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A NUMERICAL APPROACH FOR SOLVING A SEMILINEAR
OBSTACLE PROBLEM ON THE BOUNDARY

ZHOR MELLAH!*, EL BEKKAYE MERMRI? and MOHAMMED BOUCHLAGHEM?

ABSTRACT. This paper presents an iterative method for solving a semilinear
obstacle problem on the boundary. The approach begins by approximating
the problem using a penalty method, transforming it from a problem of the
first kind to a sequence of problems of the second kind. The convergence of
these approximations is then proven. The approximate problem is reformu-
lated as a set-valued problem and expressed in a mixed formulation, leveraging
the sub-differential of a continuous convex function to characterize the con-
tact domain with the obstacle. Finally, we show that both the approximate
solution and sub-differential can be effectively computed using an appropriate
projection/fixed-point algorithm.

1. INTRODUCTION

Numerous studies have explored semilinear variational inequalities, including
[4, 6, 14,18, 21]. Recent studies have focused on various approaches to solving ob-
stacle problems, emphasizing the theoretical framework and numerical validation.
For instance, [5] proposed a regularization method along with a posteriori error
estimates to address the bilateral obstacle problem, providing valuable insights
into error control and solution accuracy in such settings.

This work primarily aims to provide a numerical approach for solving a semi-
linear obstacle problem at the boundary. Specifically, we address a unilateral
obstacle problem expressed as a first-kind semilinear variational inequality. In
the linear case, this formulation corresponds to a weak form of the Simplified
Signorini problem in elasticity, which can be viewed as a free boundary problem
(see [10]). The literature includes various studies on the analysis and numeri-
cal methods for the Signorini problem as a linear variational inequality, such as
[ 9 ) 9 ) *

We consider a bounded and open domain 2 in R” (where n > 1) with a smooth
boundary 9 and h as an element of H'/2(9). Our focus is on addressing the
semilinear obstacle problem on the boundary:
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Findu € K :={ve H'(Q) | Tr(v) > h on 9Q} such that

/QVuV(v—u)d:p+/ﬂu(v—u)dx+/gg(u)(v—u)dm+/ﬂf(v—u)d:cz0 Y e K,

(1.1)

where f belongs to L2(2) and ¢ : L*(Q2) — L*(Q) is a suitable function ensuring
the existence of a unique solution to the problem.

We approximate this first-kind problem by employing a penalty method, con-
verting it into a sequence of second-kind semilinear variational inequalities. We
then prove the convergence of the approximate solutions u. to the solution of
the original problem. Following this, we reformulate the problem as a set-valued
semilinear partial differential equation involving the sub-differential p. of a con-
vex continuous function. The task is to find a solution pair (ue, pi), where .
describes the contact domain (or coincidence set) of the solution u. with the
obstacle h, one of the unknowns in the problem. Finally, we establish the equiv-
alence between the reformulated problem and a projection/fixed-point problem,
where an appropriate iterative method yields the solution (u., j.).

This study builds upon the methodology introduced in [2] (also referred to

in [17]) to transform a unilateral obstacle problem into a set-valued equation
problem, which can be solved by an appropriate projection method [3](see also
[1, 17]), then developed in [3, |, 16] for other obstacle problems.

The paper is organized as follows: Section 2 provides an introduction to the
semilinear obstacle problem on the boundary. Section 3 introduces a penalty
method for approximating the first-kind variational inequality and establishes the
convergence of the approximate solutions. In Section 4, the problem is expressed
as a set-valued semilinear equation, which can be considered as mixed formulation
of the approximate problem. Section 5 demonstrates the equivalence between the
reformulated problem and a projection/fixed-point problem, and presents the
algorithms used to solve the iterative problem. Lastly, Section 6 concludes the
paper with final concluding remarks.

