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DYNAMICS OF DEPENDENCY: FINITE DIFFERENCE
SOLUTIONS TO THE BLACK-SCHOLES PDE WITH COPULAS

HERMAN TIEMTORÉ1 and REMI GUILLAUME BAGRÉ2∗

Abstract. The copula function is a tool for modeling any form of dependency
that may exist between several random variables. Given n random variables,
there exists an n- dimensional copula that captures their dependence (Sklar’s
Theorem). In this paper, we present a method for obtaining a class of copulas
that models the dependence between the underlyings of a bivariate option over
time until the option expires. This class of copulas verifies the 2-dimensional
Black-Scholes partial differential equation. Given the difficulty of obtaining an
analytical solution to such an equation, We use a Finite Difference approxima-
tion to obtain an approximated solution. We show that the numerical scheme
obtained is conditionally convergent. Numerical results are also presented us-
ing MATLAB software.

1. Introduction

The financial risk is a menace to the world of financial markets, and in particular
to investors in options markets. It is therefore important to provide oneself with
the appropriate tools to manage it, in order to avoid failures or insolvency. Man-
aging the overall risk of a multi-asset investment requires a good understanding
of the joint behavior of all assets. When pricing options with multiple underly-
ings, we need to take account of time and the joint evolution of the underlyings.
To meet this need, we can use the copula, a flexible statistical tool for modeling
dependence between several random variables, whatever their nature. To do this,
we need to find the most suitable copula to minimize estimation bias. Given two
random variables x and y with joint distribution functionHxy with margins F and
G,respectively, there exists a copula Cxy such that Hxy(x, y) = Cxy(F (x), H(y)).
From this result, we understand that the goodness of fit of the joint distribution
function Hxy depends strongly on the quality of the copula chosen. For an option
with two underlyings S1 and S2, its price V = V (S1, S2, t), where t ∈ [0;T ] and
T the option expiry date, satisfies the partial differential equation (PDE), also
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known as the 2-dimensional Black-Scholes equation, given by (see [4]):

∂V

∂t
+

1

2

2∑
l,p=1

σl,pSlSp
∂2V

∂Sl∂Sp

+
2∑

l=1

(r − ql)Sl
∂V

∂Sl

− rV = 0 (1.1)

Where (σl,p)(l,p)∈{1,2} are the coefficients of the variance-covariance matrix of the
random vector (S1, S2), ql the dividend rate of the underlying Sl, l = 1, 2, and r >
0 the risk-free interest rate. In the literature, equation (1.1) has a final condition
V = V (S1, S2, T ). The suitable copula for modeling the joint behavior of the
random vector (S1, S2) at each time t ∈ [0;T ] would be the evolutive copula C =
C(x, ν, t) satisfying equation (1.1), where x and ν are uniform transformations
on [0; 1] of the variables S1 and S2 respectively. More precisely, we have:
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1

2
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∂x∂ν
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)
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∂C
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(r − q2)ν
∂C

∂ν
− rC = 0 (1.2)

where C = C(x, ν, t),∀(x, ν, t) ∈ (0; 1)2 × (0;T ].
In this work, we study the case where the dependence between the underlyings
is non-linear (σ1,2 = 0) and we assume that the underlying assets do not pay a
dividend during the option period (ql = 0; l = 1, 2). Thus, equation (1.2) becomes
as follows:
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∂t
+

1

2

(
σ2
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2∂
2C

∂x2
+ σ2

2ν
2∂

2C

∂ν2

)
+ rx

∂C

∂x
+ rν

∂C

∂ν
− rC = 0 (1.3)

Since the basic model is defined with a final condition, we apply the change of
variable τ = T − t in order to reduce the problem to an initial condition problem.
With the change of variable, we have:

∂C

∂t
=

∂τ

∂t
.
∂C

∂τ
= −∂C

∂τ

Thus, we rewrite the problem (1.3) as follows:

∂C

∂τ
=

1

2

(
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∂x2
+ σ2

2ν
2∂
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∂ν2

)
+ rx

∂C

∂x
+ rν

∂C

∂ν
− rC (1.4)

Now with a given initial condition C0(x, ν) = C(x, ν, 0) representing the depen-
dency between the two underlying assets before the option is signed. Thus, we
pose C0(x, ν) = f(x, ν), where f defines a copula. Furthermore, by definition, the
function C must satisfy the so-called boundary conditions and 2-growth condition
(see Section 2). More precisely, for all x, ν ∈ [0; 1] and τ ∈ [0;T ] we have:

C(0, ν, τ) = C(x, 0, τ) = 0,C(1, ν, τ) = ν,C(x, 1, τ) = x

and
∂2C(x, ν, τ)

