Gulf Journal of Mathematics ISSN: 2309-4966
Vol 19, Tssue 1 (2025) 312-336 https://doi.org/10.56947 /gjom.v19i1.2602

CONVECTION-DIFFUSION PROBLEMS INVOLVING
MEASURE DATA AND ?(.)—ANISOTROPIC OPERATOR IN
VARIABLE EXPONENT SPACE

IBRAHIME KONATE!, BRAHIMA ROAMBA?* and AROUNA OUEDRAOGO?

ABSTRACT. In this paper, we investigate a nonlinear diffusion-convection prob-
lem with measure data, involving a general anisotropic operator with variable
exponent and a maximal monotone graph. Utilizing Yosida’s regularization,
we apply an approximation technique to formulate a regularized problem. We
then employ the theory of maximal monotone operators in Banach spaces to
demonstrate the existence of at least one solution for the approximate prob-
lem. Subsequently, we show that the sequence of solutions to the approximate
problem converges, in the limit, to a renormalized and/or entropic solution of
the original problem. Finally, we establish the uniqueness of the solution under
certain additional assumptions regarding the convection term.

1. INTRODUCTION

Partial Differential Equations (PDEs) are crucial from a mathematical perspec-
tive for modeling observed phenomena in the real world, particularly in fields such
as physics and chemistry. Thus, a wide range of problems in the mechanics of
continuous media and engineering sciences can be modeled using partial differen-
tial equations. Most often, the mathematical modeling of real-world phenomena
is conducted in Sobolev spaces with a constant exponent. However, it should be
noted that these spaces do not accurately capture materials or phenomena that
change state over time. To account for the real behavior of such phenomena, the
exponent needs to vary.

Recently, the study of problems in variable exponent spaces has been gaining mo-
mentum, driven by new mathematical developments. The study of problems in
generalized Sobolev spaces is driven by their relevance in modeling the behavior
of certain materials known as electrorheological and thermorheological fluids (see
[15, 32] for more details). These fluids can rapidly change their physical state
(within milliseconds) when exposed to a weak electric field. A common example
is aluminum oxide, also called alumina (AlyO3). Another motivation for studying
PDEs in generalized Sobolev spaces has recently emerged in the works of Chen
et al (see [10]), where they highlight the significance of these spaces in image
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processing. For materials that exhibit different spreading behavior in multiple
directions, it becomes essential to use anisotropic Sobolev spaces, where the ex-
ponent is represented by a vector field. These spaces are particularly useful for
modeling the propagation of epidemic diseases (see [3]).

This paper aims to establish the existence and uniqueness of both renormalized
and entropy solutions for a nonlinear anisotropic problem governed by Dirichlet
boundary conditions, given in the following form

(Pg#) Za ( )—l—ﬁ( )+ divé(u) > p in Q,

u=0~0 on Of).

Let © be an open bounded domain of RY (N > 3) with a smooth boundary. Let
£ be a maximal monotone graph on R with dom(3) = [a, b], where —oo < a <
0 <b< ooand0 € B(0). The measure p is a bounded Radon diffuse measure,
meaning that u does not charge the sets of zero p(.)—capacity, and it has positive
total variation. The convection-diffusion flux ¢ : R — R¥ is a continuous function
satisfying a suitable growth condition.

The main feature of this contribution relies on the fact that we are solving the
problem (Pd’ ) with a measure data (which is strongly non-regular) on the right-
hand side, along with a diffusion-convection term that is not necessarily zero.
There is a large literature on particular cases of this type of problems. Indeed,
the case without diffusion-convection term (i.e. ¢ = 0) was analysed in most of
the works and has concerned the following problem

in
(P2 ) Zax] >+/a< )5 i Q m
u=20 on 0.
When, 5 = 0, the authors in [22, 26] employed minimization techniques to demon-

strate the existence of weak solutions for the problem (Pg ) (refer to [
additional works).

In [20] (see also [10]), the first author and his collaborator applied approximation
methods and the theory of monotonicity in Banach spaces to establish both the
existence and uniqueness of the entropy solution for the problem (Pgu) when 3
is a continuous non-decreasing function. They have also extended their analysis
of the problem (Pg u) to encompass the general nonlinear case, specially when [
represents a maximal monotone graph defined over a bounded domain in R (see
1)),

Let us also emphasize that this problem has been widely investigated within the
framework of isotropic p(.)-Leray-Lions type operators (see [17, 28, 30, 35, 30]
and the references therein). Among them, one can mention the work [36], which
has inspired our previous works [18, 19] on the topic of anisotropic problems in-
volving diffusion-convection terms.

In detail, the present issue was recently addressed by the first and third authors
(see [18]) when p is an L*-function. They then advanced their analysis further

, 29] for
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in [19] when g is an L'-function. In [I3], by taking advantage of the regular
characteristics of the right-hand side data, we were able to obtain L>-estimates
on the sequence of approximations of the graph /3, which allowed us to establish
its weak convergence star in L. To establish the existence of a renormalized
solution when the right-hand side data u belongs to L' (see [19]), we employed
bi-monotone approximations of the data u. This approach enabled us to derive
strong compactness arguments in L', leading to the necessary convergence re-
sults. We emphasize that this technique cannot be applied when p is treated as
measure.

