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THE TWO-DIMENSIONAL DIVISOR FUNCTION OVER
PIATETSKI-SHAPIRO SEQUENCES

PINTHIRA TANGSUPPHATHAWAT! and TEERAPAT SRICHAN?*

ABSTRACT. We study the values of the two-dimensional divisor function and
its related functions on the elements of a Piatetski-Shapiro sequence.

1. INTRODUCTION AND RESULTS

The Piatetski-Shapiro sequence of parameter c is defined by

N¢ = {|n°] }nen (c>1,c¢N),
where |z] is the integer part of z € R. The Piatetski-Shapiro sequence was
introduced by Piatetski-Shapiro [10] to study prime numbers in a sequence of
the form | f(n)|, where f(n) is a polynomial. The study of the distribution of
arithmetical functions on Piatetski-Shapiro is studied by many authors; see, for

example, [1, 4, 5 6, 8 11, 14, 15, 17] and the references contained therein. In
particular, the author studied the distribution of square-full and (k,r)- integers
in Piatetski-Shapiro sequence in [12, 13], respectively. This is a special problem

related to the two-dimensional divisor problem. Thus, it is interesting to extend
this to the two-dimensional divisor functions and its related functions on the
elements of a Piatetski-Shapiro sequence. Let 1 < a < b be fixed integers, and
we denote d(a, b;n) the number of representations of k as k = n¢nb, where ny, no
are natural numbers. We prove the following theorem.

Theorem 1.1. Let a and b be fized integers such that 1 < a < b < 3a. Let
exponent pairs (k1, A1) and (Ko, \g) satisfying —— < 7 < 2 gnd ky > ky. For

( ' ) 1+k1 1+k2
a(Ao—MA1)—(k2—K1
l<e< A2(14+K1)—A1(1+kK2)’

S d(a b [n°)) =

n<x

For example, for (K1, A1) = (2/7,4/7) and (ka, A2) = (1/14,2/14), we have
2
23 |n)) = 5=

—C
n<x

we have

K9 K]1—K

c a A
C(b/a)$1_c+0/a + O(:L’E—F Ttrg +(3_1+i2))\1(1+,A12)—>\2(1+1<1) log {E)

ac
a+c—ac

C(3/2)x =% 4 O(x¢/3H4/3%) | 1 < ¢ < 14/13.
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However, we can not apply Theorem 1.1 with a = 1, b > 3. To deal this, we
use the several good estimations for the number of integer n up to x such that
functions |n°| belongs to an arithmetic progression. We obtain the following
theorem.

Theorem 1.2. Let b > 3 be fized integer. For 1 < ¢ < 2, we have
S d(1,05[n°)) = C(b)z + O(xF log ).

n<x

For an integer n > 1, let 7(n) be the divisor function, which is the number
of positive divisors of n. The distribution of the divisor function over Piatetski-
Shapiro sequences was studied by several authors. In [3] Arkhipov, Soliba and
Chubarikov showed that, for 1 < ¢ < %,

x
> r(lne)) = 2QUlog) + O ),
log x
n<x
where Q(z) is a polynomial of degree 1. In 2003, Li and Zhai [9] used the
exponent pair method to improve the range of ¢ to 1 < c < jgg Very recently,
Wang and Zhang [16] improved the range of ¢ to 1 < ¢ < ¢ by using some results

of Jutila. Here, we obtain the following theorem.

Theorem 1.3. Let 1 < ¢ < 2 and (k,\) be an exponent pair, such that ¢(1+ K+
A) < 2, we have

ZT(ULCJ) — cr logx + (27 . C)ZL’ + O( (ctck+er+2k)/(2+2k) log CL’)
n<x
For example, for (k,\) = (1/6,2/3), we have
ZT(LnCJ) = czlogz + (27 — ¢)z + O(z1D/ M ogz), 1 < ¢ < 12/11.

n<zx

For (k,A\) = (2/7,4/7), we have
Z 7([n¢]) = cxlogx + (2 — c)z 4+ Oz B 1og ) 1 < ¢ < 14/13.

n<x
Furthermore, we study the average order of the divisor function oy (|n°|), where
o1(n) is the sum of divisors of n. We obtain the following theorem.

