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ANALYSIS OF A NOVEL FRACTIONAL-ORDER CHAOTIC
CIRCUIT WITH A FEEDBACK MEMRISTOR: DESIGN,

DYNAMICS, AND APPLICATION

HAGAR SALMAN1,2∗, ABASS ABDEL KADER2 and FATMA KAMAL2,3

Abstract. In this research, a novel fractional-order chaotic circuit incorpo-
rating a feedback memristor is presented. The structure of the circuit and the
associated mathematical model are described in detail. The complex dynamics
of the circuit are analyzed using stability analysis, Poincaré maps and numer-
ical simulations, revealing the presence of a saddle fixed point and coexisting
attractors. The influence of changing the system variables and initial conditions
is studied using bifurcation plots and Lyapunov exponents. The circuit exhibits
a variety of nonlinear behaviours including periodic, quasi-periodic, and chaotic
dynamics. Furthermore, experimental simulations performed with a chain-ship
circuit configuration validate the theoretical results and show strong agreement
with the numerical analysis. Finally, a robust sound encryption scheme is pre-
sented that exploits the pseudorandom sequences generated by the chaotic
memristive circuit.

1. Introduction

Fractional calculus (FC), the class of differentials and integrals to non-integer
orders development, was the brilliant notion of Gottfried Leibniz at the end of
the 17th century. There are several methods for computing fractional deriva-
tions and integrals, including Riemann-Liouville, Caputo, Atangana-Baleanu and
Grünwald-Letnikov [42, 49, 16, 29]. The topic has been used primarily in a math-
ematical framework, but in recent years FC has been recognized as an effective
approach for studying and modeling a variety of real-world problems, for example
in biology [37], economics [25], finance [32], chemistry [30], physics [11], mechanics
[40], epidemiology[8] and engineering [53].

Currently, when modeling and analyzing real engineering systems, differential
equations are typically viewed as equations of integer order. However, some real-
world engineering systems display dynamic phenomena of fractional order due to
their structural, physical and chemical characteristics. For example, real capac-
itors and inductors exhibit characteristics of dissipation effects such as: thermal
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memory, internal friction, ohmic friction, and nonlinearity [6, 38, 3, 50]. As a
result, their underlying electrical properties can be more accurately described by
frationary models [47]. In recent decades, the area of electrical engineering has
made extensive use of the fractional derivative, including research in control the-
ory [2, 44, 56, 57] and circuit theory [70, 51, 7, 67, 41]. Interest in the research of
models of memristors, capacitors, and inductors in fractional order, particularly
in circuit analysis is rising, where a fractional representation of the entire system
is created by integrating fractional calculus into the circuits.

The memristor is a nonlinear electrical component with two terminals that links
the magnetic flux and the electrical charges [65]. Furthermore, the memristor
can recall previous voltages or currents and has a dynamic relationship with
them, unlike a linear (or nonlinear) resistor. To be more precise, a memristor’s
resistance drops when the flow of current is in one direction and vice versa [45].
Despite interruptions in current flow, the memristor maintains its final state,
leading to the i–v characteristic curve of memristor, which is compressed to the
origin in the form of a hysteresis loop. Among memristive elements, this is one of
their best known characteristics controlled by periodic bipolar signals of arbitrary
amplitudes and frequencies [21].

The developed Chua’s ideal memristor in [20] was mostly of theoretical rele-
vance. The ideal memristor’s model, which is not universal and generalisable since
it considers fewer elements, is the basis for several introduced models, such as:
the spice macromodel [14, 13] and the flux-controlled model [9, 10]. This makes
it difficult to create circuits for real-world applications. Meanwhile, real devices
were modelled as memristors using the extended or generic memristors that Chua
and Kang first proposed in 1976. [22]. Therefore, memristor had received little
attention until the first ten years of the twenty-first century ended. In 2008, a
team from HP Laboratories created the first passive memristor that is electronic
[63]. In addition, KNOWM Inc. memristors have been commercially available
for five years [17]. Numerous applications, including analog circuits [12, 43], sig-
nal processing [61, 27], neural networks [4, 69], and chaotic systems [1, 59], have
made use of memristors. According to previously established theories, the intrin-
sic nonlinearity of the memristor modeled in fractional calculus may be used to
create new chaotic circuits and complexly dynamic systems. In this direction,
memristive chaotic systems of fractional order are reported in [31, 33, 55, 39].

This paper proposes an innovative fractional-order chaotic circuit design, which
includes a memristor model described in [68] as a feedback signal. The circuit
design and mathematical model of the new circuit are introduced. The qualita-
tive behaviour of the suggested system is reported using Lyapunov exponents,
bifurcation diagrams, Poincaré maps, stability analysis of fixed points, and phase
portraits. Depending on the system parameters values, the proposed system ex-
hibits complex dynamics as periodic, quasi-periodic, and chaotic motion. The ex-
perimental implementation is provided to the new circuit. Moreover, the system’s
chaotic behaviour is utilised to present a reliable sound encryption algorithm.

The remaining part of the research is arranged as follows: Section 2 shows
the needed preliminaries in this work. Section 3 deals with the mathematical
reproduction of the proposed circuit, which is obtained and developed to study
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the system dynamics. The proposed system dynamical characteristics, influence
of parameters and numerical simulations are examined in section 4. Section 5
shows the realization and experimental simulation of the proposed circuit. The
encryption and decryption process of sound data based on the pseudo-random
numbers that result from the proposed system is described in section 6. At last,
the results of the research are outlined in section 7.

