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COMPUTATIONAL SPECTRAL METHOD FOR SOLVING
TWO-DIMENSIONAL RIESZ MULTI-TERM
TIME-FRACTIONAL DIFFUSION EQUATION

MOUHSSINE ZAKARIA'* and ABDELAZIZ MOUJAHID!

ABSTRACT. This research introduces a spectral element method (SEM) for
solving a fractional diffusion model. We propose a discrete-time scheme, using
the finite difference method to approach the multi-Caputo fractional derivative
on a uniform mesh. In addition, we offer a Galerkin variational formulation
to establish the unconditional stability of the scheme. We use the SEM based
on Legendre polynomials in the space direction and derive the fully discrete
scheme. The error estimation analysis of the fully discrete scheme is proved in
the Ly sense. Finally, we demonstrate the method’s effectiveness by numerical
experiments and simulations performed in MATLAB.

1. INTRODUCTION

Researchers have increasingly focused on solving and analyzing fractional differ-
ential equations because they represent a fascinating area of applied mathematics,
offering powerful tools to model natural phenomena with memory and hereditary
characteristics. These equations have a wide range of applications, warranting fur-
ther exploration. In physics, [13, 20], and [14] where a fractional Bloch model was
utilized to characterize the fundamental processes of nuclear magnetic resonance.
In chemistry and biology, the FDEs were able to describe the collective behavior

of molecules in transport [22], the transfer of heat and mass [9], and a proposed
model of the von Kar-man evolution coupled to the thermoelastic equation [5].
In finance [15], economics [1], and engineering [16]. This development led mathe-

maticians to explore various tools and techniques to simulate their solutions over
the years, as finding an analytical solution remains challenging and complex. This
has generated a substantial body of research that has significantly contributed to
the field, motivating us to explore several of these studies. For example, in [7], the
second-order convolution quadrature and the weighted-shifted Griinwald formula
were applied to approximate the Riemann—Liouville fractional integral and the
distributed-order time fractional derivative, for multidimensional fractional inte-
grodifferential models. Furthermore, the authors employed the energy method to
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perform an error study for the obtained scheme. The existence and uniqueness
were treated via the Banach—Alaoglu theorem in a Sobolev space, for a nonlinear
Kortewegde Vries-Rosenau-regularized long-wave problem proposed to model the
dynamics of waves propagating in shallow water along lake shores. in [10], and
was simulated using the finite element method(FEM) combining with a second-
order Crank-Nicolson scheme. The authors designed a finite element analysis to
simulate a non-linear advection-diffusion equation in [I 1], where backward Euler
and Crank-Nicolson schemes were used to derive a fully discretization, and the
error analysis in Bochner norms. SEM was created to solve fluid dynamics mod-
els, the combination of the FEM and spectral method led to the development
of SEM, see [17]. In the literature, SEM is an efficient method to approximate
solutions for complex models in applied sciences. In [25], the authors use a non-
standard finite difference and an SEM to approach the model. A hybrid SEM is
constructed for both Caputo and Riemann-Liouville fractional derivatives to solve
fractional two-point boundary value equations. Further, in [12] the authors pro-
posed a numerical method via the SEM and hierarchical matrix approximation
to solve an equation with two-sided second-order Riemann-Liouville operators.
Studying our model leads to a look at specific studies. For example, Zhao et al.
[29], the authors applied the FEM for the one-sided /two-dimensional fractional
Bloch—Torrey equation, using the L2 — 1, formula to approximate the temporal
Caputo derivative, and the FEM to deal with the approximations in the spatial
direction leading to a fully discrete scheme solved using linear piecewise polyno-
mials.

This study deals with a finite difference in time and G-SEM in space for a 2D
Riesz multi-term time-fractional diffusion equation:

Sy 1 (v w, 1) = Tydrole + Vo deil 4 1 (v, w, 1),
Yo, w,t) =0, (v,w,t)edAx (0,T], (L.1)
Y(v,w,0) = c3(v,w), (v,w) €A,

Where pg,s =1,---,1 are given positive parameters. 0 < oy < 1,s =1,--- ,[.
1 <2(1,2¢ < 2, in which A = (0, H) x (0, L) C R?, ¢y and F are known smooth
functions. And Y, T5 are the non-negative weight coefficients.
The Caputo fractional derivative is define in [13], as follows

1 by (v)do
0 = —l<p< N
=, T nol<e<n nel

with [' denoting the gamma function. The Riesz fractional derivative on a
finite domain [18, 21], is given by:

2K
P = — ks (0D + DY),

" 2cos(km)

for n — 1 < 2k < n,n € N, the operators ¢D?1), and ;D% are defined as
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2K, __ 2K, __ 1 i/s o n—2k—1
oD:"p = D™ = T — o) 957 , (s —w) Y(w)dw,
(1 o

D
SDQDH@ZJ = SD?; = m%/s (w — s)"_%_l@/)(w)dw.

