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SOME RESULTS OF NEW DEFINITION OF N2-FOURIER
TRANSFORM AND THEIR APPLICATIONS

RACHID BAHLOUL!* and MOHAMMED SABABHEH?

ABSTRACT. Based on a new definition of fractional derivative, called Ng-
derivative, we introduce a new definition and present some results on NJ-
periodic functions and N@-Fourier transform related to this type of func-
tions. We also use these results to study the N &-partial differential equation
Nga(t) = Ax(t) + Ipx(t) + f(t), where A is a linear closed operator on a
Banach space X.

1. INTRODUCTION

h _
The Ng-derivative operator N2(f)(t) := limy_ w, F(t,a) # 0, for

all t € [0,+00), has been recently introduced in [5]. This definition generalizes
the definitions given earlier in [13], defined by T(® f(¢) = lim._,o Gl (O

Motivated by the fact that functional differential equations arise in maany areas
of applied mathematics, this type of equations has received much attention in
recent years. We refer the readers to [0]. In particular, the existence problem of
periodic solutions has been considered by several authors, as one can see in [2, 1],
and the references therein.

In this work, we define the Np-Fourier transform, and use it to study the

existence of Np-periodic solutions for the N g-differential equation
pa(t) = Az(t) + Ipa(t) + f(1), (0 <a < 1) (1.1)

with the periodic condition z(p) = x(0).

This work is organized as follows: in Section 2, we collect some preliminary
results and definitions related to N2-derivative. In section 3, we prove some
results about N 23-periodic functions. Then we provide some findings and a novel
definition of some integral transforms, which are important for the rest of our
workt. In section 5, we study the existence and uniqueness of N'&-periodic strong
solutions of (1.1) solely in terms of a property of R-boundedness for the sequence
of operators {0%F (09" — A — L) ke Z).
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2. FUNDAMENTAL DEFINITIONS

The definition of the N#-derivative, and its significant characteristics are pre-
sented in this section.

Definition 2.1. [5] Assume that f: [0,4+00) - R and a € (0,1]. If F(-, ) is a
function defined on [0, +00) such that F(t,«) # 0, for all ¢ € [0, 400), we define
the Ng-derivative of the function f of order « at the point ¢ by

NE(f) () :=lim A m) _ f(t)

h—0 h
If this limit exists, we say that f is Ng-differentiable at ¢.

For the rest of the paper, F' is a function as in the above definition, and

€ (0,1].

Theorem 2.2. [5] Let « € (0, 1] and let f, g be N3-differentiable at a pointt > 0.
If a,b are scalars, then

%Fzga)f +0g)(t) = aNg(f)(t) + bNE(g)(1).
Ng‘( fo)(t ) =NE(f)(t)g ()+f() F(9)(t).
N .

HNE(f)(t
4 ( )(): g(t) ()(g)?(t)() N2 (9)(@)

5) If, in addition, f is differentiable then Ng(f)(t)

(1)
(2)
(3)
(4)
(5)

Example 2.3. For F(t,a) = 30t + 2at + 1, we have

> 2

Definition 2.4. Let 0 < a <1 and f:[0,4+00) = R.

(1) We say that f is Np-differentiable on [0, 4+00) if it is Ng—differentiable
at each t € (0,00), and N2 f(0) = lim; o+ N2 f(t) exists.

(2) We say that f is continuously Ng-differentiable on [0, +00) if f is N&-
differentiable and N2 f(¢) is continuous.

5 att t3
Np (3 2—+—+(1+6a)3 +2at2+2t) =t* + 2.

Definition 2.5. Let 0 < a < 1,n € N and f:[0,4+00) — R.

(1) We say that f is n times A2-differentiable on [0, +-00) if, Vj € {0, ..n}, NI f(t) =
NENE(NE(f))(t),7 times, exist for all ¢ € (0,+00), and N2f(0) =
limy o+ N2 f(t) exists.

(2) We say that f is n times continuously N&-differentiable on [0, +00), if
[ is n times N@-differentiable on [0, 4+00) and, Vj € {0,...n}, NZf(t) is
continuous on [0, 400).