∂ν∂x
≥ 0

However, adding the 2-growth condition to the problem is not necessary since the
stability of the numerical scheme, shown in Proposition 3.6, and the fact that C0

is a copula guarantee this condition over time. Thus, the aim of this article is to
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construct the family of temporal copulas that are solutions of the problem (P)
defined for all (x, ν, t) ∈ [0; 1]2 × [0;T ] by:

(P) :


∂C

∂τ
=

1

2

(
σ2
1x

2∂
2C

∂x2
+ σ2

2ν
2∂

2C

∂ν2

)
+ rx

∂C

∂x
+ rν

∂C

∂ν
− rC

C(0, ν, τ) = C(x, 0, τ) = 0
C(1, ν, τ) = ν and C(x, 1, τ) = x,
C0(x, ν) = f(x, ν)

The family of copulas of the problem (P) models the dependence between the
option’s two underlyings at each time τ ∈ [0;T ]. Knowing the joint random be-
havior of the two underlying assets instantaneously enables decisions to be taken
at the opportune moment to avoid substantial losses. However, we note that
the analytical solution to this type of problem is not generally known. Thus,
numerical methods can be used to obtain an approximated solution by consider-
ing a finite number of points in the problem domain (discretization process(see
[3],[2],[10],[9])). For our study, we use a finite difference approach, which is widely
used and easy to implement. This method involves first subdividing the domain
of each variable into a finite number of regular intervals whose amplitudes are
called step, in order to form a space grid on [0; 1]2 at each regular instant. The
nodes of the grid are the points at which we calculate the copula values for the
instant in question. Finally, we approach the differential operators by truncated
Taylor developments. We note that, in general, these class of copulas are suitable
for modeling dynamic dependencies.

2. Preliminaries

For the rest, I denotes the unit interval and I2 denotes the unit square (I = [0; 1]
and I2 = I × I = [0; 1]× [0; 1]).

Definition 2.1. [5, 8] An absolutely continuous bivariate copula is a two-variable
function C satisfying :

(1) For all x, ν ∈ I

C(0, ν) = C(x, 0) = 0 (2.1)

and

C(1, ν) = ν and C(x, 1) = x (2.2)

(2) For all (x, ν) ∈ I2,

∂2C(x, ν)

∂ν∂x
≥ 0 (2.3)

The conditions (2.1) and (2.2) are the boundary conditions and the (2.3) desig-
nates the 2-growth condition .

By this definition, we deduce that evolution copula C(., ., t) satisfies (2.1),(2.2)
and (2.3). More concretely, we write the follow (see [10]):
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(1) For all (x, ν, t) ∈ I2 × [0;T ]

C(0, ν, t) = C(x, 0, t) = 0, (2.4)

and

C(1, ν, t) = ν and C(x, 1, t) = x (2.5)

(2) For all (x, ν, t) ∈ I2 × [0, T ], we have

∂2C(x, ν, t)

∂ν∂x
≥ 0

Theorem 2.2. [Sklar’s Theorem](see [8])
Let Λ be a two-variable distribution whose marginal distributions are Λ1 and Λ2.
There exist a two-variable copula C verifying :

∀ (λ1, λ2) ∈ R2, Λ(λ1, λ2) = C(Λ1(λ1),Λ2(λ2)) (2.6)

Moreover, the copula C is unique if the marginals Λ1 and Λ2 are continuous. If
not, it is uniquely defined on RangeΛ1 ×RangeΛ2.

From Theorem 2.2, we understand that when the behavior of random variables
evolves with time, equation (2.6) can be written as :

∀ (λ1, λ2) ∈ R2, Λ(λ1, λ2, t) = C(Λ1(λ1),Λ2(λ2), t) (2.7)

Definition 2.3. [1, 7, 11] Let s > 0 and φ : U ⊂ Rm −→ R be a sufficiently
regular function. We say that a finite-difference operator Ds,k of step s is a

consistent approximation of order p of
∂lφ

∂xl
k

for the norm ∥ . ∥ if we have :∥∥∥∥(Ds,kφ)(x)−
∂lφ

∂xl
k

(x)

∥∥∥∥ ≤ Lsp

where L is a constant independent of s and x = (x1, ..., xm).

Definition 2.4. [1, 7] Let P be a problem with initial data C0. A finite difference
scheme is stable for a given norm ∥ . ∥, if there exists a constant L the norm if
there exists a constant L such that

∥Cs∥ ≤ L∥C0∥ for all s ≥ 1 (2.8)

for all initial value C0 where Cs = (Cs
p,l)0≤p,l≤M .

Theorem 2.5 (Lax Theorem). [3, 6] Given a properly posed initial value problem,
a finite difference scheme is convergent if and only if the scheme is consistent and
stable.

