R — R is a continuous function defined as,

£(t,¢,€)) = In(t) [e_tff;l(t) (1 f ’|¢|) + Y (m) } ‘

Clearly, we have £(1,¢(1),{(n)) = 0. According to Lemma 3.2, the pantograph
problem (5.1) is equivalent to the integral equation ¢ = N(¢), with ¢ € C°(Q).
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Now, we have

In(t) ﬁ :LE

sup |£(t,0,0)| = sup "ol = 1o

te[1,e] te[Lye]

Then, the hypothesis (H;) holds with My, = \1/—5. Furthermore, for t € [1,e],
(¢1, ¢) € R? and (&, &) € R?, we have

1 —t i
[£(tG,G) —£(6&, &) < iy (61 —|—Efsm<t)> ‘1 —|El‘|Cl‘ 1 —|i-£1‘|§1‘
L Vi ’ 1 B 1 ‘
5 |1+exp(—|Gl) 1+exp(—|&l)]

The Logistic Sigmoid function (t, &)
R?, then

1 : 1 . .
Trexp(—Je 1S bounded and 3- Lipschitz on

In(t) (e~* + sin(t))

f(t —f(t < —
£ (t,C1s C2) (t,&1,6)] < 2321 1+ 5 G — &
Vitln(t
taup VRO, g
te[1,e]
14+e /e
<max {2 LG - 6l + 6 - )
Therefore, the hypothesis (Hz) holds with Ly = % Moreover, we have
et 1 Vi
£(,¢,8) <In(t) [ ——— + L) .
tsel[]ig] ’ ( C £)| n( ) ((1 +5t) 5 )
(¢,6)€Rr?

The function ¢ : t — In(t) <e;:5§1 + %) is continuous on [1, e]. All conditions of

Theorem 3.5 hold. Thus, there is at least one defined and continuous solution on
[1, e] for the generalized Caputo pantograph (FDEs) (5.1).

Example 5.2. In this example, we justify the validity of the second result (The-
orem 3.6). For u = 1 €]0,1[, we consider the following the generalized Caputo
pantograph fractional differential equation with nonlocal conditions described by

‘0zl 5(“N4WW+ ! ,(K@

T 10 ettt 3+In(1+¢)

-3+ 3(2) )

& (exp(=[¢]) 1 9
f(f7§75)—1_0( ot 1 +3—|—ln(1—|—t).(5+m)>'
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Clearly, we have £(0,((0),¢(0)) = 0. According to Lemma 3.2, the pantograph
problem (5.2) is equivalent to the integral equation ¢ = N(¢), with ¢ € C°(Q).

Moreover,
2

t
sup |[£(¢,0,0)| = sup —
te[0,1] tefo,1) 10

Then, the hypothesis (H;) holds with My = @
Let t € [0,1], for all (¢;, () € R? and (&, &) € R?, we have

2
£ (t,C1,G) — £(4,61,6)| < T0(e 1) lexp (—[C1]) — exp (—=[&1])]

t? ‘ [T <1
10(3+ln(1+ £) |54+ 5+]&|

<max{310 0o }(|C1 &)+ G — &)

1

ettl

1
~ 10e

+

1
Therefore, hypothesis (Hy) holds with Ly = Tos: Moreover, we have
e

EI RS et p—
su —_— | .
S S S = eo T 25 3 m( - y)

(¢,€)ER2

The function 1) : t — % (el% + o - 3+ln;(1+t)) is continuous on [0, 1]. According

to Theorem 3.5, the generalized Caputo pantograph (FDEs) (5.2) have at least
one solution.
By substituting the values noted above, in formulas (3.7) and (3.8), we obtain

o= (Vs ai)

~ 0.65
1/30e 1 3 3
SR P S JY |
“2 7 T(15) ( 370V T 4+>
~ 0.14

Since w; < 1, according to Theorem (3.6) the generalized Caputo pantograph
(FDEs) (5.2) has a unique solution (* defined and continuous on [0,1]. The
generalized Caputo pantograph problem (5.2) is also Ulam-Hyers stable with
reference to Theorem 4.4.

