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ON THE FLATNESS OF Int(D) AS A D[X]–MODULE

L. IZELGUE1 AND A. TAMOUSSIT2,∗

Abstract. Let D be an integral domain with quotient field K and X an
indeterminate. We show that if D is either Krull or Noetherian, then Int(D) :=
{f ∈ K[X] : f(D) ⊆ D} is flat over D[X] if and only if Int(D) = D[X]. Then,
we give several examples of domains D with Int(D) not flat over D[X]. Also, we
generalize our investigations to the case of Int(E,D) := {f ∈ K[X] : f(E) ⊆
D}, where E is a subset of D.

1. Introduction

Let D be an integral domain with quotient field K and X an indeterminate
over K. The ring of integer-valued polynomials over D is known to be Int(D) :=
{f ∈ K[X] : f(D) ⊆ D}. Clearly, D[X] ⊆ Int(D) ⊆ K[X]. We will assume that
D is not a field.

Integer-valued polynomial rings were first considered over rings of integers of
a number field by G. Polya and A. Ostrowski [18],[17]. Particularly, they inves-
tigated the existence of bases of Int(D) as a D–module. Then Integer-valued
polynomials rings give rise a challenging area of research is the theory of com-
mutative rings, remarkably from 1970. They possess a rich theory and provide
an excellent source of examples and counter-examples, especially in the theory of
non-Noetherian commutative rings. Literature abounds of studies covering dif-
ferent types of problems, in various areas of Commutative Algebra and Number
Theory. A base reference is [6].

For instance, the ring Int(Z) is known to be a non-Noetherian Prüfer domain of
Krull dimension two that is contained in Q[X]. Moreover, as a Z–module, Int(Z)
is free and thus flat.

In the last decade the problem of flatness of Int(D) as a D–module occupied a
wide place in research. Precisely, works of J. Elliott [8], [9], in part, investigated
the problem of flatness. Then, his works gave rise to many related open question.
In particular, he conjectured that Int(D) is not flat as a D–module for D =
F2[[T

2, T 3]] and for D = F2 + TF4[[T ]], which conjecture is still open.
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But till know we do not know of an example of a domain D such that Int(D) is
not flat over D. On the other hand, since D ⊆ D[X] ⊆ Int(D) and D[X] is always
a flat D–module, one may asks about the flatness of Int(D) as a D[X]–module.

The aim of this paper is then to investigate this last question and then inves-
tigate the relationships with the problem of flatness of Int(D) as a D–module.
Thus in Section 2 , we give a characterization of when Int(D) is flat over D[X]
in the case of domains that are either Noetherian or Krull. Also we establish
that dim Int(D) ≤ dimD[X], whenever D[X] ↪→ Int(D) is flat. An affirmative
answer to the [11, Conjecture (C1)]. Our study allows us, to construct examples
of integral domains such that Int(D) is not flat over D[X].

In Section 3, we investigate the case Int(E,D). Among other results, we estab-
lish that for a subset E of a Noetherian domain D, if Int(E,D) is not Noetherian,
then it is not flat over D[X]. For instance this happens when D is a Dedekind
domain with finite residue fields. Then we generalize some results about the
behavior under localization established for Int(D) to the case of Int(E,D). So,
we are led to characterize domains of locally finite representation D, such that
Int(E,D) is D–flat, with a restricted hypothesis on the subset E.

2. Flatness of Int(D) as a D[X]–module

Since D[X] is a flat D–algebra, and Int(D) is a D[X]–module, then by the
transitivity of flatness (cf. [15, p. 46]), if Int(D) is flat over D[X], then Int(D)
is flat over D. That means that whenever flatness of Int(D) holds over D[X], it
necessarily holds over D. So we are led to investigate flatness in parallel to the
following diagram of homomorphisms:

D� _

flat

��

� � flat? // Int(D)

D[X]
, � flat?

::

That gives rise to the following question:
(Q1) Is there a domain D such that Int(D) is flat over D and Int(D) is not

flat over D[X]?
The answer is Yes as asserted by Example 2.3 bellow.
Next we give a complete characterization of flatness Int(D) as a D[X]–module

when D is Noetherian:

Proposition 2.1. Let D be a Noetherian domain and consider the following
statements:

(i) Int(D) is flat over D[X].
(ii) Int(D) = D[X].
(iii) Int(D) is Noetherian.