Definition 2.6. Let f and F be as above, and let a € (0,1]. The N2-integral
of f is defined by

Ief(t) = /Ot F(s,a)f(s)ds, te[0,+00).
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Example 2.7. For F(t,a) = 3a*t* +at+1, t € [0,400) and a € (0, 1], we have

o1 2t5 t4 ) t3 2
Ip(t"+1) = 3a g—i—aZ—F(Ba +1)§+a§+t.

Lemma 2.8. [5] For any function f :[0,400) — R,
NE(Zpft) = f(t), t>0.
Example 2.9. For F(t,a) = 2at + 1, we have by Example 2.7 and Theorem 2.2

that
(3042% +ab + (B3 +1)E +ab + t)l
NE(ZH(* +1)) = T —— — 241,
for all ¢ > 0.
Lemma 2.10. [5] With the same parameters as above, if f is Ng-differentiable,
then

Ip(Npf(t) = f(t) — f(0), t>0.
Example 2.11. Consider the function defined in Example 2.7. By Theorem 2.2

TN I0) =T (3o ) - [ 2sts =2 = st~ 100,

3ot +at + 1
where f(t) = 1>+ 1.

3. SPECIAL FUNCTIONS

Definition 3.1. Let f, F, «a be as discussed earlier, and assume in addition that
F > 0. Let G,(t) = f(f F(7,a)dr be a primitive of F. If there is a continuous
function g : [0, +00) — R such that

f(t) = g(Ga(t)) = 9(Galt) + Ga(p))

then the function f is termed Ng p-periodic.
Remark 3.2. The function g(t) = f(G;(t)) is G4 (p)-periodic.
Example 3.3. Consider
at? +2/at, 0<t< L~
ft) = :
(=1 + 2va— H)t+ 5 — 5 é—%gmﬁ(\/;—n
and F(t,a) = 2at + 2\/a. Then f(t) = g(Ga(t)), where G, (t) = at? + 2y/at and

t, 0<t<+-—1

g(t) = :
I-I+5-1 I-1<t<d

a? a’

It is clear that g is continuous, and 1-periodic. Consequently, f is Vg \/La(\ /% +1-
1)-periodic. .
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Theorem 3.4. For F' > 0, and f,«a,G, as above, if [ is N2 p-periodic that

satisfies
Ga(p) .
) = [ G, w)du =0,
0
then I, f(t) is Ng p-periodic.
Proof. We substitute u = G,(s), and we use Definition 2.6 to obtain

t Ga (t)
IWWFiAF@ﬂV@MVZA F(G= () du = g1(Gu(1)),
where .
gmw=14@ﬂcz%u»dw

Alternatively, if g is as in Definition 3.1, we have

Ga(t)+Ga(p)
m@ﬂﬂﬂmmzé F(G3 (w))du

Gal(p) Ga(t)+Ga(p)
- [ G pau | g(u)du
0

Ga(p)

Ga(t) Gal(t)
:/ gwuumwzf o(s)ds
0 0

= g1(Galt)).
Therefore, g; is G, (p)-periodic, and hence, Z, f(t) is N& p-periodic.
Example 3.5. 1. Consider

(

at? +2y/at, 0<t< =(y/35+1-1)

(3.1)

(3.2)

[lt) =9 —at? =2v/at+5, (/T 1-1)<t<(/am+l-1)

\ at? +2y/at — 3, (et 1-1) <t <=(y/s+1-1)

We have f1(t) = g(Ga(t)), where G, (t) = at? + 2y/at and

t, 0<t< 4+
1 1 3
gt) =9 32—t 1. <t<i;
t— L i§t<l
a’ 4o «

for all ¢ € [0, £].
The function f is « %5(1 /L +1 —1)-periodic and by (3.2)

Gal(t)
iﬁﬁ@%=é 9(u)du
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foat2+2\/at sds, 0<t<m
T= (Vg +1-1) at?+2y/at
va Vs 1
fO Sds_‘_fﬁ(\/%fl)(&l S)ds,
Ipfit) = ry St <y
L (W E+1-1) (v/ =+1-1) 242\/at
Va 4o f 4o . « _ 1
Jo sd8+f FWY e Y (52 — s)ds +f\r(m1( =)ds,
\ T <t< 3
then
( Hat? +2y/at)?, 0<t<nr
Lfit) = 72 2 i (3.3)
r <t<ry
| T(at? + 2v/at)? — L(at? + 2/at) + A,ry <t <71y
where
1 1 1 3 1 1
=—01/ —+1-1 =—N1/ —+1-1 =—H/—-+1-1
= R g 1= e
and
Ao —4/a — 4y/an/da + 1 — Vda + 1 + 4/av/4a + 3+ 3V4a + 3 — 2
B 4a?
and
1 1
( 517, 0<t< =
i _1g2 1y (et -2(e)h) (et —2ad 1)
g(t) = Ifi((at)~) = 2 20 . fa? ’ (3.4)
ia <t<1q
1 1 3 1
sP—2t4+ A, 2 <t< 2
We have I, f; \/La( é +1—1)) # 0, then I,f; isn’t a-periodic function

