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ANALYTICAL FORMULATION OF SYNTHETIC MINORITY
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Abstract. Imbalanced data is an issue that affects various applications in
machine learning and data science. Synthetic minority oversampling technique
(SMOTE) is a common method used to artificially balance the data. Despite
the popularity of SMOTE, there is limited information about its analytical
properties. In this paper, we develop a precise theoretical formulation of the
sampling distribution of SMOTE in several important cases. We also examine
the convergence of the SMOTE distribution to the underlying distribution in
mean. The results provide a better understanding of SMOTE and other sam-
pling algorithms. In addition, we uncover surprising connections to other fields
such as information theory, Euler’s constant, and compound distributions. Fi-
nally, we show that the SMOTE-generated distribution Z converges to that of
the true underlying distribution X in mean.

1. Introduction

Imbalanced data refers to skewed distribution of classes in the dataset. It is
an issue that affects various applications in machine learning and data science
including medicine, network security, sentiment analysis, finance, and others [9,
10, 20, 21]. Sampling is a frequently used approach to deal with imbalanced
data. The most popular existing sampling method is the synthetic minority
oversampling technique (SMOTE) [2]. While the SMOTE algorithm is widely
used and has multiple extensions, there is limited research regarding its sampling
distribution. In this paper, we attempt to partially fill the gap in the literature
by deriving the exact analytical density distribution of the SMOTE algorithm
in several special cases. Our results reveal surprising connections to other fields
such as information theory, Euler’s constant, and the compound distributions.

There are two types of sampling techniques: 1) oversampling - increasing the
number of the minority points, and 2) undersampling - decreasing the number of
the majority points. Oversampling, or simply sampling, is the more commonly
used technique in the literature. There exists a plethora of sampling algorithms
that attempt to artificially increase the number of minority points in the data
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[11, 12, 15]. While studies have shown the efficacy of sampling methods in various
practical applications, there is little information about the theoretical aspects of
these methods [5]. The lack of theoretical analysis of the distributions of the
synthetic minority data restricts our understanding of the sampling methods and
their robustness.

Our goal in this paper is to shed light on the theoretical probability density
functions for the distributions of the synthetic minority samples generated by
SMOTE algorithm for key special cases. In particular, we derive the explicit
probability density functions in cases where the true distributions of the minority
data are the following:

• Uniform
• Exponential
• Gaussian
• Cauchy

While we focus on univariate distributions in this paper, the results can be
straightforwardly generalized to multivariate distributions when the features are
independent. Even when the features are not independent, decorrelation tech-
niques such as principal component analysis can be used to achieve acceptable
levels of independence.

Finally, we examine the convergence of the SMOTE distribution to the underly-
ing distribution in mean. In particular, we prove that limn→∞ E (Z −X) = 0. It
shows that as the sample size increases the SMOTE algorithm generates samples
that are close to the true underlying distribution.

The paper is structures as follows. Section 2 describes the SMOTE algorithm
and related literature. Section 3 contains the main results regarding the theoret-
ical distributions. In Section 4, we study the distribution of the synthetic points
as the sample size increases. Section 5 conclude the paper with closing remarks.

2. SMOTE

The SMOTE algorithm was originally proposed by Chawla et al. (2002) in [2].
It generates new synthetic samples of the minority class according to the following
procedure. First, SMOTE randomly selects a minority instance xi and finds its
k nearest minority class neighbors. The synthetic instance is created by choosing
one of the k nearest neighbors xj at random and connecting xi and xj to form a
line segment in the feature space. The synthetic instance z is then generated as
a convex combination of the two chosen instances xi and xj [7]. To simplify the
notation, in the remainder of the paper, we will denote the first chosen instance
x1 and the second instance x2.

There exists numerous extensions of SMOTE that attempt to modify the origi-
nal algorithm in order to improve the sampling outcome. The Adaptive Synthetic
(ADASYN) algorithm is similar to SMOTE but it generates different number of
samples depending on an estimate of the local distribution of the class to be
oversampled [8]. Borderline SMOTE is another popular variant of the original
SMOTE algorithm proposed in [6], where the borderline samples are detected and
used to generate new synthetic samples. Support vector machines were used in
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[18] to develop SVM-SMOTE. More recently several other extensions including
Center Point SMOTE, Inner and Outer SMOTE [1], Deep Attention SMOTE
[14], and others have been proposed.