In this paper, we employ approximation methods and monotonicity in Banach
spaces to establish the existence of a renormalised solution in three steps. First,
we construct an approximating problem (Pg’: W) using Yosida regularization and
truncation techniques. Then, we utilize the approach of maximal monotone op-
erators in Banach spaces to demonstrate the existence of a sequence of solutions
(uy)r>0 for the problem (Pg: M). Finally, we pass to the limit as r approaches zero
to show that the sequence (u,),~o converges to a solution of the initial problem.
The main difficulties we encounter arise from the non-linearity of the graph g
and the non-regularity of the measure p. Since we only have an L!-estimate for
the sequence of approximations of the graph, we can only establish its weak con-
vergence star in the set of bounded measures. Consequently, the definition of a
renormalized or entropy solution must account for the measure arising from this
convergence. For this reason, we adopt an adapted formulation of the renormal-
ized or entropy solution, as in [21, 28, 30]. To overcome the obstacle posed by
the non-regularity of the measure data, we apply the decomposition argument for
diffuse measures from [28], namely, x is an element of L'(€) + W10 (Q).
Taking advantage of the fact that ¢ is null, the uniqueness of solutions was
achieved in [21], through the comparison of two solutions. When the right-hand
side is an L!-function, the uniqueness of the renormalized solution was proven
using the comparison principle. However, since the convection-diffusion term is
merely continuous, its presence poses an obstacle to achieving uniqueness when
the right-hand side is a measure. To address this difficulty, we investigate unique-
ness under additional assumptions.

The structure of this paper is outlined as follows. In Section 2 we review some
preliminary findings related to the anisotropic variable space. Section 3 intro-
duces necessary assumptions on the data of the problem, and our main results.
In Section 4, we demonstrate the existence of a solution via renormalized and/or
entropy solutions. In Section 5, we establish the uniqueness of the solution under
additional conditions on the convection term. Finally, in Section 6, we provide
an example that illustrates our result.

2. Preliminaries

Here, we provide an overview of key definitions and essential properties of anisotropic
Lebesgue and Sobolev spaces.
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Define the set
C () = {Z € C(Q) :minz(z) >1 ae x € Q}

e

For any z € C (), the variable exponent Lebesgue space is defined as
LO(Q) = {u : u is a measurable real-valued function such that / lu*@dr < oo}
Q

and it is equipped with the Luxembourg norm given by

z(z)
|u.(y = inf {B >0: / ) dr < 1}.
Q

The z(.)-modular of the space L*)(£2) is defined by the mapping p() : L*0(Q) —
R, where Pz(.)(u) :/ |u|z(w)d$.

Q
Vu € L*(Q), one has (see [13], [11])

: z~ 2t z" 2zt
min {ulZ0); fuli) p < pao(w) S max{ i iz f (21)

For any u € L*)(Q) and v € L*(Q), with lex) + ZZ}J:)
Holder type inequality

/qudx < ( ) oy [0]ont (2.2)

If Q is a bounded domain and 21, z, € C4(Q) with the condition that z(x) <
z(x) for all € Q, then the embedding L*( )(Q) L#0)(Q) is continuous (see

[ D)

The anisotropic Sobolev space is defined as

= 1 in €, one has the

du
WETO(Q) = {u eWH(Q): == e mO(Q), j=1, N}
Lj
AN
Equipped with the norm ||u||5 ) = Z | this space is a separable and
x -
j=1 J1p; ()
reflexive Banach space (see [20]).
We define the following numbers

N—1 17N TN_—¢

Let Z*, Z* and Z_ , be positive constants defined as follows

N
ARES ﬁ, Z1 = max {pf, ...,p]*\,} and Z_ = maX{Zf, Zj} )
IR
j=1 Pj
Theorem 2.1. [28] Let p(.) : @ — (1,400) be a continuous function, and let

w € My(Q). Then, p belongs to the space /\/ll‘:(')(Q) if and only if it can be
represented as an element of u € L'(Q) + W=70)(Q).
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Lemma 2.2. Let Q) be a bounded open subset of RN (N >1). Ifu € Wol’p(’)(Q),

then
/ div(u)dzx = 0.
Q

We represent the N-dimensional Lebesgue measure on RY as £V and denote the
space of bounded Radon measures in 2 by M,;(Q2), which is equipped with the
standard norm ||.|| s, (0)-

Notice that if p belongs to M, (€2), then |u|(€2) is its total variation on €.

Let p be an element of M,(€2). We say that p is diffuse with respect to the

capacity Wol’p(')(Q) (referred to as the p(.)-capacity) if u(B) = 0 for every set B
such that Capp)(B, ) = 0.
For every B C €2, we denote

Sy)(B) == {u € Wy Q) N Co(Q) : u=10n B,u>0on Q}.
The p(.)-capacity of every subset B with respect to 2 is defined by
Capyy(B,Q) := inf { / |Vu|p($)da7}.
Q

uGSq(A) (B)

When S,)(B) =0, we assign Capyy(B, ) = cc.
The set of bounded Radon diffuse measures that are diffuse with respect to the

variable exponent setting is denoted by ./\/lg(')(Q).
For any [y > 0, we consider a function hg such that:

(i) ho € CH(R), ho(t) > 0, for all r € R,

Lemma 2.3. [27] Let j be a lower semi-continuous function on R with dom(j) =
la,b] C R, and let j, be a sequence of lower semi-continuous functions satisfying
the conditions

Je(t) > 0,%t € [a,b], and j, 1 j as v L 0.

