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ON THE GENERALIZED FRACTIONAL HANKEL
TRANSFORMS OF ARBITRARY ORDER IN THE ZEMANIAN
SPACES

LATIFA EL BEZDAOUI', ABDELLAH TAQBIBT?*, M'HAMED EL OMARI® AND
LALLA SAADIA CHADLI*

ABSTRACT. In this paper, we introduce the fractional Hankel transform in
Zemanian spaces H,,, the space of test functions and in its dual HL, the space
of distributions of slow growth, for any real value u. Moreover, we prove some of
its properties. As application, we solve some differential equations to illustrate
the theoretical results and the importance of using this transform.

1. INTRODUCTION

In [10], Namias has introduced the fractional powers of Hankel type trans-
form as generalization of the conventional Hankel-type transform in the fractional
order which is developed in [6, 7, 8, 9, 12, 13, 14, 15]. Kerr [3] has defined the
fractional Hankel transform that depends on a parameter a in L2(R*) by

0 ) 1/2
Buaf(y) = /0 Au,aﬂx)e—%(x”f““?( L ) Jy (“ﬂ) de,  (L1)
2

| sin §| | sin

where J, is the Bessel function of the first kind and order p and @ = sgna,

(o3

feLXRY), a € R\ {2kr}, k € Z, Ao = |5in 2[72/GT 20+ and > 1.
To get the classical Hankel transform, we replace o by m we find

B f () = /0 " VA () Tu(ay)da.

We were introduced in [!] the fractional Hankel transform in the space of test
functions H, and in its dual HL, the slowly growing distributions space, when
W > —%. It is interesting to consider what happens if p < —%, this is the aim of
our paper. We define a generalized fractional Hankel transformation for any real
value of the order p (including values of p less than —%) in such a way that an
inverse fractional Hankel transform also exists.

In this paper we extend the fractional Hankel transform and its inverse in
H,, for any real value of the order p by means of recurrence relation similar to

idea given by Zemainan[19], in such a way this transformation coincide with the
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fractional Hankel transform discussed in [1] when p > —%. Moroever, we extend
the fractional Hankel transform in the distributional generalized sence (i,e in
the dual space H/,) to negative real values of the order u (ie., p < —3%). Our
extended fractional Hankel transformation generates an operational calculus by
means of which certain differential equations involving generalized functions can
be resolved. The extension of the fractional Hankel transformation that we shall

present in this paper possesses the following properties:

i) The fractional Hankel transform possesses an inverse for every real value
of the order pu.
ii) The fractional Hankel transform and its inverse transform of order u are
defined on H;,.
iii) If p > —% the extended direct and inverse fractional Hankel transform
coincide with the fractional Hankel transform discussed in [1].

The rest of this paper is organized as follows. In section 2, we recall the
definition of Zemanian spaces H,, and its dual Hj, and we present some of the
results obtained in [1]. In section 3, we introduce the fractional Hankel transform
in H,, for every real value of ;1 and discuss a few fundamental properties. In section
4, we define the fractional Hankel transform in the context of ’H; whatever be
the real number p and some properties of this transform are proved. In the last
section we give some examples in the conext of using this transform to solve some
differential equations.

Throughout this paper we will denote by I the open interval (0, 00) and z and
y are variables in [I.

2. PRELIMINARIES

The results of our recent paper [1] are developed for the generalized fractional
Hankel transform of order p > —%, which is based on the testing function space
H,, and its dual H;,. We summarize some of the results obtained in [1].

Let 1 be a fixed real member. H, is the topological linear space consisting of
all smooth complex-valued functions ¢(x) defined on I such that

hxl0) = sup (1 + 2% (LD T ()l < .

The space H, is linear. Moreover, each %’;’k is a seminorm on #H, and since
the 7, o are norms, so the set {7, ,}7°;_ is @ multinorm. The topology on #,
is produced by the set {7, ,}7 - H, is complete and a Frechet space. H,
denotes the dual of H,, According to [17, Theorem 1.8-3], H,, is also complete.
The members of ’H; are distributions of slow growth as z — oo.

