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ON UNIQUENESS OF LOCAL ENTROPY SOLUTION OF A
CONVECTION-DIFFUSION TYPE INTEGRO-DIFFERENTIAL
EQUATION

MOHAMED BANCE!* and SAFIMBA SOMA?

ABSTRACT. We study the uniqueness of entropy solution for a class of triply
nonlinear parabolic integro-differential equations of the form

a1 (k+ (5(v) — () — V- (( Vo(w) + F(tp(v))) s

in a bounded domain with homogeneous Dirichlet boundary conditions. The
source term f belongs to L' and the memory term k* (j(v) — j(vo)) introduces
a nonlocal dependence. The functions j(v) and ¢(v), assumed to be non-
decreasing, further contribute to the nonlinear nature of the problem. To prove
uniqueness, we apply the method of doubling variables leading to an energy
estimate that ensures the desired result.

1. INTRODUCTION

In this paper, we consider the triply nonlinear problems under the general form

| O (k* (j(v) = j(v0))) = V -a(z, V() + V- F(p(v)) = f in Qr,
(EP)} 5" (v) 3 ()(0,-) = j(vo) in €2,
v=20 on Y.

Our aim is to study uniqueness of entropy solutions to the problem (EP)i;’vi’k(vo).

In the problem (EP)?;’i’k(vo), Q) is a bounded domain of RY (N >2), T >0 is a
fixed time, Q1 := (0,T) x Q, X7 := (0,T) x 9 where 092 denotes the boundary

of Q, p > 1 is a real number, p' = 7
p E—
The operator Av = =V -a(-, V(v)) is a Leray-Lions operator. The scalar kernel

k is of type PC, meaning that k € L} ([0, c0)), non-negative, non-increasing and

satisfies the existence of a function | € L ([0,00)) such that the convolution

(kx1)(t) = 1 for all t > 0 where k % [ denotes the convolution on the positive
half-line with respect to the time variable:

(% )(t) = /Otk(t—s)l(s)ds, £ 0.
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Under these assumptions on k, our work covers the case of a time-fractional deriv-
ative of order 0 < a < 1, i.e k(t) = £, t € (0, 00) where I’ denotes the Gamma

) !
function. Hence, the problem (EP)bZ’k(vo) can be used to model anomalous
diffusion, see Metzler & Klafter, 2000, [12]. There exists another application of

(EP)?‘,Z]C(UO) as the transport of fluids in porous media with memory. In certain
geothermal regions, mineral precipitation within the pores of the medium can
reduce their size. This reduction in permeability introduces a history-dependent
effect, which can be modeled using a fractional time derivative (see Caputo, 1999,
[1]). In addition, (EP)I}’,i’k(UO) is applicable to the heat flow in materials with
memory (see Ph. Clement, 1988, []).

In the setting of L!-data, we cannot expect weak solutions. As a result, we work
with local entropy solutions.

The (EP)?{i’k(vo) type problem has been studied by several authors. For ex-
ample, Jakubowski, 2011, [8], considering functions b = ¢ = idg and F' = 0 in
(EP);ik (vo), established a result of existence of an entropy solution. In the case

= idg, F' = 0 and b strictly—increasing in (EP)?i’k(vo), M. Scholtes, 2018, [13],
showed a result of existence of an entropy solution and also Sapountzoglou, 2020,
[15], established a result of existence of an entropy solution for b non-decreasing.
If ¢ =idg and b non—decreasing, Soma & Bance, 2024, [10], established a result
of existence of an entropy solution.

The authors cited above use the theory of abstract Volterra equations (see
Gripenberg, 1985, [7]) to establish their various results. Note that, in the case ¢ =
id, a result of an uniqueness entropy solution for L' data have been established
in [18]. A many authors are interested in decay estimates for time-fractional
equations (of the porous medium type), see, M. Bonfonte, 2024, [3], Schmitz &
Wittbold, 2024, [11] and Soma & Bance, 2024, [17].