Despite the immense popularity of SMOTE the sampling distribution of its
synthetically generated points is not fully known. The concept of ”no free lunch”
in machine learning was applied to imbalanced learning in [17]. A comparative
empirical study by the authors showed that any two resampling strategies would
have the same classification performance given no a priori knowledge or data as-
sumptions. In [3], the authors derive the expectation and covariance matrix of
the SMOTE generated patterns. At the same time, in [13], the authors investi-
gate the asymptotic behavior of SMOTE-generated samples using order statistics.
Furthermore, in [4], the authors describe the sampling distribution of SMOTE in
the form of a double integral function:

Theorem 2.1. [4] Let x be a random sample of a random variable X. Let Z be
a random variable defined as a random linear interpolation between K−nearest
neighbors of xk as given by SMOTE algorithm in [2]. Then, the probability density
of Z is given by:

fZ(z) = (N −K)

(
N − 1

K

)∫
x

fX(x)

∫ ∞

r=||z−x||
fX

(
x+

(z − x)r

||z − x||

)(
rd−2

||z − x||d−1

)
×B

(
1− IB(x,r);N−K−1,K

)
drdx,

where B
(
1− IB(x,r);N−K−1,K

)
is the incomplete beta function.

While the above result provides a general formulation of the sampling distri-
bution of SMOTE, it is limited due to the complex integral term. Our goal is
to consider several major cases of the distribution of x and obtain a simplified
formulation of the density function fZ(z) of the of the random variable Z repre-
senting the synthetic instance. First, we consider the case when the underlying
distribution of the minority class is uniform. Solving this case yields an unex-
pected connection to information entropy. Second, we consider the case when
the underlying distribution is exponential which leads to a connection with Eu-
ler’s constant. Third, we consider the Gaussian distribution which leads to a
connection with compound distributions. Finally, we study the Cauchy distribu-
tion. Studying the density characteristics of the SMOTE patterns could stimulate
developing density oriented over-sampling methods [16, 23].

3. Main results

In this paper, we consider the following simplified version of the SMOTE algo-
rithm. Let (x1, x2) be a random sample drawn from a real-valued random variable
X. Let z be a randomly chosen point between x1 and x2. In other words, z is a
random convex combination of x1 and x2. In this procedure, x1 and x2 represent
the minority class instances and z represents a synthetic instance.
Our goal is to develop analytic expressions for the density of the random vari-

able Z when the distribution of minority data is known. We focus on four major
special cases: uniform, exponential, Gaussian, and Cauchy distributions.
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3.1. Uniform distribution. In this subsection, we discuss the distribution of
the synthetically generated points, in the case when the true distribution of the
minority class points is uniform. In other words, we consider the scenario where
the minority class sample is randomly taken from a uniformly distributed source,
and the SMOTE algorithm is applied to the selected sample to generate new
synthetic points.

We formalize the above scenario in the following fashion. Suppose that a
random sample of size 2 is randomly taken from a uniform distribution over the
interval [0, 1]. Let us denote the sample points by X1 and X2. Given the points
x1 and x2, a new point z is chosen on the line segment joining x1 and x2, as
illustrated in Figure 1. Let Z be the corresponding random variable. Our goal is
to derive the probability density function of Z.

x1 x2z

0 1

Figure 1. Synthetic point z is randomly generated between neigh-
boring minority points x1 and x2.

Let us first assume that X1 < X2. Then, the conditional probability density of
Z is

f(z|x1, x2) =
1

x2 − x1

. (3.1)

To obtain the marginal density function of Z, we integrate over the range of
possible values of X1 and X2:

f(z|x1 < x2) =

∫ z

0

∫ 1

z

1

x2 − x1

dx2 dx1

=

∫ z

0

[
ln(x2 − x1)

∣∣1
z

]
dx1

=

∫ z

0

ln(1− x1)− ln(z − x1) dx1

= −(1− x1) ln(1− x1) + (1− x1) + (z − x1) ln(z − x1)− (z − x1)
∣∣z
0

= −(1− z) ln(1− z) + (1− z)− (1 + z ln z − z)

= −z ln z − (1− z) ln(1− z)
(3.2)

Note that in Equation 3.2, we used the fact that

lim
z→0

z ln z = 0.