For the rest, we will use the infinite norm given by

∥φ(x)∥∞ = sup
x
{φ(x)} or ∥V ∥∞ = max

p
{Vp} (2.9)

when φ is a scalar function and V a vector.
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Theorem 2.6. [8] Let CN denote the empirical copula for the sample {(xk, yk)}1≤k≤N .
If ρ denotes the sample version of the Spearman’s rho, then

ρ =
12

N2 − 1

N∑
p=1

N∑
l=1

[
CN

(
p

N
,
l

N

)
− p

N

l

N

]

3. The main contributions of the paper

In this section, we present the finite difference approximation of problem (P).
We demonstrate some results derived from the approximation. Using MATLAB
software we present graphical solutions of our problem.

3.1. Theoretical results. As described in the introduction, we consider the
discretization below.
Let be M,L be integers not equal to zero and let put,

h =
1

M

the mesh in the u and v directions.

∆τ =
T

L

the mesh for discretization of the time, and

up = ph =
p

M
, for p ∈ [|0;M |]

νl = lh =
l

M
, for l ∈ [|0;M |]

τ s = s∆τ = s
T

L
, for s ∈ [|0;L|]

Proposition 3.1. Let C ∈ C4,2(I2 × [0;T ]), a copula verified problem (P). Let
M,L, h and ∆τ be defined above. By posing Cs

p,l = C(ph, lh, s∆τ) ∀(p, l, s) ∈
[|0;M |]2× [|0;L|], the approximation of C(x, ν, τ), then a finite difference scheme
of the main equation can be given as follows:

∀(p, l, s) ∈ [|0;M |]2 × [|0;L|],
Cs+1

p,l = ∆ταpC
s
p−1,l +∆τβlC

s
p,l−1+(1−∆τγp,l)C

s
p,l +∆τµpC

s
p+1,l +∆τηlC

s
p,l+1

(3.1)

Where

αp =
σ2
1x

2
p

2h2
− rxp

2h
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σ2
2ν

2
l

2h2
− rνl

2h
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σ2
1x

2
p

2h2
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2h
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σ2
2ν

2
l

2h2
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rνl
2h

γp,l = αp + µp + βl + ηl + r =
σ2
1x

2
p

h2
+

σ2
2ν

2
l

h2
+ r
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Proof. Applying Taylor’s formula to the copula C in the direction of τ at order
1, we have :

C(x, ν, τ +∆τ) = C(x, ν, τ) + ∆τ
∂C(x, ν, τ)

∂τ
+ ϵ(∆τ) (3.2)

Rewriting equation (3.2), we obtain

∂C(x, ν, τ)

∂τ
=

C(x, ν, τ +∆τ)−C(x, ν, τ)

h
− ϵ(∆τ) (3.3)

Equation (3.3) can be approximated by finite difference as follows:

∂C(x, ν, τ)

∂τ
≃

Cs+1
p,l −Cs

p,l

∆τ
(3.4)

Applying again Taylor’s formula to order 2 to the copula C in the x direction,
we have:

C(x+ h, ν, τ) = C(x, ν, τ) + h
∂C(x, ν, τ)

∂x
+

h2

2

∂2C(x, ν, τ)

∂x2
+ ϵ(h2) (3.5)

and

C(x− h, ν, τ) = C(x, ν, τ)− h
∂C(x, ν, τ)

∂x
+

h2

2

∂2C(x, ν, τ)

∂x2
+ ϵ(h2) (3.6)

Summing equations (3.5) and (3.6), we have the following:

∂2C(x, ν, τ)

∂x2
=

C(x+ h, ν, τ)− 2C(x, ν, τ) +C(x− h, ν, τ)

h2
+ ϵ(h2) (3.7)

And doing the difference of Equations (3.5) and (3.6), we get:

∂C(x, ν, τ)

∂x
=

C(x+ h, ν, τ)−C(x− h, ν, τ)

2h
(3.8)

The approximation by finite difference of Equation (3.7) is given as

∂2C(x, ν, τ)

∂x2
⋍

Cs
p+1,l − 2Cs

p,l +Cs
p−1,l

h2
(3.9)

and the approximation by finite difference of Equation (3.8) is given as

∂C(x, ν, τ)

∂x
≃

Cs
p+1,l −Cs

p−1,l

2h
(3.10)

By reasoning similarly, we obtain that :

∂2C(x, ν, τ)

∂ν2
⋍

Cs
p,l+1 − 2Cs

p,l +Cs
p,l−1

h2
(3.11)

and

∂C(x, ν, τ)

∂ν
≃

Cs
p,l+1 −Cs

p,l−1

2h
(3.12)
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By putting the finite difference approximations of the partial derivatives given by
Equations (3.4), (3.9), (3.10), (3.11) and (3.12) in the main equation of problem
(P), we have

Cs+1
p,l −Cs

p,l

∆τ
=

σ2
1x

2
p

2

Cs
p+1,l − 2Cs

p,l +Cs
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2
l
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+
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p,l−1

2h
− rCs
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After some operations, we have,
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By posing,
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2
p
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− rxp