with period —=(y/5 + 1~

2. Now, let consider o = %, G1(t) = 2v/t and the function f,(¢) defined by

1
2775

2V, 0<t<i

folt) =q 2—-2v1, <t < (3.5)

O

Wt—4,2<t<4

74
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we have
( fOZ\/zsds, O§t<i
i 2Vt 1 9
L1 fo(t) = Jo'sds+ [i7(2 = s)ds, <t <]
1 9 NG
\ f04sds+f§(2—s)ds+f% (s—4)ds,2 <t <4
then
26, 0<t<1
Lifs(t)=q —1+4v/t-2t, ;<t<j (3.6)
26 —8Vt+8, 2<t<4
we have :

Iifo(4) =2x 4 -8 x V4+8=0.

The condition 4.1 is satisfied, then the function 1 1 fais %-periodic function
with period 4.

Theorem 3.6. Let f, F,a, G, be as above. If f is continuously Ng-differentiable
7 p-periodic function, and g is as in Definition 5.1, then

(1) NEf(t) = ¢'(Ga(1)).
(2) N&f is N2 p-periodic.

Proof. By Definition 3.1, g satisfies

f(t) = 9(Ga(t)) = g(Ga(t) + Ga(p)).
For the first statement, if ¢ > 0, Theorem 2.2 implies

10 = 1) = (Galt) = :(Galt), (3.7)

F(t, a)
where g1(t) = ¢'(t) = N2f((G;(t)). Moreover, since N2 f(t) is continuous, it
follows that g € C*((0,+00)). On the other hand, if ¢ = 0, we have N&f(0) =
limy_o+ N2 f(t) exists, and
lim /(1) = lim ME(F)(G0) = NE(H)O) = 9 (0)

t—0+
So, for all t > 0, we have N2 f(t) = ¢'(Ga(t)), t € [0,00).
For the second assertion, we know that if f is N&-periodic, then g(G,(t) +
Ga(p)) = g(Ga(t)) for all t € [0,00). Differentiating with respect to ¢ implies
F(t,a)g'(Ga(t) + Galp)) = F(t,a)g'(Ga(t)), and hence ¢'(Ga(t) + Ga(p)) =
G (Gu(t)). Thus N2 f is N& p-periodic. O

Theorem 3.7. Let f, F, o, G, and g be as above. If f isn times continuously N'&-
differentiable N2 p-periodic function, then for all j € {0,....n} and t € [0, 00),

(1) N f(t) = gV (Ga(t)).
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(2) NI f(t) is N& p-periodic.
Here we adopt the standard convention that N}O)f(t) = f(t).

Proof. We proceed by induction on j € {0,...,n}. For j = 0, Definition 3.1
implies that

f(t) = 9(Ga(t) = 9(Ga(t) + Ga(p))
Thus (1) and (2) are satisfied. The case j = 1 was proven in Theorem 3.6. Assume
that, for all j € {2,...,n}, NY V(1) = gU=D(G4(t)) with g € CI~([0, 00)), and
that NI Vf(t) is N p-periodic. If ¢ > 0, we have

NEYF(t) = NEWE () = N (Ca(t) = g9(Ga(0)).
When t = 0, we have /\/'Fja)f(()) = limy_,q+ /\/}j‘“)f(t) exists. Then

lim ¢9(t) = lim N (F(GL1 () = NZ£(0) = ) (0).

t—0t+ t—0t
So, we have shown that

NEVF(t) = gV (Gal1)):

In particular, it holds when j = n. This completes the induction steps for the
first assertion. For the second assertion, following a similar approach, we have

gU ™ (Ga(t)) = gV D(Ga(t)+Ga(p)), and then F(t, a)gV) (Ga(t)) = F(t,a)gP (Ga(t)+
Go(p)), which implies that N7* f(t) is N p-periodic. O

4. N2-FOURIER TRANSFORM

In this section, we define the notion of N&-Fourier transform. We still have
a nonnegative function F, with primitive G, as before. In what follows, all
integrals are assumed to exist.