2. THE SEMILINEAR OBSTACLE PROBLEM ON THE BOUNDARY

Let 2 C R (where n > 1) be an open bounded domain with a smooth bound-
ary 0. In this context, let (-, -)sq, (-, ), and a(-,) denote the inner products of
L2(09Q), L*(Q), and H'(Q), respectively, defined by

(u,v)a0 = /uvda Yu,v € L*(09),
o9

(u,v) = /uvdx Vu,v € L*(Q),
Q

a(u,v) = (Vu,Vv)+ (u,v) Yu,v € H(Q).
The norms of L*(992), L*(2), and H'(Q) are denoted by || - [|aq, || ||lz2, and || - ||,

respectively, and are defined as follows:

lWliZe = (v, v)aq,  [IvlZ> = (v,v),  and [[o]|* = a(v,v).
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Let T'r represent the trace operator:
Tr: HY(Q) — HY2(0Q), v Tr(v),

which is surjective and continuous on H'(Q), g : L*(Q2) — L*()) a functional
that satisfies the assumptions:

(g(u) —g(v),u —v) >0 for all u,v € L*(Q), (2.1)

lg(w) — g(v)||e < klju — vz Vu,v € L*(Q), with0<k<1, (2.2)
and h in HY2(052). We set
K :={ve H(Q)|Tr(v) > h on 90Q}.

Problem: Let f belong to L*(f2), we consider the first-kind semilinear variational
inequality problem:

Find v € K such that
(2.3)

a(u,v —u) + (g(u),v —u) 4+ (f,v —u) >0 VveK.

Problem (2.3) is called a semilinear obstacle problem on the boundary. We show
that this problem has a unique solution.

Consider the operator B : H'(Q) — H'(Q)* defined as follows:
u€ HYQ), (B(u),v) =a(u,v)+ (g(u),v) Yve H (), (2.4)

where H'(Q)* represents the dual space of H'(2), and (-, -) represents the duality
pairing between H'(Q)* and H'(Q). The operator B possesses the following
properties: it is bounded, strictly monotone, hemicontinuous, and satisfies the
following condition of coercivity:

(Bv,v)
o]

Indeed, for v € H'()), we obtain:
[B(v)|| = sup (Bv,w)

flwll=1

[oll + [lg ()]l 2

— 00 as |[v]| = o0, v € HYQ).

IN

< ol +llg(0)][z2 + Ellvfl - (by hypothesis (2.2))

< (T + Rl + lg(0)lza-

Consequently, B maps bounded sets to bounded sets. Hypothesis (2.1) and the
strict monotonicity of a(-,-) imply the strict monotonicity of B. Moreover, the
functions ¢ — a(u + tv,-) and ¢ — g(u + tv), with u and v belonging to H'(Q),
are continuous on R. Thus, we conclude that B is hemicontinuous.
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Let now v € H'(Q), then we obtain the following
(Bu) _ av,0) | (6(0),0

[o]] [o]] o]

> ol + 990 hypothesis (2.1)).

o]l
Given that Q-4 g bounded, we deduce that

[v]
(Bv,v)
o]

— 00 as ||v]| = oo, v E HY(Q).

Consequently, based on Theorem 2.1 and Remark 2.3 below, we can conclude
that problem (2.3) possesses a unique solution.

Consider a separable reflexive Banach space V' and its dual space V*. The
norm in V' is denoted by || - ||y, and the duality pairing between V* and V is
represented by (-, -}y. Consider an operator B : V' — V* that is pseudo monotone,
demi-continuous, and bounded. We have the subsequent theorems.

Theorem 2.1. ([13], p.247) Let K be a convez, closed, and nonempty subset of
V. In the case where K is unbounded, we suppose that B satisfies the coercivity
condition:

(Bu,v — vg)v
vl

Thus, for any element f in V*, the following variational inequality admits at least
one solution

Juy € K such that — 00, as |[v|ly = o0, v E K. (2.5)

Find v € K such that
(2.6)

(B(u)+ f,v—u)y >0 YveK.