The paper is organized as follows. In Section 2, we prepare assumptions that are
essential for our proofs. In Section 3, we will recall the definition of local entropy
solution of problem (E P)Z}Zk (vo) , state our main result and its proof. Uniqueness
is proved by a refinement of the technique of doubling the time variable t.

2. Assumptions and notations

To formulate the main results of this paper and recall the existence result from
[1], we first introduce assumptions that will remain in effect throughout the paper.

Q) is a bounded domain of RY (N > 2) with boundary 99, T > 0,is fixed time.
We set Qr := (0,T) x Q and X7 := (0,T) x 09.

a:QxRY — RY is Caratheodory function, (H1)

ie. a(-,€) : Q — RY is measurable for all £ € RY, and a(x,-) : RY — RV is
continuous vector field a.e. x € ). Moreover, we assume that a satisfies the
classical Leray—Lions conditions, meaning that the operator a is monotone

Ve, ¢ €RY and ae v € Q: (a(w, &) —a(z,¢) - (€ —¢) >0, (H2)
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coercive
Jp € (1,00), 3y >0, V€ € RY and a.e 2 € Q: a(z,§) - € > ~[¢]P, (H3)
and satisfies the growth condition

Je>0,de LF(Q), V¢ e RY and a.e 2 € Q : |a(z,€)] < ¢ (d(z) + |¢[P~") (H4)

where p' = ﬁ.

Next, we szlppose that
k:RT — R is of type PC, (H5)

meaning that & € L},.(R"), non-increasing, non-negative and such that there
exists a function [ € L}, (R™) verifying (k [)(t) = 1 for every t > 0.

loc

The functions j and ¢ are continuous and non-decreasing on R and satisfy

the condition j(0) = ¢(0) = 0. (H6)
F is locally Lipschitz-continuous function defined on R and takes values in RY,
(H7)

vo :  — R is a measurable function satisfying ug := j(vy) belongs to L'(9) .
(H8)

f:Qr — R belongs to L'(Qr). (H9)

We will also use some notations and functions later on, which are presented as
follows.

If A C Qis a Lebesgue measurable set, its Lebesgue measure will be denoted by
|A| and its characteristic function by x4. For all real number K > 0, we denote
by Tk : R — R the truncation function at the level K defined by

Tk (r) = min (max(r, - K) , K).
More precisely, for 1 < p < oo, the functional space T, *(Q2) can be defined by
TP(Q) = {v:Q—= R : vis ameasurable and Tk (v) € Wy (Q) for every K > 0}.

For further details on the class of functions v : 2 — R whose truncations T (v)
belong to a certain Sobolev space for every K > 0 see for instance [2, 0].

We will frequently use the notation Tk 1, := Ty, — Tk for L > K.

For r € R, the function r ~ signg (r) is defined by

signg (r) = {

Throughout this paper, for simplicity, given a function v : Q7 — R and a positive
real number K, we use the shorthand notation

{’u‘ < (<7 >, 2, :)K}

1, ifr>0,
0, ifr<o.

to denote the set
{(t,z) € Qr : |u(t,z)| < (<,>,>,=)K}.
Additionally, we define
P:={SeCR) : Vt e (0,00), S'(t) >0, supp(S’) is compact, S(0) = 0} .
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3. Uniqueness of local entropy solution

In this section, we recall the definition of an entropy solution for the problem
(EP)?{i’k(vo) which is in [!], state our main result and prove it.

Definition 3.1. A measurable function v : Q7 — R is called a local entropy
solution of (1) if

(P1) j(v) € LYQr) and Tx(w) € LP(0, T; W, 7(Q)) for any K > 0 with w := ¢(v),

and for any functions ¢ € W, ?(Q) N L=(Q), € € D([0,T)) with £ >0, S € P,
for all m € N, we have

(P2)
v(T,z)
klm -7 S(p(o) — d(x))dj(o) |dr &(t)dxd
( t /W) (0(0) — H(@)di( >) 6 (t)drds
+/ k2,3(0 v(t,z)) — j(vo(2)))) S(e(v(t, ) — ¢(x))E(t)dudt

T

( / o(t = 72)) = G(00e)) dhan() ) S(e0t,2) — o))t

O

+

(a(z, Vw(t,z)) + F(w(t,z))) - VS(p(v(t,z)) — ¢(x))E(t)dxdt

\\

< [ fle.a)S(etolt. ) = ofoe(ordsa
where k1, := (k —m)" and ko =k — k.

