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ON SCI-MODULES
A. BA '* AND O. DIANKHA?

ABSTRACT. Let R be a commutative ring with unity 1 # 0 and M a unitary
left R-module. In this paper, we introduce the SCT-modules which is an ex-
tension of SCI-rings studied in [4]. The aim of this article comes from to the
following point. Let Z be the ring of integers and M = @ Z/pZ a Z-module
with p a prime number. It is easy to see that M € ¢[Z] is co-Hopfian but it is
not finitely cogenerated. An R-module M is said to be a SCI-module if any
co-Hopfian object of o[M] is finitely cogenerated. Firstly, we give some prop-
erties of SCI-modules. After that, we give two theorems of Characterizations.

1. INTRODUCTION

Let R be a commutative ring with unity and M a unitary left R-module over
R. A module M is said to be co-Hopfian if for any injective endomorphism of M
is an automorphism. Let M and N be modules over R. N is generated by M if
there exists a set A and an epimorphism f : M® — N. A submodule K of N is
said subgenerated by M. Thus, the set of modules subgenerated by M constitutes
the category o[M]. The latter is a full subcategory of R-Mod introduced by R.
Wisbauer in [7]. A module N is said to be finitely cogenerated if its socle is
essential in N and finitely generated. A module M is said to be a SC'I-module
if for any co-Hopfian object of o[M] is finitely cogenerated. A module M is said
to be a prime module if for every submodule N of M, Ann(M) = Ann(N). A
module N of o[M] is semiperfect if for every factor module of N has a projective
cover in o[M]. N is said to be f-semiperfect in o[M] if for every finitely generated
submodule K of N, the factor N/K has a projective cover. A module M is said
to be faithful if Ann(M) = 0. A module M is a good module if and only if
M/Rad(M) is co-semisimple.

In this paper, it has been showed that if M is a finitely generated, prime
module then, M is a SCI-module if and only if every object of o[M] is artinian,
in particular M. After that, it has been showed that if M is a local, prime module
then, M is a SC'I-module if and only if M is a good and simple module.
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2. SOME PROPERTIES OF SCI-MODULES

In this section, we will give some properties of SC'I-modules which we will use
in this paper.

Proposition 2.1. Let R be a commutative ring and M a finitely generated SC'I -
module, we have the following assertions:

1- If M s a prime module then, M is simple;

2- If M a prime faithful module then, R is a field.

Proof. (i) As R is a commutative ring and M a finitely generated module then,
o[M] = R/Ann(M)-Mod (see 15.4 of [7]). We can see that every objet of o[M] is
a module over R/Ann(M). Since M is a SCI-module, hence R/Ann(M) is SCI-
ring. It results from the theorem 2.5 of [1] that R/Ann(M) is an artinian ring.
And by 10.18 of [3], any finitely generated module over artinian ring is finitely
cogenerated. Therefore M is finitely cogenerated. It is well known that every
finitely cogenerated module has a minimal submodule. Let K be that minimal
submodule. We can have the following diagram:

g: R K

|~

R/Ann(K)

We can see that R/Ann(K) ~ K. It means that R/Ann(K) is simple. As M is
finitely generated let’s suppose the following diagram:

f:R M

|~

R/Ann(M)

We can see that M ~ R/Ann(M). Since M is a prime module then, Ann(K) =
Ann(M). Therefore R/Ann(K) = R/Ann(M). Thus, M is simple.

(ii) It has been proved in (1) that R/Ann(M) is simple. Since M is faithful
then, R is a field. O

In the proposition 2.2 of [1] it has been proved that if R is a SCI-ring then,
every prime ideal of R is maximal. We will prove a similar result by supposing
that M is a SCI-module with certain conditions. Assume the property (P): A

7

prime ideal containing Ann(M)”.

Proposition 2.2. Let R be a commutative ring and M a finitely generated SCI -
module. Then,

1- Every prime ideal satisfying (P) of R is mazimal;

2- There is a finite number of these prime ideals of R.

Proof. (i) We know that if M is finitely generated module and R a commutative
ring o[M]| = R/Ann(M)-Mod. Let J be a prime ideal of R/Ann(M). That
implies there exists a prime ideal I containing Ann(M) of R such that J =
I/Ann(M). We have seen in (1) of proposition 2.1 that R/Ann(M) is artinian.
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Let’s consider the factor (R/Ann(M)/I/Ann(M)). It is isomorph to R/I. It is
well know that the factor of artinian ring is artinian, so is R/I which is also an
integral domain ring. It results from the lemma 12.2.5 of [2] that R/I is simple.
Therefore I is maximal.