2h
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2h2
− rνl
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2
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2h2
+
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2
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σ2
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2
l

h2
+ r,

we deduce the result. □

For all (p, l, s) ∈ [|0;M |]2 × [|0;L|], the approximation of the boundary condi-
tions can be given as follow :{

Cs
p,0 = Cs

0,l = 0;

Cs
p,M =

p

M
and Cs

M,l =
l

M

(3.14)

And the initial condition is given as follow :

C0
p,l = f

(
p

M
,
l

M

)
(3.15)

So the approximate problem of problem (P) can be given by :

(Ph,∆τ ) :



Cs+1
p,l = ∆ταpC

s
p−1,l +∆τβlC

s
p,l−1 + (1−∆τγp,l)C

s
p,l +∆τµpC

s
p+1,l +∆τηlC

s
p,l+1

Cs
p,0 = Cs

0,l = 0;

Cs
p,M =

p

M
;

Cs
M,l =

l

M
;

C0
p,l = f

(
p
M
, l
M

)
.



DYNAMICS OF DEPENDENCY 381

Proposition 3.2. Let s ∈ {0, 1, ..., L} and Cs be a solution at time τ s of the
problem (Ph,∆τ ). The density function cs of the copula Cs can be approximated
as given in the system (S).

(S) :



csp,l =
Cs

p+1,l+1 −Cs
p+1,l −Cs

p,l+1 +Cs
p,l

h2
if (p, l) ∈ {0, 1, ...,M − 1}2

csM,l =
Cs

M,l+1 −Cs
M,l −Cs

M−1,l+1 +Cs
M−1,l

h2
if l ∈ {0, 1, ...,M − 1}

csp,M =
Cs

p+1,M −Cs
p+1,M−1 −Cs

p,M +Cs
p,M−1

h2
if p ∈ {0, 1, ...,M − 1}

csM,M =
Cs

M,M −Cs
M,M−1 −Cs

M−1,M +Cs
M−1,M−1

h2

Proof. Our study concerns absolutely copulas. So, we have

cs(x, ν) =
∂2Cs(x, ν)

∂ν∂x
(3.16)

• To obtain the first equation, we apply a Taylor development off-center to the
right in the directions of x and ν of Equation (3.16). More precisely, we have:

cs(x, ν) =
∂

∂ν

(
Cs(x+ h, ν)−Cs(x, ν)

h

)
=

1

h

(
∂Cs(x+ h, ν)

∂ν
− ∂Cs(x, ν)

∂ν

)
=

Cs(x+ h, ν + h)−Cs(x+ h, ν)

h2
− Cs(x, ν + h)−Cs(x, ν)

h2

In the discrete case, we have :

csp,l =
Cs

p+1,l+1 −Cs
p+1,l −Cs

p,l+1 +Cs
p,l

h2
(3.17)

In our work, Cs is a matrix of size (M + 1)2 with indexing starting with 0. So,
equation (3.17) is valid if (p, l) ∈ {0, 1, ...,M − 1}2.
• Using similar reasoning to the above point with off-center Taylor develop-
ments, to the left in the direction of x and to the right in the direction of ν, then
to the right in the direction of x and to the left in the direction of ν, we obtain
the second equation and the third equation respectively.
• Finally, off-center Taylor expansions to the left in the directions of x and ν of
Equation (3.16) are used to obtain the last equation. □

Proposition 3.3. Let T > 0 and C ∈ C4,2(I2 × [0;T ]). The finite difference
scheme (Equation (3.1)) is consistent of order 1 in time and order 2 in space.
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Proof. Let Dh,∆τ be the finite difference operator of the discretized equation
(Equation (3.1)) and D the partial derivative operator (Equation (1.4)), we have

Dh,∆τC(x, ν, τ) =
C(x, ν, τ +∆τ)−C

∆τ
−σ2

1x
2

2

C(x+ h, ν, τ)− 2C+C(x− h, ν, τ)

h2
−

σ2
2ν

2

2

C(x, ν + h, τ)− 2C+C(x, ν − h, τ)

h2
− rx

C(x+ h, ν, τ)−C(x− h, ν, τ)

h
−

rν
C(x, ν + h, τ)−C(x, ν − h, τ)

h
+ rC (3.18)

and

DC(x, ν, τ) =
∂C

∂τ
− σ2

1x
2

2

∂2C

∂x2
− σ2

2ν
2

2

∂2C

∂ν2
− rx

∂C

∂x
− rν

∂C

∂ν
+ rC

As C ∈ C4,2(I2, [0;T ]), we write the followings :

C(x, ν, τ +∆τ) = C+∆τ
∂C

∂τ
+

(∆τ)2

2

∂2C(x, ν, τ̃)

∂τ 2
(3.19)

C(x+ h, ν, τ) = C+ h
∂C

∂x
+

h2

2

∂2C

∂x2
+

h3

6

∂3C

∂x3
+

h4

24

∂4C(x̃, ν, τ)