Our main result is as follows:

Theorem 3.2. Under assumptions (H1)—(H9), suppose that for i = 1,2, the
initial function vo; @ 0 — R is measurable and satisfies j(vo;) € L*(Q) with
J(vo1) = j(vo2) almost everywhere in 2. Let v; be an entropy solution of the
problem (EP)Z}”i’k(voji) with right-hand side f and initial data vy, satisfying

i [|7(02)(,-) = 5(vo,)l| 21 () = 0
Then, j(v1) = j(va) a.e. in Qr.

Remark 3.3. Observe that continuity at ¢ = 0 is assumed only for one of the
entropy solutions.

Theorem 3.2 can be proved in essentially the same way as Theorem 4 in [3].
The proof relies on the following a priori estimate.

Lemma 3.4. Assume that (H1)—(H9) hold. Additional, let v : Q7 — R be an
entropy solution of (EP)I}:Z”C(’UO).
Then,

g‘VTKJ(_,_L (’LU) |pdl'dt =

/ ¢|VwPdxdt — 0
Qr Qrn{K<|w|<K+L}
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as K — oo for every L >0, £ € DY([0,T)).

Proof. In the Definition 3.1, for K > L > 0, take ¢ = 0, S = Tk x4 and
kim = k respectively. By multiplying inequality (P2) from Definition 3.1 by 1,
we obtain

_ % /Q T ( /O bt — 1) / :((:) TK,mL(st(a))dj(a))dr £(t)dadt

+ % £(t)alz, Vp(u(t, 2)) - VT sr((o(t, 2))dedt
Qr
b [ EOF((t ) - VTicssn(o(olt, 2))dnds

Qr

o f(t2)Tre ke n(p(o(t, x)))E () dedt,

<

| -

for every £ € DT([0,T)).
Observe that by applying the Gauss-Green Theorem along with the boundary
condition,

| et VT anlelo®)is o

Next, proceeding along the same lines as in the proof of [Lemma 5, []] we conclude
the proof of Lemma 3.4. O

Now we can establish the proof of Theorem 3.2.

Proof. The proof of Theorem 3.2 is baseed on Kruzhkov’s doubling of variable
technique ( see [11]) that has been adapted by some authors (see e.g. [19]) to prove
uniqueness results and comparison principles for elliptic-parabolic problems.

In our particular case, we proceed as in [3] p. 72-83. Let (¢,s) € [0,7] x [0,T].

We write the ¢ variable in the local entropy solution vy of (EP);’ji’k(vg,l) and
s variable in the local entropy solution vy of (EP)I}:i’k(UQ,Q). For K > 0, we
chose, ¢ = Tk (ws)(s) as a test function in the definition of entropy solution for
vy and ¢ = Tk(wq)(t) in the definition for vy, with S = T} for L > 0. Setting
uy = j(v1), us = j(v2), uo == j(vo1) = b(voz2) and Qa1 := (0,T) x (0,T) x Q
and summing up both inequalities, we find

A R R ) Ea P (3.1)



252 M. BANCE, S. SOMA

for any K, L > 0 where

t vl(a)
1K’L::— (t, s kym(t—o Tr(p(r) — Tk (wsy)(8))dj(r)do|dxdtds
I [ s >[/0 (t >/ ((r) — Tic(w2)())dj(r)dor] dadt
s v2(T)
Lor =~ o(t,s im(s —T Tr(p(r) — T (wy)(t))dj (r)dr] dudtds
[ s >[/0 ( >/ () — Tic(wn) (8))dj(r) ] ddt
o= g &(t, 8) [Okom * (uy — )] ()] T [wi(t) — T (w2)(s)]dxdtds