The fractional Hankel transform maps H,, into itself. In fact, h, , is an home-
omorphism on H,, [1] so long as p > —3%, where h, !, = h, _,. This allow us to
define the generalized fractional Hankel transform h, . on H; by extending the
Parseval equation. In particular, if p > —%, € H, and f € ’H;, then

(hz,afa hu,a¢> = <f7 ¢>
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Thus, hy, , as the adjoint of h;la The fact that h,, is an homeomorphism on

H,, implies that A , is an homeomorphism on ), with inverse (A% ,)~" define as
the adjoint of A,

((Ba) T o 0) = (f ).

Our objective in this work is to extend some of these results to the case where
< —%. In the sequel, we need the following result which is established in[1&].

Lemma 2.1. For any positive or negative integer k and for any real value of u,
the mapping ¢(x) — x*¢(z) is an isomorphism from H,, onto H, .

We will now establish similar results for certain differentiation operators. We
recall the definition of the differentiation operator M, o, Ny.a, Pua, and Q4.

M, L is certainly defined on every locally integrable function of rapid descent
and therefore on every ¢ € H,,.

Lemma 2.2. For any real value u, the mapping ¢ — M,¢ is an isomorphism
from H,, to H,1, the reverse mapping being ¢ — Mljlqﬁ.

Proof. We know that ¢ — M, ,¢ is a continuous linear mapping of H,, into H,41,
see [1]. Clearly M L is linear and the inverse of M, ,, we prove that M, " L maps
H,+1 continuously into H,. Let ¢(z) € H,+1 and k is a fixed positive integer.
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Then,
lz™(z~1D) x*“*iM (x)\

X
—

IN

< (cot(5)) 5 (h 0(6) + i 50(0))

p _
+> <§>|cOt§\’“‘p(Z (p n 1)‘C0t 3" (@),

n=0

For the case k = 0, we have
a2 M L ()| = [a™er ot / tH 3o 3OS (1)
<o [Tl towlar
< [T lotlar
> 1 3
< —— (T Y TR ()| dt
S A A s 0]

1 3
< ——dt sup |("TE 4+ TR (1)
< [ gt s I Rl

Then,

’Vm 0<M V) < = 5 (75#1 (@) + ngilz’a,o(qﬁ))'

Therefore, the mapping ¢ — ; »@ is a continuous linear mapping of H,1 into

U,

O
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Lemma 2.3. [I] N,, is a continuous linear mappings of H,, into H,11.
Lemma 2.4. [I] P,, and Q.. are a continuous linear mappings of H,+1 into
H,.

Remark 2.5. From Lemma 2.3 and lemma 2.4. Then, the operator

_ 1 i .2
Q,ua ua¢—$ H2e72%

cot2D 1'2'u+1D H 26238 cotf¢( )

:D§¢+(2ixcot§) x¢+zcot—¢+(a:c0t—) gf)—i— —0

is a continuous linear mapping of H,, into H,.

3. THE GENERALIZED FRACTIONAL HANKEL TRANSFORM OF ARBITRARY
ORDER

Let u be any fixed real number and k£ be any positive integer such that p+ k& >
1

—5. We define a certain transform on #,, which coincides with (1) whenever

1> —3. For any ® € H,, we set

Y —k
Pukal®@)] = (D (L) hkaMk o MusiaMua®(y), (31)

| sin §|
hyg) P DFMAM ) ML —
(P ko) (z) =(-1) ptla s ptk—1,0 ptk,—a |sin &|
2

f@@, (3.2)

where h, 11 o the inverse of h, ., see [1].

Lemma 3.1. The transform h, o is an homeomorphism on H, whatever be
the real number p. It inverse is h;’}m as defined before. Finally, on H,, hyka
coincides with h, . as defined by (1) whenever pn > —1.

Proof. The first assertion follows from the fact that
b — Mu+k71,a'-'Mu+l,aMu,a(I)

is an isomorphism from H, onto H,4r, ® = h,utr P is an homeomorphism on
Hyika, and @ — 275 is an isomorphism from H,,, onto H,.
By assumption, u+k > —=. It is classical fact that h o 18 the inverse of hy 1 o

when it acts on smooth functlons in L*(I). Since Hlﬁ_k( ) C L*(I), the second
assertion follows from this fact and Lemmas 2.1 and 2.2 again