Then (i) ⇔ (ii) ⇒ (iii) . If moreover, D is either one-dimensional or integrally
closed, then (iii) ⇔ (ii) and the three statements are equivalent.

Proof. (i) ⇒ (iii). Assume that Int(D) is flat over D[X]. Since Int(D) is an
overring of D[X] and D[X] is Noetherian (because D is also Noetherian). Then,
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by [20, Corollary of Theorem 3], Int(D) is Noetherian.
(i) ⇒ (ii). If Int(D) is flat over D[X], then, by the previous implication, Int(D)
is Noetherian. Hence, Int(D) ⊆ D′[X] (cf. [6, Proposition VI.2.4]). It follows
that Int(D) is integral over D[X], and since Int(D) is an overring of D[X]. So,
by [20, Proposition 2], Int(D) = D[X].
(ii) ⇒ (i) and (ii) ⇒ (iii). Straightforward.
If D is one-dimensional or integrally closed, by [6, Corollary VI.2.6], we have
Int(D) is Noetherian implies Int(D) = D[X], and then (iii) ⇒ (ii). �

Remark 2.2. In general, statements (ii) and (iii) are not equivalent (cf. [6, Exer-
cise VI.15]).

Example 2.3. It is well-known that Z is one-dimensional Noetherian domain
such that Int(Z) 6= Z[X]. Int(Z) is a free, and hence is a flat, Z–module. However,
by Proposition 2.1, Int(Z) is not flat as a Z[X]–module. An affirmative answer
to Question (Q1).

Example 2.4. Let k be a finite field, T be an indeterminate over k and D =
k[T 2, T 3]. D is a one-dimensional Noetherian domain. Let f =

∏
a∈k(X − a) and

g = f 3/T 4, then Int(D) is not trivial, because g is lie in Int(D) but not in D[X].
So, by Proposition 2.1, Int(D) is not a flat D[X]–module.

Next we characterize Krull domains D for which Int(D) is flat over D[X].

Theorem 2.5. Let D be a Krull domain. The following statements are equiva-
lent.

(i) Int(D) is flat over D[X];
(ii) Int(D) = D[X];

(iii) Int(D) is Krull;
(iv) For each P ∈ X1(D[X]), either Int(D)P = D[X]P or PInt(D) = Int(D).

Proof. Since D is a Krull domain then so is D[X]. (i) ⇒ (iii). If Int(D) is flat
over D[X], then Int(D) is a generalized ring of fractions D[X] [19, section 3]. By
[19, Corollaire 1, p. 1225], Int(D) is Krull.
(iii) ⇔ (ii). [7, Corollary 2.7].
(ii) ⇒ (i). Straightforward.
(i) ⇔ (iv). [22, Theorem 1.9]. �

Remark 2.6. 1. It is well-known that if D is an UFD (resp., Krull domain), the
D-module Int(D) has a regular basis [6, Exercise II.23] (resp., flat [8, Corollary
3.6]). However, by Theorem 2.5, Int(D) is not necessarily flat over D[X].

2. The domain D in [13, Example 5.2], is Noetherian such that Int(D) is not
Noetherian but Int(Dm) is Noetherian for each maximal ideal m of D. It follows
that Int(D) is not D[X]–flat even if Int(DM) is DM[X]–flat for some maximal
ideal M of D and Int(Dm) = Int(D)m for each m ∈ Max(D).

Example 2.7. Let D = C[(Tj)j∈J ] where J is an infinite set. It is clear that D
is a non-Noetherian Krull domain, and by [6, Exercise VII.24] Int(D) = D[X].
Thus Int(D) is flat over D[X].
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Next, we give an affirmative answer to [11, Conjecture (C1)], about Krull di-
mension of Int(D), when Int(D) is flat over D[X].

Proposition 2.8. Let D be an integral domain.
If Int(D) is flat over D[X], then dim Int(D) 6 dimD[X].

Proof. Assume that Int(D) is flat over D[X]. Since Int(D) is an overring of D[X],
then, by [20, Theorem 2], Int(D)M = D[X]M∩D[X] for each maximal ideal M of
Int(D). Thus

dim Int(D) = max {dim Int(D)M, M ∈ Max(Int(D))}
= max

{
dimD[X]M∩D[X], M ∈ Max(Int(D))

}
6 max {dimD[X]P, P ∈ Spec(D[X])}
= dimD[X].