6. CONCLUSION

Pantograph equations are powerful tools for modeling systems where scaling,
self-similarity, and proportional delays are key features. In this paper, we looked
at the existence of solutions to a set of these equations using the generalized
Caputo derivative and special nonlocal boundary value requirements. The avail-
ability of solutions was proven using Schafer’s fixed point theorem, and under
additional hypotheses, Banach’s theorem guarantees a unique solution, which is
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stable according to Ulam-Hyers theory.

In the future, we plan to conduct a qualitative study on the behaviour of the
solutions, and we may even try to produce an approximate solution using a nu-
merical approach.

REFERENCES

1. Abdo, M., Abdeljawad, T., Kucche, K., Alqudah, M., Ali, S. & Jeelani, M. On nonlin-
ear pantograph fractional differential equations with Atangana—Baleanu—Caputo deriva-
tive. Advances In Difference Equations. 2021 pp. 1-17 (2021) https://doi.org/10.1186/
s13662-021-03229-8

2. Ahmad, B. & Ntouyas, S. Hilfer-Hadamard fractional boundary value problems with
nonlocal mixed boundary conditions. Fractal And Fractional. 5, 195 (2021) .https:
//doi.org/10.3390/fractalfract5040195

3. Ahmed, I., Kumam, P., Shah, K., Borisut, P., Sitthithakerngkiet, K. & Ahmed Demba,
M. Stability results for implicit fractional pantograph differential equations via -Hilfer frac-
tional derivative with a nonlocal Riemann-Liouville fractional integral condition. Mathe-
matics. 8, 94 (2020) https://doi.org/doi:10.3390/math8010094

4. Baleanu, D., Asad, J. & Jajarmi, A. New aspects of the motion of a particle in a circular
cavity. (2018)

5. Buhmann, M. & Iserles, A. Stability of the discretized pantograph differential equation.
Mathematics Of Computation. 60, 575-589 (1993)

6. Burton, T. & Kirk, C. A fixed point theorem of Krasnoselskii-Schaefer type. Mathematische
Nachrichten. 189, 23-31 (1998)

7. Coronel-Escamilla, A., Gomez-Aguilar, J., Lépez-Lépez, M., Alvarado-Martinez, V. &
Guerrero-Ramirez, G. Triple pendulum model involving fractional derivatives with different
kernels. Chaos, Solitons and Fractals. 91 pp. 248-261 (2016) https://doi.org/10.1016/
j.chaos.2016.06.007

8. El Gmairi, A., Monsif, L., Melliani, S. & Others Hybrid Langevin equations involving 1)-
Hilfer fractional-order with nonlocal boundary values. Gulf Journal Of Mathematics. 18,
204-217 (2024) https://doi.org/10.56947/gjom.v18i1.2407

9. Elzaki, T. & Mohamed, M. A novel analytical method for the exact solution of
the fractional-order biological population model. Acta Mechanica Et Automatica. 18
(2024)https://doi.org/10.2478/ama-2024-0059

10. Harikrishnan, S., Elsayed, E. & Kanagarajan, K. Existence and uniqueness results for frac-
tional pantograph equations involving v-Hilfer fractional derivative. Dyn. Contin. Discret.
Impuls. Syst. 25, 319-328 (2018)

11. Hyers, D., Isac, G. & Rassias, T. Stability of functional equations in sev-
eral variables. (Springer Science & Business Media,2012) https://doi.org/10.1007/
978-1-4612-1790-9

12. Jajarmi, A., Baleanu, D., Sajjadi, S. & Asad, J. A new feature of the fractional Eu-
ler-Lagrange equations for a coupled oscillator using a nonsingular operator approach.
Frontiers In Physics. 7 pp. 196 (2019) https://doi.org/10.3389/fphy.2019.00196

13. Jajarmi, A., Arshad, S. & Baleanu, D. A new fractional modelling and control strategy for
the outbreak of dengue fever. Physica A: Statistical Mechanics And Its Applications. 535
pp. 122524 (2019) https://doi.org/10.1016/j.physa.2019.122524

14. Kumar, D. & Baleanu, D. Fractional calculus and its applications in physics. Frontiers In
Physics. 7 pp. 81 (2019) https://doi.org/10.3389/fphy.2019.00081