This paper introduces non-standard procedures for error analysis, utilizing new
techniques and results. It presents innovative methods for the analytical study of
FDEs. Further, the approach detailing the application of the spectral elements
method with Legendre polynomials as the spatial basis. This section offers valu-
able insights into the implementation process and the numerical solution of the
problem using MATLAB software. The rest of the paper is summarized as fol-
lows: In section 2, specific backgrounds on fractional spaces are given. In Section
3, the standard L1 formula is applied for time to approximate the multi-Caputo
derivative. Further, the unconditional stability for the semi-discrete scheme is
established via a Galerkin variational formulation. In Section 4, the spectral ele-
ment method based on Legendre polynomials is employed in the spatial direction,
and we obtain the fully Galerkin spectral element scheme. Next, the convergence
analysis of the fully discrete scheme is treated. In Section 5, test problems are
presented to validate the effectiveness of the proposed numerical method, sup-
ported by simulated graphs. Finally, the essential results are concluded in Section
6.

2. FOUNDATIONAL TOOLS AND BACKGROUNDS

To start, we introduce essential concepts and lemmas for theoretical explo-
ration.

2.1. Fractional spaces: norms and semi-norms. We announced some prop-
erties concerned with the fractional spaces

Definition 2.1. [20, 6] For € > 0, we introduce the semi-norm and norm, respec-
tively, as follows

. De 2 De 2 1/2 o 2 2 1/2
$l7sa) = (D5l + D58 I2m) " Iz = (181 + 165 )

and denote Jf(A)(Jf o(A)) as the closure of C*°(A)(C5°(A)) with respect to || -
(AW

Definition 2.2. [20, (] For € > 0, we introduce the semi-norm and norm, respec-
tively, as follows.

. . 1/ 1/2
U] e (n) = (||mDR¢Hi2(A) + ||yDR¢||%2(A)) / Yl ze@) = (WH%Q(A) + ¥ ?713(1\)) ;
and denote J{(A)(Tfo(A)) as the closure of C*°(A)(Cg°(A)) with respect to
- 7z

Definition 2.3. [20, (] For ¢ > 0,¢ # n — %,n € N, we introduce the semi-norm
and norm, respectively, as follows.

[l = (1GDLY, D) + (DL y DRI [0l gy = <||1/)||%2(A) + v

1/2

2
T§(A)
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and denote J§(A)(T§0(A)) as the closure of C*°(A)(C§°(A)) with respect to
- 115 (A).

Definition 2.4. [20, 6] For € > 0, we introduce the semi-norm and norm, respec-
tively, as follows.
1/2
2
He(A)) )

[ FOE)],

where F(1)(2) is the Fourier transform of ¢ and ¢ is the zero extension of
¥ outside A, and denote H(A) (H§(A)) as the closure of C°(A) (C§°(A)) with

) = ey 1= (1110 + 10

vl

respect to || - [[ze(a)-
Definition 2.5. [20, 6] We define the spaces Jf o(A), Tgo(A), T§o(A) and HG(A)
with respect to related norms, as the closer of C§°(A).
Lemma 2.6. [20] Let € > 0,9 € Jf (N Tk, therefore
D0, Dit) (DE D ) - (
(DL, o D) r2a (A) L¢ rRY L2(82) = cos(em) || DY @)
Where 1) is the zero extension of 1 outside A.
Lemma 2.7. [20, 6] For all ¢ > 0, the spaces Jf (R?),J5 (R?), TS (R?) and

HE (R?) are equal with respected semi-norms and norms. For ¢ > 0,¢ # n —
5.n € N, spaces Jf o(A), T o(A), TEo(A) and HE(A) are equal with respected
semi-norms and norms.