�

Notice that if D is a Noetherian domain such that Int(D) is not Noetherian,
then Int(D) is not flat over D[X]. But in this case dim Int(D) = dimD[X].
Hence the converse of Proposition 2.8 is not true in general.

We conclude this section by the following open problem:
(Q) Is there an example of an integral domain D such that Int(D) is flat over

D[X] and Int(D) not trivial?

3. Integer-valued polynomials over a subset

A fractional subset of D is any subset E of K such that dE ⊆ D for some
nonzero element d ∈ D. The ring of integer-valued polynomials on E is Int(E,D) :=
{f ∈ K[X] | f(E) ⊆ D}. If E is D itself, we simply write Int(D) for Int(D,D).
If E is not contained in D then X /∈ Int(E,D) and for any E ⊆ D one has
D[X] ⊆ Int(D) ⊆ Int(E,D) (cf. [4, Proposition 1.2]). When E is a domain with
infinite residue fields and D containing E, then Int(E,D) = Int(D) = D[X] (cf.
[6, Corollary IV.1.21]).

A nonempty subset E of a domain D is residually cofinite with D if and only
if it possesses the property that for each prime ideal p of D, |E/p| < ∞ =⇒
|D/p| < ∞ (see [16, Lemma 2]). By [16, Lemma 3(i)], any residually cofinite
subset with D remains residually cofinite with S−1D, for any multiplicatively
closed subset of D.
If E ⊆ D is residually cofinite with D, and D has no finite residue field, then
Int(E,D) = Int(D) = D[X] (cf. [16, Lemma 4(ii)]).

In what follows, we assume E ⊆ D and investigate the flatness of Int(E,D) as
a D[X]–module.

Since any flat overring of a Noetherian domain is also a Noetherian domain
[20, Corollary of Theorem 3], then we have:

Proposition 3.1. Let D be a Noetherian domain and E be a subset of D. If
Int(E,D) is not Noetherian, then Int(E,D) is not flat over D[X].

Proof. It follows from [20, Corollary of Theorem 3]. �
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So, as a consequence of the previous proposition, we have:

Corollary 3.2. Let D be a Dedekind domain with finite residue fields and let E
be a subset of D. Then Int(E,D) is not flat over D[X].

Proof. It follows from the fact Int(E,D) is a two-dimensional non-Noetherian
Prüfer domain [6, Proposition V.1.8 and Exercise VI.4(iv)]. Thus, by Proposition
3.1, Int(D) is not flat over D[X]. �

Example 3.3. The ring Z of integers is Dedekind. So if P is the set of all prime
integers, by Corollary 3.2, Int(P,Z) is not flat as a Z[X]–module. However,
Int(P,Z) is a free and hence a flat Z–module (cf. [3]).

On the other hand, it was established,[5], that, for any Dedekind domain D,
the D–module Int(D) is locally free, hence faithfully flat. Next we generalize this
result to Int(E,D).

Proposition 3.4. Let D be a Dedekind domain and E be an infinite subset of
D. Then the D–module Int(E,D) is locally free, and hence faithfully flat.

Proof. Since D is Noetherian, for each prime ideal p of D, Int(E,D)p = Int(E,Dp),
[6, Proposition I.2.7(i)]. Since D is Dedekind, then Dp is a discrete valuation ring.
By [3, Proposition 2.2], Int(E,Dp) is a free Dp–module. Thus, Int(E,D) is locally
free as a D–module. �

As a consequence of [4, Theorem 4.3]:

Corollary 3.5. Let D be a Noetherian domain and E be a subset of D such
that there exists a height-one prime ideal of D′ with finite residue field. Then
Int(E,D) is not flat over D[X].

In [9] Elliott conjectured that if either D = F2[[T
2, T 3]] or D = F2 + TF4[[T ]],

then D ↪→ Int(D) is not flat. The conjecture is still open. The following example
shows that as a D[X]–module, Int(D) is not flat.

Example 3.6. If either D = F2[[T
2, T 3]] or D = F2 + TF4[[T ]], we have D is

a Noetherian domain and its integral closure D′ has a height-one maximal m of
finite residue field. Hence, by Corollary 3.5, Int(E,D) is not flat over D[X], for
each subset E of D.

