
Gulf Journal of Mathematics ISSN: 2309-4966

Vol 19, Issue 2 (2025)156-167 https://doi.org/10.56947/gjom.v19i2.2661

FIRST-ORDER INTEGER-VALUED AUTO-REGRESSIVE
PROCESS WITH DISCRETE LINDLEY DISTRIBUTION

MARGINAL

TÉGAWENDÉ MARTIN KABORE1∗, O. JEAN-ETIENNE OUEDRAOGO2 and MARCEL
ILBOUDO3

Abstract. In this paper, we propose a stationary first-order integer-valued
auto-regressive (INAR(1)) process with the DLD marginal distribution (DLD-
INAR(1)) for dealing with overdispersed data. Several statistical properties of
the model are established, such as conditional measures, autocorrelation, and
non-reversibility over time. We consider the conditional maximum likelihood
method to estimate the model’s unknown parameters and study the properties
of the estimators. The model is applied to a real-world time series dataset to
evaluate its competitiveness against other INAR(1) models.

1. Introduction

In recent years, modeling stationary time series with discrete marginal distribu-
tions has attracted increasing interest, mainly due to their potential application
areas. Count time series often exhibit correlation between observations, and a
primary approach for their analysis is the use of integer-valued auto-regressive
(INAR) models. First-order non-negative integer-valued auto-regressive processes
(INAR(1)) were introduced by McKenzie, Al-Osh, and Alzaid [11]. Since then,
several models based on the binomial thinning introduced by Steutel and van
Harn [9] or its generalizations have emerged. Originally, the binomial thinning
operator is generated by counting a series of independent random variables dis-
tributed according to Bernoulli’s law and is defined as follows:

α ? X =
X∑
i=1

Wi, α ∈ [0, 1] ; (1.1)

where X is a non-negative integer-valued random variable and Wi is a sequence of
independent and identically distributed (i.i.d.) random variables with a Bernoulli
(α) distribution, independent of X.

Date: Received: Jan 30, 2025; Accepted: Feb 23, 2025.
∗ Corresponding author.
2020 Mathematics Subject Classification. Primary 46L55; Secondary 44B20.
Key words and phrases. Integer-valued Auto-Regressive process, Discrete Lindley Distribu-

tion, Over-dispersion, DLD-INAR(1), stationary process, Conditional Maximum Likelihood,
Count series, time series, INAR..

156



DLD-INAR(1) PROCESS 157

Among the INAR(1) models based on the binomial thinning operator are the
Poisson model (Al-Osh and Alzaid [11], Alzaid and Al-Osh [2], McKenzie [7]),
negative geometric and binomial models (Alzaid and Al-Osh [2], McKenzie [8])
and the generalized Poisson model (Alzaid and Al-Osh [1]). Among those based
on generalizations of the binomial thinning operator, we cite the negative binomial
model (Al-Osh and Aly [4], Aly and Bouzar [5], Ristic, Bakouch, and Nastic [10],
Ristic, Nastic, and Bakouch [13]) and the geometric model of Poisson by Aly
and Bouzar [6]. The various integer-valued autoregressive models with discrete
marginal distributions above have been proposed to improve the fit to real data,
in order to provide a better analysis of these data. Sometimes, these models
give an approximate analysis because of the nature and properties of the count
data, which present limitations in their marginal distributions. For example,
equi-dispersion has a variance equal to the mean, a situation that may not be
consistent with the data, and under-dispersion occurs less frequently than over-
dispersion.

This paper deals with over-dispersed count data. The Discrete Lindley Dis-
tribution (DLD) marginal distribution is used to construct an INAR(1) model
using the binomial thinning operator with independent random variables from
the Bernoulli counting series. Hereafter, the first-order integer-valued autore-
gressive model introduced with the DLD marginal distribution shall be denoted
by DLD-INAR(1). The Discrete Lindley Distribution of a random variable X has
the probability mass function (pmf):

P (X = x) = (eθ − 1)2(1 + x)e−θ(2+x), θ > 0, x = 0, 1, ...;

was introduced by Berhane Abebe and Rama Shanker [3]. The DLD(θ) distribu-
tion belongs to the compound Poisson family and has other common properties,
such as uni-modality, over-dispersion, and infinite divisibility. Its generating func-
tion GX(s) is given by:

GX(s) =

(
eθ − 1

eθ − s

)2

, θ > 0, s 6= eθ.