Definition 4.1. Let f : [0,00) — R be N& p-periodic, and let 0 < o < 1. If
k € Z, we define the k-th N2-Fourier coefficient of f by

f;<f<t>><k>::f;<k>=$@ / K2 G (1) F(t, )t

Example 4.2. Consider the function f; defined in Example 3.5. We have

Fo oy (fa(t) (k) = i ( /0 el 4 /1 3(3—t)e—i’“7"tdt+ /3 4(t—4)e-i’“z”dt).

Calculating, we obtain
0, ifk=20,1€Z
Fo Ly (R)(k) =

2041

2(-1) 2, ifk=214+1,1€Z.
Remark 4.3. For k=0, F&(f(t))(0) = Ga(p)IO‘(f)( P).

In what follows, we list some properties of the N a-Fourier transform.
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Theorem 4.4. Let f : [0,00) — R be N2 p-periodic, and let 0 < o < 1. If

k € Z, then
P} (R) = FLAGT (1)} (k).

Proof. By Remark 3.2, and the change of variable u = G,(t) in Definition 4.1,
we obtain

B0V = g [ 0 ) F(aa
Gal))
= F{A(GF (1)} (k).
This completes the proof. O

Theorem 4.5. Let f : [0,00) — R be N p-periodic function, such that Z3(f)(p) =
0. Then Z&(f)(t) is Ng p-periodic, and, for k # 0,

Ga
FR@f ) k) = 2P F (7(0) b
Proof. By Theorem 3.4, Z&f(t) is N2 p-periodic. For k # 0, we have
FalZpf(t) (k) = G;(m /0 ’ e Fat GO f(¢)F(t, a)dt
1 Calp) —ik 2T 1
~aor | TG W)

By (3.2), we can write

Ga(t)
T2f (1) = / F(G ) du,

which, upon integrating by parts, gives

Gp(a) . 2km
FuTEHO)0) = ~ 5T () + Sl <Ga1(p) / e’wf@al(t)dt).

 2kn 2ikm
Therefore,
a(fg‘ff(t»(k):G?(p)( 1 /Gp(a)e-ifffwtf<c:-l<t>dt>
2ikm \ Go(p) Jo “
_ Galp)

Fa(f(1))(k),

D) E (P

where we have used the assumption that Z¢(f)(p) = 0 to obtain the last equality.
This completes the proof.

OJ

Theorem 4.6. Let f be N§ p-periodic continuously N&-differentiable function.
Then Ng(f) is N p-periodic, and

FENFHO)E) = G s PR
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Proof. By Theorem 3.6, N2 f(t) = ¢'(G4(t)) and N2(f) is N& p-periodic.
For k € Z, we have

FrWNEF®) (k) = FINGF(G' (1) (k)

[ e o
= e 'Cal NG S(t)dt
Ga(p) Jo "
1 /Ga(p) _j2kr ( )d
_ et g/ (t)dt.
Ga(p> 0
Integrating by parts yields
ok o 2kmt __,
which completes the proof. 0

Theorem 4.7. Let f be N& p-periodic, andn times continuously N3 -differentiable.
If 5 €{0,...,n}, then ./\/'l(p]a)f is N& p-periodic, and

FENE 1)) = (oo ) FR)0)
with the convention that N}O)f(t) = f(t).

Proof. By Theorem 3.7, we have for all j € {0,...,n}, N}j“)f(t) = g (G4(t)),
and N}“)f is N2 p-periodic. We proceed by induction on j € {0,...,n}. Indeed,
the property is clearly true for 5 = 0 and 7 = 1. Suppose that, for a certain j,

FEN 00 = (g ) RO

We will show that

o (jo) . 2k J o
FNE )0 = (G ) F 0o,
Indeed, by the induction hypothesis and Theorem 4.6, we have
FRNEVF(@)(k) = FRWNET WG F(0)) (k)

~ i PN ) )