Corollary 3.7. Let D be a Noetherian domain and E be a finite subset of D.
Then Int(E,D) is not flat over D[X].

Proof. It follows easily from Proposition 3.1 and [4, Lemma 4.1]. �

Remark 3.8. (1) Let D be a Noetherian domain with quotient field K. Then
D + XK[X] is not flat as a D[X]–module. Just take E = {0} in Corollary 3.7.
However, by [1, Lemma 3.6], D + XK[X] is a flat D–module.

(2) Now, let D be a Noetherian domain with infinite residue fields and let E ⊆
D be a residually cofinite with D. By [16, Lemma 4(ii)], Int(E,D) = Int(D) =
D[X]. Thus, Int(E,D) is flat over D[X]. On the other hand, Int(E,D) =⋂

a∈E Int({a}, D) and, by Corollary 3.7, Int({a}, D) is not flat over D[X] for each
a ∈ E.
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In what follows, we establish some usefull results about localizations of Int(E,D).
Then we prove that Int(E,D) behaves well under localization, at prime ideals of
a domain D of locally finite representation.

Lemma 3.9. Let D =
⋂

p∈P Dp, where P ⊆ Spec(D), be an integral domain and
E a subset of D. Then Int(E,D) =

⋂
p∈P Int(E,Dp).

Proof. Since Int(E,D) ⊆ Int(E,D)p ⊆ Int(E,Dp) for each p ∈ P , then Int(E,D) ⊆⋂
p∈P Int(E,Dp). On the other hand, since D =

⋂
p∈P Dp, then f ∈

⋂
p∈P Int(E,Dp)

satisfies f(E) ⊆ Dp, for each p ∈ P . Thus f(E) ⊆
⋂

p∈P Dp = D, that is,
f ∈ Int(E,D). �

In the spirit of [9, Lemma 2.5] and [21, Proposition 2.3] we prove the following
result.

Lemma 3.10. Let D be a domain, and let E ⊆ D be residually cofinite with D.
Then Int(E,Dp)q = (Dp)q[X] for each pair of prime ideals p and q of D with
p 6= q, and thus Int(E,Dp)q = Int(E,Dq)p.

Proof. Let p, q ∈ Spec(D) with p 6= q. So if p ⊂ q, then p is not maximal and
thus D/p is infinite. So Int(E,Dp)q = (Dp[X])q = (Dp)q[X] = Dp[X].
If p 6⊆ q we set B = {p′ ∈ Spec(D); p′ ⊂ p ∩ q}. Notice that each p′ ∈ B
is a non-maximal ideal of D. Hence, Int(E,Dq) ⊆ Int(E,Dp′) = Dp′ [X]. It
follows that Int(E,Dq) ⊆

⋂
p′∈BDp′ [X] = (Dp)q[X] = (Dp[X])q ⊆ Int(E,Dp)q,

and hence Int(E,Dq)p ⊆ (Dp)q[X] ⊆ Int(E,Dp)q. The result follows by a symetry
argument. �

Next we generalize [9, Theorem 2.6] to the case of Int(E,D).

Theorem 3.11. Let D =
⋂

p∈P Dp, where P ⊆ Spec(D), be a domain of locally
finite representation and let E ⊆ D be infinite and residually cofinite with D.
Then Int(E,D)p = Int(E,Dp), for each prime ideal p ∈ Spec(D).

Proof. We argue mimicking the proof of [9, Theorem 2.6]. So let q ∈ Spec(D),
we always have Int(E,D)q ⊆ Int(E,Dq). For the inverse inclusion, let f ∈
Int(E,Dq). Clearly, there exists d ∈ D \ {0}, such that df ∈ D[X]. Since D =⋂

p∈P Dp is a locally finite intersection, one has d 6∈ p, and therefore f ∈ Dp[X],
for all but finitely many p ∈ P , say, p1, p2, ..., pn. By Lemma 3.10, we have
Int(E,Dq) ⊆ Int(E,Dpi)q for each i = 1, ..., n. So there exists si ∈ D \ q such
that sif ∈ Int(E,Dpi) for each i. Then s = s1s2...sn ∈ D \q and sf ∈ Int(E,Dpi)
for each i = 1, ..., n. But sf ∈ Dp[X] ⊆ Int(E,Dp) for all p ∈ P \ {p1, p2, ..., pn}.
Hence sf ∈ Int(E,Dp) for each p ∈ P . It follows that sf ∈

⋂
p∈P Int(E,Dp). By

Lemma 3.9, sf ∈ Int(E,D) and then f ∈ Int(E,D)q, since s ∈ D \ q. �

To avoid repetition we fix some notations :
Let D =

⋂
p∈P Dp be a domain of locally finite representation, where P ⊆

Spec(D). Set M0 := {m ∈ P
⋂

Max(D) | Card(D/m) < ∞} and M1 :=
Max(D)\M0.