It is interesting to note that the unique parameter, θ, of the DLD distribution
can be interpreted as follows: From a statistical perspective, θ determines the
shape and dispersion of the distribution, and it is associated with the probability
of rare events occurring. From a biological perspective, θ can be seen as a factor
influencing the frequency of rare events in a biological system, such as the number
of mutations or the prevalence of infections.

The paper is organized as follows. In Section 2, we construct a stationary
first-order auto-regressive integer-valued process with the discrete Lindley distri-
bution marginal (DLD-INAR (1)) and obtain the probability mass function of the
innovation term. In Section 3, we study the properties of the proposed model.
Section 4 deals with the estimation of unknown parameters of the model using
the conditional maximum likelihood method. An application of the process to a
real data set is presented in Section 5 to verify the competitiveness of the model.
Section 6 presents the concluding remarks.
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2. The stationary DLD-INAR(1) process.

A stationary DLD-INAR(1) process {Xt} is defined by the recursive equation
:

Xt = α ? Xt−1 + εt, t > 1; (2.1)

where:

(1) the marginal distribution of Xt is DLD;
(2) the innovation sequence εt are independent and identically distributed

according a non negative discrete distribution;
(3) Xt−1 and εt are independent;
(4) the notation ? denotes the binomial thinning operator, defined by the

Equation 1.1, with α ∈ (0, 1).

Furthermore, one can see that for α = 1, the process is not stationary, and
when α = 0, the process denotes independent count data. Thus, in the following,
we consider α ∈ (0, 1).

Now, we aim to characterize the distribution of the innovation term for the
stationary DLD-INAR(1) process. The following result provides its generating
function.

Lemma 2.1. Let {Xt} be a stationary DLD-INAR(1) process and εt its innova-
tion sequence. The generating function of εt is given by:

Gε(s) = α2 + (1− α2)

[
2α

1 + α

eθ − 1

eθ − s
+

1− α
1 + α

(
eθ − 1

)2
(eθ − s)2

]
θ > 0, s 6= eθ.

Proof. Using,

GX(s) = Gε(s)GX(1− α + αs), and GX(s) =

(
eθ − 1

eθ − s

)2

.

One has, Gε(s) =

[
eθ − 1 + α− αs

eθ − s

]2
. After rearrangement, the result hold. �

In the following, the results stated will allow us to determine the probability
mass function of innovation sequence.

Lemma 2.2. Let α ∈ (0, 1) and θ > 0, then the mixture

h(x) =
2α

1 + α

(
1− e−θ

) (
e−θ
)x

+
1− α
1 + α

(1 + x)
(
1− e−θ

)2 (
e−θ
)x
, x = 0, 1, ...;

is a probability mass function.

Proof. First, it is clear that h(x) ≥ 0 for x ≥ 0 and θ > 0. Furthermore, we have∑
x>0

h(x) = 1, since
∑
x>0

(
e−θ
)x

=
1

1− e−θ
and

∑
x>0

(1 + x)
(
e−θ
)x

=
e−θ

(1− e−θ)2
.

Hence h(x) is a mass probability function. �

Proposition 2.3. The probability mass function (pmf) defined in Lemma 2.2

is a mixture of Geo(1 − e−θ) and NB(2, 1 − e−θ) with respective weights
2α

1 + α



DLD-INAR(1) PROCESS 159

and
1− α
1 + α

, where Geo and NB denote the Geometric and Binomial Negative

distribution, respectively.

Proof. The probability mass functions of the distributions Geo(1 − e−θ) and
NB(2, 1−e−θ) are given respectively by: P1(X = x, θ) = (1−e−θ)(e−θ)x, P2(X =

x, θ) = (1 + x)(1 − e−θ)2(e−θ)x. We see that h(x) =
2α

1 + α
P1(X = x, θ) +

1− α
1 + α

P2(X = x, θ). Therefore, h(x) is a mixture of Geo(1− e−θ) and NB(2, 1−

e−θ) of respective weights
2α

1 + α
and

1− α
1 + α

. �

From Lemma 2.2, one can derive the result below, which stands for the pmf of
innovations.