2. Preliminaries

Certain definitions associated with (FC), stability criterion and memristors are
reviewed briefly in this section.

Definition 2.1. Fractional derivatives are defined and approximated in a variety
of techniques as illustrated in [58]. The most suitable fractional operator for
simulating real-world phenomena is the Caputo derivative due to its flexibility in
analysis. Caputo derivative addresses initial and boundary value problems and
is utilized to model situations that consider past interactions as well as problems
exhibiting non-local characteristics. Caputo definition is given by [58]

c
0D

α
t f (t) =

1

Γ (1− α)

∫ t

0

(t− s)−α f (1) (s) ds, (2.1)

where 0 < α ≤ 1, t ≥ 0, and the function Γ(.) is considered as the Gamma
function

Γ(z) =

∫ ∞
0

tz−1e−tdt. (2.2)

Definition 2.2. For a dynamical system of fractional order that is expressed as
c
0D

α
t x(t) = f(t, x(t)), x(t) ∈ Rn (2.3)

is claimed to have an unstable fixed point at xO when
c
0D

α
t x(t) = f(t, xO(t)) = 0, (2.4)

if and only if |arg (λk (J))| < απ/2, k = 1, 2, .., n where J donates the Jacobian
matrix of f (xO) and λk are considered as the eigenvalues of J, as shown in Fig.
1. If one of the eigenvalues λ1 < 0 and the other λ2 > 0, then it is called a saddle
point when equilibrium has been reached [5].

Figure 1. Region of stability for the system of fractional order.
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Definition 2.3. The generalised interpretation of a memristor was given by Chua
and Kang [22] as follows

z(t) = G(y, x, t)x(t),
ẏ(t) = F (y, x, t),

(2.5)

where the state variable of the memristor is denoted by y(t), while x(t) and z(t)
represent the input and output of the memristor, respectively. F (.) and G(.)
indicate functions pertaining to the particular memristor.

3. Mathematical representation of the proposed fractional
circuit

Starting from the memristor model that was introduced in [68], the voltage-
controlled memristor is expressed as

iM = (aw2 − b)vM ,
ẇ(t) = −cvM − dw + ev2Mw,

(3.1)

where iM and vM indicate the current and voltage flowing through the memristor,
respectively, with a, b, c, d, and e are identified as constants related to the
memristor.

In the new proposed circuit as shown in Fig. 2, u1, u2 and u3 are equal to
−Vc1 , −Vc2 and −Vc3 , respectively. The memristor is charged by voltage across it
vM equals to u3, and the electrical input current of resistor Ra is the memristor
current, so it is found that

c
0D

α
t Vc1 =

(
1

R1c1

)
V 2
c2
−
(

1

R2c1

)
Vc1 ,

c
0D

α
t Vc2 = −

(
1

R3c2

)
Vc3 ,

c
0D

α
t Vc3 =

(
1

R4c3

)
iMRa +

(
R7

R6

)(
1

R5c3

)
Vc2 .

(3.2)

These capacitors possess identical values (c1 = c2 = c3 = c), also (R1 = R2 =
R3 = R4 = R). Let Vc1 is considered as x, Vc2 is considered as y, Vc3 is considered
as z, τ = t/Rc, p = R7/R6, iM = −(aw2 − b)Vc3 and ẇ(t) = cVc3 − dw + eV 2

c3
w.

The new dimensionless memristive non-integer order system shown in Fig. 2 can
be mathematically modeled as

c
0D

α
τ x = y2 − x,

c
0D

α
τ y = −z,

c
0D

α
τ z = −azw2 + bz + py,

c
0D

α
τw = cz − dw + ez2w,

(3.3)

where a, b, c, d, and e in this formula represent the memristor’s coefficients, while
p is a parameter depends on the circuit’s elements.

4. Dynamical analysis

This part covers the theoretical and numerical simulations dynamics of the
proposed system in (3.3)
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Figure 2. The new proposed fractional-order memristive circuit.

4.1. Dissipation analysis. The proposed system in (3.3) shows divergence as
follows

OV =
∂ẋ

∂x
+
∂ẏ

∂y
+
∂ż

∂z
+
∂ẇ

∂w
= −1− aw2 + b− d+ ez2. (4.1)

When the values of the system parameters a, b, d, e, and the initial condition
are assigned as 0.1, 0.5, 10, 4, and (0, 5, 0,−0.1), respectively, while V refers
to the phase volume, it has been found that the OV < 0, which signifies that
the state of the proposed system can solely change by a limited amount and
the system exhibits dissipation, indicating that the attractors might have chaotic
characteristics.

4.2. Stability analysis using Routh-Hurwitz criterion. The proposed sys-
tem in (3.3) has a Jacobian matrix linearization given as

J =


−1 2y 0 0
0 0 −1 0
0 p −aw2 + b −2azw
0 0 c+ 2ezw −d+ ez2

 . (4.2)

The system has a characteristic equation defined as

λ4 + S1λ
3 + S2λ

2 + S3λ
1 + S4 = 0, (4.3)
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where the coefficients S1, S2, S3, and S4 depend only on the system parameters
and specified as

S1 = aw2 − ez2 − b+ d+ 1,
S2 = d− b+ p− bd+ aw2 − ez2 + adw2 + bez2 + 2acwz + 3aew2z2,
S3 = p− bd+ dp− epz2 + adw2 + bez2 + 2acwz + 3aew2z2,
S4 = −epz2 + dp.