For the third assertion, assume that ®(y) € #H, and p > —z. Consider the case
k=1,
T -1 > pti iy2cot & —p—=% —iy?cot &
hta® = (15 a7) [y zes R Dy e 2 0 (y) [ A
2 0

i (2442 23 ry 1 Ty
X e 2(55 +y )COt 2 <|Sina‘)2JIJ’+1<|Sina‘)] dy
2 2
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An integration by parts and the formula [2, p154], D,y**J, 11 (zy) = zy* T J,(zy).
Then, we can get

00
-1 —1(x24y?) cot & Ty 1 Ty
d 2 2 2.J
) (y)e (’SIH%|> #(’Sln%’>

Ty
Ju( a|)dy-

" |SiH§

X

hy1a® = [—A, (—2
pota “a]s1n%|

+/ Ay a®(y)e 2@ty (Y
0

|sin §|

N|=

The limit terms are zero because ®(y) is of rapid descent and
Ty 1 xy
< )3 - <
(|SiIl%|> M+1(|Sin%‘)
remains bounded as y — oo whereas,for y — 0, where p > —%. Thus,

X

hu,l,a¢ == —( @ )_lh,u,+1,OéMy,Oz¢

’Sin§|

> —i(g cot & x = x
=/0 Apa®(g)e 30 (et (e

| sin 5| | sin §

The general statement for larger integral values of k follows by induction from
this result. This completes the proof.
Incidentally, a similar argument shows that, if k£ is a positive integer > p + %

X

—k 1 1 1
) B ka M e M M ()

k

| sin § |

is an homeomorphism on H,, and its inverse mapping is

_ T k
(h/ﬁ,k,a) lp = (—1)]‘3M#_17QM”_27Q...Mu_k@hu_k’_a(m) (I)(.T)
2
However, we shall make no use of this fact.
A consequently of Lemma 3.1 is that h, o = hypa so long as the positive
integers k and p are both larger than —u — % Indeed, assuming that & > p,
we have that h,ipr—pa = huipa according to the last statement of Lemma 3.1.

Thus, for ® € H,,, we obtain

Y -p
h,u,k,a(I) = (—1)p<‘ <in g’) huﬂo,kfp,aMu+p—1,a'-'Mu+1,aMu7a(I) = hu,p,aq)
2

Since hy, _o® = h;}a@, whenever ® € ‘H,, and p > —3, Lemma 3.1 also implies
that h;}m coincides with h, o when po > —%. Moreover, by virtue of the preceding
paragraph, h;}m is independant of the choice of k so long as y + k > —%.

In view of these results, it is resonable to define the Hankel transform h,, , for

n < —% on H, by hyo® = hy, P where k is any positive integer no less than
—p— 5. Thei 1nverse Hankel transform £, ! is defined by h .2 = hu}m@, e H,
when p > —3, we have h, _, hula, but thls is not the case when p < —%. 0

Proposition 3.2. Let ¢ € H, such that p > —%. Then,
) ,u,ka((b) = hﬂ+1ka(_@¢(x»;
11) h,u-i—l,k,a( u,a¢) |Sm—a|hu,k a(¢)
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Proof. i) From [2, p:154], we can get

Dyx P Tk (ay) = —ya Pk (2y)
and differentiating under an integral sign as follows

Nyl o (@)(2)
x 7k
- (_1)k(|sing|)

o . .
X /0 [AM [yu+k+%e%y2 cot 5 (y—lDy)ky—M—%e—ayQ U2 p(y)]

4 — (@ 4y®)cot 2, LY lJ LY d
2 2 2
(|sin%|)e (|SID%|) M+k+1(|sin%|) Y
X
= bt o g1 (2))
H “* |sin Sl

ii) According to [2, p:154], we obtain

Dxx“+k+1Ju+k+1(xy) = ym“+k+1JM+k(ajy) (3.3)

and an integration by parts, we can get

hu+1,a(M,LL,oz¢) (y)
x _k
- (_1)k(|smg|)