Lemma 2.8. [20, 0] For ¢ € Jf 4(A),0 < p < € then, there exist a reels Cy,C > 0
and C; > 0,1=1,2,3,4

Y] 7e
[¥]L2(a) < Cl o D wHLQ < C2 H D wHLz :
€[ z2(a) < Cs ly DLWl p2ay < Ca ||yDL¢||L2(A)a
In the same way, the results mentioned above apply to the spaces. Jf o(A), T§o(A)
and HE(A) (v#n—1).

Lemma 2.9. [20, 6] Ife € (0,1),v,w € J¥(A), and, v|y, =0, and wl|,, =0,
then

(:Dzv,w) = (,Dzv,. Diw), (,Div,w) = (,Djv,, Dyw),
(,Dxv,w) = (,Dygv,, Dsw), (,Dfv,w) = (,Djv,, Dyw).

Lemma 2.10. [19] (Discrete Gronwall Inequality). Let U, denote a non-negative
sequence, and let the sequence q,, satisfy

q0 < Po,
Qm<p0+zlosl+zonQla mZL
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If po > 0 and sy > 0, we have

m—1 m—1
Im < <p0+25i> eXp( Uz), m > 1.
1=0 =0

3. CONSTRUCTION OF THE TIME-DISCRETE SCHEME

We will use the Crank-Nicolson approach in the temporal direction. Let At =
+ be the time step and t, = nAt such that n = 0,1,...,N, N € N*. For
€ C(A x [0,T]), we consider ¢™(-) = (-, t,).

To approximate the fractional Caputo derivative, we bring to the standard L1
formula on a uniform mesh, then “07*1(¢) at t = t,, for n = 1,2,--- | N can be
approximated by

S, [T — s 8 n—i s 0 __ At ~ - S, /0
piv" + E (pi+1 pi) (0 — Dy = § d;
1=1

n—1

where At™%d; _, =pi,,—p;, 1<i<n-—1, —de:dz 1 <s <,

(61 n __ 1
Oy = (2 — ay)

(3.1)
1—asg . l—as
Atesdy = —ps, di =1, and p; = Ut ToUnctei) 70
L,
We can get via the mean value theorem, that
At™ =p] <pj <pi, ©>2. (3.2)
Lemma 3.1. [27] Let ¢ € C*(0, T C(0,T], suppose | 2| < Cy (L+t77Y) for

p=0,1,2 and 0 < n < 1, then there exists Cy, where the truncatwn error of the
L1 formula (3.1) satisﬁes

|R7] = [074) (£) — DJb(t,)| < CHAL .

Building on the previous results, the multi-term Caputo fractional derivative
can be approximated as:

l n—1
= OPU(tn) =&Y+ (Gp1 — &) V" = &,
s=0 =1

where & =Y\, Féf for i = 1,..., N. Further, there exist a, where the
truncation error R" Verlﬁes

! l
R =D mRe | S ey u A < eAre
s=0 5=0
We conclude the discrete scheme in the time direction at the point. ¢t = ¢, as
82<1¢n 9y
Te" + 7 +FT R 3.3
W= a| Aapa gy (3.3)
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Eliminating the small term R", we have

a2cl¢n 82{277577,

T " 3.4
g e T o0
The Galerkin variational formulation of (3.4), shown as

find " € Hg' NHE verified

T =

(Tb™,e) + A (Y7, e) = (F™",e), Ve HG NHE, (3.5)
where A can expressed as
_ L S G (1 ¢1
A(v,w) = 3 co(Gor) [(IDL U,IDRw> + (IDRU,IDL w)]

TQ 2 2 2 2
+ S eos( e cos(Gor) [(Z,Dg v, yD% w) + (yD%v, yDE w)} .

