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APPROXIMATION BY NEW BASKAKOV OPERATORS
AHMED F. JABBER! and HASSAN A. KHALEEL?*

ABSTRACT. In this paper, we discuss a uniform convergence and the error
estimate for the second-order Baskakov operator with the maximal function of
the Lipschitz type. A new type of Baskakov-type operator is constructed. We
present some results on the convergence rate and Voronovskaja Theorem of the
new operator. Finally, we give some numerical examples to demonstrate how
three different Baskakov operators converge.

1. INTRODUCTION

In 1957, Baskakov [2] introduced a sequence of positive linear operators, called
Baskakov operators as follows

sl =3P (1), Puw= (") 00

J 14 w)sts’

A non-negative real parametric generalization of the above sequences was pro-
posed by Aral and Erbay [!] and it is known as the a—Baskakov operator L; ,(g; u).
Cheng [3] created a new modification of Baskakov operators V;(g;u) based on the
second central moment of the classical Baskakov operators. Several researchers
applied generalizations to the Baskakov operators. A few of the results are shown
in the appropriate direction in ([4, 6, 8, 9]). In a recent paper, Jabbar and Hassan
[5] introduced two new types of modified Baskakov operators as follows

Bl(g:u) = 2&{]—@)9 (2). (12)

PL(u) = (u, 8) Papr g () + (=1 — u, 8) Posr jo1 (u),
$(u,5) = als) + b(s)u,
for any g € C,(I) = {g € C(I) : |g(u)| < M(1+ u"), for some v > 0} where
I =1]0,00) and M a is positive constant dependent on f.

plg =Y rsm (2), (1)
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Ps%j(u) = A(u, s)Psyaj(u) + F(u, s) P j—1(u) + A(=1 — u, 5) Psio j_o(u),
Alu, s) = do(s) + di(s)u + do(s)u?,  F(u,s) = dz(u)u(l+ u).
For the second modification of the Baskakov operators B2(g;u) the order of ap-
proximation O ( ) was obtained in [5]. However, this case lacks the positivity of

the operators. The objective of this paper is to generalize the technique used in
the paper [5] to obtain an approximation order O (S%)

2. RESULTS ON B2(g;u) OPERATOR

In this section, we prove uniform convergence and degree of approximation of
the second order Baskakov operator.

Let I, = [0,v] be a compact subset of I and C(I;) be the set of all continuous
functions on I such that

gllewny) = sup{lg(u)| : v € In}.
Theorem 2.1. Let g € C3(I). Then lim,_o B (g;u) = g(u), uniformly on I,,.
Proof. Since
- s
Bi(g;u Z [( < ) U= Su > Piiaj(uw) + (su + su®)Peyaj 1 (u)

Jj=0

—(w+ Sut 20) Prnya(w)] g (l> | (2.1)

S

It is easy to check that,

st =320 S i (o (1) 2 (57) 10 (1)
+(1+u) 2P5+2,j(u)g (-> - UZPS+2] (] 48—2) 22)

Since g € C’,%(I ), using the mean value theorem guarantees that there exist % <
My < 8L L < My < 2220 My < My < M, such that:

g (j Jsr 1) —g (é) = §9'<M1>, g (]%2) —9 (j JSF 1) = %g’(Mz),

] )+ 1 )+ 2 My — M 2
9(&)—QQ<%)+9<]+ )Z%”(MS) 0<M2_M1<E'

S

Hence, if we set My = max,cpo] |¢"(u)|, then for € > 0 we have

—u(l+u J

—ultw) 9 <—) = g(u)
s s

<e.

|B2(g;u) — g(u)| < Mi+(1+u) ) Poa(u)

. uéps+g,j<u> s(152) - otw

Thus, the proof is complete. O
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Lenze [7] provides the Lipschitz type maximum function as

wg(g,U) = sup ’g(Z) _g(u)‘

tu, |2 uff
z,uel

, uw€landece/(0,1]. (2.3)

The following theorem gives us a local direct approximation for the operators
described in (1.3).