(4.4)

Based on Routh-Hurwitz criterion [5] the stability of a fraction-order system is
achieved when

S1 > 0,
S2 > 0,
S3 > 0,
S4 > 0,
S2S3 > S1S4.

(4.5)

These conditions ensure all eigenvalues have negative real parts, guaranteeing
stability.

The system features a single equilibrium point O (0, 0, 0, 0), and the Jacobian
matrix corresponding to point O is

JO =


−1 0 0 0
0 0 −1 0
0 p b 0
0 0 c −d

 . (4.6)

For p, b, c, and d have been set to 4, 0.5, 0.5,and 10, respectively, the eigenvalues
are λ1 = −10 and λ2 = −1 and λ3,4 = 0.35±1.9691j. With the aid of Definition
2 in Sec. 2, it is necessary for the fractional system (3.3) to keep at least one
eigenvalue λk within the unstable zone,i.e, |arg (λk (J))| < απ/2 to stay chaotic,
which means that for the system to exhibit chaotic behaviour α > 0.8874 and O
is a saddle equilibrium point.

4.3. Lyapunov exponent, Kalpen-York dimension and Poincaré section.
Mathematically, exponents of Lyapunov are calculated by averaging the exponen-
tial divergence between neighbouring pairs of trajectories in phase space. In other
words, they tell us how quickly the distance between two points in a system grows.
Computing Lyapunov exponents can be complex and computationally intensive,
but it is a crucial tool for comprehending the dynamics of chaotic systems. In
this work, the algorithm of Wolf et al [66, 26] is used for calculating the Lyapunov
exponents of the proposed system at α, a, b, p, c, d, e, and initial condition equal
to 0.98, 0.1, 0.5, 4, 0.5, 10, 4, and (0, 5, 0,−0.1), respectively. The four Lyapunov
exponents are L1 = −1.0547, L2 = 0.2635, L3 = −0.0509 and L4 = −4.1137. The
positive Lyapunov exponent value indicates that the proposed system in (3.3) is
chaotic and extremely sensitive to initial conditions.

The dimension of the attractor is represented by Kalpen-York dimension [66],
which is defined as the following

DKY = j +
1

|Lj+1|

j∑
t=1

Lt , (4.7)
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Table 1. The characteristics of coexisting attractors in various
conditions.

Property Parameter Initial conditions Figure

Chaotic Attractor a = 0.1, b = 0.5, p = 4, c = 0.5, e = 4, d = 10, and α = 0.98 (0,±5, 0,∓0.1) Figs. 4a and 4b

Quasi periodicity a = 0.1, b = 0.5, p = 2, c = 0.5, e = 4, d = 10, and α = 0.98 (0.1,±9, 0,∓0.3) Figs. 4c and 4d

Period 1 attractor a = 1, b = 0.5, p = 4, c = 0.5, e = 4, d = 10, and α = 0.98 (0.1,±0.1, 0,∓0.3) Figs. 4e and 4f

Period 2 attractor a = 0.1, b = 0.5, p = 4, c = 1, e = 4, d = 10, and α = 0.98 (0.3,±0.3, 0,∓0.3) Figs. 4g and 4h

Symmetrical chaotic a = 0.1, b = 0.5, p = 4, c = 0.5, e = 4, d = 10, and α = 0.9 (2,±9,∓0.3, 0) Figs. 4i and 4j

where j is taken into account as the largest integer given that
∑j

t=1 ≥ 0 and∑j+1
t=1 ≤ 0.

The Kalpen-York dimension of the system (3.3) at p = 4 and α = 0.98 is DKY =
2.1374, proving that the new introduced memristive system (3.3) has a fractal
dimension, and the existence of chaotic attractors has also been proven.

A Poincaré map represents points in phase space that are stroboscopically
sampled or observed at equal time intervals. For a, b, c, d, and e equal to
0.1, 0.5, 0.5, 10, and 4, respectively, the Poincaré map of proposed system in
(3.3) at p = 4 displayed in Fig. 3a shows a chaotic structure, characterized by
an irregular, non-periodic point distribution. This confirms sensitivity to initial
conditions and complex dynamics, which is a signature of deterministic chaos.
The system’s nonlinearity is further showcased by the clustering of points in
certain regions, which also suggests the possibility of chaotic attractors. The
closed-loop trajectory in the Poincaré map of Fig. 3b at p = 2.8 indicates the
existence of a periodic orbit in this system. In fact, its regular and smooth
structure confirms no chaotic behaviour at all, showing this dynamic regime to
be stable and predictable. This periodic behaviour reflects the convergence of the
system to a limit cycle under the given parameters.

4.4. Symmetrical coexisting attractors. The system presented in equation
(3.3) exhibits symmetry around the x−axis, a property that can be deduced from
invariance when changing (x, y, z, w) to (x,−y,−z,−w), as shown in equation
(4.8)

c
0D

α
τ x = y2 − x,

c
0D

α
τ y = −z,

c
0D

α
τ z = −azw2 + bz + py,

c
0D

α
τw = cz − dw + ez2w

⇒


c
0D

α
τ x = y2 − x,

−c0Dα
τ y = z,

−c0Dα
τ z = azw2 − bz − py,

−c0Dα
τw = −cz + dw − ez2w.