Theorem 2.2. ([13], p. 251) Let ¢ : V —]—00, +00] be a convez, lower semicon-
tinuous (l.s.c.), and proper. Suppose that there exists vg € V' where ¢p(vg) < oo
and B satisfies the coercivity condition:
(B, v —vo)v + ¢(v)
[ollv
Thus, for any element f in V*, the following variational inequality admits at least
one solution

— 00, asl||v|ly = o0, veV. (2.7)

(2.8)

Find uw eV such that
(B(u) + f,v —u)y +o(v) —p(u) >0 VveV

Remark 2.3.

(1) In the case where the operator B is strictly monotone, the solutions of the
variational inequalities (2.6) and (2.8) are unique.

(2) The hypothesis that the operator B : V' — V* is pseudo monotone, demi-
continuous, and bounded, is satisfied, for example, if the operator B is
monotone, hemicontinuous and bounded (refer to [19]).
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(3) An abstract existence result of problem (2.6), for a monotone operator
that is continuous on finite-dimensional subspaces, is given in [12].
3. APPROXIMATION OF PROBLEM (2.3) BY A PENALTY METHOD

Let j : H'(Q2) —] — oo, +0o0] be a convex, proper, and lower semicontinuous
(Ls.c.) function such that

jv)=0 if veK, (3.1)
j(v) >0 VYve H(Q). (3.2)
Let € > 0, we consider the penalty function:
ot H(S) =] = 00, o], v ju(v) = Zj(0), (3.3)
given in [10] to approximate a first-kind linear variational inequality problem by

a sequence of second-kind variational inequalities.

We take into consideration the second-kind semilinear variational inequality prob-
lem defined as follows:

a(tuz, v —u:) + (g(us), v —u) + j-(v) — je(ue) + (f,v—u.) >0 Yoe HY(Q).
(3.4)

{ Find u. € H'(Q) such that

Considering the positivity of the function j., we can observe that as the norm

|v]| tends to infinity for v € H(), the expression LW giverges towards

llll
infinity, where B is the operator given in (2.4). This can be mathematically

expressed as follows:
(Bv,v) + je(v)

— 00 as |lv]| = oo, v € HY(Q).
Consequently, problem (3.4) has a unique solution according to Theorem 2.2.
Therefore, we can conclude with the next theorem:

Theorem 3.1. Consider u and u. to be, respectively, the solutions of problems
(2.3) and (3.4), then we have the strong convergences u. — u and j-(u.) — j(u).

Proof. From problem (3.4) we have
a(uz, u) + jo(us) < alue,v) + (glus), v —u.) + j-(v) + (f,v —uw.) Yo € H(Q).
Since j.(v) = 1j(v) = 0 for any v € K, by (3.1), we have

a(ue, ue) + Je(ue) < alug,v) + (g(us),v —u.) + (f,v—u.) Yve K. (3.5)

Using the monotonicity of g given by (2.1) and the fact that j.(u.) > 0 given by
(3.2), we get

aue, ue) < alue,v) + (g(v),v —us) + (f,v —u.) Yo € K. (3.6)
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Let v = vy € K in the above inequality, then we have

luell* < Nuellllvoll + lg(wo) 2 (llvoll + llueell) + 11122 (llvoll + lluel)

— el (ool + lgCo)llze + 1£1122) + lgwo)lzz ool + 1 zzlleoll- (3.7)
Hence (3.7) implies that the sequence (u.). is bounded in H'(2), that is
luel| < e Ve>0, (3.8)
where ¢ is a constant independent of . Inequality (3.5) implies that
Je(ue) < alug,vg) + (g(us),vo — us) + (f,v0 —ue) Vug € K. (3.9)
Using the monotonicity of g, we obtain
Je(ue) < alue,vo) + (g(vo),vo — ue) + (fyv0 —u:) Vg € K. (3.10)
Hence

gue) < ellluclllfvoll + lg(vo)llzzllvoll + lluell) + Il fll 22 ([lvoll + fluel])]