Proposition 2.4. Consider the stationary DLD-INAR(1) process {Xt} defined
by Equation 2.1. The probability mass function of the innovation term {εt} is
given as:

fε(x) = α2I0(x) + (1− α2)h(x), x = 0, 1, ...;

where I0(x) is the degenerate distribution function at zero, and h(x) is a proba-
bility mass function defined in Lemma 2.2.

Proof. Considering,

Gε(s) = α2 + (1−α2)

[
A
eθ − 1

eθ − s
+B

(
eθ − 1

)2
(eθ − s)2

]
, with A =

2α

1 + α
and B =

1− α
1 + α

,

the pmf of innovation term εt, fε(x, θ) is given by:

G
(k)
ε (0)

k!
=

α
2 + (1− α2)

[
A
(
1− e−θ

)
+B

(
1− e−θ

)2 ]
, if k = 0,

(1− α2)
[
A
(
1− e−θ

) (
e−θ
)k

+B(1 + k)
(
1− e−θ

)2 (
e−θ
)k ]

, if k ≥ 1.

Then,

fε(x, θ) = α2I0(x) + (1 − α2)
[
A
(
1− e−θ

) (
e−θ
)x

+ B(1 + x)
(
1− e−θ

)2 (
e−θ
)x ]

,

∀ x ≥ 0.
We see that, h(x) = A

(
1− e−θ

) (
e−θ
)x

+B(1 + x)
(
1− e−θ

)2 (
e−θ
)x

.

Hence, fε(x, θ) = α2I0(x) + (1− α2)h(x), with I0(x) =

{
1 if x = 0,

0 if x 6= 0.

�

Based on Proposition 2.3 and 2.4, the probability mass function of the in-
novation term is a mixture of geometric, negative binomial, and a degenerate
distribution. Consequently, the DLD distribution is discrete self-decomposable
(see Steutel and van Harn [9]) for θ > 0. Furthermore, appealing to Proposition
2.4, the process defined by Equation 2.1 can be rewritten as:

Xt =

{
α ? Xt−1, w.p. α2,

α ? Xt−1 + εt, w.p. 1− α2;
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where w.p. stands for ’with probability’. Consequently, after rearrangement, it
follows that:

Xt = α ? Xt−1 + ItHt, t ≥ 1, α ∈ (0, 1);

where P (It = 0) = 1 − P (It = 1) = α2, Ht has the probability mass function h
given by Lemma 2.2, and Xt−k independent of ItHt for k ≥ 1.

Based on the properties of the binomial thinning operator, the model given by
the Equation 2.1 can be expressed in terms of the innovation sequence {εt} as
follows:

Xt
d
=
∞∑
j=0

αj ? εt−j, t ≥ 1, α ∈ (0, 1). (2.2)

3. Statistical properties of the model.

Statistical properties of the model, including moments of innovation sequence,
the correlation structure, and conditional moments of the process, are highlighted
in the section.

Lemma 3.1. Let εt be the innovation term of the stationary DLD-INAR(1) pro-
cess. Its first and second moments are given by:

E(εt) =
2(1− α)

eθ − 1
;

V ar(εt) =
2eθ(1− α2)− 2α(eθ − 1)(1− α)

(eθ − 1)2
.

Proof. Due the stationarity of the process,
E(Xt) = αE(Xt) + E(εt) ⇒ E(εt) = (1− α)E(Xt),

with E(Xt) =
2

eθ − 1
, hence E(εt) =

2(1− α)

eθ − 1
.

Considering Equation 2.2, one has:

V ar(Xt) = V ar(
∞∑
j=0

αj ? εt−j)

=
∞∑
j=0

α2jV ar(εt−j) +
∞∑
j=0

αj(1− αj)E(εt−j)

V ar(Xt) =
1

1− α2

[
V ar(εt) + αE(εt)

]
;

then,

V ar(εt) = (1− α2)V ar(Xt)− αE(εt)

=
2eθ(1− α2)− 2α(eθ − 1)(1− α)

(eθ − 1)2
;

where V ar(Xt) =
2eθ

(eθ − 1)2
.

�
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From now on, the following results can be derived.