Theorem 3.2. For ¢" € H§' NHS solution of the time discrete scheme (3.5)
there exists My, My > 0, where we have the following estimation,

197 2a) = M9 2y + Mo max [[F7] )

0<j<n
Proof. Replacing e = 9™ in Eq.(3.5), we obtain

(Te™,4") + A (0", 0") = (F",9") . (3.6)

According to Lemma 2.6, A (”@”, 15”) > 0, then

n—1
Sl oy < &% 07) Z@H ) (") + ()

Via (3.2), and using the Cauchy—Schwarz, Young inequality, we get

n—1
éi‘;H&nHLz(A) < 5181 ||z/_)OHL2(A) + Z (gl - £i+1> deniing(A) + ”Fn||L2(A) )
=1

which implies that

1
H@Z)nHL2 A) “¢0“L2(A) g Z é.n i gn z+1 Hd)n ZHL2(A g ||Fn||L2(A)7

According to (3.2) and Lemma 2.10, we obtain

B 1 n—1
HWZHL?( = { (57% }}¢0“L2(A +1F" . A)) exp (a Z (&n—i — §n—z‘+1)> )

=1

we obtain

_ 1 -~
19| 2 sg—exp (5(€f—fn>> (& 19| oy + 1F " Niony) - (3T)

Using the mean value theorem, we get
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Z ps At~ s (1 . nl—ocs 4 (Tl . 1)1—(13)

s=1 T'(2—as
(51 &n) = e <1, (3.8)
El 2521 %5(2—043)
l s At~ s
1 n Zs o (]‘ - Oés)
— < MlAtamax and 5_ S LT )At s S M2 (]- - Oémin)a
51 51 Zs 1 /;‘2—045
(3.9)
Where appin = min () s—q... ., and qupax = max ()s—1... ;.

Applying (3.8) and (3.9) to (3.7), we conclude that

[ 07| o) < Maexp(L)(1 = min) |97 o) + Mrexp(D)T max |[F7][ )

0<j<n

The proof is completed.

4. THE G-SEM ANALYSIS

This section focuses on the process of the spectral element method and studies
convergence analysis.

4.1. Legendre polynomials formulas. We now announced a collection of fun-

damental formulas for Legendre polynomials [23, 24]. The Legendre polynomials
£y(x),p = 0,1,..., are the eigenfunctions of the singular Sturm-Liouville prob-
lem:

(1= %) £4(@)) + ALala) =0, Ay =nln+1),
or equivalently
(1—2?) Lh(x) — 22L),(z) + n(n +1)Ly(x) = 0.

If £,(x) is normalized so that £, (1) = 1, then the Legendre polynomials has
the following expansion:

12N (20— 20\ L,
cn(x):2—nZ(—1)i S E i U

1=0

where [n/2] denotes the integral part of n/2. The Legendre polynomials satisfy
the three-term recurrence relation and Rodrigues’ formula, respectively:

2n+1 n 1 d n
L) = oln(@) == Laa(2),  La(2) = 5o [(@*=1)"], n=0,
where the first few Legendre polynomials are:
1 1
Lo(x)=1, Li(x)==z, Lo(x)= 5 (327 = 1), Ls(z) = 5 (52° — 3z) .
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4.2. The fully discrete scheme. The challenge in implementing the G-SEM
lies in calculating the bilinear form A(1),, £), this leads us to evaluate (IDIQ%ﬁ X0, §)
and (,D7 X,,,€), let m =1,2., and m — 1 < 28 < m. We will divide the domain
into non-overlapping K elements. First, we announced the following lemmas.

Lemma 4.1. [21] Let us represent Gn = \/41?%, On(T) = qn (Ln(z) — Lyia(x)),
1<x < -1,

2 2 _
4ndi (2i+1 + 2i+5) y =1

1
-1 0, Otherwise .
Lemma 4.2. [8] For all § > 0, we have
rG+1) 8 6
DL = —(1 B gh—h -1 <w<l1
I'ij+1 _
WDV Li(w) = G+1) 1-w)TP(w), -1<w<l,

I'(j—8+1)
where jjﬁl"g?(w), (B1, B2 > —1) are Jacobi polynomial.

For the 1D case, we give the approximation of the solution ™ as:

N
rt) =Y U (r,tn) di(z), n=1,2-- N.
j=0

So then we compute (19%70", §) and (19?9”,5) as follow

(PP €) = S (:DFvme),

e=1

dm Tq
/A m 1_ 25 do / (x = p)" 21" (p)dp&dA. + (l'elpiﬁwnaf)/\e)

1 dm Tq
/ / (z = p)" 21" (p)dpEdA, + (zer DIV, ‘”’”Dig)“> |
Ae Tg—1

:Z ((ﬂ)i’fzﬂ”,f)/\e + Z / F(E,Zl_)zﬁ) ddx”; /xu (o x)mQBli/Jn(p)dpfdAe)