Similarly, the marginal density function of Z when x2 < x1 is given by the
expression −z ln z − (1 − z) ln(1 − z). Thus, the complete marginal distribution
function is given by

f(z) = −2
(
z ln z + (1− z) ln(1− z)

)
(3.3)
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To verify the above theoretical result, we simulate the distribution of Z based
on 107 randomly generated points. As shown in Figure 2, the histogram of the
simulated values of Z matches with the graph of the function f(z).
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f(z) = 2(-z ln(z) - (1-z) ln(1-z))

Figure 2. The histogram of 107 simulated values of Z based on
the uniform distribution together with the graph of f(z).

There exists a surprising connection between the distribution of Z presented
in Equation 3.3 and information entropy. Recall that the entropy of a Bernoulli
random variable X is given by the equation

H(X) = −q ln q − (1− q) ln(1− q), (3.4)

where q is the probability of the positive outcome. If we view the expression in
Equation 3.4 as the function of z, i.e., H(z) = −z ln z − (1 − z) ln(1 − z), then
we get that the distribution of Z equals twice the entropy of a Bernoulli random
variable

f(z) = 2H(z). (3.5)

3.2. Exponential distribution. In this subsection, we explore the distribution
when the true distribution of the minority points is exponential. In particular,
assume that X ∼ exp(λ = 1). We will employ a similar strategy as in the case of
the uniform distribution to set up our analysis.
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f(z|x1 < x2) =

∫ z

0

∫ ∞

z

1

x2 − x1

e−x2e−x1 dx2 dx1

=

∫ z

0

e−x1

[∫ ∞

z

1

x2 − x1

e−x2 dx2

]
dx1

=

∫ z

0

e−2x1

∫ ∞

z−x1

e−t

t
dt dx1

= −1

2
e−2x1

∫ ∞

z−x1

e−t

t
dt

∣∣∣∣∣
z

0

−
∫ z

0

−1

2
e−2x1 · e

−(z−x1)

z − x1

dx1

= −1

2
e−2z

∫ ∞

0

e−t

t
dt+

1

2

∫ ∞

z

e−t

t
dt+

1

2

∫ z

0

e−z−x1

z − x1

dx1

= −1

2
e−2z

∫ ∞

0

e−t

t
dt+

1

2

∫ ∞

z

e−t

t
dt+

1

2
e−2z

∫ z

0

et

t
dt

=
1

2
e−2z

∫ z

0

et − e−t

t
dt+

1

2
(1− e−2z)

∫ ∞

z

e−t

t
dt.

(3.6)

Note that in line 2 of Equation 3.6, we made a substitution t = x2 − x1 and
in line 3 we employed the integration by parts formula with u =

∫∞
z−x1

e−t

t
dt and

dv = e−2x1 . In line 5, we made another substitution t = z−x1. In line 6, we split
the first integral and grouped similar integrals.

Next, we analyze each integral obtained in the end of Equation 3.6 using the
Taylor series expansion of the exponential function.

et − e−t

t
=

1

t

[
(1 + t+

t2

2!
+

t3

3!
+ . . . )− (1− t+

t2

2!
− t3

3!
+ . . . )

]

= 2(1 +
t2

3!
+

t4

5!
+ . . . )

= 2
∞∑
k=0

t2k

(2k + 1)!
.

(3.7)

It follows from Equation 3.7 that

∫ z

0

et − e−t

t
dt = 2

∞∑
k=0

z2k+1

(2k + 1)(2k + 1)!
. (3.8)
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Similarly, ∫ ∞

z

e−t

t
dt =

∫ ∞

z

1

t

(
1 +

∞∑
k=1

(−1)k
tk

k!

)
dt

=

∫ ∞

z

1

t
+

∞∑
k=1

(−1)k
tk−1

k!
dt

= ln z +
∞∑
k=1

(−1)k
tk

k · k!