(4.8)

Fig. 4 illustrates the typical coexisting attractors of this system, with the blue
and red paths representing the phase diagrams of the system, originating from
symmetrical initial conditions with identical parameter sets. Table 1 presents
different states of system (3.3) along with their respective parameters, initial
conditions, and figure references in Fig. 4.

4.5. Influence of the parameters.
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(a) Poincaré map at p = 4.

(b) Poincaré map at p = 2.8.

Figure 3. Poincaré map of the system (3.3) in x − z plane at
α = 0.98 and initial conditions (0, 5, 0,−0.1).

4.5.1. Bifurcation analysis. As the variable a is changed from 0 to 1, the bifur-
cation diagram Fig. 5a explains the system’s transitions and its variations. It
shows dense clusters at the start signifying multi-stable or quasi-periodic dynam-
ics that is further followed by period doubling bifurcations which leads to chaos
(0 < a < 0.18). The chaotic regions consist of continuous and irregular bands
with system windows where periodic behaviour emerges and chaos is interrupted.
The system further stabilizes for larger a values (a > 0.45) by converging to fixed
or periodic points which reduces chaos. Fig. 5b presents the largest Lyapunov
exponent corresponding to the bifurcation diagram, confirming chaos where the
exponent is positive and periodicity where it approaches zero. The highlight of
this result is the transition of the system from multi-stability to chaos and finally
back to stability, where this is very sensitive to parameter interaction in period-
icity and chaos, which becomes very important for control and predictability in
applications.

The bifurcation of parameter b with the system and its corresponding Lyapunov
spectrum portraits are given in Figs. 6a and 6b, respectively. This bifurcation
diagram illustrates the dynamics of the system for parameter values of b lying
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(a) (b) (c)

(d) (e) (f)

(g) (h)

(i) (j)

Figure 4. Symmetrical coexistent attractors of the system on the
x− y and z − w plane.

between 0 and 1, wherein clustering begins near b = 0.1, indicating multi-stable
or quasi-periodic states. As b increases, the presence of period-doubling bifurca-
tions (0.2 ≤ b ≤ 0.45), which subsequently leads to chaos (0.45 < b ≤ 0.8), is
recognized from densely packed points in the diagram under these states, demon-
strating great dependence on initial conditions. Periodic windows interspersed
within the chaotic band indicate transitory stabilizations before a reversion into
chaos, yet until higher b values (> 0.8) with the diminished bifurcations signify
periodic behaviour stabilization of the system. The result emphasizes the vari-
ety of dynamical transitions and the sensitivity of the system to parameter b,
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(a) (b)

Figure 5. Bifurcation of parameter a ∈ [0, 1] at c = 0.5, e = 4,
b = 0.5, p = 4, d = 10, and α = 0.98 with initial conditions given
by (0, 5, 0,−0.1): (a) Bifurcation of a with xmax of system (3.3),
(b) Bifurcation of a with LEs of system (3.3).

whose routes range from multi-stability through chaos and periodic stabilization;
this knowledge is of utmost importance for applications with control over the
behaviour.

(a) (b)

Figure 6. Bifurcation of parameter b ∈ [0, 1] at c = 0.5, e = 4,
a = 0.1, p = 4, d = 10, and α = 0.98 with initial conditions given
by (0, 5, 0,−0.1): (a) Bifurcation of b with xmax of system (3.3),
(b) Bifurcation of b with LEs of system (3.3).

The parameter c bifurcation with the system is depicted in Fig. 7a, showing
the variation in the system behaviour as c ∈ [0, 1.5]. For small values of c ( around
c = 0.1), the system displays densely packed points, indicating chaos state. As
c increases, period-doubling bifurcations appear temporary stabilization (0.1 <
c < 0.3) before transitioning back to chaos, after that points begin clustering
strongly, indicating chaotic dynamics again. In the interval after c ≈ 0.55, the
chaos is temporarily structured with very stable regions in between called periodic
windows, until a larger c near 1.5 stabilizes into distinct periodic attractors. The
Lyapunov spectrum bifurcation in Fig. 7b confirms the result obtained from The
parameter c bifurcation with the system, as the exponent is positive where chaos
exists and approaches zero where periodicity happens. This result underscores the
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system’s sensitivity to parameter c, with transitions between chaos and periodicity
exhibiting organized periodic windows to stabilization, which is very important
for understanding and controlling dynamic behaviour.

(a) (b)

Figure 7. Bifurcation of parameter c ∈ [0, 1.5] at a = 0.1, e = 4,
b = 0.5, p = 4, d = 10, and α = 0.98 with initial conditions given
by (0, 5, 0,−0.1): (a) Bifurcation of c with xmax of system (3.3),
(b) Bifurcation of c with LEs of system (3.3).

The influence of changing parameter d ∈ [5, 15] on system (3.3) is determined
by the parameter bifurcation with the system shown in Fig. 8a and with the
Lyapunov spectrum shown in Fig. 8b, where it is clear that the proposed system
behaves chaotically when (5 < d < 11). Beyond (d ≈ 10), the system shows
intermittent regions of periodic windows amidst chaotic behaviour, eventually
stabilizing into distinct periodic attractors for larger values of (d) near 15. This
result highlights the system’s chaotic behaviour for d ∈ [5, 15], with intermit-
tent periodic windows and eventual stabilization, demonstrating the parameter’s
critical role in controlling chaos and periodicity.