∂x4
(3.20)

C(x− h, ν, τ) = C− h
∂C

∂x
+

h2

2

∂2C

∂x2
− h3

6

∂3C

∂x3
+

h4

24

∂4C(x̃, ν, τ)

∂x4
(3.21)

C(x, ν + h, τ) = C+ h
∂C

∂ν
+

h2

2

∂2C

∂ν2
+

h3

6

∂3C

∂ν3
+

h4

24

∂4C(x, ν̃, τ)

∂ν4
(3.22)

C(x, ν − h, τ) = C− h
∂C

∂ν
+

h2

2

∂2C

∂ν2
− h3

6

∂3C

∂ν3
+

h4

24

∂4C(x, ν̃, τ)

∂ν4
(3.23)

Introducing the results of Equations (3.19)-(3.23) into Equation (3.18), we obtain
the following:

Dh,∆τC =
∂C

∂τ
−σ2

1x
2

2

∂2C

∂x2
−σ2

2ν
2

2

∂2C

∂ν2
−rx

∂C

∂x
−rν

∂C

∂ν
+rC+

∆τ

2

∂2C(x, ν, τ̃)

∂τ 2
−

h2 rx

3

∂3C(x, ν, τ)

∂x3
−h2 rν

24

∂3C(x, ν, τ)

∂ν3
−h2σ

2
1x

2

24

∂4C(x̃, ν, τ)

∂x4
−h2σ

2
2ν

2

24

∂4C(x, ν̃, τ)

∂ν4
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As a result, we have

∥Dh,∆τC−DC∥∞ ≤ ∆τ

2

∥∥∥∥∂2C(x, ν, τ̃)

∂τ 2

∥∥∥∥
∞
+ h2σ

2
1x

2

24

∥∥∥∥∂4C(x̃, ν, τ)

∂x4

∥∥∥∥
∞
+

h2σ
2
2ν

2

24

∥∥∥∥∂4C(x, ν̃, τ)

∂ν4

∥∥∥∥
∞

≤ ∆τ

2

∥∥∥∥∂2C(x, ν, τ̃)

∂τ 2

∥∥∥∥
∞
+

h2

24

∥∥∥∥σ2
1

∂4C(x̃, ν, τ)

∂x4

∥∥∥∥
∞
+

h2

24

∥∥∥∥σ2
2

∂4C(x, ν̃, τ)

∂ν4

∥∥∥∥
∞

Consequently, the finite difference scheme (Equation (3.1)) is consistent of order
1 in time and order 2 in space. □

Proposition 3.4. Let C be a copula verifying the main equation of Problem (P).
The finite difference scheme given by Equation (3.1) is stable if we have following,

(1) min(σ1, σ2) ≥ r
1
2

(2)
∆τ

h2
≤ 1

x2
maxσ

2
1 + ν2

maxσ
2
2 + rh2

where xmax = max
1≤p≤M

{xp} and νmax = max
1≤l≤M

{νl}.

Proof. For all s ∈ {0, 1, ..., N}, let us pose,
Cs =t (Cs

1,1,C
s
2,1, ...,C

s
M,1,C

s
1,2, ...,C

s
M,2,C

s
1,M , ...,Cs

M,M) =t (Cs
k)1≤k≤M2

From Equation (3.1), we can write the following:∣∣Cs+1
p,l

∣∣ ≤
∣∣∆ταpC

s
p−1,l +∆τβlC

s
p,l−1 + (1−∆τγp,l)C

s
p,l

∣∣+ ∣∣∆τµpC
s
p+1,l +∆τηlC

s
p,l+1

∣∣
≤ ∆τ |αp|Cs

p−1,l +∆τ |βl|Cs
p,l−1 + |1−∆τγp,l|Cs

p,l +
∣∣∆τµpC

s
p+1,l +∆τηlC

s
p,l+1

∣∣
If (1) holds, then αp ≥ 0 and βl ≥ 0 σ2

1 ≥ r

σ2
2 ≥ r

⇐⇒


σ2
1x

2
p

2h2
≥ rxp

2h

σ2
2ν

2
l

2h2
≥ rνl

2h

⇐⇒
{

αp ≥ 0
βl ≥ 0

and if (2) holds, then

1−∆τ

(
σ2
1x

2
max

h2
+

σ2
2ν

2
max

h2
+ r

)
≥ 0 ⇐⇒ 1−∆τ

(
σ2
1x

2
p

h2
+

σ2
2ν

2
l

h2
+ r

)
≥ 0

⇐⇒ 1−∆τγp,l ≥ 0
(3.24)