. [Amaxw’f*%(xlpx)’f[x“%e%xQ <ot 3 ()]

oo
—iy2cot & LY 172 Ly

« 5y° cot 3 /J g
€ ¢(x)(’SID%|) H+k+1(|sin%|) 0

x -k y
- ()
(=1) | sin §| | sin &

0o
1l 1.2 a -1
></ |:Au,oz«75'u+k+2€2x cotQ(x le)k[Jj m
0

NI
m\
|
8
Q
Q
&
N
<
—~
8
=

—1(z24y?)cot &, LY 1/2 5 Ty
xe 2(\sin%\) “+k(]sin%|)
—Y

2

- | sin

The limit terms are equal to zero since ¢(x) is of rapid descent as + — oo and
as x — 07 ( From [17, Lemma 5.2-1, p:130-131]),

_ry 127 Yy -0
<\sin%\) ”H(\sin%\) (z)
and ¢(z) = O(1) when p > —3. Then,
-y

h,u-i—l,k;,a(Mu,aqb) (y) g| hu,k,a(¢(y))'
2

- | sin
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Proposition 3.3. Let p be any fixed real number and k a positive integer, such
that k > —pu — % Then, for every ¢ € H,, we get

yo\2

Q,aN,ah,,a¢:h77a_ T« Cb 3.4

polpwa(hyk.a®) “k< (]sm2|>) (3.4)

Proof. The right-hand side of (3.4) has meaning because, by Lemma 2.1, y?¢ €

H,+2 and [18, Lemma 1], H, 4o C H,.
On the other hand, we have the following

QmaNu,oa(hu,k,aﬁb)
k .
— (_1) A/,L,Oél x—u—%e—%mQ cot %Dwa,u-l—le—u—k
|sin §|F+2
o 1., _ P S S Ty
% / [yli-i-k—l-Q[(y lDy)ky K35 =3y cot 2¢>(y)]Ju+k(7’ sina|)} dy.
0 2

Some simplifications and differentiations under the integral sign and using the
formula [2, p154], D,z *J, 1x(zy) = —yz # "], 1p11(zy)dy. Then, we can
obtain the following

k
(D A ey -

Qﬂ:aNﬂva(hﬂ,kaaqﬁ) = g|7k+%
2

| sin

o0 .
8 / [y“*’““[(y_llly)"%/‘”‘%e‘éy2 2 p(y)]
0

B x
X D[z Qkx“+k+1Ju+k+1( .ya )]] dy

The differentiation under the integral sign is valid. Indeed, by using (3.3), we
may write JHMH(%) is bounded on 0 < |S§yg| < oo since p+k+1 > %
2 2

| sin
Also,

1 i,2 e

YRR (YD )Ry Rz 2 O S g(y)

is of order O(y**t*+2) as y — 0T and of rapid descent as y — oo in view of the
fact that ’y,’fl’k(e’%y%"t%@ < oo for every m. Moreover, u+ k +2 > 2. Thus,
the integral converges uniformly on every compact subset of 0 < x < oo, which
validates our differentiation under the integral sign.

Ty )
|sin §|
zy )

|sin §|”

—2k k LY —k—1
Dy [z~ ?Faht +1Ju+k+1(m)] = —2kz™" 2 e (
2

_k+%J

+yz ;H—k(
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This indicates that a differentiation under the integral sign yields

Qu,aNu,a(hu,k,a¢)
_ (_1)k2k‘4#,0¢ e—%x2 cot %
. k1
|sin & F+2
*° _ Ll i g1 zy
X/ [y“+k+2[(y 'Dy )y e 2y Ot gy)|a u+k+1(.7a)}dy
0 |sin § |
k )
+(_1) +12kA/M04 e—%l‘2 cot 5
. k41
|sin §| "2
> u+k+370, —1 k, —pu—1 —fy2cot 2 —k+1 LY
X A {y [(y~"Dy)*y + 2e 2 20(y)]x 2Jy+k+l(m)}d9
2

By using the fact that u+k& > —%, we again see as before that this differentiation
under the integral sign is valid. An integration by parts of the first term and using
(3.3), we can get

Q#,aNﬂ,ahu,k,aqﬁ
1 )
_ (_1)k+ 2]{‘4#70& e—%xQ cot%
- . Y
|sin g~z

o _ 1 1l _i2.ia el Ty
X/ Yy Dy )y TR e O S gy k*“wk(ia‘)dy
0

+ (_1)k+1 7%x200t%
|sin9|_k+%
2
e _ 1 _i2 o pal xy
X/o yr RS [(y I Dy ) FyTHT e 2V O S g (y) a2 MMH(m)dy'
p)

On the other han, the limit terms

(—1)*2kA, o . .
OB,y oo o
sm§ 2
TY | y=oo
X J, _2d Y=
k1 ( sin %|) i

i

equal to zero because of the facts that v, (e 30 ©t3 ) < 0o and

Ty 1
meﬂm) = O(y”+k+1) asy — oo, and p+k > 5
2

We next consider the right-hand side of (3.4), we obtain

e~ (1))

— (_1)k+1AM70¢ —La?