∣∣∣∣∣
∞

z

= −γ − ln z −
∞∑
k=1

(−1)k
zk

k · k!
,

(3.9)

where γ is Euler’s constant. Combining the results in Equations 3.6, 3.8, and 3.9,
we get the following

f(z|x1 < x2) = e−2z

∞∑
k=0

z2k+1

(2k + 1)(2k + 1)!
−1

2
(1−e−2z)

(
γ+ln z+

∞∑
k=1

(−1)k
zk

k · k!

)
.

(3.10)
Finally, we observe that

f(z) = 2 · f(z|x1 < x2). (3.11)

To verify our results, we simulated the values of Z with 107 random samples.
As shown in Figure 3, the histogram of the simulated values matches almost
perfectly with the graph of f(z).
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Figure 3. The histogram of 107 simulated values of Z based on
the exponential distribution together with the graph of f(z) in
Equation 3.11.

3.3. Gaussian distribution. In this subsection, we explore the sampling distri-
bution when the true distribution of the minority points is Gaussian. Since z is
randomly chosen between X1 and X2, it can be viewed as a linear interpolation
of the minority points. Let us define the random variable Z as
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Z = ΘX1 + (1−Θ)X2,

where

- X1, X2 ∼ N(0, 1) are independent,
- Θ ∼ U(0, 1) is independent of X1 and X2.

Next, we attempt to derive the density function of the random variable Z, from
the joint density of Z and Θ using Bayes’ theorem for densities:

fZ|Θ(z|θ) =
fZ,Θ(z, θ)

fΘ(θ)
, (3.12)

where

- fZ|Θ(z|θ) is the conditional density of Z given Θ = θ,
- fZ,Θ(z, θ) is the joint density of of Z and Θ,
- fΘ(θ) is the marginal density of Θ.

For a fixed value Θ = θ, the random variable Z|Θ is normally distributed since
it is a combination of two normally distributed random variables X1 and X2. Its
parameters are computed as follows:

- Conditional mean E[Z|θ]: Since E[X1] = E[X2] = 0, E[Z|θ] = θ · 0+(1−
θ) · 0 = 0.

- Conditional variance V ar[Z|θ]: The variance of Z given θ is

V ar[Z|θ] = θ2 ·V ar(X1)+ (1− θ)2 ·V ar(X2) = θ2 · 1+ (1− θ)2 · 1 = θ2 +(1− θ)2

(since V ar(X1) = V ar(X2) = 1 and X1, X2 are independent).

Thus, the distribution of Z|Θ = θ is N(0, θ2 + (1 − θ)2) and its density is given
by

fZ|Θ(z|θ) =
1√

2π(θ2 + (1− θ)2)
exp

(
− z2

2(θ2 + (1− θ)2)

)
.

Using Bayes’ formula in (3.12), the joint density of Z and Θ is given by

fZ,Θ(z, θ) =
1√

2π(θ2 + (1− θ)2)
exp

(
− z2

2(θ2 + (1− θ)2)

)
· 1.

To find the marginal density of Z, we integrate the joint density over all possible
values of Θ:

fZ(z) =

∫ 1

0

fZ,Θ(z, θ)dθ =

∫ 1

0

1√
2π(θ2 + (1− θ)2)

exp

(
− z2

2(θ2 + (1− θ)2)

)
dθ.

This integral is challenging and might not have an explicit form requiring numer-
ical integration methods. However, given the form of this integral, the linearity
of Z as a combination of normal variables and the ”mixing” weights coming from
Θ, the distribution of Z can be regarded as a mixture of Gaussian distributions
with smoothly different variances.

To highlight the influence of the variance of the compound distribution Θ2 +
(1 − Θ)2 on the density of Z, we express the marginal density of Z as follows.
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Let Λ = Θ2 + (1 − Θ)2, be the random variance with the support [0.5, 1], its
cumulative distribution function is given by

FΛ(λ) = P (Λ ≤ λ)

= P (θ ≤ Θ ≤ (1− θ))

= 1− 2θ

= 1− (1−
√

2λ− 1)

=
√
2λ− 1.