Let (v.)rs0 and (z.)r>0 be two sequences of measurable functions on Q satisfying

v, — LN v e dom(j)LNa.e. in Q
Vr >0, z € 95, (v,) LN a.ein Q.

Let ¢ be in MPY(Q) N [(WEPO(Q))* + LY such that for all ¢ € CL(), ¢ >0,

lim inf/(t — v)pho(ve) zedx > /(t —v)dC, Vt € R. (2.3)
0

r—0 Q

Then,
C=wLN + ¢ withv L LN, w e 0j(v)LY a.ein Q, we LYQ)

¢t is concentrated on [u = 1], ( is concentrated on [u = a).
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Let I be a maximal monotone operator on R. We defined by I'y the principal
section of I'. Namely

minimal absolute value of T'(h) if T'(h) # 0
Lo(h) =< 400 if [h, +00) N D(T)
—00 if (—oo,h| N D(T)

We also need the following useful convergence result (see [28]).

0
0

Lemma 2.4. Let (B,,)n>1 be a sequence of mazimal monotone graphs such that
B, — B in the sense of graphs (for (r,s) € B, there exists (ry,s,) € B, such
that r, — r and s, — s). Let (2,)n>1 and (wy,),>1 be two sequences of L'(£2).
We assume that Vn > 1,w, € B,(C), (wy)n>1 are bounded in L'(Q) and ¢, — ¢
in LY(QY). Then,

¢ € dom(B).

The following embedding results hold (refer to [26], Theorem 1).
Theorem 2.5. Let Q C RY (N > 3) be a bounded domain with a smooth bound-

ary. Furthermore, suppose that the relation (3.6) is satisfied. For every q € C(€Q)
verifying -
1 <q(x) < Z_ o for any x € Q,

the embedding Wol’?(')(Q) — L1(Q) is continuous and compact.

as ,

q= ()" if ()" <N,

g€ [l,+00) if (p)* > N.
Then, there exists a constant Cy > 0 that depends on N,py,....pn if p < N, and
also on q and meas(QY) if p > N such that

N

1 llzay < Ca ]|

Jj=1

1
N

of

s, (2.4)

LPi (Q).

We now recall some useful properties on the Marcinkiewicz space M?(2)(1 < ¢ <
+00), which is defined as the set of measurable functions f: Q — R.
By denoted

ag(t) =meas({x € Q: |f(z)] > t}), t >0, (2.5)
one has
ar(t) < Ck™4, for some finite constant C' > 0. (2.6)
We will use the following pseudo norm in M4(€2).
| fllmaqy :=nf{C > 0: A\(k) < Ck™%, VEk > 0}. (2.7)
Given h > 0, we denote with T} (s) the truncation function at level h, defined by
Ty (s) = max{—h, min{h; s}}. (2.8)

It is obvious that hlim Ty(s) = s and |T),(s)| = min{|s|; h}.
—00

We define 761’7(') () as the set of all measurable functions u : {2 — R such that,
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for every k € N, the truncation function Tj(u) belongs to W&’?(‘)(Q).
Let u be a measurable function on 2 and [ € R. The sets [u =[], [u <[] and
[u > 1] denote {z € Q :u(z) =1}, {x € Q:ulx) <}, {z € Q:ulx)>1}

respectively.

3. ASSUMPTIONS AND MAIN RESULTS
3.1. Assumptions.
The data and exponents are supposed to satisfy the following assumptions.
Let © be a bounded domain in RY (N > 3), with smooth boundary Q. Let us
consider the vector-valued function 7'(.) = (p1(.), ..., pn(.)) where for each j =
1,..., N, the component p;(.) : @ — R is a continuous function. Additionally,
these functions are required to satisfy the following properties

(Hy) 1 < p; = inf pj(x) < pf = supp;(z) < co.
xeQ) zeQ

(3.1)
We represent by

q(z) == max{pi(z), ....,pn(z)} and p(x):= min{pi(x),...,pn(x)}.

For each j = 1,..., N, the function a; : ? x R — R is a Carathéodory function
that satisfies the following conditions:
(Hs) a positive constant C exists such that

mensa(wm+wwm*) (3.2)

for a.e. x € 2 and for every ¢ € R, where k; is a non-negative function belonging
to LPi0)(Q), satisfying the relation % + ﬁ =1;

J
(H3) Yo, ¢ €R, ¢ # ¢ and for a.e. x € Q,

Colp — '[P i o — | 2 1,
(a(z, ) —aj(z, @) (0 —¢) = - , (3.3)
Colp =l it o —¢'[ <1
where (5 is a positive constant,
(Hy) there exists a positive constant C5 such that

a;(z, ). > Cslp|P'®, (3.4)

Vo € R and a.e. x € ().
We assume throughout the paper that

PN-1) _ _ _BN-1) pf-p-1_ p-N

-1
(1) Ne-» TN Ty, PN — 1)

and
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Where — Z —

(H7) int(dom(8)) = (a,b) with — oo <a <0 <b < +00.

(Hg) For any s € R, |¢(s)| < C|s|P®~1,
3.2. Concepts of solution and main results.
Let us first clarify what we mean by a renormalized or entropy solution.