Proposition 3.2. Let Xt be a stationary DLD-INAR(1) process. The following
properties hold:

E(Xt | Xt−1 = x) = αx+
2(1− α)

(eθ − 1)
;

V ar(Xt | Xt−1 = x) = α(1− α)x+
2eθ(1− α2)− 2α(eθ − 1)(1− α)

(eθ − 1)2
.

The auto-covariance function at lag k ≥ 0 is given by:

γk = αkγ0, α ∈ (0, 1);

where γ0 denotes the variance of Xt.

Proof. The conditional mean is given by:

E(Xt | Xt−1 = x) = αx+ E(εt)

= αx+
2(1− α)

eθ − 1
;

the conditional variance is given by:

V ar(Xt | Xt−1 = x) = α(1− α)x+ V ar(εt)

= α(1− α)x+
2eθ(1− α2)− 2α(eθ − 1)(1− α)

(eθ − 1)2
;

and, the auto-covariance function is given by:

γk = Cov(Xt, Xt−k)

= Cov(α ? Xt−1 + εt, Xt−k)

= Cov(α ? Xt−1, Xt−k) + Cov(εt, Xt−k)

γk = αkγ0, k ≥ 0.

�

Since ÎXt = V ar(Xt)
E(Xt)

= eθ

eθ−1 = 1 + 1
eθ−1 , it follows that ÎXt > 1 for θ > 0.

Therefore, note that ÎXt is a decreasing function of the unique parameter θ.
Which shows that this parameter therefore controls the degree of overdispersion
in the proposed model. Hence, the proposed DLD-INAR(1) model is particularly
suitable for overdispersed count data.

Moreover, the above proposition shows that the stationary DLD-INAR(1) pro-
cess has a first-order linear auto-regressive structure, and the auto-correlation
function is γk = αk, where α ∈ (0, 1) and k ≥ 0. That is, the autocorrelation
function decreases exponentially as k → +∞. The correlation structure of the
proposed process is, therefore, analogous to the INAR(1) and AR(1) processes.
Another important result is given below.
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Proposition 3.3. If Xt is generate according to the stationary DLD-INAR(1)
process, then the joint probability generating function of the random variables Xt

and Xt−1 is given by:

GXt,Xt−1(s1, s2) =

(
eθ − 1

eθ − s2(1− α + αs1)

)2

+ (1− α2)

(
eθ − 1 + α(1− s1)

eθ − s1

)2

.

Proof. The joint probability generating function is given by:

GXt,Xt−1(s1, s2) = α2Gα?Xt−1,Xt−1(s1, s2) + (1− α2)Gα?Xt−1+εt,Xt−1(s1, s2)

= α2GXt(s2(1− α + αs1)) + (1− α2) [Gεt(s1)GXt(s2(1− α + αs1))]

= α2

(
eθ − 1

eθ − s2(1− α + αs1)

)2

+ (1− α2)

[(
eθ − 1 + α(1− s1)

eθ − s1

)
×

(
eθ − 1

eθ − s2(1− α + αs1)

)]2
GXt,Xt−1(s1, s2) =

(
eθ − 1

eθ − s2(1− α + αs1)

)2

+ (1− α2)

(
eθ − 1 + α(1− s1)

eθ − s1

)2

.

�

By Proposition 3.3, GXt,Xt−1(s1, s2) is not symmetric in s1 and s2, which means
that the stationary DLD-INAR(1) process is not reversible in time.

The following result concerns the transition probability of the stationary DLD-
INAR(1) process, which plays an important role in estimating the unknown pa-
rameters of the model.

Proposition 3.4. Let Xt be a stationary DLD-INAR(1) process. Its transition
probability is given by:

P (Xt = xt | Xt−1 = xt−1) =

min(xt−1,xt)∑
k=0

(
xt−1
k

)
αk(1− α)xt−1−k

[
α2I0(xt − k)

+ (1− α)× e−θ(xt−k)
(

2α(1− e−θ)

+ (1− α)(1− e−θ)2(1 + xt − k)

)]
.