(ii) Let I' = {Jx, A € A} be the set of prime ideals of R/Ann(M) with J, =
I\/Ann(M) and I, a prime ideal of R.

Let’s assume that P = @, ., ((R/Ann(M))/([,\/Ann(M))> For any A € A,

(R/Ann(M))/(I,\/Ann(M)) is isomorph to R/Iy. Therefore P ~ @, , R/I) It

has been showed in (1) that, for any A € A, R/I, is simple as module. It is well
know that any simple module is co-Hopfian and fully invariant. This implies that
P~@,., R/I\ is co-Hopfian. As @, R/I, is in o[M] and M is SCI-module,
hence @,., R/, is finitely cogenerated. Thus, A is finite. O

Proposition 2.3. Let R be a commutative ring and M a prime and finitely
generated SCI-module. Then, the following assertions are verified:

1- For any object N of o[M], its submodules are mazimal;

2- For any object N of o[M], its submodules are finite;

3- For any object N of o[M], the factor N/Rad(N) is semisimple.

Proof. (i) Let N be an object of o[M] and {K,}, a family of submodules of N.
Let’s consider Q = @, ; N/K;. Q belongs to o[M] because o[M] is closed under
sum direct. We have already seen in proposition 2.1 that M is simple, hence
semisimple. It results from 20.3 of [7] that every object of o[M] is semisimple.
Therefore () is semisimple. Hence, for any j € J, N/Kj is simple. Thus, for any
Jj € J, K is maximal.

(ii) Let’s assume @ = ;. , N/Kj;. It results from (1) that, for any j € J,
N/K; is simple. It is obvious to see that, for any j € J, N/K; is co-Hopfian. As
N/K; is fully invariant j € J, then Q = €@,.; N/Kj is co-Hopfian too. There-
fore, since M is SC'I-module, () is finitely cogenerated, hence finitely generated.
Therefore J is finite.

(iii) Let N be an objet of o[M]. Let’s consider Rad(N) = K1 N Ky N...N K,
with K; maximal for all j € {1,...,n}. The following homomorphism:

f: N/Rad(N) — N/K, x N/Ky x ... x N/,
(n+ Rad(N)) — (n+ Ki,n+ Ky, ...n+ K,,)

is an isomorphism. Then, N/Rad(N) ~ N/K; x N/K; x ... x N/K,,. By refering
to (2), the number of maximal submodules of N is finite therefore, N/K; X
N/Kj x ... x N/K, ~ @,_, N/K;. As N/Kj is simple for any j € {1,...,n},
therefore €P_, N/K; is semisimple. Thus N/Rad(N) is semisimple. O

Corollary 2.4. Let R be a commutative ring and M a prime and finitely gen-
erated SC'I-module. Then, for every object N of o[M], the following conditions
are equivalent:

1- N/Rad(N) is finitely generated;

2- N/Rad(N) is noetherian;

3- N/Rad(N) is artinian;
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4- N/Rad(N) is finitely cogenerated.

Proof. (i) In the proof of (3) in proposition 2.3 we showed that N/Rad(N) ~
@?:1 N/K;. As, for each j, N/K; is simple, hence it is cyclic. Therefore
@)_, N/Kj is finitely generated since n < oo. (ii),(iii) and (4i) result from
10.16 of [3].

UJ

Proposition 2.5. Let M be a R-module then, the following conditions are veri-
fied:

1- Every submodule of a SCI-module is a SCI-module;

2- The homomorphic image of a SCI-module is a SCI-module;

3- Let M =[] cp My be a direct product of submodule of M. We assume that

o[M\|(o[M.] =0 for any A # k of A. Then, M is a SCI-module if and only

if each My is a SCI-module and A finite;

4- If M is a SCI-module, then there exists only a finite number of non-
isomorphic simple modules in o[ M].

Proof. (i) Let N be a submodule of M. N belongs to o[M]. The category o[N]
is a full subcategory of o[M]. Let K be a co-Hopfian object of o[/N]. K is also an
object of o[M]. As M is a SCI-module then, K is finitely cogenerated. Hence,
N is a SCI-module.

(ii) Let’s consider L a homomorphic image of M. Hence, L is generated by
M. It means that L € o[M]. It results from (1) that L is a SCI-module.