So, we have :
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max
1≤k≤M2

∣∣Cs+1
k

∣∣ ≤ (|1−∆τ(αp + βl − γp,l)|+∆τ |µp + ηl|) max
1≤k≤M2

|Cs
k|

≤
(∣∣∣∣1−∆τ

(
σ2
1x

2
p

2h2
+

σ2
1ν

2
l

2h2
+

rxp

2h
+

rνl
2h

)∣∣∣∣+
∆τ

∣∣∣∣σ2
1x

2
p

2h2
+

σ2
1ν

2
l

2h2
+

rxp

2h
+

rνl
2h

∣∣∣∣) max
1≤k≤M2

|Cs
k|

We have,

γp,l −
(
σ2
1x

2
p

2h2
+

σ2
1ν

2
l

2h2
+

rxp

2h
+

rνl
2h

)
= r +

σ2
1x

2
p − rhxp

2h2
+

σ2
2ν

2
l − rhνl
2h2

For all p, l ∈ {1, ...,M − 1}, xp ≥ x1 = h and νl ≥ ν1 = h. Furthermore, if (1)
holds, we have

σ2
1x

2
p − rhxp ≥ 0 and σ2

2ν
2
l − rhνl ≥ 0

As a result, we can write,

1−∆τγp,l ≤ 1−∆τ

(
σ2
1x

2
p

2h2
+

σ2
1ν

2
l

2h2
+

rxp

2h
+

rνl
2h

)
Using (3.24), we deduce that

1−∆τ

(
σ2
1x

2
p

2h2
+

σ2
1ν

2
l

2h2
+

rxp

2h
+

rνl
2h

)
≥ 0

and therefore,∣∣∣∣1−∆τ

(
σ2
1x

2
p

2h2
+

σ2
1ν

2
l

2h2
+

rxp

2h
+

rνl
2h

)∣∣∣∣+∆τ

∣∣∣∣σ2
1x

2
p

2h2
+

σ2
1ν

2
l

2h2
+

rxp

2h
+

rνl
2h

∣∣∣∣ = 1

By using the definition of the infinite norm (Equation (2.9)), we have

∥Cs+1∥∞ ≤ ∥Cs∥∞ (3.25)

Summing (3.25) over s, we obtain:

∥Cs∥∞ ≤ ∥C0∥∞ (3.26)

□

Since the finite difference scheme (Equation (3.1)) is consistent (Proposition
3.3) and conditionally stable (Proposition 3.4), we deduce from Theorem 2.5 that
it is conditionally convergent.

Proposition 3.5. Let (Cs)s>0 be the copula sequence, solution of problem (Ph,∆τ ).
(Cs) converges uniformly to the copula C∗ if

(1) min{σ1, σ2} ≥ r
1
2

(2)
∆τ

h2
<

1

x2
max(σ

2
1 + σ2

2) + rh2

where C∗ satisfies,

1

2

(
σ2
1x

2∂
2C∗

∂x2
+ σ2

2ν
2∂

2C∗

∂ν2

)
+ rx

∂C∗

∂x
+ rν

∂C∗

∂ν
− rC∗ = 0 (3.27)
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Proof. Let C∗
p,l be the approximate solution by finite difference of Cl.

Let’s say

∆s
p,l = Cs

p,l −C∗
p,l

We have :

∆s+1
p,l −∆s

p,l

∆τ
=

Cs+1
p,l −Cs

p,l

∆τ
(3.28)

When the copula C∗ satisfies equation (3.27), we have :

σ2
1x

2
p

2

∆s
p+1,l − 2∆s

p,l +∆s
p−1,l

h2
+
σ2
2ν

2
l

2

∆s
p,l+1 − 2∆s

p,l +∆s
p,l−1

h2
+rxp

∆s
p+1,l −∆s

p−1,l

2h
+

rνl
∆s

p,l+1 −∆s
p,l−1

2h
− r∆s

p,l

=
σ2
1x

2
p

2

Cs
p+1,l − 2Cs

p,l +Cs
p−1,l

h2
+

σ2
2ν

2
l

2

Cs
p,l+1 − 2Cs

p,l +Cs
p,l−1

h2
+

rxp

Cs
p+1,l −Cs

p−1,l

2h
+ rνl

Cs
p,l+1 −Cs

p,l−1

2h
− rCs

p,l (3.29)

If we differentiate equations (3.28) and (3.29), we have the following finite differ-
ence scheme:

∆s+1
p,l −∆s

p,l

∆τ
=

σ2
1x

2
p

2

∆s
p+1,l − 2∆s

p,l +∆s
p−1,l

h2
+

σ2
2ν

2
l

2

∆s
p,l+1 − 2∆s

p,l +∆s
p,l−1

h2
+

rxp

∆s
p+1,l −∆s

p−1,l

2h
+ rνl

∆s
p,l+1 −∆s

p,l−1

2h
− r∆s

p,l (3.30)

If (1) and (2) hold then reasoning similarly to the proof of Proposition 3.4, we
write the following:

max
(x,ν)∈I2

|∆s(x, ν)| ≤ (1− r∆τ)s max
(x,ν)∈I2

∣∣∆0(x, ν)
∣∣ (3.31)