Definition 3.1. A pair of functions (u,w) € W&’m')(Q) x LY(Q) is said to be a
renormalized solution of problem (Pg ,.) if the following conditions are satisfied:

e there exists v € MPY(Q) verifying v L £V and
u € Bu)LY —a.e. in Q, we Bu)lY —ae. in Q,

vt is concentrated on [u = b, (3.7)

v~ is concentrated on [u = a.

* For all h € C}(R) and ¢ € Wh7OQ) N L= (Q),

Z / aj< 8%) - lbu)eld + /Q wh(u)pdz + /Q () pdy

/ b(u Joldz — /Q h(u)pdp. (3.8)

Moreover,

N (z)
ou, |*

dz = 0. 3.9
A (39)

lim

n—>+oo /{n<|u|<n+1}

Definition 3.2. An entropy solution of the problem (P¢ ) is a pair of function
(u w) e Wy 70 ( ) x L'(2) that satisfies the following conditions

Z/a3< a—x])—Tt(u— )dm+/ﬂth(u— dx—/¢ ).VT(u — ¢)dx

< /QTt(U — p)du, (3.10)

where ¢ > 0 and ¢ € W’ L )(Q) N L*(Q), with ¢ € dom.

Theorem 3.3. Let us assume that (Hy) — (H7) hold true. Then, the problem
(Pg,u) admits at least one renormalized solution.

Theorem 3.4. Let (Hy) — (H7) hold and ¢ be a Lipschitz function. Then a
solution u of problem (ngu) verifies

vt < gl fu= b, (3.11)
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v < —pal [u=ad. (3.12)

The relationship between our concept of a renormalized solution and the entropic
formulation of the solution (refer to [1]) is described in the following theorem.

Theorem 3.5. A renormalized solution of problem (Pg’#) 15 likewise an entropy
solution.

Proof. Let (u,w) be a renormalized solution of (Pg#), and ¢ € W&’?(')(Q) N
L>(Q) such that ¢ € dom(f).
For all t > 0, using T;(u — ) as test function in (3.8) one obtains

Z/ ( 8:10]) 0 T ) dx—/gb ).V T, (u — )dx+/Qth(u— ) dx
+/97}(u—s0)d1/=/QTt(u—so)du. (3.13)

Neglecting the positive term / Ti(u — p)dv (see [21]), we obtain (3.10). O
0

4. PROOF OF THEOREM 3.3

This section focuses on providing the proofs of our main results. We emphasize

that this work is an extension of our previous works [18, 19, 20, 21]. As a result,
some proofs are presented without full details to avoid unnecessary repetition of
arguments.

4.1. The approximate problem.
For each r > 0, we define the Yosida regularization g, of S (see [9]), which is
expressed as follows.

1 _
f= (= (T+18)™)
It should be noted that (, is a non-decreasing and Lipschitz-continuous function.
Since p belongs to MZ(')(Q), it can be expressed as p = f — div(F'), where
feL(Q) and F € (LPO(Q))N (see Theorem 2.1).
To carry out the regularization of u, we introduce the function as follows.
Vr >0, fo(x) =Ti(f(v)) ae x €l
Then, setting
wr = f — V. F for any r > 0,

we have p, € Mi(')(Q), pr — poand p,. € L*(9).
We consider the approximating problems

) - 3 s (G ) Aoy ) = o 5
u, =0 on 0f).
(4.1)
Since p, € L>(Q), we can apply the Theorem 1.1 from [18] to obtain the following
result.
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Theorem 4.1. The problem P¢” ) has at least one weak solution u, satisfying

(
the conditions u, € VV1 7 (), Br(ur) € Ll(Q) and

— /Q O(T1(uy)). Vude = /Q vdiy, (4.2)

where v € Wy’ 170 ( )N L>(Q).

4.2. A priori estimates.

We will derive a priori estimates for the sequence of solutions (u,),~, which will
be useful to prove the convergence results as r approaches zero.

Proposition 4.2. Let k > 0, and suppose that u, is a weak solution to problem
(Pg:#r). Then
(i)

N

Z/ aur pj ()
=1 Y {lur|<k}

T
dr <
J al'j -

(ii) Both sequences, (B,(T1(ur)))r>0 and (B (T1(Tk(ur))))r>0, are uniformly
bounded in L'(Q).

klpl ()

(4.3)

Proof. By using v = Ti(u,) as a test function in (4.2), one obtains

JZ: /Q a; <:c gz;)a%g’“>dx+ /Q Bo(Ts () T ) — /Q O(T1 (u,)).VTi(u,)da

:/fer(ur)dx—k/F-VTk(uT)dx. (4.4)
Q Q

Using the divergence theorem of Gauss (see Lemma 2.2), one obtains

/Q BT (1)) VT () = /Q ST (T (). VT ()

:AV(/OTK(UT)¢oTi(s)ds>d:IJ:O. (4.5)

The rest of the proof follows from [21]. O
Remark 4.3. [18](Lemma 3.1 and Remark 3.2)
/ VT (u,)|P de < Cs. (4.6)
{lur|<k}
lim [{|u.| >1}| = 0. (4.7)
l—+o00
Proposition 4.4. [20, 21, 28 30] Given any k > 0 that is sufficiently large, and

assuming that u, is a weak solution of (Pg:,m)’ we obtain
C(p, )
min{ 5, (k), |6-(=k)|}’

meas{|u,| >k} < (4.8)
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Q
meas{ Our > k:} < C('ui ) (4.9)
Oz, aony
and Colk+1) Cl, Q)
+ s
meas{|Vu,| >k} < 6 — + — , 4.10
W=t == " mawponr 40
where Cg is a positive constant.
Lemma 4.5. [3, 16, 22| Let u, be a solution of the problem (Pg:’m), then one

obtains
(1) el pa () < Cr,

.. )
) 1220 5,0

where C7 > 0 and Cg > are constants.