+ / [ﬁ(t, §)0s[kam * (ug — uo)](s)]TL[wg(s) — Tk (wq)(t)|dxdtds
Q2,1

I = A &(t,s) [a(z, Vwy (1)) - VTp[w (t) — Tk (ws)(s)]

+ a(x, Vws(s)) - VT [wa(t) — Ti (we)(t)]] dadtds

"= g §(t, 8)[F(wi(t)) - VT [wi (t) = Trc(w2)(s)]
+ F(wa(t)) - VT [wa(t) — T (wr)(t)]] dadtds
Ig" = g E(t,8) [f(OTe[wi(t) — Tre(wa)(s)] + f(s)Tp[wa(s) — T (w1)(t)]] dadtds

for any £ € D((0,T) x (0,7)).
We want to pass to the limit when K — oo in (3.1).

We first consider the term I:°". We will show that I;im inf 155" > 0.
— 00

First, we write that

KL _ 1K,L K,L K,L K,L K,L
I —15,1 +—]5,2 "'15,3 +]5,4 "']5,5

where

15 = / £(t,5) [F (wi(t)) — F (wa(s))] - VT3 [un(£) — wals)]
Q2N{|w1 (t)],|w2(s)|<K}

i | E(E9F (1(0) - Vun (1)
Qan{|wa(s)|> K, |w1 (t) =Tk (wa(s))|<L}

= | E(0,5)F (un(s) - V(o)
Q2N{|w1 (t)|>K,|wa(s)—Tk (w1 (t))|<L}

I = / E(t,5)F (wn(8)) - VT [un (£) — wals)
Q2N{|w2(s)|<K,|w1(t)|>K}

e / E(t,5)F (wals)) - VT, [wa(s) — wi(1)].
Q2N{|w1 (t)|<K,|wa(s)|> K}

Since F' is locally Lipschitz continuous, we have

5P =0, Iy =0and 5" =0.
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Let now define tg := inf {|t — T'| : (t,s) € Supp&}, so:=inf{|s—T]| : (¢,s) € Supp&}
and T' = T — min(to, so).

By the definition of ¢y, sy and TV, we can find p € D(0,7T) such that 0 < p < 1

and p(t) = 1 for all £ € [0,T]. As we have chosen p such that pﬁ (t)p%(s) =1 for

all (t,s) € Supp¢, the term [5{{4L can be estimated for each K > L, we have,

Iy = / £(t, 8)F (wy(t)) - Vaoy (£)
Q2N{|w2(s)|<K,|w1 (t)|>K,|w1 (t)—w2(s)| <L}

—/ £(t, 5)F (wn(t)) - Vun(s).
Q2n{|wa(s)| <K, w1 (t)|> K,|w1 (t) —w2(s)|<L}

Taking p such that Supp(p) C [-K — L, K + L], by Gauss-Green theorem, we
have

/ E(t,s)F (wi(t)) - Vwy(t) = 0.
QaN{|wa ()| <K, |w1 (£)[= K, |wr (£) —wa(s)|<L}

Thus,

/ £(t, 5)F (wn (1)) - Vua(s)
Q2N{|w2(s)| <K, w1 (t)|>K,|wi (1) —w2(s)|<L}

L

1)o7 ()| F (wn (£)) | [Vawa(s)]

3

~lell [ ,
Q2N{K<|wy (t)|<K+L}N{K—-L<|w2(s)|<K?}

> el ( [ AAF () ")
Qr{K<|wi(t)|[<K+L}
<( Vw5 )
Qr{K—L<|wz(s)[<K}
> -l [ AP (Ticssw) )Y )
Qr{K<|wi (t)|[<K+L}

x(/“ va@W)
QrN{K—L<|wa(s)|<K}

1 1
> =T|[llcox <t @ lp7 F (Tkyr(w1)) ||(Lp/(QT))N X |07 Vi 1,5 (w2) | 1o ()N -

e

e

Since, HpﬁF (Trir(wy)) H( ) < 00, then by Lemma 3.4 we deduce that

LY (Qr)

lim inf I > 0.
K—o0 ’

Using analogous arguments estimate with the roles of w; (¢, x) and ws(s, z) inter-
changed, we show also that I;im inf 7% > 0. This implies that
—00 ’

lim inf 1" > 0.
K—o0
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With the same arguments and the growth bound assumption (H4), we conclude
also

lim inf I;°" > 0.
K—oo

Now, we can pass to the limit with K — oo in (3.1).