(iii) Let’s suppose that M = [] ., M) is a SCI-module. Let’s consider the

following epimorphic ¢ : [[,c.o Mx — M. It follows from (1) that, for each
A €A, M, is a SCI-module.
Now let’s assume that, for every A\ € A, M, is SCI-module and A finite. Let
N be a co-Hopfian object of o[M]. Since, the direct product is finite therefore,
[Liea My ~ @ cp My Hence, N € o[, ., M,]. It results from the proposition
2.2 of [6] that Ny € o[M,] and N = @,y Nr. As, for any A € A, N, is co-
Hopfian hence, it is finitely cogenerated. Therefore N is finitely cogenerated.
Thus, M is SCI-module.

(4i) Let (S))aea be a complete system of non-isomorphic class of simple mod-
ules of o[M]. Let’s suppose that L = @,., Sx. L belongs to o[M] because
the category o[M] is stable by direct sum. As each S is co-Hopfian and fully
invariant, then L is co-Hopfian too. Hence, L is finitely cogenerated since M is
a SCI-module. As L is semisimple, it results from 10.16 of [3] that L is finitely
generated. Thus, A is finite. O

THE MAIN RESULTS

Theorem 2.6. Let R be a commutative ring and M a prime and finitely generated

SCI-module. Then, the following conditions are equivalent:
1- M is a SC'I-module;
2- Every object N of o[M] is artinian, in particular for M.

Proof. (i) = (ii) Let N be an object of o[M]. For every submodule K of N,
the factor module N/K is simple since K is maximal (proposition 2.3). Hence,
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N/K is co-Hopfian. Since M is a SCI-module, then N/K is finitely cogenerated.
It results from the 10.10 of [3] that N is artinian.

(ii) = (i) Let N be a co-Hopfian object of o[M]. N is also a module over
R/Ann(M) because o[M] = R/Ann(M)-Mod. As N is artinian and co-Hopfian,
it follows from the theorem 9 of [5] that R/Ann(M) is an artinian principal ideal
ring. Thus, it follows from the theorem 2.5 of [1] that R/Ann(M) is a SCI-ring.
Thus, M is a SCI-module. O

Remark 2.7. Every finitely generated, self-projective and semiperfect module M
has a minimal M-generator.

Proposition 2.8. Let R be a commutative ring and M a prime and finitely
generated SCI-module. Then,

1- Every object N of o[M] is semiperfect(f-semiperfect);

2- There exists a minimal N-generator L in o[N].

Proof. (i) It has been showed in (1) of proposition 2.1 that R/Ann(M) is an
artinian ring which is also a semiperfect ring. By refering to 27.6 of [3], every
simple module over R/Ann(M) has a projective cover. Let N be an object of
o[M]. Tt has already been showed previously that for any submodule K of N
the factor N/K is simple. Thus, it results from the definition of semiperfect or
f-semiperfect module.

(ii) Let N be an object of o[M]. As M is simple(=semisimple) then, every
object of o[M] is semisimple. Hence N is semisimple. It results from the theorem
1 that N is artinian, hence N is finitely generated. Moreover, it is well known
that every semisimple module is self-projective. Thus, it follows from (1) and the
previous remark that N has minimal N-generator. 0

Proposition 2.9. Let R be a commutative ring and M a prime and finitely
generated SCI-module. Then, every finitely generated (simple, cyclic) submodule
of M is a subgenerator in o[M].

Proof. Let N be a finitely generated (simple, cyclic) submodule of M. Let h
be an epimorphism such that » : R — N. We have R/Ann(N) ~ N. We
have already seen that R/Ann(M) ~ M. Since, M is a prime module, then
Ann(M) = Ann(N). That implies R/Ann(M) = R/Ann(N). Therefore M ~ N.
Thus, N is a subgenerator. Il

Corollary 2.10. Ewvery local module is finitely generated.
Proof. It results from the definition of local module and 21.6 of [7]. O

Theorem 2.11. Let R be a commutative ring and M a prime and local module.
Then, the following conditions are equivalent:

1- M is a SCI-module;

2- M is a good and simple module.

Proof. (i) = (ii) By the corollary 2.10, M is finitely generated. Let N be an
object of o[M]. It has been showed in (3) of proposition 2.3 that N/Rad(N)
is semisimple. It is well know that every semisimple module is co-semisimple.
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Hence, N is a good module, in particular for M. M is simple by the proposition
2.1.

(ii) = (i) We have seen that o[M] = R/Ann(M)-Mod. To show that M is

a SCI-module we are going to prove that R/Ann(M) is a SCI-ring. Indeed, as
M is simple hence, it is isomorph to R/Ann(M). It means that R/Ann(M) is
a field. It is well know that any field is a principal ring. And it results from [/]
theorem 2.5 that R/Ann(M) is SCI-ring. Therefore M is a SC'I-module. O

1.

2.

®
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