< ellluell(lvoll + llgwo)llz2 + I lz2) + llg(vo)llz=llvoll + [1F1l 22 lvoll](3.11)
which combined with (3.2) and (3.8) gives
0 < j(ues) < cae, (3.12)

where ¢, is a constant independent of . As a consequence of (3.8), there exists
a subsequence denoted also by (u.). which converges weakly in H'(Q):

u, —u*, u* e H(Q). (3.13)

Since j is convex and l.s.c. on H'(Q), j is weakly ls.c., which combined with
(3.12) and (3.13) implies that

Jjlue) = j(u*) =0, ase—0. (3.14)

Hence u* € K, by hypothesis (3.1).
Now, we will show that u* = u. From (3.6), we have

alue, us) < a(ue,v) + (g(v),v —u) + (f,v —u.) Vv e K. (3.15)
We know that u. — u*, hence we get
Ju' | < limin .
Then, from (3.15), we have
a(u*,u*) < lirgljglf a(ue,ue) < a(u*,v) + (g(v),v —u*) + (f,v —u*). (3.16)
Hence we obtain
v eK, alu,v—u")+(gv),v—u")+(f,o—u)>0 Yoe K.  (3.17)

Therefore, from the uniqueness of the solution of (2.3), we have u* = u. Hence
the whole solution (u.). converges weakly to u.
Now, we show the strong convergence. We have

a(ue,v —ue) = alus — u,u — ue) + alu: — u, v — u) + au, v — ue).
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Using this equality in (3.4), we get

e[+ e) < 0te—tt, v—u)-+a(, vt +(g(02), =)+ () (f,v—us) Vo € HY(Q).
Hence, using hypotheses (3.1) and (3.2) and the monotonicity of g yields

0 < |Ju—ue|*+je(us) < alu.—u, v—u)+a(u, v—u.)+(g(v), v—u)+(f,v—u.) Vv € K.
Passing to the limit, we obtain

0 < limsup(f|lu —ue||* + je(ue)) < alu, v —u) + (g(v),v —u) + (f,v—u) Yve K.
e—0

(3.18)
As u=u* € K, we take v = w in (3.18). Then we get
lim(|Ju — ue||* + je(ue)) =0,
e—0
which proves the strong convergences u. — u and j.(u:) — j(u).
Il

4. EQUIVALENT FORMULATION
We use the following notation, for every element v € L%(99):
vt :=max{v,0} and v~ :=min{v,0}. (4.1)
We define the function j : H'(Q) — R as follows
v j(v) = —/ (T'r(v) — h) do.
o0
Since Tr : HY(Q) — HY%(9Q) is continuous, the function j is continuous on

H'(€Q). Moreover, j is convex and satisfies hypotheses (3.1) and (3.2).
Let . be the function defined by

or L200) SR v po(v) = —é /m(v ~ h)do. (4.2)

We have .
pe(Tr(v)) = Jelv) = Zj(v) Vv € H'Y(Q).

Let Op.(u) represent the sub-differential of ¢. at w in L*(9). It is defined as
follows:

O () = {11 € 2(09) | 9u(v) — pulu) > (10— wan Vv € I(0Q)).
Consider the problem:
Find (u,pu.) € HY(Q) x L*(0N) such that
a(ue,v) + (9(ue), v) + (pe, Tr(v)) gq + (f,v) =0 Vv e HY(Q), (4.3)
pe € Ope(Tr(ue)).

As a result of the aforementioned problem formulation, the following theorem
holds.
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Theorem 4.1. Let u. € H'(Q). The function u. is a solution to problem (3.4) if
and only if there exists p. € L*(0N) for which the pair (ue, p.) € H'(Q) x L*(99Q)
satisfies problem (4.3).