<Oy Vj=1,..,N.

4.3. Convergence results.

Proposition 4.6. Let u, be a solution of the problem (ng,m)- Then, there exists
a function u € 761’?(')(9) that satisfies the following propertie.

u, — u 1n measure and a.e. m 2 asr — 0. (4.11)
Remark 4.7. By applying Lemma 2.4 exactly as in [21], we obtain u € dom(f3)
a.e. in ).
Lemma 4.8. [3, 16, 22] Let u, be a solution of the problem (ng’ur). Then, for
7=1,...,N,asr — 0, one has
Our _, 0N in LM(Q) and cQ (4.12)
aj| x, — aj|l x,=— | in and a.e. x : :
/ ’ 0:17j / ’ 833]-
Proposition 4.9. [8, 16, 22] Let us assume that (Hy) — (H7) hold, and suppose

that u, is a weak solution of <Pg:,u7->' Then, for j=1,....,N, and k > 0, one has

(i) % converges in measure to the weak partial gradient of u,
J

(ii) a;(x, %Tk(ur)) converges to a;(z, %Tk(u)) in LY(Q) strongly and in LPi™) (Q)

weakly,
ou . 0
(iil) a; (x, g%; gix; — aj(x, 8_;])8_;] in LY(Q) and a.e. x € Q.
Lemma 4.10. [21] Let h € C}(R) and ¢ € W(}’?(')(Q) N L>®(Q), and suppose u,
a weak solution to problem (Pg:}m). Then, for any j =1,..., N, one has:
0 0

— —_— ) 1
a,Ej(h(ur)cp) — a:/Uj(h(u)cp) strongly in L*(Q) as r — 0.

Lemma 4.11. [30] Let h € CX(R) and ¢ € Wy"(Q) N L=(Q). If u, is a weak
solution to problem (Pg:w), then

V[h(u,)p] — V[h(u)p] strongly in LPY(Q) as r — 0.
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Lemma 4.12. [21] For any h € C}(R) and ¢ € Wol’p(’)(Q) N L>(R2), one has

lim [ h(u,)pdu. = / h(u)edys. (4.13)
=0 Jq Q
N N
. ou,\ 0 B ou\ O
ll_r}% /Q ]Zl a; <x, 8_%) a—xj[h(uT)@]dx = /Q jzl a; (x, a_xj) a—%[h(u)go]dx (4.14)
and
lirré frh(u)pdz = / fh(u)edz. (4.15)
> Q Q
Lemma 4.13. For every h € CY(R) and ¢ € Wy (Q) N L=(2), one has
iy | (T (1) Vbl )lde = [ o). Vih(eldn.  (416)
r r 0

Proof. Let us suppose that A is a measurable subset of 2. We aim to prove the
equi-integrability of the function ¢(741 (u,)).[h (u,)pVu, + h(u,) V).

As h and h' are compactly supported in R, the following holds for sufficiently
small r.

Vs € R, 6(T3())h(s) = 6(s)h(s) and §(Ts (s))h(s) = H(s)'(s).
[ T3 ). 0oV + b Ve
:/¢(Ti(u,ﬂ))h’(ur)90Vur)d:U+/¢(Ti(ur))h(ur)Vg0dx

A A

< |I¢h’llwllw\|mA|Vur|dx+||¢h||oo/A|V90|dl’

—\/ (Pi), _ p%
< ||¢h'||oo||so||oo( / NG )dx) ( / T [ m)( >
A A

—\/ (Pi)/ _ ﬁ
n Hashnoo( / [ >dx) ( / Tl >dx)
A A

1 , _ (p7)
< (meas(A)) 77 [Haﬁh ||oo||90\|oo( [ 19 >dx>

b
; H¢h\|oo( [19ete >) d:c]

1

< (meas(A)) @ <H¢h'HooHsoHooHurH1,p— + H¢h||oo|!solh,p—>-

In view of the following

qb(T% (ur)). [0 (ur)pVu, ) +h(u, )V = ¢(u).[h' (u)eVu)+h(u)Ve] ae. in Qasr — 0,

and adding the fact that u, and ¢ belong to W (Q), we can conclude that
O(Tr (u)). [0 (u;)pVu,) + h(u,) V] is equi-integrable.
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Thus, we have

lim/gb(Ti(ur)).V[h(ur)go]dx = lim/¢ (T (uy)) R (u,)pVu,) + h(u,)Velde

r—0 Q r—0

= /ng(u).V[h(u)cp]dx. (4.17)

O

Let us focus on the sequence (3,(T1(u,))),~o in order to determine the conditions
required to be able to pass to the limit as r tends to 0.