Moreover, if (2) is true, then 0 < 1− r∆τ < 1. Thus, we can write :

∥Cs(x, ν)−C∗(x, ν)∥∞ ≤ KΘs

with 0 < Θ < 1 and 0 ≤ K < ∞. Therefore, we have :

∥Cs(x, ν)−C∗(x, ν)∥∞ −→ 0

□

Proposition 3.6. Given an initial copula C0 and a finite difference scheme given
by (3.1), if ⊤s denotes the Spearman correlation coefficient for the copula Cs for
all s ∈ N, then

⊤s+1 = (1 + ξ)⊤s +
3∆τ(M − 1)

M(M + 2)
λ− 6∆τM

M + 2
χ

where ξ = ∆τ(σ2
1 + σ2

2 − 3r), λ = (σ2
1 + σ2

2)(M
2 +M − 1)− r(M − 3) and

χ = (Mσ2
1 − r)

M∑
p=2

Cs
p,M + (Mσ2

2 − r)
M∑
l=2

Cs
M,l.
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Proof. Let’s consider the sample {(xk, νk)}1≤k≤M+1 obtained by discretization of

step h =
1

M
of x and ν on I.

x1 = 0

Using Theorem 2.6, we can write

⊤s+1 =
12

(M + 1)2 − 1

M+1∑
p=1

M+1∑
l=1

(Cs+1
p,l − xpνl)

=
12

M(M + 2)

M∑
p=2

M∑
l=2

(Cs+1
p,l − xpνl)

=
12

M(M + 2)

M∑
p=2

M∑
l=2

[
∆ταpC

s
p−1,l +∆τβlC

s
p,l−1 + (1−∆τγp,l)C

s
p,l+

∆τµpC
s
p+1,l +∆τηlC

s
p,l+1

]
We have,

M∑
p=2

M∑
l=2

(1−∆τγp,l)C
s
p,l =

M∑
p=2

M∑
l=2

(1− r∆t)Cs
p,l −∆τ

M∑
p=2

M∑
l=2

(αp + µp + βl + ηl)C
s
p,l

(3.32)

After simple manipulations, we write the following:

∆τ
M∑
p=2

M∑
l=2

αpC
s
p−1,l = ∆τ

M∑
p=2

M∑
l=2

αp+1C
s
p,l −∆τ

M∑
l=2

αM+1C
s
M,l (3.33)

∆τ
M∑
p=2

M∑
l=2

µpC
s
p+1,l = ∆τ

M∑
p=2

M∑
l=2

µp−1C
s
p,l +∆τ

M∑
l=2

µMCs
M+1,l (3.34)

∆τ
M∑
p=2

M∑
l=2

βlC
s
p,l−1 = ∆τ

M∑
p=2

M∑
l=2

βl+1C
s
p,l −∆τ

M∑
p=2

βM+1C
s
p,M (3.35)

∆τ
M∑
p=2

M∑
l=2

ηlC
s
p,l+1 = ∆τ

M∑
p=2

M∑
l=2

ηl−1C
s
p,l +∆τ

M∑
p=2

ηMCs
p,M+1 (3.36)

Doing (3.33) + (3.34), we obtain

M∑
p=2

M∑
l=2

(νlC
s
p−1,l + µlC

s
p+1,l) =

M∑
p=2

M∑
l=2

(νp+1 + µp−1)C
s
p,l −

M∑
l=2

αM+1C
s
M,l +

M∑
l=2

µMCs
M+1,l

(3.37)

and summing Equation (3.35) and Equation (3.36), we have

M∑
p=2

M∑
l=2

(βlC
s
p,l−1 + ηlC

s
p,l+1) =

M∑
p=2

M∑
l=2

(βl−1 + ηl+1)C
s
p,l −

M∑
p=2

βM+1C
s
i,M +

M∑
p=2

ηMCs
p,M+1

(3.38)
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As a result,

⊤s+1 =
12

M(M + 2)

[
M∑
p=2

M∑
l=2

(1− r∆τ))Cs
p,l +∆τ

M∑
p=2

M∑
l=2

(αp+1 − αp − µp + µp−1)C
s
p,l+

∆τ
M∑
p=2

M∑
l=2

(βl+1 − βl − ηl + ηl−1)C
s
p,l −∆τ

M∑
l=2

αM+1C
s
M,l +∆τ

M∑
l=2

µMCs
M+1,l−

∆τ
M∑
p=2

βM+1C
s
p,M +∆τ

M∑
p=2

ηMCs
p,M+1 −

M∑
p=2

M∑
l=2

xpνl

]

=
12

M(M + 2)

[
[1 + ∆t(σ2

1 + σ2
2 − 3r)]

M∑
p=2

M∑
l=2

(Cs
p,l − xpνl) +

∆t(M − 1)