2kmi \’
= =——) Fr(ft))(k).
<Ga(p)) F(f( ))( )
This completes the proof. |

o0), and let H*(t)
= K,(p), and that

Theorem 4.8. Let Fi(-, a), Fy(-, a) be positive functions on [0,
and K“(t) be their primitives, respectively. Assume that H,(p)
f:]0,00) = R is N and N p—periodic. Then

k2T

B ([ R) = o, ("o BEO 1)) (k) + 7, (7Hoa O £()) (k).
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Proof. Let F = Fy + F,, and let G be its primitive. It can be seen that f is N2
p—periodic, and that G, (p) = H,(p) = Ka(p). By Definition 4.1, we have

o, (F)) (k) = %@ / " i (HaO+Ka®) 1) (Fy (1 0) + Fy(t, a))dt

_ ! / ka0 (kT £(1)) Ry )i
Ga(p) Jo

Benr >/ a0 (AT (1)) Fa, i
( i (t)> (k) + Fg, (e ( Foam W £ (4 )) (k).

This completes the proof. Il

By induction, it can be seen that Theorem 4.8 is extendable to n functions,
as follows. Since the proof is similar to that of Theorem 4.8, we leave it to the
interested reader. In this theorem, we use the notation G¢ to denote (G;),, where
G, is the primitive of F;(-,a)) > 0.

Theorem 4.9. Fori e {1,2,...,n}, let F;(-,a) > 0, and let G$ be its primitive.
Assume that G§(p) = G§(p),Vi,j € {1,2,...,n}. Also let f :[0,00) — R be N¢
p—periodic, for all i. Then

Fon py(F) (k) = Fp (e Galm2oman GO £ (1)) (1),
=1

where G4 (p) is the common value G$(p).

In some applications, cosine and sine N 2-Fourier transforms might be needed.
These are defined similar to the corresponding ones for the traditional Fourier
transform. We still adopt the same notations from the above discussion.

Definition 4.10. Let f : [0,00) — R be a given continuous N3 p-periodic
function. We define 1. The cosine N g-Fourier coefficients of f as

2 P 2k
FHIOND = o5 [ 05 (asGalt)) FOF (ki
2. The sine Ng-Fourier coefficients of f as

SFR(f(0)(k) = Gi(m /O Csin <%Ga(t)> FOF(E o).

The following properties of “F% and °*F3 follow from the above definition, upon
integration by parts.

Proposition 4.11. Let f : [0,00) — R be a given continuous N7 p-periodic
function. Then
(1)
2km

FENEIONK) = s FRI0)b)
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FHNEFO)N) =~ FRIE0)
) 2
FHNE L)) =~ () TR
(@) 2
FHNE L0 =~ () TR

Proof. The first and second assertions follow immediately, upon a single integra-
tion by parts. For the third assertion, notice that

TFrWNEf () (k) = “FpNEWNEF(E) (k)

okt A
- o Fa(Naf() (k) = (Ga(m) Frf @) (k).

Similarly, the fourth conclusion follows from the observations
FRNEf @) (k) = “FrWNEWEF(t)) (k)

— - 2 RO = - (o

G Ga<p>> R,

This completes the proof. |

Theorem 4.12. Let f : [0,00) = R be N& p-periodic. Let F(-,a) > 0 and G,()
be its primitive. If

Ga(t)
i) = [5G =o (4.1)
then, for k # 0,
1)
FHEF0) ) = 2B <1, )1 (0) )
)
FHTEFO)0) = S (P 0) £0)) ().
Proof. We have Z¢ f(p) = 0. Then, for k # 0,
FHTRO)0) = s [ cos (G Gal0)) TRAOF .0 )i
2 G, (p) 2k N P
:Ga p) Sln<G (p>G ())IFf( )10
2 2k;7r o
s [ (G Gul0)) TPt )i
~Go ). SFR(F(t, ) f(0)(E).

2km
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Furthermore, for k # 0,

FHEIO0) = 5o [ sin (%Ga@)) T3 () F(t,0)dt
2 Ga(p) cos 2k N »
- Ga(p) Qk’ﬂ' [ (Ga(p) Ga(t)) IFf(t)]O

Gj(p) C;L;g(:) /Op cos ((;25(7;) Ga(t)) T f(8)F (¢, a)dt

= W) e ) ) k).

0J

In the next section we will apply the previous results to some Ng-periodic
solution of Np-differential equation.