Since as K — oo, Tpwy(t) — Tk (we)(s)] — Tr[wi(t) —wa(s)] and

Trwe(s) — Tr(wy)(t) — Trlwa(s) — wi(t)] a.e. in Qqor, then by Lebesgue
Dominated Convergence Theorem, we get

[Ior Koy ; (s, 1) (f(t) = f(5))Tolwi(t) — wals)|dwdtds == IE.

In additional, since ks ,,(07) < co, we get that
8t[k2,m * (Ul — UO)] and (95[/{;27,,1 * (UQ — UQ)] belong to Ll (Q2’T).

Therefore, using again Lebesgue Dominated Convergence Theorem, we have
t
;" IH—OO>/ &(t, ) {kz,m((ﬁ)(ul(t) — ua(s)) +/ (ur(t — o) — uo)dkzm(0)
Q2,1 0

- /O S(UQ(S —7) — uo)de,m(T)} Ty [wy () — wels)]dudtds = IE.

We have also,

v1(0o)
/ Tr(p(r) — Tre(wa)(s))dj(r)| < L(|(v1)] + [5(vo,1)]) € LN (Qar)

Vo1

and
v1(o) Koo v1(o)
[ Tl -Tew) i) 2= [ Tufor)-un(s)djr) ac. in Qo
V0,1 V0,1
Then, Lebesgue Dominated Convergence Theorem implies that
t Ul(U) ~
It Koo, & (t, s) [/ kl,m(t—a)/ Tr(p(r)—wa(s))dj(r)do] dzdtds := I} .
Q2,1 0 01
Using the arguments as above, we also obtain
S U2( ) ~
N PR / Fim(s—7) / Ty (o(r) w1 () dj(r)dr] dadtds = TV
Q2,1 0 V0,2

Thus, passing to the limit with X' — oo in (3.1) and dividing and dividing the
resulting inequality by L > 0, we obtain

1y 1o 1o 1-
Zﬁ+zg+zggz¢. (3.2)

Remark that, we can be estimate %fﬁL as follows

1. T T
T [ ] €00 = 16 s =
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Since, $7T[wi(t) — wa(s)] — signg(wi(t) — wa(s)) a.e. in Qop as L — 0F
and w; = p(v;), i=1,2 with ¢ is strictly increasing, then signg(w;(t) — wa(s)) =
signg (v (t) — va(s)) a.e. in Q7. We deduce that

1+ oo+ 4 !
ZI3 s QQ’Tf(t, s) {k:g,m(o Y(up(t) — ua(s)) + /0 (ur(t — o) — ug)dkam(o)

- /0 S(Uz(s —7) = uO)dk’z,m(T)} signo (v (t) — vy(s))dzdtds = Js.

Now, we define e : R? — R by

|1 (t) — ua(s)||Lry ift>0,s>0;
[uo — uz(s)|| 1) ift=0,s2>0;
w1 () — uollL1 (o) ift>0,s=0;

0 ift<0ors<0.

e(t,s) =

Remark that (uq(t) — us(s)) signg (vi(t) — va(s)) = |ui(t) — ua(s)| because j is
non-decreasing (we recall that w; := j(v;) for i = 1,2). So, the fact that dk,,, is
a negative measure on (0, 00), we get that

T T min(t,s)
+ p— —
Js 2/0 /0 (t, s) (klm(O Je(t, s)+/0 e(t—o,s U)dkgym(U))dtdS

T T t
# [ [ s (v [ et = .00tk (o
0 0 s
+ X{t<s) / e(0,s — T)dl{/’Q,m(T))dtdS = J31 + J39.
t

In noticing that, sign, (p(r) — wa(s)) = sign, (r — va(s)) then as L — 0T

(o) 1 , vi(o) .
/v01 ETL(gO(T)—wg(s))dj(r) — /UO1 signg (r—va(s))dj(r) = |ut(t)—ua(s)|—|uz(s)—uol

a.e. in Q27 and

v1(0)
[ STl ~ wao)ditr) < Jus(®) = )]+ uals) ~ o] € L(@ar).