Proof. From Equation 2.1, one has:

P (Xt = xt | Xt−1 = xt−1) =

min(xt−1;xt)∑
k=0

(
xt−1
k

)
αk(1− α)xt−1−kP (εt = xt − k);

however,

P (εt = xt − k) = fε(xt − k) = α2I0(xt − k) + (1− α2)h(xt − k);
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and,

h(xt − k) =
e−θ(xt−k)

1 + α

(
2α(1− e−θ) + (1− α)(1− e−θ)2(1 + xt − k)

)
;

one has:

P (Xt = xt | Xt−1 = xt−1) =

min(xt−1;xt)∑
k=0

(
xt−1
k

)
αk(1− α)xt−1−k

[
α2I0(xt − k)

+ (1− α)× e−θ(xt−k)
(

2α(1− e−θ)

+ (1− α)(1− e−θ)2(1 + xt − k)

)]
.

�

In the next section, we develop the conditional likelihood procedure for esti-
mating the unknown parameters.

4. Estimation procedure and inference

In this section, we estimate the unknown parameters of the model using the
conditional maximum likelihood method, and check the asymptotic properties of
these estimators. To optimize the conditional log-likelihood function, we use the
nlminb function in the Stats package of R software.

4.1. Conditional maximum likelihood method. The conditional log-Likelihood
function L(xt, λ) is defined by:

L(xt, λ) =
n∑
t=2

lnP (Xt = xt | Xt−1 = xt−1, λ), xt ∈ N, t ≥ 1.

Considering Proposition 3.4, the conditional log-likelihood function L(xt, λ) of
the stationary DLD-INAR(1) process, Xt, with parameter λ = (α, θ), is given by:

L(xt, λ) =
n∑
t=2

ln

[
min(xt−1,xt)∑

k=0

(
xt−1
k

)
αk(1− α)xt−1−k

[
α2I0(xt − k) + (1− α)

× e−θ(xt−k)
(

2α(1− e−θ) + (1− α)(1− e−θ)2(1 + xt − k)

)]]
.

4.2. Some simulation results. A Monte-Carlo simulation study is conducted
using R software, based on data from 1000 series generated by the stationary
DLD-INAR(1) process. The objective is to determine the estimators of the pa-
rameters (α and θ), analyze their asymptotic properties through the evaluation
of bias and RMSE, and finally, examine the execution time associated with the
estimation.

Bias(λ̂) =
1

N

N∑
t=1

λ̂t − λ, RMSE(λ̂) =

√√√√ 1

N

N∑
t=1

(λ̂t − λ)2, with N = 1000.
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In order to obtain the estimator α̂, the simulation is performed with theoretical
values of: α = {0.2, 0.4, 0.5, 0.7, 0.9} and T = {25, 50, 200, 500}, where θ is fixed

at 1 (see Figure 1). Furthermore, for the estimator θ̂, the simulation is conducted
with theoretical values of: θ = {0.2, 0.4, 0.5, 0.7, 0.9} and T = {25, 50, 200, 500},
where α is fixed at 0.5 (see Figure 2).

Figure 1. Bias and RMSE of the estimator α̂.

Figure 2. Bias and RMSE of the estimator θ̂.

In light of the graphs presented in Figures 1-(a) and 2-(a), it is clear that the

biases of the estimators α̂ and θ̂ tend to zero as the sample size increases. This
indicates that the estimators α̂ and θ̂ converge to their respective theoretical val-
ues α and θ as the sample size T grows. Consequently, the conditional maximum
likelihood estimators α̂ and θ̂ are asymptotically unbiased. It is also worth noting
that, for each given sample size, the bias of the estimator θ̂ (Figure 2-(a)) remains
positive, while that of α̂ (Figure 1-(a)) remains negative. This means that the es-

timator θ̂ tends to overestimate its theoretical value, while the estimator α̂ tends
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to underestimate it. Moreover, it is observed that the estimator θ̂ converges more
quickly to zero than α̂ as the sample size increases. This makes θ̂ more suitable
for estimating smaller-sized series, while α̂ is better suited for larger-sized series.

Regarding the RMSE plots for the parameters α̂ (Figure 1-(b)) and θ̂ (Figure
2-(b)), it is clear that as the sample size increases, the RMSE values decrease.

However, the RMSE of θ̂ decreases even more rapidly than that of α̂, suggesting
that the estimator θ̂ is more consistent than α̂.