2
(µM + ηM)+

∆τ(σ2
1 + σ2

2 − 3r)
M∑
p=2

M∑
l=2

xpνl −∆τ

(
αM+1

M∑
l=2

Cn
M,l + βM+1

M∑
p=2

Cp,M

)]

= [1 + ∆τ(σ2
1 + σ2

2 − 3r)]⊤s +
3∆τ(M − 1)

M(M + 2)
[(σ2

1 + σ2
2)(M

2 +M − 1)− r(M − 3)]−

6∆τM

M + 2

(
(Mσ2

1 − r)
M∑
p=2

Cs
p,M + (Mσ2

2 − r)
M∑
l=2

Cs
M,l

)
By posing

ξ = ∆τ(σ2
1 + σ2

2 − 3r)
λ = (σ2

1 + σ2
2)(M

2 +M − 1)− r(M − 3)

χ = (Mσ2
1 − r)

M∑
p=2

Cs
p,M + (Mσ2

2 − r)
M∑
l=2

Cs
M,l,

we obtain the result. □

Proposition 3.7. Let ξ, λ, χ be the parameters defined in Proposition 3.6 and Cs

a solution of the problem (Ph,∆τ ) with Spearman correlation coefficient ⊤s, s > 0.
Then

⊤s = (1 + ξ)s
(
⊤0 +

A

ξ

)
− A

ξ
(3.39)

where ⊤0 is the Spearman rho of the initial copula C0 and

A =
3∆τ(M − 1)

M(M + 2)
λ− 6∆τM

M + 2
χ

Proof. According to Proposition 3.6, we have

⊤s+1 = (1 + ξ)⊤s + A

Let

b = −A

ξ
and ωs = ⊤s − b
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Thus, we have

ωs+1 = (1 + ξ)⊤s + A− b
= (1 + ξ)(ωs + b) + A− b
= (1 + ξ)ωs

We deduce that (ωs) is a geometric suite of reason 1 + ξ and first term ω0. So

ωs = (1 + ξ)sω0

As a result, we write the following:

⊤s = (1 + ξ)sω0 + b
= (1 + ξ)s(⊤0 − b) + b

= (1 + ξ)s
(
⊤0 +

A

ξ

)
− A

ξ

□

3.2. Simulation with MATLAB. We present here the numerical results us-
ing Matlab software. For instants τ we present the copula graph and associated
contour plots. These results allow us to clearly visualize the change in depen-
dency between the two underlyings over time, as well as the type and degree of
dependency existing between the two underlying assets. Finally, we present the
evolution of the Spearman correlation coefficient for several values of the param-
eters σ1, σ2 and r.
We need to choose an initial copula and the parameters σ1, σ2 and r for the
numerical calculation of the solution. However, the parameters must be chosen
in such a way that the stability conditions are satisfied. As parameters and dis-
cretization steps are linked, it is difficult to understand the impact of parameters
exclusively on the evolution of the copula. Our idea here is to visualize the vari-
ation of the copula over time.
For our study, we assume that the initial copula f is equal to the Franck copula
defined by :

f (u, v) = −1

γ
ln

(
1 +

(e−γu − 1) (e−γv − 1)

e−γ − 1

)
; γ ̸= 0

Figures 1 to 4 are obtained by setting σ1 = 0.5, σ2 = 0.3, r = 0.02, T = 1,

∆τ =
1

100
and h =

1

10
. We can clearly see the change in the solution over time

from moderate to weak negative dependence.
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Figure 1. Graph (left) and contours (right) of the initial copula
(τ = 0) for γ = −3
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Figure 2. Graph (left) and contours (right) of the copula at τ =
T
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Figure 3. Graph (left) and contours (right) of the copula at τ =
T .
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Figure 4. Density of the initial solution (t = 0) on the left and
density of the final solution (τ = T ) on the right.

Maintaining the initial copula and space step unchanged, we present in Figure
5a, 5b and 5c, the evolution of Spearman’s correlation coefficient as a function
of parameters and time step. This illustrates more clearly the evolution of the
solution over time.
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4. Conclusion

This work consisted to the construction of a flexible evolutive copula for modeling
the joint random behavior of the underlying assets of a bivariate option. This
class of copula satisfies a 2-dimensional evolution partial differential equation
(Black-Scholes equation). It was preferable to use a numerical method, namely
the finite difference approach, in order to obtain an approximated solution, since
the analytical solution of such a problem is difficult to obtain. The numerical
scheme was shown to be convergent under certain conditions.
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2. Bagré,R.G. and Béré, F. and Somé.K.C and P.D Ibrango.(2021). On Approximation of
Copulas, Solution of Elliptic Problem, Using the Finite Difference Method: General-
ization. American Journal of Theoretical and Applied Statistics,10(6),257-261. https:

//www.sciencepublishinggroup.com/article/10.11648/j.ajtas.20211006.15
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