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THE DIOPHANTINE EQUATION 23 + 33 = 222
SEDDIK ABDELALIM !, HASSAN EL ADLOUNI 2, HASSAN DIANY 3

ABSTRACT. In this paper. We are intersted to show the methode of the solving
of the diophantine equation z3 + y> = 222 by using the arithmetic technicals
and the diophantine equations 22 + 3y* = 2?2 (see [1]) and z? — 3y? = 222

1. INTRODUCTION

The problem of the diophantine equations was intersted by a several Mathe-
maticians (see (1], [2], [7], [8], [9], [11], [4]

We know that while the equation x? + 3? = 22 has infinitely many solutions in
integers, the equation ! + y* = 22 has none (see [12]). What about the equation
234y =222 7.

The obvious 4% + 4% = 2 x 82. So we search to find the solutions the above
diophantine equation.
For that we study this problem by showing the following results:

Theorem 1.1.

Let (zo, 0, 20) € Z3 such that xo ANyo = 1, z9g = yomod 4 and xy Z 1y, mod 3.
then the following conditions are equivalent

(i) (wo, Y0, 20) is the solution of E : 23 + y* = 222

(ii) o = (¢* — 3d*)® + 4(c* + 3d?)(cd), yo = (* — 3d?*)* — 4(c* + 3d*)(cd)
| 20 |= (* = 3d*)((¢* + 3d*)? + 3(2cd)?).
or

Ty = (#) + (* + 3g2)(cd), Yo =
| 20 |= (¢ = 3d?)((SH2£)2 + 3(cd)?).
Theorem 1.2.

Let (xo,v0,20) € Z* such that 1o ANyo = 1, 29 > yo, To = yYomod4 and
o = yomod 3. then the following conditions are equivalent
(i) (xo,yo, 20) is the solution of E : x3 + 3> = 222

(E2E)2 — (2 + 3d?)(cd)

28-324 2.9 28—324
(ii) wo = 3232 + 252, wyo = 32225 — =52,

5+3 )

| 20 |— 3Z5Z6(
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Theorem 1.3.

Let E : 23 + y3 = 222 diophantine equation and (zo,yo, 20) € Z> such that
o Nyg =1, xg Z yomod4 and xg = —yomod 3 . then the following properties
are equivalent

(1) (w0, Yo, 20) is the solution of E

(i) zo = 122222 + 424 — 327, Yo = 122227 — 4z5 + 327,
| 2 |= 62726(428 + 322)

or

To = 122222 + 25 — 1223, yo = 122222 — 2§ + 1227,
20 = 6272¢(2¢ + 1227)

Theorem 1.4.

Let xg,yo, 20 € Z, such that (zo, Yo, 20) is the solution of the following equation
E 2> -3y = 222, a9 ANyo = 1, 19 # yomod4 and 9 # —yomod3 then
ZoYozo = 0

2. THE DIOPHANTINE EQUATION 22 — 3y? = 222
In this section we show that (0, 0,0) is only solution of the diophantine equation
x? — 3y? = 222,
Theorem 2.1.
Let xq,yo, 20 € Z, such that (xo, Yo, z0) is the solution of the following equation
E : 2% — 3y? = 222 then zoyo2o = 0.
Proof.

Assume that (z,y, 2) the soluttion of the F : % — 3y* = 222 with x Ay = 1.
We have 22 — 3y? = 222 then z and y are odds
1% case z is divisible by 3 i.e (z = 3x1)

2?2+ 37 = 222

(3z1)? + 3y? = 227

wich implies that z = 35
r.e 3zt +y* = 3z}

1.e Y = 3un

We deduce that 3 divide A y = 1 contradiction

2" case 7z is divisible by 3 i.e (z = 3z;)
2+ 3y? = 222
2+ 3y* = 2(3z)?
wich implies that x = 3
i.e 33 4+y* = 327
i.e Y = 3n

We deduce that 3 divide x A y = 1 contradiction

3¢ case x and y are not divisible by 3

We can write 2z A3 =1 then 2> = 1mod3 and 2> = 1mod3 (A1).