So, it follows that

1 . Lot T T t
Ell e &(t,s) | kim(t —o)e(t,o)dodtds
o Jo 0

T T
- / / E(t, s)k1m(t)e(0, s)dtds == Jy1 + Ji 2.
o Jo

By the same arguments as above, we also get

1 - L0t T T s
EIQ o E(tys) | kim(s —T)e(r, s)drdtds
o Jo

0

T T
— / / E(t, $)k1m(s)e(t,0)dtds == Jo1 + Joo.
o Jo
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So, L — 0% in (3.2) gives
J1,1 + J172 + J271 + J272 + J371 + J3,2 < Jg. (33)

Now, let (p,)s>0 be a sequence mollifiers in R and satistying p, > 0, supp p, C
0,¢] and p, — dp in D'(R) as ¢ — 0. Setting &,(t,s) = py(t — s)o(t) for
¢ € D([0,T)) with ¢ > 0, it follows that & € D([0,7) x [0,7)) with & > 0
for ¢ > 0 small enough. We can replace £ by &, in (3.3) and pass to the limit
with m — oo and then ¢ — 0%. First, remark that li_1>n (Jig 4+ Jo22) =0

since ki, = (k —m)t — 0 as m — oo. Next, using the transformation
(1,v) — (1,5) = (9 + %1 — &), we get that

o T
+/ <n+g—0n—g—0) dkzm(a))dndu

T—|5] n » U
/ /I 77+ 2)/0 kom(n —1v)e <0+§,0—§> dodndv.

Here, we used partial integration and the fact that the boundary terms vanish.
Note that ks, == k — k1, — k as m — oo, we deduce that

T ¢
lim lim J;; = —/ ¢'(s)/ k(t — o)e(o,0)dodt.
q—0tm—o0o 0 0

For estimate .J5,, we suppose that u; is continuous at ¢ = 0, so 1ir1(1)||u1(t) -
H

ug |1 = 0. Since, we also have &,(t,5) = py(t — 5)é(t) = 0 for t < s, we obtain
that

02J3,22—<sup600>/ / E,(t, 8)(kom(s) — kam(t))dtds — 0,

o€(0,q]

as first m — oo and then ¢ — 0%. Last, remark that lim Js = 0. Thus,
q—0t

combining the above results, we finally obtain that

_ /0 o/(s) /0 k(t — 0)e(o, 0)dodt < 0 (34)

for every ¢ € D([0,T)) with ¢ > 0. By [3] p. 133, there exists a unique completely
positive Radon measure « on [0,7") defined by

/ta[O,t —slk(s)ds =t, te(0,T).

d t
As, p </ k(t —o)e(o, a)da) < 0, in the sense of distributions, then the con-
0
volution of this inequality with the completely positive measure « gives

e(t,t) <0,
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in the sense of distributions thus for a.e. ¢t € (0,7). Hence, we obtain that
e(t,t) =0.
So, for a.e. t € (0,7T)
[ur (t) = w2 ()| L1@) = 0.
Hence, for a.e. t € (0,7)

j(v1) = j(va) in LY(Qr.

CONCLUSION

In this work, we have studied the uniqueness of entropy solutions for the prob-

lem (EP)?C”Z’k(UO), characterized by the presence of a memory term, nonlinear
operators, and homogeneous Dirichlet boundary conditions. Assuming that the
functions 5 and ¢ are non-decreasing, we proved uniqueness using the method
of doubling variables, an effective approach for obtaining a priori estimates and
establishing uniqueness results in the framework of entropy solutions.
This work extends the results of [I, 13, 16]. A promising direction for future
research would be to extend this analysis to cases where the assumptions on j
and ¢ are less restrictive or to investigate the existence and regularity of solutions
under more general conditions.
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