15. Katugampola, U. Existence and uniqueness results for a class of generalized fractional
differential equations. https://arxiv.org/pdf/1411.5229. (2014)


https://doi.org/10.1186/s13662-021-03229-8
https://doi.org/10.1186/s13662-021-03229-8
. https://doi.org/ 10.3390/fractalfract5040195
. https://doi.org/ 10.3390/fractalfract5040195
https://doi.org/doi:10.3390/math8010094
https://doi.org/10.1016/j.chaos.2016.06.007
https://doi.org/10.1016/j.chaos.2016.06.007
https://doi.org/10.56947/gjom.v18i1.2407
https://doi.org/10.2478/ama-2024-0059 
https://doi.org/10.1007/978-1-4612-1790-9
https://doi.org/10.1007/978-1-4612-1790-9
https://doi.org/10.3389/fphy.2019.00196
https://doi.org/10.1016/j.physa.2019.122524
https://doi.org/10.3389/fphy.2019.00081
https://arxiv.org/pdf/1411.5229

PANTOGRAPH FRACTIONAL DIFFERENTIAL EQUATIONS 441

16. Kumar, S., Kumar, A., Abbas, S., Al Qurashi, M. & Baleanu, D. A modified analyti-
cal approach with existence and uniqueness for fractional Cauchy reaction—diffusion equa-
tions. Advances In Difference Equations. 2020, 28 (2020) https://doi.org/10.1186/
$13662-019-2488-3

17. Odibat, Z. and Baleanu, D. Numerical simulation of initial value problems with generalized
Caputo-type fractional derivatives. Applied Numerical Mathematics. 156 pp. 94-105 (2020)
https://doi.org/10.1016/j.apnum.2020.04.015

18. Oldham, K. & Spanier, J. The fractional calculus theory and applications of differentiation
and integration to arbitrary order. (Elsevier,1974)

19. Sousa, J. & De Oliveira, E. On the -Hilfer fractional derivative. Communications In Non-
linear Science And Numerical Simulation. 60 pp. 72-91 (2018) http://arxiv.org/abs/
1708.05109v1

20. Wang, Y., Liu, X. & Wei, Y. Dynamics of a stage-structured single population model with
state-dependent delay. Advances In Difference Equations. 2018 pp. 1-15 (2018) https:
//doi.org/10.1186/s13662-018-1824-3

21. Zeng, Q., Cao, G. & Zhu, X. The effect of the fractional-order controller’s orders variation
on the fractional-order control systems. Proceedings. International Conference On Machine
Learning And Cybernetics. 1 pp. 367-372 (2002) https://doi.org/10.1109/ICMLC.2002.
1176776

22. Ziane, D., Hamdi Cherif, M., Baleanu, D. & Belghaba, K. Exact solution for nonlinear local
fractional partial differential equations. Journal Of Applied And Computational Mechanics.
6, 200-208 (2020) https://doi.org/10.22055/JACM.2019.28835.1509

! LABORATORY OF APPLIED MATHEMATICS AND SCIENTIFIC COMPUTING, SULTAN MOULAY
SLIMANE UNIVERSITY, BENI MELLAL, MOROCCO

Email address: abderrahman.elgmairi@usms.ma

Email address: lekbir.monsif@usms.ma

Email address: mhamedmaster@gmail.com


https://doi.org/10.1186/s13662-019-2488-3
https://doi.org/10.1186/s13662-019-2488-3
https://doi.org/10.1016/j.apnum.2020.04.015
http://arxiv.org/abs/1708.05109v1
http://arxiv.org/abs/1708.05109v1
https://doi.org/10.1186/s13662-018-1824-3
https://doi.org/10.1186/s13662-018-1824-3
https://doi.org/10.1109/ICMLC.2002.1176776
https://doi.org/10.1109/ICMLC.2002.1176776
https://doi.org/10.22055/JACM.2019.28835.1509 

	1. Introduction
	2. Basic Mathematical Tools
	3. Main Results
	3.1. Equivalence of (1.1) with integral equation
	3.2. Existence results
	3.3. Uniqueness result

	4. Stability in the sense of Ulam Hyers
	5. Practical examples
	6. Conclusion
	References