: sx%cot §
a|—k+35
P

B | sin

[e'S) _ 1 _i,2 a —k+1 1Y
X/ YRy Dy )Ry R 23 O S 20 ()] k+2Ju+k(m)d«y~
i 2
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But,
(y ' Dy)Fy# e 3V O 5 2g(y) =2(y T D, )k Ty R e 3V 05 g(y)
- - — =1 _i,2 a
+(y lDy)k 1y2(y lD)y =57 3Y cot2¢(y)

—2k(y 1 D,) Y E e 1Y O g(y)
2y D)y T3 O S ().

Hence, we obtain the desired equality in Proposition 3.3. 0

4. A DISTRIBUTIONAL FRACTIONAL HANKEL TRANSFORM

In this section, we define the fractional Hankel transform for some slowly grow-
ing distributions. Let u be a real number, the fractional Hankel transform A*

ko
on H;, as the adjoint of h;’}g,a on H, is defined by
<hz,k,a(f)7 hu,k,a(¢>> = <fa ¢>7 fOI‘ aH ¢ S HM) f S H;A (41)

Or using the different symbols, we write
Bka () @) = (filgo(®)),  forall® € H,, f€H,.

Kok,
k
JIN N

Lemma 4.1. Let fi, f» € H,,, such that Fy = I, (fi) and Fy = %, (f2). If
Fy = F,. Then, f1 = f5 in the sense of distributions.

From this equality we immediately obtain the uniquness of h

Theorem 4.2. The fractional Hankel transform hy, . .+ H, — H], is an homeo-
morphism.

The expression (4.1) also defines the inverse of (%}, , )" as the adjoint of /1, 4
by
(W o) " F®) = (F hyo®), forall® € H,, FeH,.

Hk,o

When g > —3, the definition of A% , . coincides with that in [1], and as this has
been shown in this reference, so it agrees with (1) whenever f € Ly(I). In this
later case, the inverse transform (h:;lw)*1 agree with h, _, if, in addition, f is

bounded variation on every compact subinterval of I, see [2, §14.4].

4.1. Some operations on transform formulas: In H;, we introduce the differ-
ential operators descried in section 2, when they are acting on certain generalized
functions. In order to establish certain properties cited in [1, Theoreme 4.3] for
the generalized fractional Hankel transform in H,,.

Let ¢ € H,y1, then P, o9, Qua¢ € H,. The operators N, and M , are
defined on H), as the adjoints of —F,, and —Q),, . respectively by,

<N,Z,o¢f7 ¢> = <f7 _Pu,oz¢>a for all f € H:L
(M;  f,0) = (f, =Quad), forall feH, (4.2)

By Lemma 2.3, f — N, f and f — M ,f are a continuous linear mapping of
H,, into H,, ;.
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Similary, for ¢ € H,,, we define Q7, , and P , on H,, ,, as the adjoints of —M,, ,,
and —N, o respectively by,

<Q;af7 ¢> = <f7 _Mu,a¢>7 for all f < H;Hrl

(Ppaf:®) = (f,—Nua¢), forall feH,, . (4.3)

It is clear that M, ¢, Nyo¢ € Hyiq and by Lemma 2.4, f — Q7 ,f and [ —
P} . f are a continous linear mapping of H,,,; into H,,.

From (4.2) and (4.3), we define the generahzed dlfferential operator Pr My
by

<P;,aMz,af7 ¢> = <f7 Q,u,aN,u,agb% for all f S H‘L

. nre s : . : ;- ,
It follow that P; M , is a continuous linear mapping of H,, into H,.

In [19], the operation f(x) — x%f(x) was defined as the adjoint of ¢(x) —
z*¢(x), for any positive or negative integer k and ¢ € H,, f(z) — 2" f(z) is an
isomorphism from H,,, onto H,,.