Proof. Suppose that u. is a solution of problem (3.4) and let w be an element of
H'(Q). We set v = u. + w in the inequality of (3.4), we have

a(ue, w) + (g(ue), w) + e (Tr(ue + w)) = @e(Tr(uc)) + (f,w) 2 0. (4.4)
Using that (a +b)~ > a~ + b~ for any reals a and b, we get:

0 (Tr(u. +w)) — u(Tr(u,)) < —é /a Tr(w)do

Hence, from (4.4), we obtain

1 _ 1
a(ue, w) + (g(us), w) + (f,w) > B /aﬂ Tr(w) do > —gmes(ﬁﬁ)HTr(w)||L2(aQ),

where mes(0€2) is the measure of 0Q2. If we substitute w by —w in the above
inequality, we get

it ) + (90, w) + () < Zmes(@)|Tr(w) | s2on)-
Hence ]
e, ) + (g(os), w) + (f, w)] < Zmes(@D)|Tr(w) 2oy (45)

The trace operator Tr : H'(Q)) — HY%(0Q) is surjective, then the operator
A HY2(09Q) — R defined by

A(Tr(w)) = a(us, w) + (g(us),w) + (f,w), w e H'(Q),
is well-defined. Indeed, let wy,w, € H'(Q2) such that w; = wy on Q. Taking
w = w; —wy in (4.5), we get

1
e, wi—ws)+(g(ue), wi—we) +(f, wi—ws)| < Zmes(OQ)[|Tr(wi — ws)llr200) = 0.

Hence, w; = wy on 012, and therefore A, is a well-defined application. From (4.5),
we observe that A, is continuous on H/2(92) with respect to the L?(952) norm.
Given that H'/2(0€) is dense in L?(92), this linear form can be extended from
H'Y2(09) to L?(09). Consequently, there exists a unique ¥ in L2(95) satisfying:

(15, Tr(w))a = Ac(Tr(w)) = a(uz, w)+ (g(u.),w)+ (f,w) Yw e H'(Q). (4.6)

If we set p. = —pf, then the pair (p.,u.) satisfies equation (4.3). To see this,
consider that since u,. is a solution of the inequality in (3.4), we get

CL(UE,U _ua) + (g(ua)7v_ua) +j£ ('U) _j(ua) + (f,U _ua) Z 0 Vve Hl (Q)
Combining this inequality with (4.6), we obtain

Je (V) = je (ue) > —a(ue,v —u.) — (9(ue), v —ue) — (f, v — ue)
= (pe, Tr(v) —Tr(ue))yq Vv e H' (Q).
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Since H'/2(99) is dense in L?(09) and j.(v) = ¢.(Tr(v)) for any v € H'(Q), we
have
e (V) = e (Tr(ue)) = (pe,v = Tr(ue))pq Vo € L*(09).

Hence, we can conclude that pu. € dp. (Tr(u.)).

Conversely, let (u.,u.) € L*(092) x H'() be a solution of problem (4.3). Since
pe € O0p(Tr(ue)), in particular we have

Je (v) = Je (ue) = (pe, Tr(v) — Tr(ue))pq Yo € H' ().
Hence
a(ua,v - ue) + <g<ue)7 v = us) +je<v) - ja(us) + (f, v = ua)
Z CL(UE, v — us) + (g(us)v v — ue) + (:U'sa TT(U) - TT(“E))@Q + (f7 U — uz—:)

=0, Yo e HY(Q).
It shows that u. is a solution of (3.4) which completes the proof.
O
Let v € H}(Q) in the equation of (4.3), we have then
auz,v) + (9(ue), v) + (f,v) = 0,
It follows that
—Aue +u. +g(us) + f=0 in Q. (4.7)

Multiplying (4.7) by v and using Green’s formula, we obtain

alue,v) + /69 %%Tr(v)da + (9(ue),v) + (f,v) =0 Yo € HY(Q). (4.8)

Hence, from the equation in (4.3) and (4.8), we get:
ou,
s On
Given that L?(09) is dense in H'/?(Q)) and based on equation (4.9), we can
deduce that the following equality holds on the boundary of 2:
Ou,
on He
Then, from (4.7) and (4.10), we can see that the solution of problem (4.3) satisfies
the following Neumann problem:
Au, —u, = g(us) +f inQ

4.11
Ouc = e on Of). ( )
on

Tr(v)do = /asz pTr(v)de Yv e HY(RQ). (4.9)

on OSL. (4.10)

The function p. can be obtained through a projection algorithm.