(a) (b)

Figure 8. Bifurcation of parameter d ∈ [5, 15] at a = 0.1, e = 4,
b = 0.5, p = 4, c = 0.5, and α = 0.98 with initial conditions given
by (0, 5, 0,−0.1): (a) Bifurcation of d with xmax of system (3.3),
(b) Bifurcation of d with LEs of system (3.3).

To investigate the effect of changing parameter e ∈ [1, 7] on system (3.3), the
bifurcation of the parameter e with the system and the corresponding portrait of
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the Lyapunov spectrum are shown in Figs. 9a and 9b, respectively, where they
capture the system’s behaviour as parameter e varies from 1 to 7. In Fig. 9a, at
lower values of e, the system exhibits a single stable branch, indicating a periodic
state. As e increases ,approximately (2 < e < 3), the diagram reveals the emer-
gence of multiple branches, suggesting the onset of period-doubling bifurcations
and the transition to chaotic dynamics. Beyond (e ≈ 3.5), the system shows
intermittent regions of periodic windows amidst chaotic behaviour, eventually
stabilizing into organised chaotic attractors for larger values of e near 7. The di-
agram illustrates the changing parameter in an effective manner. The sensitivity
of the system to parameter changing is considered to be very high and shows the
interplay between periodicity and chaos. This diagram provides great insight into
the dynamical behaviour of the system and its sensitivity to parameter e change
conditions.

(a) (b)

Figure 9. Bifurcation of parameter e ∈ [1, 7] at c = 0.5, a = 0.1,
b = 0.5, p = 4, d = 10, and α = 0.98 with initial conditions given
by (0, 5, 0,−0.1): (a) Bifurcation of e with xmax of system (3.3),
(b) Bifurcation of e with LEs of system (3.3).

Fig. 10a describes the bifurcation of the system with parameter p, illustrating
the system’s evolving dynamics as parameter p ∈ [1, 5]. At values (1.5 ≤ p ≤ 3),
the system shows two clear branches of distinct points, corresponding to stable
periodic states. As p increases (3 < p < 3.8), the diagram displays period-
doubling bifurcations, marked by a dense accumulation of points that signal the
onset of chaotic behaviour. For (p > 4), the chaos becomes more organized as p
approaches 5. Bifurcation of Lyapunov spectrum with parameter p in Fig. 10b
verifies the parameter p bifurcation with the system outcome. The diagram’s
clear transitions and point clustering effectively highlight the intricate balance
between stability, period-doubling, and chaos, offering critical insights into the
system’s sensitivity to parameter variations p. We examined the system quasi-
periodicity at p = 3 in Figs. 10c and 10d. while, the prevailed chaos in the system
motion at p = 4 is depicted in Figs. 10e and 10f.

To examine how varying the parameter α ∈ [0, 1] impacts the system (3.3),
bifurcation of parameter α with the system and the corresponding Lyapunov
spectrum is shown in Figs. 11a and 11b, respectively. Through bifurcation anal-
ysis, it is evidenced that the fractional order α has a considerable influence on
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(a) (b)

(c) (d)

(e) (f)

Figure 10. Bifurcation of parameter p ∈ [1, 5] at c = 0.5, e = 4,
b = 0.5, a = 0.1, d = 10, and α = 0.98 with initial conditions given
by (0, 5, 0,−0.1): (a) Bifurcation of p with xmax of system (3.3),
(b) Bifurcation of p with LEs of system (3.3), (c) Phase portrait
at p = 3 in 3-D plane, (d) Phase portrait at p = 3 in x− y plane,
(e) Phase portrait at p = 4 in 3-D plane, (f) Phase portrait at
p = 4 in x− y plane.

the dynamic behaviour of the system, where it transits from unstable fixed points
and periodic/quasi-periodic orbits (0.8 ≤ α ≤ 0.94) to fully developed chaos as α
approaches 1. In this way, this result affirms the critical role of fractional-order
derivatives in determining the stability of the system; therefore, it increases the
flexibility toward applications based on chaos. We illustrate the system behaviour



FRACTIONAL-ORDER CHAOTIC CIRCUIT WITH A FEEDBACK MEMRISTOR 353

at α = 0.88 in Figs. 11c and 11d, while the investigation of the system quasi-
periodic behaviour at α = 0.94 is presented in Figs. 11e and 11f.

(a) (b)

(c) (d)

(e) (f)

Figure 11. Bifurcation of parameter α ∈ [0.8, 1] at a = 0.1, e = 4,
b = 0.5, p = 4, c = 0.5, and d = 10 with initial conditions given
by (0, 5, 0,−0.1): (a) Bifurcation of α with xmax of system (3.3),
(b) Bifurcation of α with LEs of system (3.3), (c) Phase portrait
at α = 0.88 in 3-D plane, (d) Phase portrait at α = 0.88 in x− y
plane, (e) Phase portrait at α = 0.94 in 3-D plane, (f) Phase
portrait at α = 0.94 in x− y plane.