Now, we use these equalities and the properties of Proposition 3.2 and Propositio
3.3 to prove the following theorem

Theorem 4.3. Let p be any fized real number and k be any positive integer such

that p+k > —% and f E’H#H Then,

l) hpka<Quaf> ‘sma| u—l—lka(f)
11) Qua u—l—lka(f) h;ka(|sm"‘|f)
If feH L We get
2
ili) (hz,k,a)_lpz,aM;,af: _< sin %‘) ,uka

Proof. i) Let ¢ € H,p1 and hy g (@) = ©. Then,

< u,k,a(Quaf) > <Q,uaf’ >
= (f, —M, o0)
= (W1 o) =g ®)
|51n2|)
= (T hl ga(f). @)
|51n2])

ii) Let F' = (h,14.,)""f. Then,

-1
Z,O{ Z—O—l,k,a(F) = Z,k,a( Z,k,a) Qz,af

ok Yy * —1
- hu,k,a(@(hu-‘rl,k@) (f))

* Y
=h ——F).
,u,k,a( | sin %| )
By replacing F' by f and y by x, we obtain the result .
iii) Let ¢ € H,, and assume moreover that k is restricted as stated in Propo-
sition 3.3. Then, by the definition of (%%, )=, the definition of P} M |
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when acting on 7—[;, Proposition 3.3 and we use the fact that the multipli-
cation by 3? in H,, as the adjoint of multiplication by y* in H,, we may
write

<(h2,k,a)_1p;j,aM;,afa ¢> = <P;j,o¢M;,o¢f> hu,k,a(b) = <f7 Qu,aN,u,ahmk,ad))
2
:<f7h,u,k,a<_< Y ) ¢)>

|sin |

= ((r5ay) W) 100

| sin §

5. APPLICATION

Now we shall illustrate, by means of some examples, the advantages of the use
of the fractional Hankel transform to solve certain partial differential equations
involving the operator PjM}.

Example 5.1. Let P(z) be a polynomial having no roots on the nonpositive real
axis—oo < z < 0. we consider the following problems

P(P; M, ,)u=f, (5.1)
where f is a given member of H,, u is unknown but required to be in #H,, and p is

allowed to assue any real value. Indeed, seeting U = ( Z’kya)*lu, F = Z,k’a)’lf
and invoking Theorem 4.3, we may write

P~ (Le ) W) = FOo). (52)

| sin § |

2
Now, 1/P(— (@) ) is a multiplier in H;, since

B(y) — B(y)/P(—(—2x)?)

| sin § |

is a continuous linear mapping of H, into H,. Therefore, we may divide both

sidesof (5.2) by P(—( )?) and then apply A, , to obtain the solution

[sin 5|

. F(y)
u=h, 05—
ke, P(_(|Sig%|)2)
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If u < —% and k is chosen as before, if ¢ € H,,, and if & = h;’}w
member of H;, that assigns to ¢ the mumber

F
(u, ) = <h;,k,ap(_((yy)|)2)a ¢>>

[sin §

¢, then u is that

= (Fo P(—f&)?ﬁ

= (s huvk:ap(_f(%>

[sin 5|

y \7F ®(y)
— <f($),(—1)k (m) hﬂ+k7aMM+k_1"'M#+1MNm>'
2 [sin 5|
By lemma 3.1, the solution u is unique in H,,.
Incidentally if p is a negative integer, then each f € H, is also a member of
H,,. In view of the fact that

P, M}, =P, M, ,

we may apply h* . to (5.1) to obtain a solution in ’HL#. However, the use of
I, ok leads to a stronger result. This is because H, contains H’ , as a nondense
proper subspace so that equality in H,, is stronger than equality in H’ ,. Thus,
a solution of (5.1) in #, is stronger than a solution in H’ ,. In other words, if u
satisfies (5.1) in the sense of equality in H,,, it certainly does so in H’ ,, but the
converse is not necessarily true. See the last statement of Sec. 5.2, note II[17].