To conclude, we relate the function u. to the contact domain of the solution
ue of problem (3.4) with the boundary obstacle h, defined as:
00 = {z € 0Q; u.(x) = h(z)}.
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Lemma 4.2. Consider the functional ¢ defined from L?(0S2) to R as follows:

@(U) = (F, 1}7)39,

where F is a negative function of L*(02). Thus, the following holds for any
elements u and v belonging to L*(99))

{F(z)}  ifulx) <0,
vedp(u) & v(xr) e [F(x),0] ifu(zr)=0,
{0} if u(z) > 0.

Proof. The proof follows that provided in [2, 10] for a function ¢ : L?(Q2) - R
given by ¢(v) = (F,v"), where F is a positive function of L*().
O

Hence, using the definition of the function ¢. in (4.2) and Lemma 4.2 the
pointwise characterization of the function p. in (4.3) is

{-1 if Tr(u(z)) < h(z) on 09,
pe € 0p:(Tr(ue)) & pe(z) € 8 [-1,00  if Tr(u.(z)) = h(z) on 99, (4.12)
{0} if Tr(us(z)) > h(zx) on 0.

5. PROJECTION/FIXED-POINT METHOD

To begin this section, we provide a characterization of the sub-differential of
.. We consider a Hilbert space denoted by H with its inner product denoted by
(+,+). We recall that ¢ : H — R is said to be a positively homogeneous function
of degree 1 if it satisfies p(Av) = A¢(v) for all A > 0. Now, consider a convex
function ¢ : H — R and define the following convex set:

C:={veH]|(vv)<o(v) YveH} (5.1)

Lemma 5.1. (see [2]) The functional ¢ is positively homogeneous of degree 1, if
and only if, for any element v in H, the statements bellow are equivalent:

(a) p € 00(v).

(b) p € C and (u,v) = ¢(v).

(c) peC and (v—p,v) <0 Yvel.

The proof of this Lemma can also be found in [10].

Let H := L*(0N) and define the function ¢, : L*(9Q) — R as

v ¢ (v) = —%(1,1}_)39 = —% /asz v do. (5.2)

Let
C.:={v e L*(09) ] (v,v)aa < ¢-(v) Vv e L*(09)}, (5.3)

and

. L*(09) = R, v @ (v) = ¢(v— h). (5.4)
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We have then
He € a@e(“) < Me € 8¢6(U o h)
According to Lemma 5.1, problem (4.3) can be written as follows

Find (u., p.) € HY(2) x C. such that
a(ue,v) + (9(ue),v) + (pe, Tr(v))oa + (f,v) =0 Yo e H(Q),  (5.5)
(v — pe, Tr(us) — h)ag <0 Vv e C..
We set
M. :={we H'(Q)|IveC.:a(w,v) = (v,Tr(v))sga Yve H(Q)}. (5.6)

Proposition 5.2. The set M, is conver and closed in H'(Q), and each element
w in M, is represented by a unique element in C..

Proof. Tt is clear that M. is a convex set, we show that M. is closed in H'(2).
Let (wy), be a sequence of M, such that w, — w in H'(2). For each w, there
exists a v, € C. such that

a(Wn,v) = (U, Tr(v))aa < ¢-(Tr(v)) < mes(Q)||v| 200y Vv e H(Q). (5.7)
Taking the limit as n approaches infinity yields
a(w,v) < mes(Q)|v]|r2@ea) Vv € H(Q).
Let L : H/2(0Q) — R be the operator defined by
L(Tr(v)) = a(w,v), ve H(Q).