4.5.2. Effects of initial conditions. In order to determine how sensitive the system
is to the initial conditions, the parameters are selected as a, b, p, c, d, e, and α
equal to 0.1, 0.5, 4, 0.5, 10, 4, and 0.98, respectively. Moreover, the spectrum of
Lyapunov exponent and the system phase portraits are used.
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To study the sensitivity of the initial condition w(0), the other initial values
are chosen as x(0) = 0, y(0) = 5, and z(0) = 0. The bifurcation of Lyapunov
exponents with w(0) diagram is shown in Fig. 12a, where the initial value w(0)
is varied from −15 to −5. It is evident that the initial value w(0) determines
the state of the suggested circuit. When w(0) is between [−15,−9.6], there exist
periodic and quasi-periodic orbits, while when w(0) is between [−9.5,−5], a state
of chaos is introduced into the system. The result emphasizes the strong depen-
dence of the system’s dynamics with respect to the initial condition w(0), which
thus plays a critical role in the transition between periodic, quasi-periodic, and
chaotic behaviour for precision tuning in chaos-based applications. The system
behaviour at initial conditions [0, 5, 0,−15] and [0, 5, 0,−5] is studied in Fig. 12b,
where it is clear that the system at w(0) = −5 exists in an aperiodic state and
the associated phase portraits are displayed in Figs. 12c, 12d and 12e, while at
w(0) = −15 the system is in a quasi-periodic state and the related phase portraits
are portrayed in Figs. 12f, 12g and 12h.

To examine the effect of y(0) on the dynamics of the system, the other initial
values are selected as x(0) = 0, z(0) = 0, and w(0) = −0.1. The Lyapunov
exponents spectrum bifurcation with y(0) portrait is shown in Fig. 13a, where
the initial value y(0) is increased from 2 to 7. It is clear to notice that the
proposed circuit exhibits chaos when y(0) is between [2, 7]. The study of the
system behaviour at initial conditions [0, 2, 0,−0.1] and [0, 7, 0,−0.1] is reported
in Fig. 13b. It is found that changing the value of y(0) ∈ [2, 7] possesses an
impact on the shape and pattern of the system strange attractors. When y(0)
is between [2, 3.1] the system strange attractors have a shape inspected in Figs.
13c, 13d and 13e at y(0) = 2. In Figs. 13f, 13g and 13h at y(0) = 3.5, we can
notice the start of the changing in the system strange attractors pattern. When
y(0) is between [4, 7] the system strange attractors have another shape shown
in Figs. 13i, 13j and 13k at y(0) = 5. This finding highlights the prominence
of initial condition y(0) in the chaotic dynamics of the proposed system where
basically changes in the control parameter y(0) do sustain the chaos but change
the structure of strange attractors; hence, its consideration becomes important
in terms of control or optimization of chaotic behaviour in practical applications.

4.6. Numerical simulation. For a, b, c, d, and e, holding the values 0.1, 0.5,
0.5, 10, and 4, respectively, the numerical simulation of the proposed system (3.3)
using Adams-Bashforth-Moulton algorithm is shown in Fig. 14 at p = 4 and
α = 0.98, where it is clear that the trajectories are aperiodic, unpredictable, and
change in a constrained complex manner. These aspects give basic explanations
of chaos and strange attractors. In Fig. 15 at p = 4 and α = 1, it is easily
perceived that the system also exhibits chaotic motion in the integer case, which
confirms the obtained result from α bifurcation.

5. Circuit design and experiment results

The accepted definition of a fractional calculus does not permit the straightfor-
ward execution of fractional operators within the domain simulations, hindering
the analysis of fractional-order systems. However, based on the concepts of circuit
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(a) (b)

(c) (d) (e)

(f) (g) (h)

Figure 12. The influence of changing w(0) from −15 to −5: (a)
Bifurcation of w(0) with LEs of system (3.3), (b) Comparison of
system (3.3) behaviour with two different values of w(0), (c) y−w
plane at w(0) = −5, (d) x− z plane at w(0) = −5, (e) 3-D plane
at w(0) = −5, (f) y − w plane at w(0) = −15, (g) x− z plane at
w(0) = −15, (h) 3-D plane at w(0) = −15.

theory, the fractional-order integrator can be linearly approximated to its integer
order approximation, utilizing frequency domain techniques derived from Bode
plots. To rationalize the fractional order components, various iterative strate-
gies can be used, as described in [58, 23]. The approach used in this research is
Charef’s method [19] which is the most popular technique because it achieves an
excellent balance between complexity and approximate accuracy. The approxi-

mation formula of
1

sα
where α = 0.98, as introduced in [34], is given by

1

s0.98
=

1.2974 (s+ 1125)

(s+ 1423) (s+ 0.01125)
, (5.1)
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(a) (b)

(c) (d) (e)

(f) (g) (h)

(i) (j) (k)

Figure 13. The influence of changing y(0) from 2 to 7: (a) Bifur-
cation of y(0) with LEs of system (3.3), (b) Comparison of system
(3.3) behaviour with two different values of y(0), (c) y − w plane
at y(0) = 2, (d) x−z plane at y(0) = 2, (e) 3-D plane at y(0) = 2,
(f) y − w plane at y(0) = 3.5, (g) x − z plane at y(0) = 3.5, (h)
3-D plane at y(0) = 3.5, (i) y−w plane at y(0) = 5, (j) x−z plane
at y(0) = 5, (k) 3-D plane at y(0) = 5

where s = jw. The chain ship circuit component shown in Fig. 16 which sim-
ulates the behaviour of the fractional integral operator has a transfer function
between the connecting nodes A and B as shown below
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 14. 3-D and 2-D numerical simulation of the proposed
system (3.3) at α = 0.98 and p = 4 with initial conditions
(0, 5, 0,−0.1).

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 15. 3-D and 2-D numerical simulation of the proposed sys-
tem (3.3) at α = 1 and p = 4 with initial conditions (0, 5, 0,−0.1).