Theorem 1.4. Let 1 < ¢ < 2 and (k,\) be an exponent pair, such that ch < 1,
we have

ZO‘I(LTLCJ) — ffi ct+1 —l—O( c+(c>\+n)/(1+,§))'

n<z
2. LEMMAS AND NOTATIONS

Throughout this paper, implied constants in symbols O and < may depend on
the parameters, «, 3, ¢, €, but are absolute otherwise. For given functions F' and
G, the notations F' < G and F' = O(G) are all equivalent to the statement that
the inequality |F'| < C|G| holds with some constant C' > 0.
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Lemma 2.1. [see Theorem 3.2 in [2|] Let x > 1. If s > 1, then

> =) + 0.

n<x

Lemma 2.2. [see Theorem 3.3 in [2|] Let © > 1, then

ZT(TL) = zlogx + (2y — )z + O(z/?),

n<x

where v is Euler’s constant.

Lemma 2.3. [see BEq. 1.44 in [7]] Let x > 1, then
Z d(aa b; n) = C(b/a)xl/“ =+ C(a/b)xl/b + O(Z.l/(aer))'

n<x

To prove Theorem 1.3 and 1.1, we use the method of Cao and Zhai in [5] that
is used to study square-full and (k,7)- integers in Piatetski-Shapiro sequence in

[12, 13].

Lemma 2.4. [see Lemma 3 in [D]] Let ¥(t) =t — [t] — 1/2 for t € R. Let
y>0,X>10<0<1,g(n)=(n+o0). Then, for any exponent pair (k,\),

K Ak
3 W(yg(n)) < yTEX T 4y X,
n~X
The proof of Theorem 1.2 makes use of the following estimate, due originally
to Rieger [I1], for the number of integers n up to = such that |n¢] belongs to an
arithmetic progression. This lemma is proved in [0].

Lemma 2.5. ([0]) For 1 <c¢<2. Let x € R and a,q € Z such that 0 < a < ¢ <
x¢. Then

pe p(et1)/3

Z 1=§+O<min<—,w>>.

n<zx q

[n¢]=a( mod q)

3. PROOF OF THEOREMS

Proof of Theorem 1.1. For 1 < ¢ < 2, let v = 1/c. Let a and b be fixed integers

such that 1 < a < b < 3a. For any two exponent pairs (k1, A1) and (K2, A2)
1121 < ¢ <5 ifw and k; > ke and 1 < ¢ < ;2(()\12+_n/\11))—_/\(f(21122))' We note
that |n¢] is a integer m, if and only if m” <n < (m + 1)”. Therefore,

S d(abi o)) = 3 dabym) (L-m?) — |~(m +1)"))

satisfying

7 = 3 dlabim) (m+1)=m*) + > dla.bim) (V(=(m+1)) = w(=m"))

= Bl + BQ.
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We apply Abel’s identity and Lemma 2.3, we have
be
b+ c— bc

B, = Lg(b/a)xl—c—i-c/a +

a+c—ac Cla/b)zt=ote/b 4 O(z'ote/(ath)y,

a(k1—K2)

Now we bound the second sum By. Let M = 20 TR R ) . We write

> d(a,bim) (v(=(m+ 1)) = v(=m"))

m<x¢

= 3 (v(=tment 4 1)) — (= (o))

moanb<ge

= > > (U=t ) = (= (mnt))

mgzc/b nsxc/bmfa/b

=: (1 + Cy,
where
=3 > (vl=mm + 1)) = p(=(mn")") )
m<M p<ge/by—a/b
and

02 = Z Z <w(_(manb + 1)1/) . w(_(manby/)).
M<m<xe/b n<ge/bm—a/b
In view of Lemma 2.4 with the exponent pair (k,\) = (k1, A1), we have

c/a \ (Ai+avk:)/(1+k1) c/a \ 1—av
s e

C) < logx Z (mb"m/(H“l) (—mb/a> + m’b”(—mb/a> )
m<M

< logx Z <x(c/\1/a+f@1)/(1+n1)m7b)\1/a(1+m) X xcflmfb/a)'

m<M

A1
1+kK1

Cl < x(c)q/a—l—nl)/(l—i-nl)Ml—b/\l/a(l—i-nl) 10g33 + $C_1 lOgl’

In view of < ¢, we have

K1—kK

%+1K2 +(%*1A2 )>\ 1 17>\2 1
<L x +ro +r2/ A1 (A+ra)—Aa(1+k1) log x.