Lemma 4.14. Assume hg € CY(R). Let kg > 0 be chosen such that dom(S(u)) =
la,b] C [—ko, +ko|. Then, there exists z € ./\/llg(')(Q)ﬂ[(Wl’p(')(Q))*—i-Ll] satisfying

ho(uT)ﬁT(T% (u,)) = z asr — 0.

Moreover,
Al
Za— (z, =) + div ¢(u) in D'(Q)

and
z=wlN + v,

where w and v satisfy the following properties

S /\/l]b)(')(Q) withv L LN, w € B(u)LY —a.e. in Q, we LYQ),
vt is concentrated on [u =), (4.18)

v~ is concentrated on [u = al.

Proof. Let hg € C1(R) and ko > 0 be such that dom(B(u)) = [a,b] C [—ko, +ko).
Notice that the sequence (ho(u,)B,(T1(u,)))r>o is bounded in L'(Q).

Thus, there exists z € M, (€2) such that ho(ur) 5, (T4 (u,)) 5 2in My(Q) asr — 0.

Keeping in mind the results of convergence mentioned above, for all p € VV1 7O ( n
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L*>(£2), one has

/(pdz—/ho godz—hm ho(ur)ﬁT(ur)wdm

0 %) + div ¢(u) + p in 'D/(Q) and z €

hich lies that z =
which implies that z Z ax] ' Oa,

=
MEP(Q) N [(WH0(Q) + LY.
For the rest of the proof, it suffices to establish the relation (2.3) of Lemma 2.3
by setting v, = u, and z. = 5,(T1(u,)).

Therefore, for any ¢ € C}(Q) and t € R, one has

lim [ (¢t — u,)ho(u,) By (u,)pdz

=0 Jq
N
=1 aTko(uT) 0
= iy ¢ = wndlunedin =i |3 e S A —

+1im/¢T1 ). V{(t — up)ho(uy)pld

r—0

= [t = whafuyeds - / >ate a% ax][@_m(u)@]dx

/¢ V{(t — u)ho(u)p]dz
/t—ucpdu /Za] 895] 83:] [(t —u) dx+/§b [(t — u)pldz

_ /Q(t—u)gpdz.

By combining Lemma 2.3 with the equality above, one can complete the proof.
O
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Let us now prove equality (3.8) from Theorem 3.3. To this end, we substitute
h(u,)p as a test function in (4.2) to obtain

Z / o (2. 52 ) s thtun el [ oA ) Tlh(un)elios [ Butunh(un)os

~ [ fhtueds+ [ B Vin()plds, (4.19)

for all ¢ € WEPO(Q) N Lo(Q) and h € CL(R).
Passmg to the limit as » — 0, one obtains

Z / aj( %) o oldz — / o(u pldz + lim BT(u,n) (u, ) pda

= /Qh(u)gpd,u. (4.20)

According to Lemma 4.14, one has
al du\ 0
iy [ 5etu bt = [ haypd - Z / o (5 5 ) s hluelds
+ [ ot
= / h(u)pdz
)

:/h(u)gowda:—l—/h(u)gpdy.
Q Q
Hence, we conclude that

Z/( ax)ax] R RO

_|_/Qwh(u)gpdx—|—/gh(u)g0dyz/Qh(u)@d,u- (4.21)

Remark 4.15. Given that the domain of 5 is bounded, there is no need for renor-
malization with the function A in Theorem 3.3.

Indeed, given that (4.21) is true for each h € C}(R), we can set h = hy, where
la,b] C [—lo, +1p] such that

N

;/%( am])a%gpdx—/qﬁ Vdz

—l—/whgodx—l—/h(u)godz/:/godu. (4.22)
0 0 0

Therefore, we can replace (4.21) with (4.22) in Theorem 3.3.
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We conclude the proof of Theorem 3.3 by verifying (3.9).
Indeed, choosing T7(u, — T,,(u,)) as test function in (4.2), yields

ﬁ;/ﬂaﬁ (% gz;)aTl(ura;fn(ur))dx+/QBT(Ti(uT»TI(UT_Tn(Uq«))d{L‘

- / BT (1)) VT (ty — T () = / Tiu — Taw)dpy.  (4.23)

By setting D,, = {n < |u,| < n+ 1} and acknowledging that

[ e i, = T ))de 0

and 5 5
Uy
8—%T1(UT — Tk(ur)> = 8%

the equality (4.23) can be expressed as

- ou,\ 0u
; /n a; (QZ, 5’_%) oz, dx + qb(T% (u,)).Vu,dz

Dy

XDns VTi(u, — Ti(ur)) = Vuxp,,

< / T (uy — Ty (uy))dx + / F, -Vu,dx.
Q

n

Utilizing (3.4), we can infer that
N
a3 [
j=1 7/ Pn

< /erT1(Ur — To(u,))dx + / F, - Vu,dx. (4.24)

n

pj(z)
dr + &(T1 (u,)).Vu,d

Dn

ou,
aij

Let us establish that
lim lim F,.-Vu.dx = 0. (4.25)

n—+oor—0 [
n

Applying Holder inequality, it follows that

1

1
/ F. - Vu,dr < (/ |FT|(p_)/dq:) [C) » (/ \Vurlp_d:c>p .

