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QUATERNION ALGEBRAS AND SYMBOL ALGEBRAS OVER
ALGEBRAIC NUMBERS FIELD K, WITH THE DEGREE [K : Q]

EVEN

DIANA SAVIN1

Abstract. Let F be a quadratic field (F = Q
(√

d
)
, where d 6= 0, 1 is a

square-free integer). Let K be the pure algebraic quartic field K = Q
(

4
√
d
)
.

In this paper we determine connections between split quaternion algebras over
F and split quaternion algebras over K.

1. Introduction

Let F be an algebraic number field with charF 6= 2 and let HF (a, b) (where
a, b∈F\{0}) be the generalized quaternion algebra over the field F. The quater-
nion algebra HF (a, b) is a central simple algebra of dimension 4 over F. If
{1; i; j; k} is a F -basis for HF (a, b) , the elements of the basis satisfy the rela-
tions: i2 = a, j2 = b, k = i · j = −j · i.

Let n be a positive integer, n ≥ 3, let ξ be a primitive n-th root of unity and let
F be a field with charF does not divide n, charF 6= 2, and ξ∈ F. If a, b ∈F\{0},
the algebra A over F generated by elements x and y which satisfy the relations

xn = a, yn = b, yx = ξxy.

is called a symbol algebra (also known as a power norm residue algebra) and A

is denoted by
(
a, b
F,ξ

)
(see [15]). J. Milnor, in [16], calls a such algebra a symbol

algebra. For n = 2, we obtain the quaternion algebra. Symbol algebras are also
central simple algebras of dimension n2 over F.

Many properties of the quaternion algebras and symbol algebras were obtained
using the theory of ramification numbers fields and class field theory.

Quaternion algebras or symbol algebras which split over Q were very much
studied in recent years (see Lam’s book [11], Pierce’s book [17], Szamuely’s book
[6], Ledet’s book [12], [3], [18], [4], [5]).

In the paper [19] we found a class of division quaternion algebra over the
quadratic field Q (i) (i2 = −1), respectively a class of division symbol algebra
over the cyclotomic field Q (ξ) . In the paper [20] we studied quaternion algebras
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which split over a quadratic field. Using these results, in this paper we study
quaternion algebras which split over a pure quartic field.

2. Preliminaries

We recall some definitions and properties of central simple algebras, which will
be used in our paper.

Definition 2.1. ([15]). Let A 6= 0 be an algebra over the field F. If the equations
ax = b, ya = b,∀a, b ∈ A, a 6= 0, have unique solutions, then the algebra A is
called a division algebra. If A is a finite-dimensional algebra, then A is a division
algebra if and only if A is without zero divisors (x 6= 0, y 6= 0⇒ xy 6= 0).

Definition 2.2. ([15]). Let F ⊂ K be a fields extension and let A be a central
simple algebra over the field F. We recall that:
i) A is called split by F if A is isomorphic with a matrix algebra over F.
ii) A is called split by K and K is called a splitting field for A if A ⊗F K is a
matrix algebra over K.

Proposition 2.3. ([6]). Let F be an algebraic numbers field, a, b ∈F\{0}. Then,
the quaternion algebra HF (a, b) is split if and only if the conic C (a, b) : ax2 +
by2 = z2 has a rational point over F (i.e. if there are x0, y0, z0 ∈ F such that
ax2

0 + by2
0 = z2

0).

Remark 2.4. ([11], [6]). Let F be an algebraic numbers field, a, b ∈F\{0} and let
HF (a, b) be a quaternion algebra over F. Then HF (a, b) is either split either a
division algebra.

Remark 2.5. ([12]). Let p be an odd prime positive integer and let ξ be a prim-
itive p-th root of unity. Let F be an algebraic numbers field such that ξ∈F. Let

a, b ∈F\{0} and the symbol algebra
(
a, b
F,ξ

)
. Then, the symbol algebra

(
a, b
F,ξ

)
is

either split either a division algebra.

Now, we recall some definitions and results in quaternion algebras.

Definition 2.6. ([10]). Let a, b be two nonzero rational numbers. Let HQ (a, b) be
a quaternion algebra over the rational numbers field Q. R is an order in HQ (a, b)
if R is a subring which is a Z -module of of rank 4.

Definition 2.7. ([10]). Let {α1;α2;α3;α4} be a basis of R and

< α, β >= Nr (α + β)−Nr (α)−Nr (β) .

Then the determinant of the matrix (< αi, αj >)i,j=1,4 is the square of an integer.

The discriminant of R is the positive integer disc(R) such that

det (< αi, αj >)i,j=1,4 = disc (R)2 .