Analogue, from Lemma 2.4 with the exponent pair (k,\) = (ka, A2), we have

c/a \ (\a+avea)/(1+nr2) c/a\ 1-av
Cy < logx Z (mbwz/(1+m) <x_> 2 2 ? +m—bu<x ) )

mb/a mbla
M<m<ze/b
<logz Y (x(cka/aﬂw)/(1+m)m—bxz/a(1+@) N xc‘lm—b/a>,
M<m<ge/b
In view of 5 j:fw > £ we have

02 < x(c)\g/a-i-lig)/(l—‘rﬂz)Ml—b)\g/a(l—‘rﬁz) IOgZE + xc—l lOg(L’

K9 K1—kK

bt
<Lz +ro +r2/ A (1+r2)—A2(1+K1) logx.
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Proof of Theorem 1.2. Let x > 1, and b > 3. In view of Lemma 2.5, we have

S dn) =Y Y
J

n<xz n<x mb||ne
D D DR
mgxc/b ngx

|n°]=0( mod mP)

T ' € LU(C+1)/3
= > (e ro(min{ 5 "am}))

mec/b

=Y (Lot X (Seo(L)

m<ge/b—1/2b 2¢/b—1/2b < cqc/b

1 —
— Z — + O(2( DB og z) + O (a/bT1/2-1/2)

mgzvc/b

In view of Lemma 2.1, and ¢ < 2, we have

Z d(1,b; [n°]) = ¢ (b) + O(z“TV 3 1og z).

n<x

0J

Proof of Theorem 1.3. For 1 < ¢ < 2, let v = 1/c. We note that |n¢] is a integer
m, if and only if m” <n < (m + 1)”. Therefore

Sorllne) = 3 rm)(L=m") - |=(m +1)"])

) _ if(m((m 1 =) 3 () (9= (m + 1) = wf-m))
::WZf—i— As. -

From (m + 1) —m” = vm”~! + O(m”~?), we have

A =v Z 7(m)m” ! + O( Z mY2te),

m<x¢ m<x¢

The last sum follows from the bound 7(m) < m®. From Lemma 2.2 and Abel’s
identity, we have

Ay = cxlogz + (2y — ¢)x + O(x'~?).
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In view of Lemma 2.4 with the exponent pair (k, \), we have

Az =Y (v(=(ab+1)") = v(—(ab)"))

ab<zx¢

< 3 |9 tab+ 1)) = ¢~ (ad))

ab<zxc¢

<23 Y ‘ —(ab+1)") — (—(ab)")

aS;pC/Q b<$c(l 1
e % 1-v
< logz Z ((a”) s (xca_l) + (a)7! (xca_1> )

<<$61A+7+:10g$ Z QT + 2 ogx

a<zc/2?

ck+ct+cecA+2k

< x e logx + 29 log .

Since £ + A < 1, we have ¢ < = +/\ Thus,
ck+c+cA+ 2k S e 1.
242k
This proves Theorem 1.3. O

Proof of Theorem 1.4. For 1 <c <2, let v=1/c.

> aulln) = Y or(l=m*) = [=(m +1)]) + O(1)

_ = i o1 (m)((m +1)" = m") + Zc o1 (m) (= (m + 1)") = w(=m") ) + O()

=A + A, +0(1).
From (m + 1) —m” = vm”~! + O(m”~?), we have
A =v Z vi(m)m”~! 4+ O( Z o1 (m)m”?).
m<x¢ m<x¢

From the well known formula

Zal 2)z% + O(xlog )

n<x

and using partial summation formula, we have

v Z o (m)m”~! = ccf)l “t1 1 O(zlog )

and
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Thus,
¢(2)

A = c—i——GCH + O(zlog ).

Next, we bound As,.

A= 3 S a(w(=(m+ 1)) = v(-m"))

m<x¢ a|m

=Y a<¢(—(ab+ 1)") —¢(—ab”))

ab<x¢

=3 (- lab+ 1))~ w(-at?)).

bSIC aéxcbfl

In view of Lemma 2.4 with the exponent pair (k,\), we have

> (1#(—(@19 +1)7) — w(—ab”)> < by T 2oL
a<lzcb—1

Thus, by partial summation formula, we have

cAt+kK A cA+kK
AQ << xc+m E b*171+7}‘i + $2C—1 E b—2 << xC‘Fm + CCQC_I.
b<zc b<zc

This proves Theorem 1.4. (]
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