However, it should be emphasized that the execution time for a simulation with
a sample of one thousand series, each of size one thousand, is 2,434.86 seconds.
This simulation was run on an ”ASUS Vivobook” computer with the following
specifications: x64 processor, Intel(R) Core(TM) i3-1215U of the 12th generation
at 1.20 GHz, and 8 GB of RAM.

Having built this new INAR(1) process, it was imperative to verify its compet-
itiveness against its INAR(1) counterparts by applying it to real data.

5. Competitiveness of the DLD-INAR(1) model

In this section, we present an application of the DLD-INAR(1) model on a
real dataset of count series. The data concerns the number of animals that
presented skin lesions, recorded monthly from January 2003 to December 2009,
in a region of New Zealand (cf. [12]). This dataset, related to skin lesions,
is empirically overdispersed, with a dispersion index of 2.34. The objective of
this application is to fit these data using the DLD-INAR(1) model in order to
compute statistical criteria such as the log-likelihood function (LL), the Akaike
information criterion (AIC), the Bayesian information criterion (BIC), and the
consistent Akaike information criterion (CAIC), as well as the estimated values

(α̂ and θ̂). These statistical criteria, which measure the performance of the model,
will then be compared with those obtained from other reference INAR(1) models
available in the literature. It is worth noting that no specific model selection
criteria were applied. These models were chosen for this performance study due
to the availability in the literature of their fit statistics (AIC, LL, BIC, and CAIC)
on the same dataset (cf. [12]). The results are presented in Table 1.

After analyzing the results presented in Table 1, it is evident that the PLINAR(1)
model outperforms the DLD-INAR(1) model in terms of optimal fit performance
(AIC, LL, BIC, and CAIC). However, the DLD-INAR(1) model provides the
second-best fit, slightly ahead of the NBIINAR(1) model. Consequently, the
DLD-INAR(1) model constitutes a relevant alternative for the analysis and pre-
diction of overdispersed count data.

6. Conclusions

A new stationary first-order integer-valued auto-regressive model with the DLD
marginal distribution, named DLD-INAR(1), is introduced for dealing with over-
dispersed data. We derive the probability mass function of the innovation term
of the process as a mixture of geometric, negative binomial, and degenerate dis-
tribution. Various statistical properties of the model are obtained, such as the
conditional mean and variance, autocovariance function, autocorrelation function,
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Table 1. MLE, AIC, LL, BIC, and CAIC for the skin lesions data.

Models MLE AIC LL BIC CAIC

PINAR(1) λ̂ = 1.18,
α̂ = 0.17 306.22 -151.11 311.08 306.36

GINAR(1) p̂ = 0.58,
α̂ = 0.12 277.72 -136.86 282.58 277.86

NGINAR(1) p̂ = 1.41,
α̂ = 0.17 277.12 -136.56 281.98 277.26

NBRCINAR(1) n̂ = 1.2,
p̂ = 0.45,
ρ̂ = 0.17 279.93 -136.96 284.79 280.07

NBIINAR(1) n̂ = 1.01,
p̂ = 1.03,
ρ̂ = 0.31 276.14 -135.07 281.00 276.28

DLD-INAR(1) θ̂ = 0.87,
α̂ = 0.15 276.13 -135.06 280.99 276.25

PLINAR(1) θ̂ = 1.05,
α̂ = 0.25 223.81 -109.9 228.67 223.95

joint probability generating function, and transition probability. The unknown
parameters of the model are estimated using the maximum likelihood method,
and the performance of the estimates is assessed through simulations. The model
is fitted to a dataset concerning the symptom of skin lesions from New Zealand
animal health laboratories, and a brief analysis of these overdispersed data is con-
ducted within this framework. Based on various obtained fit statistics, such as the
Akaike information criterion (AIC), the log-likelihood (LL), the Bayesian infor-
mation criterion (BIC), and the consistent Akaike information criterion (CAIC),
the DLD-INAR(1) model provides the second-best fit, following the PLINAR(1)
model. Consequently, the DLD-INAR(1) model constitutes a relevant alternative
for the analysis and prediction of overdispersed count data.

An extension of the results to the DLD-INAR(p) could be an avenue for future
research.
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