Similarly to the proof of Theorem 5.6 (see (4.5)-(4.6)), we show that the operator
L is well defined and that there exists a unique v in L*(09) satisfying

(v, Tr(v))aq = L(Tr(v)) = a(w,v) Vv e H'(Q).
Now, we show that v € C.. From (5.7), we have
a(Wn,v) = (Vn, Tr(v))sa < ¢.(Tr(v)) Yo e H'(Q).
Passing to the limit on n, we obtain
(v, Tr(v))ag = a(w,v) < ¢ (Tr(v)) Yo e H' ().
Hence v € C.. Consequently, the set M. is closed in H*(€2).

OJ
Let us define the function [ as follows:
I HY(Q) — HYQ), uwIl(u) =w, (5.8)
where w satisfies:
a(w,v) = (g(u),v) Yv e HY(Q). (5.9)
Furthermore, let z. and t be the solutions to the respective equations below:
2. € H'(Q), a(z,v) = (u,Tr(v))sq Yve HY(Q), (5.10)

te HY(Q),  a(t,v) = (f,v) Vv e HY(Q). (5.11)
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Hence, using the definition of the convex set M, and relations (5.8)-(5.11), prob-
lem (5.5) can be written as

Find (u., z.) € H'(Q) x M, such that
a(us + l(us) + 2. +t,v) =0 Yve H(Q), (5.12)

a(w— ze,ue —h) <0 Yw € M,

where A is an element of H'(Q) such that Tr(h) = h on d9Q. Then based on
(5.12), we deduce that

a(w — 2z, —l(u) —t —h —2) <0 Ywe M.. (5.13)
Which implies that

2o = My (= l(u) — t — h), (5.14)

where II,,. denotes the projection operator onto M. with respect to the inner
product a(-,-). Hence, the solution (u., 2.) of (5.12) can be described as:

a(l(us),v) = (g(u:),v) Vo € H'(Q),

e = Ty (—1(ue) — £ — B), (5.15)
e = —l(ue) — 2. — t.

The solution (ue, 2z.) in (5.15) can be approximated by an iterative method based
on the combination of a projection and fixed-point methods.

Algorithm 5.3. (Projection/Fixed-point algorithm)

Step 0: Let u.g be an arbitrary function of H'(£2), and then proceed with
the subsequent steps.

Step 1: Given u.; € H'(Q) for k > 1, calculate I(u. ;) € H'(Q), which is
the solution of:

a(l(uer),v) = (g(ucr),v) Vv € H(Q). (5.16)

Step 2: Determine z, ;41 and u. ;41 as the solutions to the following equa-
tions:

Zepm = Man(=l(uey) —t —h), (5.17)

Usrr = —l(ug) — 2epy1 — . (5.18)

Step 3: Repeat steps 1 and 2 until satisfying a stopping criterion.

To establish the convergence of the algorithm, we show that the function ®
defined on H'(Q) by:
d : HY(Q) — HY(Q),

v = —l(v) = (=l(v) =t —h) —t, (5.19)
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is a strict contraction, which implies that ® admits a unique fixed point. Hence,
for a given element uy in H'(Q2), the iterative solution

U1 = P(ug), k>0, (5.20)
converges to the fixed point of ®.

Lemma 5.4. Let | : H () — H*(Q) be the function defined by (5.8)-(5.9). We
establish that 1 is a k-Lipschitz function on H*():

[1(v1) = L(w2)|| < kllor — wal| - Vor, 05 € HY(Q),
with 0 < k < 1 is the constant specified in assumption (2.2).
Proof. We find:
11(v1) = U(w2)[[* = a(l(v1) = U(v2), (v1) = U(v2))

= (g(v1) — g(v2),l(v1) — U(v2)) (by (5.9))
<|lg(v1) = g(v2)|| L2 |1(v1) = U(v2)|| 2

< kflvr = va[[|1(v1) = U(w2)]],
where 0 < k < 1, in (2.2). Consequently, we get
[1(v1) = U(v2)|| < KlJvr — w2
]

Using Lemma 5.4 we show that the function ® given by (5.19) is a strict
contraction and then it admits a unique fixed point, which can be approximated
by the iteration (5.20).