H0.98 (s) =
R1

sR1C1 + 1
+

R2

sR2C2 + 1
(5.2)

=
1

C0

(
C0

C1

+
C0

C2

)[
s+

1
R1

+ 1
R2

C1 + C2

]
(
s+

1

R1C1

)(
s+

1

R2C2

) , (5.3)

taking C0 = 1 νF. Since H (s)C0 =
1

s0.98
, we can get R1 = 190.933 Ω, R2 =

91.1873 MΩ, C1 = 3.68059 µF and C2 = 975.32 nF .
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Figure 16. The chain ship unit of
1

s0.98
[34].

Based on the previous analysis, the system given by equation (3.3) indicates
that a chaotic state is present in the system when the parameters a, b, p, c,
d, e, and α, are defined as 0.1, 0.5, 4, 0.5, 10, 4, and 0.98, respectively. The
experimental circuit that has been designed is illustrated in Fig. 17, and this
circuit can be characterized by

c
0D

α
τ x =

(
R10

R34

)
y2 −

(
R10

R12

)
x,

c
0D

α
τ y = −

(
R21

R22

)
z,

c
0D

α
τ z = −

(
R26

R32

)
zw2 +

(
R26

R27

)
z +

(
R26

R13

)
y,

c
0D

α
τw =

(
R15

R11

)
z −

(
R15

R16

)
w +

(
R15

R17

)
z2w,

(5.4)

where the values of all resistors are illustrated in Fig. 17. The experimental sim-
ulation of the oscilloscopes reported in Fig. 18 shows the same chaotic behaviour
obtained from the numerical simulation.

6. Sound encryption

Recently, chaos-based cryptography has gained popularity due to its desired
characteristics, such as: complexity, sensitivity to parameter changes, and pseudo-
randomness. Chaos-based cryptography uses concepts of chaos theory to mask
and unmask the data. The application of chaos theory in encryption makes
cryptography extremely secure due to the unpredictable nature of chaos theory
and one-time pad cryptography as in this method we use a unique key for each
message quickly and efficiently. Examples of chaotic systems or chaotic maps,
often called pseudo-random number generators (PRNGs), used in cryptography
applications are described in [39, 15, 28, 18, 36, 35].

Thus, in this section, a PRNG is implemented to encrypt a sound signal using
the proposed system in (3.3). NIST-800-22 randomness tests [54] were performed
on the pseudorandom numbers produced by the proposed chaotic system; Table
2 displays the test’s successful results. The generated keystream based on the
proposed system in (3.3) is dependent on the original sound data in addition to
the fractional system parameters and initial conditions.

6.1. Encryption technique. This subsection provides the steps of the encryp-
tion technique based on (3.3) as follows
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Figure 17. The implementation of the proposed circuit at α =
0.98.

• Read the sound signal into matlab where it is stored as a n × 2 matrix:
S = [−→m−→r ] .
• Shuffle the matrix Sn×2 by row using an index of random unrepeated

integers.
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(a) (b)

(c)

Figure 18. Experimental simulation of the proposed circuit at
α = 0.98 and p = 4: (a) Oscilloscope observation of the proposed
system’s attractors in chaos in the y−z plane, (b) Oscilloscope ob-
servation of the proposed system’s attractors in chaos in the y−w
plane, (c) Oscilloscope observation of the proposed system’s at-
tractors in chaos in the z − w plane.

• Determine the perturbation value Haud, which is a constant parameter
relies only on the original sound signal and is evaluated by

Haud =

(
n∑
t=1

S(t, 1) +
n∑
t=1

S(t, 2)

)/
(n× 2). (6.1)

• Add Haud to the system parameter p or to the initial conditions and skip
the first transient values to get a time series solution as x(k), y(k), z(k),
and w(k) where k = 1, 2, 3, ...., n and x, y, z, w are regarded as the state
variables of the system. Choose any two state variables of them as a secret
key Ks.
• Add the secret key Ks to the shuffled matrix Sn×2 to get the encrypted

sound signal.

Reverse the encryption steps to perform decryption as outlined below

• Read the encrypted sound signal as a matrix n × 2, then subtract the
secret key Ks from it.
• Deshuffle the obtained matrix by row using the same previous generated

index to get the decrypted sound signal.

Fig. 19 displays the block diagram that depicts encryption/decryption process.
The proposed algorithm is applied to a float sound signal shown in Fig. 20,
where Fig. 20a represents the original sound spectrum, Fig. 20b represents the
encrypted sound spectrum where it is noticeable that the spectrum is completely



FRACTIONAL-ORDER CHAOTIC CIRCUIT WITH A FEEDBACK MEMRISTOR 361

Table 2. Results of NIST statistical test [54] carried out on the
pseudorandom numbers generated from the proposed system.