Furthermore, we have
/ |FT|(p_)/dx < / \Fr|(p_)/dx

lim B0 4y < / P da.
{lur|>n} {lu|>n}

r—0

and

Since

meas({|u| > n}) — 0, as n — 4o00( see (4.8) in Proposition 4.4),
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one has
lim lim [ |E.|® ) dz=0.
n—+o0o r—0 Dy,
Next, we need to establish that / |Vu,. [P dz is bounded with respect
{n<Jur|<n+1}
to n.
On other hand, one has the following estimate (see [18] Remark 3.2),
N ()
- 1 O, [P
p T
||Vur||Lp,(Q) < c ( ; /Q o, dx + Nmeas(Q)), (4.26)

where C' > 0 is a constant.
By applying (4.3), we derive

/ |Vu, [P dx < / |Vu, [P dz
n Q
N ()
1 / ou, |7 )
< — dxr + Nmeas(€2
(X)) ®
< é(% + Nmeas(Q)).
3

Therefore, / |Vu, [P dz is bounded with respect to n.

n

By using the Lebesgue dominated convergence theorem, we obtain
lim [ £T(uy — To(u))da = / T3 (0 — T (w))de (4.27)
r—0 Q Q

Since T} (u — T, (u)) — 0 a.e. in Q as n — +o00, we use the Lebesgue dominated
convergence Theorem to obtain

lim lim /fTTl u,))dz = 0. (4.28)

n——+oo r—0
Let us set W,.(t) :/ O(T1(6))dd. Then W,(T,,(u,)) € (WoP™ ()N,
By using Lemma 2.20, we have

qS(T% (u,)).Vu,.dx

/ ST (Tt (1)) -V T 1 () s — / ST (T, (1)) VT, d
/dw\I/ Toi1(u,)))de — / divV,. (T}, (u,))dz = 0. (4.29)
Q Q

Thanks to (4.25)-(4.29), we can pass to the limit in (4.24) to obtain the renor-

malized condition
N

lim /
n—+0o0 Z {n<u|<n+1}

p;(z)

Ou dr = 0.

81’]
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The following lemma will be useful in the proof of Theorem 3.4.

Lemma 4.16. Let us assume that ¢ is a Lipschitz function, ¢ € Wol’p(')(Q), Z in My(Q)
and 6 € R be such that
v < § ae. inQ (resp. Y > 9)

9 ou | (4.30)

Z=- > or, a;j(z, a—x]) + div ¢p(v) in D'(Q).
7j=1
Then
/ wdZ >0, (4.31)
[=4]
(resp.)
/ wdZ < 0, (4.32)
[=4]
for any ¢ € CHQ), ¢ > 0.
Proof. Let us recall that Z = Z a% 80 ) + dive(v) in D/(Q2) and z €

MY ().
For any n > 1, we define the function ¢,, by
on(r) =1inf(1, (nr +1—nd)*), Vr € R.
For every r € R, we have, ¢,(r) — X[5,00)(r) as n — 4o00. This implies that
On(V(7)) — X00)(¥(x)) at each x where 9(z) is defined. Since 9 is defined
almost everywhere and X[so) © ¥ = X{zeui(z)=s}, the convergence of ¢,(¢) to
X[5,00) (%) holds almost everywhere. Given that Z is diffuse, it follows that ¢, (1)
converges t0 X{ze:p(z)=s} 15 Z-a.e. in ).
Next, we use the Lebesgue dominated convergence theorem and (3.4) to get
| vz = tm [ enliz
[1=9]

n—-+00

. Y v\ 0
- [ o (55 ) - nl0e

+ lim [ div (¢(¢))(¢n(¥))dz

n—-+o0o Q

n—-+40o Q

Since the function ¢ is Lipschitz function, we have

[Laiv oteennar = [ () Vo

Q
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It follows that

A div ¢(¥)(@n(¥))dx

_ ‘ [ entne) - Vs

<lello [, 18] [Vl

— 0 as n — +oo0.
One has (see [21])
a;j(z,0) =0 for any j =1,..., N and for a.e. z € €.

On other hand, one has

| Zag( oo ) enl8) ()

oY
< max || = ||so (2, =—)|dx — 0 — 400.
aXH H Z {weQ:6— L <p(2)<} a;( 8xj)| v asn

N 9 N
Since lim / la;(z, =——)|dz = /|a»(m,0)|dw = 0, one
"HJFOO; {ze:i—1 <y(z)<6} ’ Ox; ; Q

deduces (4.31), namely

/ wdZ > 0.

[v=3]

In the case 1) > 6, one can reasons similarly after setting ¢ = —, § = —¢§ and
a;(z,v¢) = —aj(z, —) to obtain (4.32). O

4.4. Proof of Theorem 3.4.
Proof. Since

= aiL'j .fL'j
we have
ZN 0 Ou
— J— N e E—
/’l’ 174 w£ j:1 a[L‘] a,](x7 8,17 )

and

/ pdv~ < —/ god;H—/ pwdzx.
fu=al] fu=al [u=al

The first inequality implies that

/ pdvt < / edpl [u = b] - / WX u=t)dr
Q Q Q
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Consequently (3.11) holds. In the say way, we establish (3.12). O]

5. UNIQUENESS OF SOLUTION

The study of uniqueness of solution depends on additional conditions on the
convection term ¢.
If there is no convection term (i.e ¢ = 0), was established in [21] as follows.

Theorem 5.1. [21] Let (u,w) and (@, w) be two solutions of (ngu) with ¢ = 0.
Then, we have
u=1u a.e in 2 andw =w a.e. in .