Proposition 3.12. With the previous notations, if E ⊆ D be infinite and residu-
ally cofinite with D. Then, Int(E,D)m = Int(E,Dm) = Dm[X], for each m ∈M1.
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Proof. Let m ∈ Max(D). By Theorem 3.11, Int(E,D)m = Int(E,Dm). So we
only need to prove that Int(E,Dm) = Dm[X].
We note that:

Dm =
⋂
p∈P

(Dp)(D\m) =

( ⋂
p∈P,p⊆m

Dp

)⋂( ⋂
p∈P,p6⊆m

(Dp)(D\m)

)
, (3.1)

is a locally finite representation of Dm [12, Proposition 43.5]. Now, let m ∈M1.
If m /∈ P , then for each p ∈ P with p ⊂ m, D/p is infinite and then Int(E,Dp) =

Dp[X]. If p ∈ P with p 6⊆ m, then (Dp)(D\m) has infinite residue fields and thus
Int(E, (Dp)(D\m)) = (Dp)(D\m)[X]. By (3.1) and Lemma 3.9,

Int(E,Dm) =
⋂
p∈P

Int(E, (Dp)(D\m))

=

( ⋂
p∈P,p⊆m

Int(E,Dp)

)⋂( ⋂
p∈P,p6⊆m

Int(E, (Dp)(D\m))

)

=

( ⋂
p∈P,p⊆m

Dp[X]

)⋂( ⋂
p∈P,p6⊆m

(Dp)(D\m)[X]

)
= Dm[X].

Now, if m ∈ (Max(D)
⋂
P)\M0, then D/m is infinite, and hence Int(E,Dm) =

Dm[X]. Thus, Int(E,D)m = Int(E,Dm) = Dm[X] and the proof is complete. �

Now, we pursue the study of flatness of Int(E,D) as a D–module, in fact we
complete some results established in [14]. So, applying the local aspect of flatness
to the case of Int(E,D), we have:

Theorem 3.13. Let D =
⋂

p∈P Dp, where P ⊆ Spec(D), be a domain of locally
finite representation, let E ⊆ D be infinite and residually cofinite with D and set
M0 and M1 as previousely cited. The following statements are equivalent:

(i) Int(E,D) is flat as a D–module;
(ii) Int(E,D)m is flat as a Dm–module for each m ∈ Max(D);
(iii) Int(E,D)m is flat as a Dm–module for each m ∈M0.
(iv) Int(E,Dm) is flat as a Dm–module for each m ∈M0.

Proof. (i) ⇔ (ii) . By [2, Proposition 3.10, p. 41].
(ii) ⇒ (iii) . Straightforward.
(iii) ⇒ (ii) . It is clear that if m ∈ M1, then, by Proposition 3.12, Int(E,D)m =
Int(E,Dm) = Dm[X].

By Theorem 3.11, for each prime ideal p of D, Int(E,D)p = Int(E,Dp), thus
(iii) ⇔ (iv) is obvious, and this completes the proof. �

It is known that, for any Krull domain D, the D–module Int(D) is locally free
[8, Corollary 3.6]. Next we generalize the same result to the case of Int(E,D):

Proposition 3.14. Let D be a Krull domain and E ⊆ D be infinite and residually
cofinite with D. Then, Int(E,D) is a locally free D–module and hence faithfully
flat.



46 L. IZELGUE AND A. TAMOUSSIT

Proof. Let m ∈ M0. Since D is a Krull domain and m ∈ X1(D), then Dm is a
discrete valuation domain. By [3, Proposition 2.2], we have Int(E,Dm) is a free
Dm–module. Thus, by Theorem 3.11, the D–module Int(E,D) is locally free. �
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