Taking the derivative of Fλ(Λ) yields the density of Λ,

1√
2λ− 1

, λ ∈ [0.5, 1]. (3.13)

Therefore, the marginal density of Z can be expressed as

fZ(z) =

∫ 1

0.5

fZ|Λ(z|λ)fΛ(λ)dλ

=

∫ 1

0.5

1√
2πλ

exp

(
− z2

2λ

)
1√

2λ− 1
dλ.

(3.14)

The formulation in Equation 3.14 shows that fZ(z) can be viewed as a compound
probability distribution [19]. In particular, Z is distributed according to the
Gaussian distribution with variance λ that is again distributed according to the
distribution in Equation 3.13.

In the absence of an analytical approach of computing the integrals describing
the density of the random variable Z, one can analyze the properties of the distri-
bution such as the expectation and the variance. It is clear that the expectation
E[Z] = 0. The variance is given by:

Var(Z) = E[Θ2]Var(X1) + E[(1−Θ)2]Var(X2).

Since E[Θ2] =
∫ 1

0
θ2dθ = 1/3 (and similarly for E[(1 − Θ)2]), and noting the

independence and identical distribution of X1 and X2, we find:

Var(Z) =
1

3
+

1

3
=

2

3
.

Finally, while the distribution of Z is given by the compound density function
in Equation 3.14, it can be well approximated via Gaussian density function with
the above parameters. As shown in Figure 4, the true distribution of Z is very
close to the Gaussian distribution with mean 0 and variance 2

3
.
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Figure 4. The histogram of 107 simulated values of Z together
with the density of N (0, 2/3).

3.4. Cauchy distribution. In this subsection, we assume that our sample is
drawn from a standard Cauchy distribution

Z = ΘX1 + (1−Θ)X2,

where

- X1, X2 ∼ Cauchy(0, 1) are independent,
- Θ ∼ U(0, 1) is independent of X1 and X2.

Note that for a fixed value θ, the random variables θX1 and (1−θ)X2 both follow
Cauchy distribution. Specifically

- θX1 ∼ Cauchy(0, θ),
- (1− θ)X2 ∼ Cauchy(0, 1− θ).

Since Z = θX1 + (1 − θ)X2 is the sum of two independent Cauchy random
variables with different scale parameters, the conditional distribution of Z, given
Θ = θ is also Cauchy with density fZ|Θ(z|θ) = 1

π(1+z2)
. We derive the density

function of the random variable Z, by integrating the joint density of Z and Θ
over all the possible values of Θ,

fZ(z) =

∫ 1

0

fZ|Θ(z|θ) · fΘ(θ)dθ

=

∫ 1

0

1

π(1 + z2)
dθ

=
1

π(1 + z2)
.

(3.15)

It follows from Equation 3.15 that the marginal distribution of Z is also Cauchy.
The generalization to different parameters is straightforward since Cauchy is a
stable distribution.
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To verify the above theoretical result, we simulate the distribution of Z based
on 107 randomly generated points. As shown in Figure 5, the histogram of the
simulated values of Z matches with the graph of the function fZf(z).
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Figure 5. The histogram of 107 simulated values of Z together
with the density of Cauchy(0, 1).

4. Convergence in mean

It was shown in Section 3 that the distribution of Z does not match that of X
in case of the uniform and exponential random variables, when the sample size
is 2. However, as shown in Figures 6 and 7, the distribution of Z approaches
the distribution of X as the sample size n increases. In this section, we show
analytically in special cases that Z converges to X in mean, as n increases.
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Figure 6. Numerical simulation of Z for different values of n,
where X ∼ U(0, 1).
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Figure 7. Numerical simulation of Z for different values of n,
where X ∼ Exp(λ = 1).

We consider the following version of SMOTE for a sample of size n. Let X
be a random variable with a probability density function fX(x). Let n ≥ 2 be a
fixed positive integer. Apply the following procedure:

(1) Select a random sample of X: S = {x1, x2, . . . , xn}.
(2) Select a random point xi ∈ S.
(3) Let xj ∈ S be the nearest neighbor of xi.
(4) Select a random point z on the line segment connecting xi and xj.