Z /A _ 2/3 dxm X /x” (p— m>m_2ﬂ_l¢n(p>dpfd/\e> .

u=e+1

As a result, we need to calculate  (z._1D5L;(w),.Ds Li(w)),
Asin [1], for he = x, —x._1 be the length of the element e, then the map function
from the e into [—1, 1], and its inverse can be given by
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1 2

x(z) = 5 [(Te —Teq) 2+ (e + weq)], —1<2<1, z(x)= > (x —xeq1)—1,
Therefore, we have
1
/ by @)dz =2 [ gz,
1
then we obtain
DELy(w) = ;i/x oo r@as— (M) Do), 0<p<t
ze—lxlw_r<1_ﬁ)dx xeflx S i\S)as = 9 —1'u7,w7
DS Li(w) = _—11/%(5 —x)7PLy(3)ds = he) ™ DiLi(w), 0<pB<1
x XTe - 1—\(1 o 5) dx . (3 - 2 w 1 (3 )
where —1 < § < 1. that gives
(meflpg‘cj(w)?zDgfeEk(w»Ae
Te h 1-28 1
:/ Ielefﬁj(w)foeEk(w)dx: (Ee) / _ngﬁj(w)waﬁk(w)dw
Te—1 —1

B h, 1-28 I'(j+1) L(k+1) 1 B s
_(7) F(j—6+1)r(k_5+1)/(1+w) (1 —w)’ T g dw

(RN TG4 TR e e 55
~(3)  roSrr TR I 5 )

where {W,},", are the weights functions and {w;},, are the Jacobi-Gauss-Lobatto
quadrature, [23].
In the 2D case, we give the approximation of the solution 0™ as:

" (@Y, t ZZw i Yjota) $i(2) 05 (y), 1 <n <N

=0 7=0

The chosen basis consists of polynomials of order N, and the element matrices
are given by

b% =b,®b, D =D; ®b, D¥=D b,
GQel Gel ® by7 Lger — L;T ® by-

Where

(D), = / 1o DO (1), D8 O (2)dr,  (DS,),, = / D2 $9(2),._ DI (x)d.
T

c), = | [ = st s)dsol? ),

( )U - [(m — 25) da™ oy

ey [T (=™ A T es () (e)
(Lx )ij - /xe—l F(m— 26) dr™m AT_l(S I) ? 1¢j (S)dS(bz (I)dﬂ?

Using the integration by parts recursively, we can directly calculate G and Le".
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The same procedure is used to calculate (yD?f ¥, &) and (yD?f Un, ), also to
derive the element matrices.

4.3. Convergence analysis. This subsection traits the error analysis of the
fully Galerkin spectral element method. for that, we declare for some notions
and lemmas. (|- [za0x) = | - )

We define the space W) as

W,?:{vé?—[glﬂ”;‘-[g2 Dy, GPN}.

where Py is the space of polynomials of degree no more than N € N.
Let Qil’@’o be the orthogonal projection operator, map from 'Hg (A)NHG(A) —
W) is presented as

A (w - Q,?’C?%,g) —0, VeeW.. (4.1)

Additionally, we introduce the distributed semi-norm [-|, ¢, and the distributed
norm || - [|¢ ¢, as follows:

1/2
Bl = (0PI + 10D any) o Wllerca = (I0l3an) + 102, g, )

Lemma 4.3. For ¢ € HJ' N HP,0 < ni,me < 1, then there exist a positive

constant k, where we have the following estimation
[©llnne < Bl m

Proof. According to Lemma 2.8, we obtain
2
1012, e = N1 + oD + oDl < (1 + er) P2 + (1 + c2) [lo Dy
2 2
< e (D2 vl + oDy ]*) = el

Theorem 4.4. The bilinear form A(-,-) is coercive and continuous.

1/2

Proof. Similar to theorem (3,1) in [3]. We obtain the continuity and the coercivity,
by combining Lemma 2.6 and 2.8. And Lemma 4.3, respectively.

Lemma 4.5. [28] Let B, and f, be real valued functions defined for n € N and
assume that F, > 0 for all n € N if
n—1
B, < wq +Zf585, n €N,
s=0
where wy s a non-negative constant, then

n—1

Bn§w02[1+]:5], neN
s=0

Lemma 4.6. 2] Suppose e and d are real numbers with 0 < e < d. Then, there
exists a positive constant P, which independent on d, such that for any function
¥ belonging to both HE(A) and HE(A), is verified the estimate inequality:

min(d,M)—e pre—
[ = Q%% ey < PR TNl .