Using (A1) it follows 3y? = 2? — 222 = —1mod 3 contradiction O
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3. CHARACTERIZATION OF SOLUTIONS OF THE
DIOPHANTINE EQUATION 23 + 43 = 222

To find the solution of the above diophantine equation, we will study four cases
1¢" case (r = ymod 4 and x # —ymod 3)

Theorem 3.1.

Let (xq,90, 20) € Z3 such that xo Ay = 1, 9 = yomod4 and xy # yomod 3.
then the following conditions are equivalent

(i) (zo,vo, 20) is the solution of E : 23 + 3> = 222

(ii) mo = (® — 3d*)? + 4(c* + 3d?)(cd), yo = (* — 3d*)? — 4(c* + 3d?)(cd)
| 20 |= (¢ = 3d?)((c* + 3d*)? + 3(2¢d)?).
or

10 = (SFE)? + (& + 3d2)(cd), yo = (FF)? — (2 + 3d?)(cd)

| 20 |= (2 = 3d?)((F55)? + 3(cd)?).

Proof.

(i) = (ii)

Let (z,y, z) is the solution of F such that z =u+vand y=u—v (al).
We have x = ymod 4 then x — y = 4k So v = 2k. We deduce that u is odd and
v 1s even.

It is clear that u A v = 1. We can see

(u+v)P+ (u—2v)> = 2u(u®+ 3v?)
= 222
wich implies that u(u? + 3v?) = 22 (a2)

Since x Z —y mod 3 then 3 doesn’t divide x+y = 2u wich implies that uA3 = 1
then u? + 3v> Au = 1.

By (a2) we can write u = 27 , u? + 3v* = 22 and 2 = 212 (a3).
Since [1], we can write u = a® — 3b%, | v |= 2ab and | 2, |= a® + 30* (a4)

Since (a3) and (a4) we have a® — 3b* = 2? then 2} + 3b* = a? therefore

|21 |=c® = 3d? | b|=2cd and | a |= 2 + 3d*> (ab) or

|21 |= €2L | b|=cd and | a |= S2£ (a5)

Assume z < y then v <0

r = u—+v
= a® — 3b* + 2ab
= (*+3d*)? — 3(2cd)? + 2(c* + 3d?)(2cd)
(* —3d?)? + 4(c* + 3d*)(cd)
y = u—v
a® — 3b* — 2ab
(? + 3d*)? — 3(2cd)? — 2(c* + 3d?)(2cd)
(? = 3d*)* — 4(c* + 3d?*)(cd)
|z| = 2122
_ (2 — 3d)(a? + 31?)
— (@ =3P (P £ 3d) + 3(2ed)?)

or
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X = u—+v
= a® — 3b% + 2ab
62 2 62 2
= (Z42)2 3(cd)? 4 2L ) cd)
= (%)2 + (2 + 3d?)(cd)
y = U—v
= a® — 3b%> — 2ab
= ()2 3ed)? — (L4 ) o)
= (%)2 — (02 + 3d2)(cd)
|z = ) 22122
— (c 723d )(a2+3b2)

= (@ =3)(FHE) +3(cd)?)

2" case (r = ymod 4 and r = ymod 3)

Theorem 3.2.

Let (xo,v0,20) € Z* such that 1o ANyo = 1, 19 > yo, To = yomod4 and
To = yomod 3. then the following conditions are equivalent
(i) (w0, Yo, 20) is the solution of E : 23 + y* = 222
(ii) zo = 32222 + 552 4%
0 5~6 2 2
z§+3z§>
2

_9.2.2
Yo = 32525 —

| 20 |: 32526(

Proof.

(i) = (ii)

Let (z,y, z) is the solution of F such that z =u+vandy=u—v (al).
We have x = —ymod 3 and z = ymod 4 then x 4+ y = 3k and v — y = 4k
Therfore u = 3uy, v =2v;  (bl).

It is clear that uAv=1,uA2=1andvA3=1 (a2).