5 N #-PERIODIC SOLUTION OF N #-DIFFERENTIAL EQUATION

Let F(t,«) be a continuous function such that F'(¢,«) > 0 for all ¢ > 0, and
let G, (t) be its primitive function, verifying G,(0) = 0 and lim;_,, G,(t) = c©.

5.1. Ng-periodic solution in Banach space. Let X be a complex Banach
space and p > 0. If f:[0,00) = X is N p-periodic, such that

1£1l, = (/Opuf(tﬂwtf <o,

we write f € L%(0,p; X), for 1 < ¢ < +o00. So, L%(0,p; X)) consists of all such
f

We list some definitions and properties from [2], to be able to proceed. The
notation £(X,Y) is used for the set of all bounded linear operators from a Banach
space X to another Banach space Y.

Definition 5.1. Let ¢ > 1, and let X,Y be two Banach spaces. A family
T C L(X,Y) is called R,-bounded if there exists ¢, > 0 such that

n n
E T‘j X ijj E 7"]' (059 :L’j
j=1 j=1

for all T,...,7, € T,z1,...,2, € X and n € N. We denote by R,(T) the
smallest constant ¢, such that (5.1) holds.

< ¢ (5.1)

L9(0,1;X) L9(0,1;X)

Definition 5.2. A Banach space X is said to be UMD space if the Hilbert
transform is bounded on LY(R; X) for all 1 < ¢ < oc.

Definition 5.3. For F(-,a) > 0, 1 < g < oo and 0 < a < 1, a sequence
{Mg},.cp C L(X,Y) is said to be an (L%, L})-multiplier (or LE-multiplier) if for

each f € L%L(0,p; X), there exists u € L%(0,p;Y) such that u%(k) = M,‘jfl‘%(k)
for all k € Z.
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Proposition 5.4. Let X be a Banach space and {M'},_, be an L{-multiplier,
where 1 < ¢ < oo and 0 < a < 1. Then the set {M}, ., is R-bounded.

Proof. Direct application of Definition 5.3, Theorem 4.4 and [Proposition 2.7] in
[2]. O

Theorem 5.5. Let X, Y be UMD spaces and {Mg}, ., C L(X,Y). If the
sets {M?}, ., and {k(Mg,, — M/?)}kez are R-bounded, then {Mg}, _, is an Lf-
multiplier for ¢ > 1.

Proof. Direct application of [2, Theorem 2.8], Theorem 4.4 and Definition 5.3. [

Lemma 5.6. [1]. Let f,g € L%(0,q; X) be such that fgf(k) € D(A) and Af?(k) _
9% (k) for all k € Z. Then

f(t) € D(A) and Af(t) = g(t) for all t€]0,q].
Where A: D(A) C X — X is a closed linear operator.

We still adopt the same notations from the previous section, where we have
F > 0 and G, as its primitive.

Proposition 5.7. [1] Let f € L%(0,p; X). Then

Now consider the equation

ra(t) = Ax(t) + Zpx(t) + f(t) for t € R. (5.2)

Put (510‘;’]€ = 021122)’ and define

1
A%’k = (5}3‘,’kl —A-— 5o‘_k)) and Uz(A?{k) = {k cZ*: A}?k 15 not bijective} )
F

The N 2-periodic vector-valued space is defined by
(0, X) = {w € L4(0,p, X) : 30 € LH(0,p, X), 53 (k) = 03 5. (), b # 0}

Lemma 5.8. Let 1 <p < 00,0 < a <1 and u,w € L%L(0,p, X). The following
are equivalent:

(i) Zg(w)(p) = 0, and there exists x € X such that
u(t) = 2+ TE(w)(t), ¢ € [0,p].

(i) W% (k) = 6% a% (k) for all k € Z.
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Proof. (i) ightarrow (ii). Let k # 0. We have

1 [P e
awm=a<m/7ﬁ%%ﬁwwawww
«@ 0

1p /p —ik gy Gal(t)
= — e G VT (w) (1) F(t, a)dt.

we also have Zg(w) (G5 (1)) = [ w(G;'(s))ds. Integrating by parts and using
(4.1), we obtain,

e 1 e

ug (k) wi (k).