He (A
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The diameters h; of the element | verified h < h; < qh for all |, where h and q
are positive constants.

Lemma 4.7. Consider real numbers ¢, <, and L satisfying 0 < (,¢ < 1 < L,
then, there exists a positive constant P that is independent of N such that, for
any function 1 € H5(A) NHS(A) NHE(A), the following estimate holds:

o = Qg < P (AN meE N COEY e
Proof. Based on Theorem 4.4, we use the V-elliptic of A, then
o — @ wllZ, < PA (v — Q5 "w, v — Q5"w) |
Eq. (4.1) gives
I — QFlZ, < PA (v - Qv — i), € WL,
Replacing vy, = Q,ll’ow, using the continuity of A, from the Theorem 4.4, then
19— Qi llce < Pllv — QW llesllv — Q¥lles

According to Lemma 4.3, we obtain
Il — Qi *Wllee < Pllv— Q" llc.cllv — Q"W llme
Applying Lemma 4.6, we conclude

I = Q5 e < P (M6 NmesGOL) Y.

Theorem 4.8. Let 1 be the solution of the problem (1.1), where v € HS (A) N
”HgQ(A) NHE(A) and Y™ be the solution of the fully discrete scheme. Then, there
exists P > 0, independent of n, At, and N, such that

”en”2 <P (At4_2a + N2maX(C17C2)—2£) . (4.2)

Proof. Let G" = 4" — QG<yr, V" = Q% — g, and e = V" + G,
Assume that €°=0. Using Eqgs. (3.3) and (3.5), we get

(Tep", &) + A (", &) = (F", &) + (R, €), VEeW), (4.3)
(Trg", &) + A (", €) = (F™,6), YeeW), (4.4)
Then, we have
(Ti(" =), &) + A (Y™ = 9", €) = (R",€), VEe W), (4.5)
Using the relation (4.1), we obtain
(TV",€) + AV, €) = (R1,€) — (T:G".€), VEeW,, (4.6)

Replacing £ = V™ and by 20 (V", V") > M, HV”HZ’CQ, we can write that
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M ALV, < Atz ((TVE,VF) + 24 (VE, VF))
= . (4.7)
< Atz |(R*, V9] + Atz |(T:G", V)

k=1 k=1

Y

Which gives,

MAE[VI* < MoAL IV g, < ALY RN P+ Aey [T Ve

k=1 k=1

< At; (15 + 1 7eg ) Vel

(4.8)
From the Lemma 3.1, we can write
176" = RFG" | < 17" — 07 G"|| < MAE*™ max |Gy, (4.9)
0<t<T
Lemma 4.7 and (4.9) lead to the following error bounds,
1997 < MiAE™ max [hul],
0<t<T
IT:G" | < IIoFG" || + MAE™ max |G| (4.10)

< M, (NmaX(CK)*C Hataw <tn)HH£(A) + At2fo¢) ’

Using the estimates (4.10), (4.8) leads to

n||2 2—a + max(€1,(2)—L ||y 2—o
M AL V" sm%(mm noax [|vee|” My (N PE (E)ll . o, + A ))

 [VH| < MLAED (AP + (AP + Nmex(@@)=8)) [Pk
k=1

< At2 (At2fa + Nmax(cl,gg)fﬁ)Q + M*Atz (Atha + Nmax((;l,(g)fﬁ) Hvk” ’
k=1

(4.11)
Now applying Lemma 4.5, we obtain

n
2

MQAt ||Vn||2 S AtQ (At2—a + Nmax(Cl,(g)—L) (1 + AtM* (At2_a + Nmax(@,@)—ﬁ))

k=1
< A{T (AtQ_O‘ + NmaX(C17C2)—£)2 + At2TM* (At2—a + Nmax(C1,C2)—£)3

< AT (AP + N m"""“lv@)—‘)2 + AIT M, (A + Nmax(cl,cz)—ﬁ)Q

< MALT (AP~ 4 NPex(@G) )2
(4.12)
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According to Lemma 4.7, (4.12) gives

le™]] < mg([[V"]| + [1G"]) < Py (AP~ 4 N™ex(@)=8) . Py Nmaxlcre) £,
(4.13)
We conclude that

le"]| < P (A2 4 Nmax(Ge)=£)
5. NUMERICAL RESULTS

This section seeks to validate the theoretical results using Matlab software
mathematical demonstrations. Our numerical analysis includes the computation
of the numerical solution, the error measured in the |-|_ norm, and evaluating
the convergence orders (C.0.), as follows

log (|| error 1]||/|| error 5f|)
log (k1/kK2)
where error = Hw” — &”H is the error equation, ki # Ks.