In the case where p is negative but not however an integer, there are members
of H], that are not members of H' ,,. For example, the functional f defined on

H,, (n< —3) by
(f,6) = lim 2~ 'Dz " 2¢(x) (5.3)

z—0t

is a member of H] (This limit exists since e Dz P 2¢(x) is a smooth and
bounded on 0 < ¥ < o0). But f is not a member of H' , if -1 < p < —% :
indeed,(5.3) doesn’t exist if ¢(x) € H', is identical to \/zJ_,(z) on 0 < x < 1,
as is possible. In this case one cannot use h* , , , to get an operational calculus
for (5.1).
Example 5.2. Find the solution in ’H;L of the following differential equation.
U — P;7aMz7au =g (5.4)
Where g € H;,, and u is unknown but required to be in #, and y be real number.
Applying (hz‘hk,a)*1 both sides of equations (8), we have
2
1+ (ta) W) = G),

| sin § |

where U = (%, ,)"'u, and G = (h%; ,)"'g. Then, apply h’, , to obtain the
solution

. G(y)
W) = Mua + (aea)?
s1n§
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The solution w is in H; Indeed, let ¢ € H,, and ® = hl o

.k,
. G
<u7¢>::<huk¢xl+_(ﬁziﬂ)27¢>
d
= (6w, 1+(|(yy)|>2 )
_ P(y)
= <97 hu,k,aH(Siggl)Q>
= <g(l‘), (_1)k ( ‘ Siz %‘ ) khu+k,aMu+k—1-'-Mu+1MuH((I)|(%,)al)2>'

Acknowledgements. The authors are thankful to the referee for her/his valu-
able suggestions towards the improvement of the paper.

Funding. No funding received.

Ethical approval. Not applicable.

Conflict of interest. The authors declare no potential conflicts of interest.

Data Availability. The data used to support the findings of this study are
included in the references within the article.

10.

11.

REFERENCES

. El Bezdaoui, L., Tagbibt, A., Elomari, M., & Chadli, L. S. (2024). Fractional Hankel

transform of generalized function. Filomat, 38(5), 1877-1886. https://doi.org/10.2298/
FIL2405877B

Jahnke, E., Emde, F., & Losch, F. (1960). Tables of higher functions. McGraw-Hill.

Kerr, F. H. (1991). A fractional power theory for Hankel transforms in L? (RT). Journal
of Mathematical Analysis and Applications, 158(1), 114-123.

. Khats, R. (2024). An analogue of the Paley-Wiener theorem for the Hankel type trans-

form in weighted L2-spaces. Gulf Journal of Mathematics, 17(1), 1. https://doi.org/10.
56947/gjom.v17i1.1663

Kober, V. H. (1937). Hankelsche transformationen. The Quarterly Journal of Mathematics,
1, 186-199. https://doi.org/10.1093/gmath/0s-8.1.186

Mahato, K. (2018). The composition of fractional Hankel wavelet transform on some func-
tion spaces. Applied Mathematics and Computation, 337, 76-86. https://doi.org/10.
1016/j.amc.2018.05.029

Mahato, K., & Singh, P. (2019). Continuity of the fractional Hankel wavelet transform on
the spaces of type S. Mathematical Methods in the Applied Sciences, 42, 1941-1954.https:
//doi.org/10.1002/mma.5486

Mahato, K., & Pasawan, D. (2021). Estimates of pseudo-differential operators associated
with fractional Hankel transform on the space of type S. Integral Transforms and Special
Functions, 32(3), 224-239. https://doi.org/10.1080/10652469.2020.1815197

Mahato, K., & Pasawan, D. (2023). Norm estimates for the pseudo-differential operator
involving fractional Hankel-like transform on S-type spaces. Advances in Operator Theory,
8(2). https://doi.org/10.1007/s43036-022-00228-8

Namias, V. (1980). Fractionalization of Hankel transforms. IMA Journal of Applied Math-
ematics, 26(2), 187-197. https://doi.org/10.1093/imamat/26.2.187

Pandey, S. K., & Mishra, A. P. (2024). A note on (A, p)-slant Hankel operators on L?(T).
Gulf Journal of Mathematics, 17(1). https://doi.org/10.56947/gjom.v17i1.1503


https://doi.org/10.2298/FIL2405877B
https://doi.org/10.2298/FIL2405877B
https://doi.org/10.56947/gjom.v17i1.1663
https://doi.org/10.56947/gjom.v17i1.1663
https://doi.org/10.1093/qmath/os-8.1.186
https://doi.org/10.1016/j.amc.2018.05.029
https://doi.org/10.1016/j.amc.2018.05.029
 https://doi.org/10.1002/mma.5486
 https://doi.org/10.1002/mma.5486
https://doi.org/10.1080/10652469.2020.1815197
https://doi.org/10.1007/s43036-022-00228-8
https://doi.org/10.1093/imamat/26.2.187
https://doi.org/10.56947/gjom.v17i1.1503