The discriminant of the quaternion algebra HQ (a, b) is defined as the discriminant
of a maximal order in HQ (a, b) .
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Theorem 2.8. ([13]) (Albert-Brauer-Hasse-Noether). Let HF be a quaternion
algebra over a number field F and let K be a quadratic field extension of F. Then
there is an embedding of K into HF if and only if no prime of F which ramifies
in HF splits in K.

Proposition 2.9. ([8]). Let F be a number field and let K be a field containing
F. Let HF be a quaternion algebra over F. Let HK = HF ⊗F K be a quaternion
algebra over K. If [K : F ] = 2, then K splits HF if and only if there exists an
F -embedding K ↪→ HF .

The next theorem gives us the decomposition of a prime integer p in the ring
of integers of a quadratic field.

Theorem 2.10. ([1]). Let d 6= 0, 1 be a square-free integer. Let OF be the ring

of integers of the quadratic field F = Q
(√

d
)
. Let p be a prime integer. Then,

we have:
i) if p ≥ 3, the Legendre symbol

(
d
p

)
= 1 or p = 2, d≡1 (mod 8), then pOF =

P1 · P2, where P1, P2∈Spec(OF ), P1 6= P2, N (P1) = N (P2) = p;
ii) if p ≥ 3, p|d or p = 2, d≡ 2 or 3 (mod 4), then pOF = P 2, where P∈Spec(OF ),
N (P ) = p;

iii) if p ≥ 3, the Legendre symbol
(
d
p

)
= −1 or p = 2, d≡5 (mod 8), then pOF is

a prime ideal of OF .

3. Quaternion algebras over pure quartic fields

In the paper [20] we determined sufficient conditions for a quaternion algebra

H (p, q) to split over a quadratic field K = Q
(√

d
)
. We obtained the following

results:

Theorem 3.1. ([20], Th. 3.1) Let d 6= 0, 1 be a square-free integer, d 6≡ 1 (mod
8) and let p, q be two prime integers, q ≥ 3, p 6= q. Let OK be the ring of integers

of the quadratic field K = Q
(√

d
)

and ∆K be the discriminant of K. Then, we

have:
i) if p ≥ 3 and the Legendre symbols

(
∆K

p

)
6= 1,

(
∆K

q

)
6= 1, then, the quaternion

algebra HQ(
√
d) (p, q) splits;

ii) if p = 2 and the Legendre symbol
(

∆K

q

)
6= 1, then, the quaternion algebra

HQ(
√
d) (2, q) splits.

Corollary 3.2. ([20], Cor. 3.1)Let d 6= 0, 1 be a square-free integer, d 6≡ 1 (mod
8) and let α be an integer and p be an odd prime integer. Let OK be the ring of

integers of the quadratic field K = Q
(√

d
)

and ∆K be the discriminant of K. If

the Legendre symbols
(

∆K

p

)
6= 1,

(
∆K

q

)
6= 1, for each odd prime divisor q of α

then, the quaternion algebra HQ(
√
d) (α, p) splits.
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In the paper [4] we found a class of symbol algebras which split over a cyclo-
tomic field. We obtained the following results:

Proposition 3.3. ([4], Proposition 4.1) Let ε be a primitive root of order 3 of
unity and let K = Q (ε) be the cyclotomic field. Let α ∈ K∗, p be a prime rational
integer, p 6= 3 and let L = K ( 3

√
α) be the Kummer field such that α is a cubic

residue modulo p. Let hL be the class number of L. Then, the symbol algebras

A =
(
α,phL

K,ε

)
split.

Corollary 3.4. ([4], Cor. 4.2) Let q be an odd prime positive integer and ξ be a
primitive root of order q of unity and let K = Q (ξ) be the cyclotomic field. Let
α ∈ K∗, p a prime rational integers, p 6= 3 and let L = K ( q

√
α) be the Kummer

field such that α is a q power residue modulo p. Let hL be the class number of L.

Then, the symbol algebras A =
(
α,phL

K,ξ

)
are split.

It is known ([11]) that if F is an algebraic number field such that [F : Q] is odd
and a, b∈Q\{0}, then the quaternion algebra HF (a, b) splits if and only if the
quaternion algebra HQ (a, b) splits. This property is not true when [F : Q] is an
even number. For example, with some simple computations using the computer
algebra system MAGMA we find that the quaternion algebra H (2, 3) does not
split over Q (its discriminant is 6) but it splits over the quadratic field Q

(√
45
)
.

Let p, q be two odd prime integers, p 6= q and d 6= 0, 1 be a square-free integer.
In the following theorem we obtain a connection between: when the quaternion

algebra H (p, q) splits over the quadratic field Q
(√

d
)

and when the same algebra

splits over the the pure quartic field Q
(

4
√
d
)
.