C.0 = (5.1)

Example 5.1. Consider problem (1.1) as a 2D time-fractional diffusion model:
¥(s,v,0) = ¢s(s,v) =0, (s,v) € A, with H=L=1=1,T; =Ty =0.75, and
[ defined as
a+ (G + G+ 1)ete
MG +G+1)
+ 0.75t* 12 [sec (m¢)) Wi (s, v, 2¢1) + sec (76) Wi (s, v, 26)],

F(s,v,t) = (sv(s —1)(v — 1))10F(

o) - (i [+ (1= 9/0#] = B2 st g (1 11
rom il [st4 (1 = 2] - 2O s 4 gy
2O [ty (1 pioe] - DO o g gy
2O [t (1= sy = SR [ (1 g
P [+ (1= 9] = o B oy (1 o
i [ (1= 5] = o)

We address the problem (1.1). Figure 1 presents the graphs of the numerical
solution for N = 8, At= 2e-3, and K = 10 in t = 0.5,0.75. with T' = 1, focusing
on error estimations for the case of ay = 0.5, 2(; = 2(, = 1.2, by considering the
exact solution (s, v,t) = t*1 72 (sy(1 — 5)(1 — v))'° Table 1 shows the L,
errors, the Convergence Order, and CPU time, for different values of K, where
N =8 and At= 2e-2. For N = K = 6, the table 2 presents the L., errors, CPU
time, showing that the G-SEM scheme achieves a temporal convergence order of
O(At*71), consistent with Theorem 4.8, for different values of At. In the end,
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I Mumerical solutions. I Mumerical soluions

% 10713

25

=0.5)

(st

FIGURE 1. Numerical solution at time t =0.5, 0.75, with T" = 1.

TABLE 1. L., errors, C. Order and CPU for K values with 2(; =
2o =12, and ay = 0.5 at T =1, for Ex.5.1.

K 107 = o]l C.0 CPU (s)
2 7.5987e — 05 - 21.0155
4 3.4897e — 05 3.8955 38.1623
6 5.5591e — 06 4.7647 77.4324
8 3.8472e — 06 4.3765 85.9169
10 4.3492e — 07 6.9745 130.793

TABLE 2. L, errors, C. Order and CPU for At values with 2(; =
20, =12, and a« = 0.5 at T'=1 for Ex.5.1.

At [" — &l C.O CPU (5)
/100  3.6670¢ — 04 . 12.4443
1/144  2.3096¢ — 04 1.4787 20.3657
1/256  9.9803¢ — 05 1.4610 27.2178
1/400  4.9387¢ — 05 1.5681 45.2592
1/576  2.8828¢ — 05 1.4518 65.9013

TABLE 3. L., errors, C. Order and CPU for N values with 2(; =
20, =1.2, and a« = 0.5 at T'=1 for Ex.5.1.

N T — o C.O CPU (5)
3 3.7205e — 04 - 21.1972
4 2.2995e — 05 1.9872 36.3086
5) 5.6547e — 05 3.9607 04.7491
6 4.8498e — 06 6.2885 83.0625
7 6.2491e — 07 6.7012 116.183
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we take K=8 and At= 2e-2, for different values of N, the table 3 gives the L.,
errors, the Convergence Order, and CPU time.