This proves (ii). Now for (ii) ightarrow (i). As above, one has (Im&)?(k) =
(Sg%k(w(t))F(k) = (u(t))p(k) for k # 0. Thus u — Zg(w) is a constant function,

and the proof is complete. O

Definition 5.9. For 1 < ¢ < oo, we say that a sequence {Mg'}, ., C (X,Y) is an
(L%, Hz")-multiplier, if for each f € L%L(0,p; X), there exists u € Hp(0,p;Y)
such that

a%(k) = MEFe(k) for all k € Z.

Lemma 5.10. Let 1 < p < 00,0 < a <1 and (M)kez C (X) ((X) is the set
of all bounded linear operators from X to X ). Then the following assertions are
equivalent:

(i) (M)rez is an (L%, HE? )-multiplier.

(ii) (%" M)ez is an (L%, L% )-multiplier.

Proof. For (i) ightarrow (ii), let f € L%L(0,p; X). By assumption, there exists
g € Hx(0, p; X) such that g% (k) = M,S‘f}%‘(k), by Definition of Hz?(0, p; X') there
exists v € L%L(0,p; X) such that v%(k) = 5}?le?};€3(1€) Then (69" M)pez is an
(L%, LY.)-multiplier.

For (ii) ightarrow (i), let f € L%.(0,p; X). By assumption, there exists v €
L%.(0,p; X) such that v%(k) = 5})‘;ka}\§(/€) for all k € Z. So, if k # 0, we have

THNO) 5 (8) = < 0OV (k) = M F (8

Let u(t) = w(0) + Z&(v)(t). Lemma 5.8 implies u € Hp?(0,p; X). Moreover,

mF(k) = M,?f?(k) for all k& € Z. Then (M{)rez is an (L., Hp?)-multiplier.
0

To proceed with the solution discussion of (5.2), we recall the notion of a strong
solution; keeping in mind the adopted notions related to F, a, G,.

Definition 5.11. Let f € L%(0,p; X). A function z € Hz"(0, p; X) is said to be
an N &-periodic strong solution of Eq.(5.2) if z(t) € D(A) for all ¢ > 0 and Eq.
(5.2) holds almost everywhere.
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Proposition 5.12. Let 1 < g < oo and 0 < a < 1. Also let A be a closed linear
operator defined on an UMD space X. Suppose that and UZ(A%’k) = ¢. Then the
following assertions are equivalent

(i): <(5§ik(5§k A— 5ak )_1> is an LI -multiplier.

kEZ

(ii): (5;1»’“(5;’“ AL )—1) is R-bounded.

5a ' kez
Proof. (i) = (ii) follows as a consequence of Proposition 5.4. For (ii) = (i), define
Mg = 60760 — A — 5;1”“ )~!. By Theorem (5.5) it is sufficient to prove that
the set {k(Mp,, — M,?)}IceZ is R-bounded. We use k(0% — §%F) = §%* and
Mp(Og* — A - i ) = 0%", to find

b [M — M

1

= WO A ) BT - A= )

= O A A e - A )
F ", a,k+F1 F F

- 5;;}““ Mg, AMY M,;YH[W] y

- [l - [%“—({HMM - Mg e g

We have that {-oh= akﬂ k #£ 0}, {#k € Z*} and {SEHET e 70Y are

(5a k+1)26a k>
bounded. Since products and sums of R-bounded sequences is R-bounded [I,
Remark 2.2], the proof is complete. O]

Lemma 5.13. Let 1 < ¢ < o0 and 0 < a < 1. Suppose that UZ(A‘;’k) = ¢ and
that for every f € L%L(0,p; X) there exists an N&-periodic strong solution x of
Eq. (5.2). Then x is the unique N§-periodic strong solution.

Proof. Suppose that z; and zy two N@-periodic strong solution of Eq. (5.2).
Then z = 21 — 25 is an N2-periodic strong solution of Eq. (5.2) corresponding
to f = 0. Taking Ng-Fourier transform in (5.2), we obtain that

o [P
(6%%F — A — W)xF(k:) =0, k#0.
F

It follows that % (k) = 0 for every k # 0, and therefore z = 0, and the proof is
complete. H

Theorem 5.14. Let 0 < o < 1 and X be a Banach space. Suppose that for every
f € L%L(0,p; X) there exists a unique N -periodic strong solution of Eq. (5.2) for
1<qg<oo. Then
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(1) for every k # 0, the operator A%* = (6%% — A — L) has a bounded

éa,k
. F
nverse.