Theorem 5.5. Let & : H} () — HL(Q) be the function given in (5.19). Con-
sequently, ® has a unique fized point. As a consequence, the iterative solutions
of Algorithm 5.5 converge as follows: uep — e, 2e = 2, and l(ue ) — L(ue),
where u., ze, and l(u:) are solutions to problem (5.15).

Proof. The proof follows a similar approach to the one presented in [15], Theorem
4.3.
OJ

To solve the projection problems (5.14) and (5.17), as well as to compute the
functional p. (or z.), we apply a projection algorithm proposed by Degueil in his
doctoral thesis [8](see also [, 17]), where it was developed to solve the Stefan
problem in terms of the temperature and the content of unfrozen material.

Consider the closed convex set M, in H(2) given by (5.6) and let s belongs to
H'(€Q). The orthogonal projection of s onto M, with respect to the inner product
a(-,-) of H'(Q), z := Il (s), can be obtained by Algorithm 5.6.

Algorithm 5.6. [¢] (Projection algorithm)

Step 0: Choose any element po from the convex set C. defined by (5.3).
Find 2o € M. as the solution to equation (5.10) with p. = pp.
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Step 1: Given z, for (n > 0) in M., construct w, in M. such that

a(w — wp, 2z, —8) >0 Yw € M.. (5.21)

Step 2: Compute
Zng1 = 112, 0,1 (5), (5.22)
where IIj,, ., represents the projection onto the line segment [z,,w,]

defined as:
(20, W] = {w € HY(Q) | w = Bz, + (1 — Bw,, B€0,1]}.

Step 3: Repeat steps 1 and 2 until satisfying a stopping criterion.

The algorithm terminates with a sequence z, that strongly converges to z in
H'(Q). This sequence is characterized by the relations described in [3] as follows
(see also [1, 17]):

Zn+1 = 5nwn + (1 - Bn)zrm

a(zp — Wy, 2n — s))

|wn — 2,2

B, = min (1,

Now, we will describe the construction of the element w, in step 1 of Al-
gorithm 5.6. According to the definition of the convex set M. given by (5.6),
inequality (5.21) can be rewritten as follows:

vp € Coy (V—1n,Tr(z, — 8))oq >0 Vv e,

Lemma 5.1 implies that v, € 0¢.(Tr(s — z,)). Hence w, is the solution of the
equation:

w, € HY(Q), a(w,,v) = (s, Tr(v))aa Vv e HY(Q).
From Lemma 4.2 we may take
@) 1 —1 if s(z) — z,(z) <0 on 09,
Up\T) = —Xls—zn - X
€ Xla=zn<Clon 0 otherwise.

Remark 5.7. During each iteration k of Algorithm 5.3, we update s and z, in
Algorithm 5.6 with —l(u.x) —t — h and (2x41)n = 251 respectively. In this
case, the function v, is given by

1 —1if —I(uep) —t — 25t () < h(z) on 99,

vp(z) = T X[l ) —t—2h <hBloa T { 0 otherwise.
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6. CONCLUSION

In this work, we have treated a semilinear unilateral obstacle problem on the
boundary. We have proposed a numerical method to solve this problem by refor-
mulating it as a set-valued equation problem, which can be considered as mixed
formulation problem. This reformulation introduces a sub-differential u. of a
continuous function representing the contact domain, an unknown element of
the problem. We have established that the reformulated problem is equivalent
to a projection/fixed-point problem. We have demonstrated that the reformu-
lated problem is equivalent to a projection/fixed-point problem. To approximate
the solution numerically (u., i.), we have developed iterative algorithms that are
computationally efficient. These algorithms involve solving linear systems and
performing simple computations, making them easy to understand and imple-
ment.

Furthermore, we note that the reformulated problem can be approached nu-
merically as a mixed formulation problem. In our future work, we plan to investi-
gate the numerical analysis of the reformulated problem using the finite element
method. This will involve approximating the problem by a sequence of finite-
dimensional problems and studying the convergence properties of the numerical
solutions.

Declarations of interest: none.
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