ON THE GENERALIZED FRACTIONAL HANKEL TRANSFORMS 361

12. Prasad, A., Mahato, K., Singh, V. K., et al. (2013). The continuous fractional Bessel
wavelet transformation. Boundary Value Problems, 2013(40). https://doi.org/10.1186/
1687-2770-2013-40

13. Prasad, A., & Mahato, K. (2015). The fractional Hankel wavelet transformation.
Asian-European Journal of Mathematics, 8(2), 1550030. https://doi.org/10.1142/
S1793557115500308

14. Prasad, A., & Mahato, K. (2016). Two versions of fractional powers of Hankel-type transfor-
mations and pseudo-differential operators. Rendiconti del Circolo Matematico di Palermo,
65(2), 209-241. https://doi.org/10.1007/s12215-015-0229-3

15. Torre, A. (2008). Hankel-type integral transforms and their fractionalization: A note.
Integral Transforms and Special Functions, 19(4), 277-292. https://doi.org/10.1080/
10652460701827848

16. Zemanian, A. H. (1966). The Hankel transformation of certain distributions of rapid
growth. STAM Journal on Applied Mathematics, 14(4), 678-690. https://doi.org/10.
1137/0114056

17. Zemanian, A. H. (1968). Generalized integral transformations. Interscience Publishers.

18. Zemanian, A. H. (1966). A distributional Hankel transformation. STAM Journal on Applied
Mathematics, 14(3), 561-576. https://wuw. jstor.org/stable/2946229

19. Zemanian, A. H. (1967). Hankel transforms of arbitrary order. Duke Mathematical Journal,
34, 761-769. https://doi.org/10.1215/S0012-7094-67-03479-5

I LaTira EL BEzZDAOUI
APPLIED MATHEMATICS AND SCIENTIFIC COMPUTING LABORATORY, SULTAN MOULAY SLI-
MANE UNIVERSITY, P.O. Box 523, BENI MELLAL, 23000, MOROCCO.

Email address: latifabezdaoui@gmail.com

2 ABDELLAH TAQBIBT
APPLIED MATHEMATICS AND SCIENTIFIC COMPUTING LABORATORY, SULTAN MOULAY SLI-
MANE UNIVERSITY, P.O. Box 523, BENI MELLAL, 23000, MOROCCO.

Email address: abdellah.tagbibt@usms.ma

3 M’HAMED EL OMARI
APPLIED MATHEMATICS AND SCIENTIFIC COMPUTING LABORATORY, SULTAN MOULAY SLI-
MANE UNIVERSITY, P.O. Box 523, BENI MELLAL, 23000, MOROCCO.

Email address: m.elomari@usms.ma

4 LALLA SAADIA CHADLI
APPLIED MATHEMATICS AND SCIENTIFIC COMPUTING LABORATORY, SULTAN MOULAY SLI-
MANE UNIVERSITY, P.O. Box 523, BENI MELLAL, 23000, MOROCCO.

Email address: sa.chadli@yahoo.fr


https://doi.org/10.1186/1687-2770-2013-40
https://doi.org/10.1186/1687-2770-2013-40
https://doi.org/10.1142/S1793557115500308
https://doi.org/10.1142/S1793557115500308
https://doi.org/10.1007/s12215-015-0229-3
https://doi.org/10.1080/10652460701827848
https://doi.org/10.1080/10652460701827848
https://doi.org/10.1137/0114056
https://doi.org/10.1137/0114056
https://www.jstor.org/stable/2946229
https://doi.org/10.1215/S0012-7094-67-03479-5

	1. Introduction
	2. Preliminaries
	3. The generalized fractional Hankel transform of arbitrary order
	4. A distributional fractional Hankel transform
	4.1. Some operations on transform formulas:

	5. Application
	Acknowledgements
	Funding
	Ethical approval
	Conflict of interest
	Data Availability

	References