2) {5;1”“(5;2* A L)—l}kez is R-bounded.

sk
The following Lemma is needed to be able to prove Theorem 5.14.

Lemma 5.15. If, for the aforementioned parameters, (5% — A — 5%’“)(%) =0
F

for all k # 0, then u(t) = 57 Gally is an N3 -periodic strong solution of the
following equation
ru(t) = Au(t) + Zpu(t).
Proof. The fact that (63" — A — (Sc%k)(x) — 0 implies 6%z = Az + ﬁx. We have
F F

u(t) = %" Ga(g and, by Theorem 2.2,

Qu(t) = e‘snga(t)é?%

— I G [ Ay + %x
(5F’

a,k 1 a,k
= AS(SF Go‘(t)l’ + WQ(SF Ga(t).ﬁﬂ

= Au(t) + Il‘fiu(t).F

Proof of Theorem 5.14: (1) Let k # 0 and y € X. Then for f(t) = e¥F Gall)y,
there exists z € Hz"(0, ¢; X') such that

ra(t) = Ax(t) + Zpx(t) + f(1).

Taking Ng-Fourier transform, we have

(6% 1 O A(l
(63" — A— _5047;9)%“(]{5) = fr(k) =y.
F
Consequently, (65" — A — ) is surjective. If ((5}’3’“ —A- 6%) (u) = 0, then
F F

by Lemma 5.15, z(t) = e Gally is a Ng-periodic strong solution of Eq.(5.2)
corresponding to the function f(¢) = 0. Hence z(¢) = 0 and u = 0, implying that
(6%F — A — 5%’“) is injective. This completes the proof of the first assertion.

F
For (2),let f € L%.(0,p; X). By assumptions, there exists a unique z € Hp?(0, ¢; X)
such that the Eq. (5.2) is valid. Taking N2-Fourier transform, we deduce that

-1
1 ~
%(k) = <5;&k —A— W) fa(k) forall k0.

F
Hence .
a,k~a a,k a,k 1 To
SERT (k) = 6% (55 A —) 7a(k) for all k0.

a,k
6F
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Since x € H?(0, p; X), there exists v € L%(0, p; X) such that

~ akza a, e I _ T
() = G TH ) = SRR — A~ ) (k) k£ 0
F

6(1,1@

-1
Then {cﬁik (6§k —A- L) } is an L%-multiplier and by Proposition 5.4,
kez
-1
and {(5?1]g (5§k A-— e k) } is R-bounded. O
kez

5.2. Ng-periodic solutions in UMD space. Our main result in this section
is to establish that the converse of Theorem 5.14 is true, provided X is an UMD
space.

Theorem 5.16. Let X be an UMD space and A : D(A) C X — X be a closed
linear operator. Then the following assertions are equivalent for 1 < q < oco.

(1) For every f € L1.(0,p; X), there exists a unique N&-periodic strong solu-
tion of Eq. (5.2).

(2) oz(0%% — A— L) = ¢ and {5;k(5;k A— W)_l} is R-bounded.
O 0 keZ
Proof. :

Theorem 5.14 implies the second assertion, assuming the first. For the other impli-

-1
cation, let f € L%.(0, p; X). By Lemma 5.10, the family {cﬁk (5;‘,]‘3 — A - ﬁ) }
keZ

-1
is an LZ-multiplier if and only if the family {(5%’“ —A-— 5%) } is an
F kez

L%-multiplier that maps L%.(0,p; X) into H*?(0,p; X). Namely, there exists
x € Hp"(0,p; X) such that

73(k) = (6;?’“ —A- %) Fa k). (5.3)

F

In particular, z € L%(0, p; X) and Jv € L%(0, p; X) such that 0% (k) = 6% 2% (k),
and

(Ngz(t)) o (k) = T3 (k) = 53" T3 (k). (5.4)
By Theorem 5.7, we have

x(t)_f}l_{gon+1z Z etdak

m=0 k=—m

Using (5.3) and (5.4), we obtain

(Naw()p(k) = 08 T (k) = AT + (Tgw (D) p(k) + (k) k £ 0.

Since A is closed, then z(t) € D(A) by Lemma 5.6. Then, from the uniqueness
theorem of Fourier coefficients, it follows that (5.2) is valid. This completes the
proof. O
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