Theorem 5.2. Assuming that ¢ is Lipschitz function. If (u,w) and (u,w) are
two solutions of (PE#), then

/Q(w — w)signg(u — @)dx = 0. (5.1)

Proof. By choosing ¢ = @ and ¢ = u as test functions in (3.10) for (u,w) and
(@, ) respectively, we obtain

Z/a,( a—%) 5 Tl ﬂ)da:+/QwTk(u—il)dx—/Qqﬁ(u).VTk(u—a)dx

< /ﬂTk(u —u)dp (5.2)
and
é /Q 0 (x g—a) a%Tk( —w)dz+ /Q BT — u)dz — /Q 6(u).VTy(it — u)de
< /QT,C(& — w)d. (5.3)

Adding (5.2) and (5.3) yields
N _
ou ou\ 0 . - N
Z/Q (aj(x, Fr aj(x, 8_> 8_333Tk( — u)dx + /Q(w — )Ty (u — @)dx
J=1

_/Q <¢(u) - ¢(a)) NVTy(@ — u)dx < 0. (5.4)

Since a;(z,.) is monotone, the first term of (5.4) is non negative and we deduce
from (5.4) that

/Q(w — )Ty (u — a)dx — /Q ((b(u) - qb(ﬁ)) NVT(u—a)dx <0.

Dividing the above inequality by k& > 0, we get

% /Q(w ) Te(u — @)z — % /Q <¢(u> - ¢(a)) NTh(u—a)de <0.  (55)

For the second term of (5.5), we have
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1 [ (s o) o

1 ~

— ‘% ((b ) V(u— @)X o< ju—al<kyda
1 -
E (gb ) V(u = W)X {0<u—al<ny |dz

< ?/ lu — | |V (u— )| x(o<iu—al<rydr
Q

< C/ |V (u — @) x{o<ju—a|<k}dT.
Q

Since |V (@ — u)|x{o<ju—a/<k} — 0 a.e. in Q as kK — 0 and

< |V(a—u)| € L'(9),

‘W(ﬂ - u)|X{OS|u—ﬁ|§k}
the Lebesgue dominated convergence theorem, implies that

hm/ ‘V(ﬁ — u)|X{0§|u—ﬂ|§k}dI = O,

k=0 Jq
therefore
1
hm——/(d@—@@)Vﬂ@—uMsz
k—0 k QO
For the first term of (5.5), we have
1
E(w —W)Tp(u —a) — (w — w)signy(u — @) a.e. in Qask — 0
and
1
'E(w — ) T(u— )| < (w—w) € LYQ).
Therefore
llglil(l)k/ W) Tk (u — @)dxr = 0.
Passing to limit as k — 0 in (5.5), we obtain (5.1) O]

Corollary 5.3. If ¢ is a Lipschitz function and (8 is a continuous and non-
decreasing function on R, we have w = w a.e. in 2.

Proof. Indeed, if £ is a continuous and non decreasing function on R, we have
(w — w)signg(u — @) = |w — w|. Then, using Theorem 5.2, we get

lw — 11 (@ = 0. (5.6)

Hence w = w a.e. in €. O
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6. EXAMPLE

An example that illustrates and falls within the scope of our assumptions is
the following anisotropicﬁ(.)—harmonic problem: set

pj(x)—2 ou
(9.%]'

ou

a]’(zﬁ a_xj) =

ou

— , where p;(.)=pfor any j=1,...,N,
8513'j

and
B(U) = (U — 1)+ — (U — ].)_, gb = (¢j)j:1,...,N R — RN.
Then, we obtain the problem

Y0 (] O [P du
n _ . _ .
(u—1)*" —(u—1) jz Qatj( oz, c%vj) +div ¢(u) = p in Q,
u= 0 on 0.
(6.1)

The functions a;(z, ¢) are Carathéodory function satisfying the growth condition
(3.2), the coercivity(3.4) and the monotonicity condition (3.3). Observing that
all the assumptions of Theorem 3.3 are satisfied, we deduce that for any bounded
Radon diffuse measure, the problem (6.1) has at least one solution.

7. CONCLUSION

In this research, we proved the existence and uniqueness of both renormalized
and entropic solutions for a large class of anisotropic nonlinear elliptic problems
characterized by inclusion equations and Dirichlet boundary conditions. The
solutions were derived through a combination of approximation methods and the
monotonicity technique in the framework of Banach spaces. The novelty of this
work lies in the fact that it tackles problems with a diffusion-convection term
and measure data on the right-hand side of (Pg’“), which introduces additional
mathematical challenges.

The key contributions of this work are summarized as follows :

1) For any bounded Radon diffuse measure, the problem (Pg ,.) ossesses at least
one solution, either in the renormalized or entropic sense.

2) If the convection term ¢ is a Lipschitz continuous function, then any two
solutions (u,w) and (u,w) of problem (P/?M) satisfy the following equality

/Q (w — @)signg(u — @)dz = 0.

3) In the particular case where the convection term ¢ is a Lipschitz function and
the graph datum is a continuous and non-decreasing function on R, the problem
(P; ,.) admits a unique solution.

4) The key results of this study significantly generalize numerous previous works
found in the literature. Notably, this research extends the most recent contribu-
tions presented in [16, 20, 18, 19].
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