We can see
(u+v)>2+(u—2v)?3 = 2u(u®+ 30?)
= 222
wich implies that u(9u? + 3v?) = 22 (a3)

Then | z |= 32 (b2).
Then u; (3uf + v?) = 27. Since (a2) and (b1) We have u; A 3u; +v = 1 therefore
21 = z3z4,u1 = 25 and 3u; + v = 22 (ad). Since [1] we can write u; = ab,
v =2 and 2y = TP (a5) = 22 = ab = 2 = 2%, a = 22 and b = 2]
(ab)
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x = u-+v

3uy +v  (by (b1))
3ab + L= (by (a5))
= 32526 + % (by (ab))

Yy = U— v
= 3uy — v (by (b1))
= 3ab— 232 (by (ab))

— 32222 - 505 (by (a5))

2| = 321 (by (b2))
= 3z3z4  (by 2 (ab), (a6))
= Besn(5E) (by (a6))
= 3za(E0)  (by (a5))

37 case (r Z ymod4 and x = —ymod 3)

Theorem 3.3.

Let E : 2® + y> = 22% diophantine equation and (xg,vo,20) € Z* such that
o ANyo = 1, xg Z yomod4 and xg = —yomod 3 . then the following properties
are equivalent

(i) (xo,yo,zo) is the solution of E

(ii) o = 122222 + 42§ — 323, Yo = 122222 — 428 + 322,
| 2 |= 62726(42g + 327)

or

To = 122222 + 25 — 1223, yo = 122222 — 24 + 1227,
20 = 62726(24 + 1227)

Proof.

(i) = (i)

Let (z,y, z) is the solution of F such that t = u+v and y =u—v (al).
We have z = —ymod 3 and x # ymod4 then z +y =3k and x —y = 2v =% 4
So u = 3uy, and v is odd then u is even (b1l).

It is clear that uAv =1, vA2=1andvA3 =1 (a2). We can see

(u+v)?+ (u—2v)?* = 2u(u®+ 3v?)
= 222
wich implies that u(9u? + 3v?) = 22 (a3)

Then | z |= 321 (b2) = u;(3u? + v?) = z}. Since (a2) and (b1l) We have
up A 3u? +v? = 1 therefore 2; = 2324,u; = 22 and 3u? +v* = 27 (a4). Since [1]
we can write u; = 2ab, v = a* — 3b* and z4 = a* + 3b* (ab) = 27 = 2ab =
z3 = 225 22§ =ab = z5 = 2527, a4 = 22% and b = z? or zs = ZgZ7, 4 = zg and

b =222 (ab)
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x u—+v

3uy +v  (by (b1))

= 6ab+a*—3v* (by (ab
(

122222 + 423 — 322 (

)
as))

u—v
3u1 —v  (by (b1))

= 6ab—a®*—3b* (by (ab))
= 122222 — 426 + 327 (by (ab))

<
|

2] = 35 (by (02))
= 32324 (by (ab), (ab))
625(a® + 30?)  (by (ab))
= 6z726(425 +327)  (by (ab))

r = u+v
= Sur +v by (b1))
= 6ab+a®—30* (by (ab))
= 122222 + 2§ — 1227 ( (a5))
y = u—v
3uy —v  (by (b1))
6ab — a® — 3b*  (by (ab))
122222 — 24 + 1222 (by (ab))

2] = 3z (by (b2))
= 32324 (by (ab), (ab))
= 625(a® + 3b?)  (by (ab))
= 6zr26(z8 +1227)  (by (ab))

4" case (r # ymod 4 and x # —ymod 3)

Theorem 3.4.

Let xq,yo, 20 € Z, such that (xo, Yo, z0) is the solution of the following equation
E 2> =3y = 222, ;g ANy = 1, 19 # yomod4 and g Z —yomod3 then
ZoYozo = 0

Proof.

Let (z,y, ) is the solution of F such that z =u+vandy=u—v (al).
We have x # ymod 4 then z + y = 4k So u = 2k. We deduce that u is even and
v is odd.