We require the following lemma to obtain our results.

Lemma 4.1. [22] Let X be a random variable with cumulative distribution func-
tion F (x). Let X(k) denote the kth order statistic in a random sample of size n.
Then,

E
(
X(k+1) −X(k)

)
=

(
n

k

)∫ ∞

−∞
F k(x)(1− F (x))n−k dx,

for all k = 1, . . . , n− 1.

First, we will show that for the uniform and exponential distributions the
distance between neighboring points in a sample converges to zero as n → ∞.

Proposition 4.2. In the same scenario as in Lemma 4.1, the following are true

a. If f(x) = 1, [0, 1], then E
(
X(k+1) −X(k)

)
= 1

n

b. If f(x) = αe−αx, [0,∞), then E
(
X(k+1) −X(k)

)
= 1

a(n−k)

Proof. If f(x) = 1, [0, 1], then

E
(
X(k+1) −X(k)

)
=

(
n

k

)∫ 1

0

xk(1− x)n−k dx

=

(
n

k

)
k!(n− k)!

(n+ 1)!

=
1

n
.
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If f(x) = αe−αx, [0,∞), then

E
(
X(k+1) −X(k)

)
=

(
n

k

)∫ ∞

0

(1− e−αx)k(e−αx)n−k dx

=

(
n

k

)∫ 1

0

(1− u)k(u)n−k−1 du

a

=
1

a

(
n

k

)
k!(n− k − 1)!

n!

=
1

a(n− k)
.

□

Next, we will use the above proposition to show that Z converges to X in
mean.

Corollary 4.3. Let X be a uniform or exponential random variable as in Propo-
sition 4.2. Then limn→∞ E (Z −X) = 0.

Proof. First, assume that X is a uniform random variable. We begin by showing
the following conditional convergence:

lim
n→∞

E
(
Z|X(k) −X(k)

)
= 0,

for any fixed k. Since Z|X(k) lies between X(k) and its m-th closest neighbor,
then ∣∣Z|X(k) −X(k)

∣∣ ≤ max
{
X(k+m) −X(k), X(k) −X(k−m)

}
Assume, without the loss of generality, that

E
(∣∣Z|X(k) −X(k)

∣∣) ≤ E
(
X(k+m) −X(k)

)
Then,

E
(∣∣Z|X(k) −X(k)

∣∣) ≤ E
(
X(k+m) −X(k)

)
=

m−1∑
i=0

E
(
X(k+i+1) −X(k+i)

)
= m · 1

n
= 0.

To find the unconditional expectation, we need to average over all X(k):

lim
n→∞

E (Z −X) = lim
n→∞

EX(k)

(
E(Z|X(k) −X(k))

)
= lim

n→∞

1

n

n∑
k=1

E(Z|X(k) −X(k))

≤ lim
n→∞

m

n
= 0
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Next, assume that X is an exponential random variable. Following a similar
argument as above, we get

E
(∣∣Z|X(k) −X(k)

∣∣) ≤ m−1∑
i=0

E
(
X(k+i+1) −X(k+i)

)
=

m−1∑
i=0

1

n− k − i

To find the unconditional expectation, we need to average over all X(k):

lim
n→∞

E (Z −X) = lim
n→∞

1

n

n∑
i=1

E(Z|X(k) −X(k))

≤ lim
n→∞

1

n

n−1∑
k=1

m−1∑
i=0

1

n− k − i

= 0

□

5. Conclusion

Sampling is a popular approach to dealing with imbalanced data. In this paper,
we studied the sampling distribution of the SMOTE-generated instances under
various scenarios. We obtained analytical expressions in important cases where
the underlying distribution of the minority instances is uniform, exponential,
Gaussian, and Cauchy. The results provide a better understanding of sampling
methods. In addition, we uncovered surprising connections with other fields of
mathematics.

While our study sheds light on analytical aspects of sampling methods, it has
a limited scope. We considered a simplified version of SMOTE. Further analysis
is required to obtain more general results. It is an interesting and fruitful avenue
for research - one which we hope to pursue in the future.
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