Example 5.2. Consider problem (1.1) as a 2D multi-time-Riesz fractional diffu-
sion model:

W(s,v,0) =¢z(s,v) =0, (s,v) € A, with H=L=1,T; ="y =1,1=2, and
[ defined as

F(s,0,t) = 100620, (s V=2, —V1 =12, 41) + 1006320, (\/1 — 0 — s /112, gl)

+ 100620, (v V=82, —V1= &2, @) + 100620, (\/1 — 20 V1=, (2)
100T(4) 100T(4)
4 —a) I'(4— o)

P (s 0 — 1)2 + 72 (8 +0* — 1)2,

where
Su2g2—% 24ps3~%¢ 24542

m2(87 U, C) =

Me—20) -2 ' T(-20)

We solve the model (1.1) with 7" = 1. Figure 2 presents the graphs of the
numerical solution for N = 8 At = 2¢e — 3, and K = 10 in ¢t = 0.5,0.75.
Furthermore, considering the exact solution given by (s, v,t) = t3 (s> + v* — 1)
Figure 3 presents the L, error with various values of N (left graph with KX = 8 and

At = 2e — 3) and various values of K (right graph with N = 8 and At = 2e — 3),
in three different cases.

2
)

80 100

wis,v,t=0.75)

FIGURE 2. Numerical solution at time t =0.5, 0.75, with 7' = 1.

Example 5.3. Consider problem (1.1) as a time-fractional Bloch-Torrey model:
¥(s,v,0) = ¢3(s,v) =0, (s,v) € A\, with H=L=1=1,7T; =3,Ty =4, and
F derived from the exact solution (s, v,t) = 10t*(sv(1 — s)(1 — v))?) as,

4—a

fla,y,t) = 2402%(1 — z)?y*(1 — y)2m

+ 3%3(8, v, Cl) + 4QH3<Ua S, CQ):
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,=045,0,=0.85,2( =2( =115
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FIGURE 3. L. Errors for different values of N, and K, with T" = 1.

Ws(s,v,() =

t?(1
cos((m)
65372 4 6(1 — s)372¢

— )2

2-2C | (] _ ¢)2-%
" {s +(1—y9)

I3 -2

[ —20)

1254720 +12(1 — 3)4_24}

(5 20)

TABLE 4. Comparaison of L., errors, with C. Order for h values
with 2(; = 2(;, = 1.2, and a = 0.3, at T"= 0.5, for Ex.5.3.

h [ — vall C.0 FEM [29] C.0
1/4 1.0555¢ — 04 : 1.4945¢ — 04 -

1/8 3.9028¢ — 05 1.4167 3.4586e — 05 2.1114
1/16 2.4016e — 06 1.4223 3.6326¢ — 06 2.1799
1/24 1.2146¢ — 06 1.4186 1.7790e — 06 2.1610
1/32 1.1387¢ — 07 1.4129 1.7177e — 06 2.1386

TABLE 5. Comparaison of L., errors, C. Order for At values with
2¢1 =2, = 1.6, and a = 0.6, at T' = 0.5, for Ex.5.3.

At = h [0 — | C.0 FEM [29] C.0
1/5 1.0019¢ — 04 - 1.0501e — 04 -

1/10 1.4458¢ — 05 1.4289 2.3472e — 05 2.1615
1/20 3.4846e — 06 1.4451 5.3245¢ — 06 2.1402
1/40 8.7746¢ — 07 1.4223 1.2558¢ — 06 2.0840
1/60 1.1387e — 07 1.4992 5.5859¢ — 07 1.9980

We solve (1.1) as a time-fractional Bloch—Torrey equation at 7" = 0.5. We
put N = 8, and K = 10, Table 4 shows the effectiveness of our present method



G-SEM FOR SOLVING 2D-RTFDE 197

G-SEM compared to the standard FEM, by showing the Lo errors for different
values of h, taking At = 1/64, for 2¢; = 2(s = 1.2, and a = 0.3. In addition,
Table 5 compared our present method to the FEM, by showing the Lo errors for
different values h, taking At = h, for 2(; = 2¢, = 1.6, and a; = 0.6. Our method
is characterized by a high order of accuracy in time and space direction compared
to the technique in [29].

6. CONCLUSION

This study explores a numerical spectral method for a two-dimensional multi-
time fractional diffusion equation. The finite difference method of order O (At?~%)
was used to approximate the multi-time Caputo fractional derivative and the
unconditional stability was proved of the time-discrete scheme. Further, a spectral
element method was employed for the Riesz fractional derivative operators to
derive a fully discrete scheme. Therefore, the error estimate was analyzed, and the
spectral approach was proven to be convergent, where O (At~ 4 Nmax(G.2)=£)
is the order of accuracy. We solved and simulated numerical problems using
Matlab software to demonstrate the method’s efficiency.
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