Theorem 3.5. Let d 6= 0, 1 be a square free integer, d 6≡ 1 (mod 8) and let p, q be

two odd prime integers, p 6= q. Let F and K be the quadratic field F = Q
(√

d
)

respectively the pure quartic field K = Q
(

4
√
d
)
. Then, the quaternion algebra

HF (p, q) splits if and only if the quaternion algebra HK (p, q) splits.

Proof. ”⇒ ” It is immediate, according to Proposition 2.3.

” ⇐= ” Let OF be the ring of integers of the quadratic field F = Q
(√

d
)

and

let OK be the ring of integers of the quartic field K = Q
(

4
√
d
)
.

If HK (p, q) splits, according to Theorem 2.8 and Proposition 2.9 we know that
no prime of F which ramifies in HF (p, q) splits in K. We will prove that no prime
of Z which ramifies in HQ (p, q) splits in F.
We know that a prime positive integer p

′
can be ramified in HQ (p, q) if p

′ |2pq
(see [9], [10], [22]). We know that OF and OK are Dedekind rings, so, each prime
ideal of Z has a unique decomposition in a product of primes ideals of OF (re-
spectively a unique decomposition in a product of primes ideals of OK). We have
the following cases of decomposition of the ideal pOK , respectively the same cases
of decomposition of the ideal qOK (see [21]):
Case 1: pOK = P where P∈Spec(OK);
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Case 2: pOK = P e1
1 · P e1

2 P e3
3 , where P1, P2, P3∈Spec(OK) and e1 + e2 + e3 = 4;

Case 3: pOK = P1 · P2 · P3, where P1, P2, P3∈Spec(OK);
Case 4: pOK = P1 · P2 · P3 · P4, where P1, P2, P3, P4∈Spec(OK);
Case 5: pOK = P 4 where P∈Spec(OK).
Using the computer algebra system MAGMA we can find immediately some ex-
amples of ideals pOK in each from these five cases.
Now, we study each of these cases.
Case 1: If pOK = P, P∈Spec(OK) it results that p is inert in OK . But, we have
the extensions of fields Q ⊂ F ⊂ K. This implies that p is inert in OF . (3.1).
Case 2: If pOK = P e1

1 ·P e1
2 ·P e3

3 , where P1, P2, P3∈Spec(OK) and e1 +e2 +e3 = 4,
we consider for example pOK = P 2

1 · P2 · P3, where P1, P2, P3∈Spec(OK). In this
case, applying Theorem 2.10, it results that, the decomposition of p in F is the
following: pOF = P

′
1 · P

′
2, where P

′
1, P

′
2∈Spec(OF ) and the decompositions of P

′
1

and P
′
2 in OK are: P

′
1OK = P 2

1 and P
′
2OK = P2 · P3 (or vice versa). In this situ-

ation P
′
2 is ramified in HF (p, q) , but P

′
2OK splits in OK . Applying Theorem 2.8

and Proposition 2.9 is results that the quaternion algebra HK (p, q) does not split,
so we cannot have this case. (3.2).
Case 3: If pOK = P1·P2·P3, where P1, P2, P3∈Spec(OK), applying Theorem 2.10,
it results that pOF = P

′
1 · P

′
2, where P

′
1, P

′
2∈Spec(OF ) and the decompositions of

P
′
1 and P

′
2 in OK are: P

′
1OK = P1 · P2 and P

′
2OK = P3 (or vice versa). It results

P
′
1 is ramified in HF (p, q) , but P

′
1OK splits in OK . According to Theorem 2.8 and

Proposition 2.9 it results that the quaternion algebra HK (p, q) does not split, so
we cannot have this case. (3.3).
Case 4: If pOK = P1 · P2 · P3 · P4, with P1, P2, P3, P4∈Spec(OK), applying
Theorem 2.10, it results that pOF = P

′
1 · P

′
2, where P

′
1, P

′
2∈Spec(OF ) and the

decompositions of P
′
1 and P

′
2 in OK are: P

′
1OK = P1 · P2 and P

′
2OK = P3 · P4

(or vice versa). So, P
′
1, P

′
2 are ramified in HF (p, q) , but P

′
1OK , P

′
2OK split in

OK . According to Theorem 2.8 and Proposition 2.9 is results that the quaternion
algebra HK (p, q) does not split, so we cannot have this case. (3.4).
Case 5: If pOK = P 4, with P∈Spec(OK), applying Theorem 2.10, it results that
pOF = P 2

11, with P11∈Spec(OF ) and P11OK = P 2. According to Theorem 2.8 and
Proposition 2.9, it results the quaternion HK (p, q) splits and also the quaternion
HF (p, q) splits. (3.5).
From the relations (3.1), (3.2), (3.3), (3.4), (3.5) we obtain that if the quaternion
HK (p, q) splits, then the quaternion HF (p, q) splits.

�
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