It is clear that u A v = 1. We can see

By =(u+0)>P+ (u—2)> = 2u(u?+ 30?)
= 222
wich implies that u(u? + 3v?) = 22 (a2)
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Since © # —ymod 3 then 3 doesn’t divide x +y = 2u = v A 3 = 1 then
u? + 30t Au=1.

By (a2) we can write u = 27 (a3), u? + 3v*> = z3 and z = 2125. By [1]
therefore u = “2_23b2, |v|=aband | 2y |= “22—‘%2 because v is odd  (a4)

Since (a3) and (a4) we have ©52° = 22 then a® — 30° = 227, Since theorem
2.1 (a,b, z1) isn’t solution of the diophantine equation Contradiction

O

REFERENCES

1. S.Abdelalim and H.Diany; The solution of the equation diophantine X2 4 3Y?2 = Z?2, the
University of Michigan Press, Ann Arbor (1954). International Journal of Algebra, Vol. 8,
2014, no. 15, 729-732.

2. S.Abdelalim and H.Diany; Characterization of The solution of the equation diophantine
X? +Y?% =222 Gulf Journal of Mathematics Vol 3, Issue 2 (2015) 1-4.

3. S.Abdelalim et H.Essannouni; Caractérisation des automorphismes d’un groupe abélien
ayant la propriéte de l’éxtension, Portugaliae Math Vol.59, p 325-333.

4. S.Abdelalim et H.Essannouni; Characterization of the Inessential Endomorphisms in the
Category of Abelian Groups, Pub. Mat. 47 (2003) 359-372.

5. S. Abdelalim, A. Chillali and H. Essannouni; The strongly Hopfian abelian groups, Gulf
Journal of Mathematics Vol 3, Issue 2 (2015) 61-65.

6. S. Abdelalim; Characterization The strongly Hopfian abelian groups in the Category of
Abelian torsion Groups, Journal of Mathematical analysis Vol 6 Issue 4 (2015) 1-10.

7. JW.S. Cassels; The rational solutions of the diophantine equation Y? = X2 — D, Acta
Math 82 (1950) 243-273.

8. Frits Beukers; The Diophantine equation AxP + By? = c¢z", Duke Math.J 91 1998 N 1 p
61-88.

9. D.R. Heath-Brown; searching for solution of X3 + Y3 + Z3 = k, Acta Math 82 (1950)
243-273.

10. Micheal A.Bennet; The Equation z*" + y?" = 25, preprint.

11. Nils Bruin; The Diophantine equation 2+ y* = +25 and z° + 98 = 23, Composotio Math
118 1999 N 3, 305-321.

12. Pierre Samuel; algebraic number theory, edition Hermann Paris 1970.

13. K. A. Ribet; From the Taniyama-Shimura conjecture to Fermat last theorem, Ann. Fac.
Sci. Toulouse Math. (5), 11(1): 116-139, 1990.

14. M.SCarowsky, A. Boyarsky; A note on the Diophantine equation X™ +Y" + Z™ = 3, Math
Comp 42 (1984) 235-237.

15. A. Wiles; Modular elliptic curves and Fermat last theorem, Ann. of Math. (2), 141(3):443-
551, 1995.

13 LABORATORY OF TOPOLOGY ALGEBRA, GEOMETRY AND DISCRETE MATHEMATICS.
DEPARTMENT OF MATHEMATICAL AND COMPUTER SCIENCES.
FAcuLTY OF SCIENCES AIN CHOCK HASSAN IT UNIVERSITY OF CASABLANCA.
BP.2693, MAARIF. CASABLANCA, MAROC.

E-mail address: seddikabd@hotmail.com

E-mail address: diany.hassan@yahoo.fr

2DEPARTMENT OF MATHEMATICAL AND COMPUTER SCIENCES, FACULTY OF SCIENCES, UNIVERSITY
OF MOHAMED V AGDAL, BP.1014, RABAT, MOROCCO.
E-mail address: h.adlouni®@hotmail.fr



	1. Introduction
	2.  THE DIOPHANTINE EQUATION x2 -3y2=2z2
	3. CHARACTERIZATION OF SOLUTIONS OF THE DIOPHANTINE EQUATION x3 +y3=2z2
	References