Test Name x (P-value) y (P-value) z (P-value) w (P-value) Status
1. Frequency (Monobit) Test 0.2444 0.2201 0.7009 0.5578 Passed

2. Frequency Test within a Block 0.7737 0.0820 0.1500 0.3261 Passed
3. Runs Test 0.9462 0.6777 0.8242 0.8295 Passed

4. Test for the Longest Run of Ones in a Block 0.4845 0.1754 0.36165 0.6953 Passed
5. Binary Matrix Rank Test 0.2236 0.3050 0.3247 0.2625 Passed

6. Non-overlapping Template Matching Test 0.5614 0.0385 0.7795 0.5219 Passed
7. Overlapping Template Matching Test 0.4637 0.9398 0.1490 0.2745 Passed
8. Maurer’s “Universal Statistical” Test 0.3495 0.2109 0.2902 0.2895 Passed

9. Linear Complexity Test 0.0186 0.6708 0.3951 0.7133 Passed
10. Serial Test

P-value 1: 0.5068 0.4332 0.7923 0.3487
Passed

P-value 2: 0.9489 0.6803 0.5727 0.1841
11. Approximate Entropy Test 0.2900 0.1965 0.3425 0.6039 Passed

12. Cumulative Sums (Cusum) Test
P-value Forward: 0.2318 0.3545 0.7728 0.6164

Passed
P-value Reverse: 0.6037 0.5729 0.9433 0.2191

13. Random Excursions Test 0.0147 0.1568 0.0111 0.4176 Passed
14. Random Excursions Variant Test 0.0125 0.0180 0.2417 0.0199 Passed

changed and original data cannot be recognized. Fig. 20c shows the decoded
sound spectrum, it is obvious that the spectrum of the original sound and the
decoded sound are identical.

Figure 19. Encryption and decryption process block diagram.
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(a) The original sound signal. (b) The encrypted sound signal.

(c) The decrypted sound signal.

Figure 20. The encrypted and decrypted sound signal spectrum.

6.2. Encryption performance and comparative analysis. Table 3 shows
the comparison between the sound encryption algorithm based on the novel mem-
ristive chaotic circuit proposed in this research and The Advanced Encryption
Standard (AES) [52]. In contrast with traditional audiovisual AES encryption
that is built around the concept of key expansion and utilizes block ciphering,
the new memristive chaos-based encryption scheme is superior by randomness,
differential attack resistance, as well as key sensitivity. Traditional encryption
approaches, such as AES, are implemented in a block and type format that has
a fixed-length, and therefore requires substantial computational resources, which
makes the instantaneous encryption of high frequency sound signals almost im-
possible [24]. Hence, the new approach has the ability to increase security and
efficiency at the same time. Unlike the existing methods, this approach is more
flexible and can be used in real-time and limited resource settings, thus making
it more appealing than standard cryptography methods.

It is necessary to analyse and verify the encoding and decoding durations of
various algorithms in order to assess their efficacy. This helps to determine which
algorithms aim to offer better performance and more security. Table 4 defines two
different algorithms encoding and decoding times and the speed at which these
processes are done. It is clear that rapid speed criteria are successfully fulfilled for
both the encryption and decryption procedures based on the proposed (PRNG).

Complex and extremely unpredictable dynamics characterise the suggested
fractional-order chaotic circuit with a feedback memristor, which makes it a vi-
able option for a variety of cutting-edge engineering and security applications.
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Table 3. Comparison between AES and Chaos-based Encryption
for sound signals.

Feature AES-Based Encryption Chaos-based Encryption

Key Sensitivity Low High

(Small key changes barely impact encryption output) (Minor changes in conditions cause drastically different outputs )

Computational Complexity High Low

(substitution-permutation on network, key expansion) ( relies on simple chaotic iteration)

Real-Time Suitability Limited High

(block-wise encryption introduces latency) ( continuous chaotic perturbation enables real time processing)

Resistance to Differential Attacks Moderate High

(dependent on S-box and diffusion mechanism) (chaotic systems naturally amplify small differences)

Vulnerability to Side-Channel Attacks Moderate to High Low

(power analysis can reveal cryptographic operations) (chaotic dynamics obscure key-related computations)

Implementation on Low-Power Devices Computationally expensive Energy-efficient due to lightweight chaotic operations

Table 4. Time comparison between AES and Chaos-based En-
cryption for sound signals.

Chaos-based Encryption AES-based Encryption (Matlab)
This paper [60]

Encryption Time 12.979 ms 15.510 ms
Decryption time 13.864 ms 14.185 ms

Beyond its proven success in sound encryption, these chaotic circuits have been
extensively investigated for secure communication systems, where their sensitiv-
ity to initial conditions strengthens encryption schemes’ resistance to differential
cryptanalysis and brute-force attacks [48]. Chaotic systems can be applied in
signal processing for random number generation, noise suppression, and spread-
spectrum communication – all of which contribute towards efficient modern cryp-
tographic systems [64]. Moving the focus from neural networks to deep learning
models, some recent research exploits the concept of chaos to enhance learning
efficiency and help deep learning models overcome the challenge of local minimum
[46]. Given these diverse applications, the proposed chaotic circuit merits further
investigation in the fields of cybersecurity frameworks, next-generation artificial
intelligence models, and biological signal encryption.

7. Conclusion

A new fractional-order chaotic circuit featuring an integrated feedback mem-
ristor is introduced in this work. The mathematical model and circuit fractional-
order design are created and studied. Numerical simulations and stability analysis
are used to illustrate the chaotic nature of the system and the existence of coexist-
ing attractors. The complex nonlinear dynamics of the proposed circuit, including
periodic, quasi-periodic, and chaotic behaviours, are investigated and illustrated.
Strong agreement between the theoretical results and the numerical analysis is
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demonstrated by the carried out experimental simulations. Furthermore, the
chaotic sequences produced by the proposed fractional-order memristive system
successfully pass the NIST 800-22 randomness tests, demonstrating its potential
for secure encryption. These sequences provide a stable and fast sound encoding
system that ensures a completely transformed sound spectrum without any rec-
ognizable original data.
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