Theorem 2.2. Let g € C,(I) and ¢ € (0,1]. Then, for any u € I, we have
—2u(1 + u)) 2

52

Bgi0) — 9(0)] < wulgvu) (
Proof. We know that
|B2(g:w) — g(u)| < Bi(lg(t) — g(u)]; ).
Thus, from equality (2.3), we obtain
|B2(g;u) — g(u)| < welg, u)BI(|t —ulu).
Using the Holder’s inequality for p = % and ¢ = 2—36, we get
[B2(g3u) - 9(u)| < welg,w) (B2(t - u)’su))?,
which gives the desired result. O
The modulus of continuity for g € C(1,,) and § > 0 is given by
w(g; 0) = sup{|g(t) — g(u)| : t,u € I,, and |t — u| < 6}. (2.4)
Theorem 2.3. Let g € C(1,,). Then,

1B2(g:0) — g(u)] < Eu,s)(1+u + ) <g; %) , (2.5)

where E(u,s) = |A(u, s)| + |F(u, s)| + |A(—=1 — u, s)|.
Proof.

|B2(g;u) — g(u)| =

]f;Pij(u) o (2) = (AG05) + Flus) + A1 =9 o
0)-se
0)-se
o(£) - ot

<> A(u,5)Poyai(u)
=0

+ Z F(u,8)Psiaj-1(u)

j=0

+ Z A(—l — U, S)Ps+2,j_2(u)
7=0
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Using the following well-known relationship for the first-order modulus of conti-
nuity [g(t) — g(u)| < w(g; |t —u|) < (14 /st — u|)w ( ) we obtain

) ot o )

= —u = —u

‘g (é) —g(u)] <
Hence,
B2~ )] < w (02 ) {140 ) ( L Ps+2,j<u>>
v () [P0 ( - Ps+z,j_1<u>>

o)

Z—u
(2.6)
By using the Cauchy-Schwarz inequality ,we get
Sl Pt < (z (2-4) P, ) (zpsm )
j= =0
s+ 2)(s+3)uP+ (s+2)u  2u*(s+2) :
B s? * 52
_ (2u(1—2|—3u) +u<1+u))% L ultu) 2
s s Vs
Similarly, we obtain
—|J |7 u(l+u)
0 Pyioj1(u) = Z S U Pozja(u) < 7 (2.8)
j=0 7=0
Substituting (2.7) and (2.8) in (2.6), we arrive
1
Bgi0) — 9(0)] < Blu )1+ ut ) (572 ).
Thus, the proof is complete. 0

3. THE BASKAKOV OPERATOR OF THE THIRD ORDER

We create a third-order approximation formula in this section. Let’s look at
the following operator adjustment.

B3(g,u Z P2 (u) ( ) : (3.1)
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where
P3(0) = 6(1 ) Posa5(6) + A(ts5) Prray1 (1) + 6(1, ) Py 2(u)
+ )\(—1 — U, S)PS+47]'_3(U) + qb(—l — U, S)PS+47J‘_4(U), (32)
and moreover
d(u, s) = xo(s) + z1(8)u + zo(s)u? + x3(8)u’ + 24(5)u’, (3.3)
Au, s) = yo(s) + y1(s)u + ya(s)u® + y3(s)u® + ya(s)u?, (3.4)
0(u, s) = zo(s)(u + u?)? (3.5)

We note that z;(s),y;(s),i = 0,...,4, and z(s) are some unidentified sequences
that are identified in this manner. Additionally, we note the fact that operator

(3.1), with zo(s) = z4(s) = 1,21(s) = x3(s) = 4,22(s) = 6,50(s) = 0,91(s) =
ya(s) = —4,y2(s) = y3(s) = —12 and zy(s) = 6 reduces to the Baskakov operator

(1.1).

In order to study the rate of convergence, we set B3(1;u) = 1, and this yields

2(wo(s)+y0(5)) = (1 (s)+y1 () +(w2(5)+y2(s)) = (23(s) +ys(s))+(zals)+va(s)) = 1,

(3.6)
2(w2(s) + ya(s)) — 3(ws(s) + ys(s)) + 4(za(s) + ya(s)) = 0, (3.7)
20(8) + 2(z4(s) +ya(s)) = 0. (3.8)

To get lim,_,o, B3(t;u) = u, we consider the sequences x;(s) and y;(s),i = 0, 3, 4
to verify the conditions

lim %T(S) =0and lim QOT(S) =0, 2(2z4(s) 4+ ya(s)) — (2z3(s) + ys(s)) = 0.
(3.9)

In order to have limg o, B3(t;u) = u',i = 2,3 we consider the sequences z;(s)
and y;(s),7 = 1,3, 4 to verify the conditions

lim xl_(zs) =0, lim xg—(:) =0and lim $4_(38) =0, 4dxy(s)+ya(s) =0.
s—00 8§ s—o00 8§ s—00 8§

We propose our analysis for the cases zo(s) = 1,yo(s) = 0, 21(s) = 4— 1—725, z3(s) =
4—Ys+ 2s? and 24(s) =1 — 25+ 257, therefore

10 1 31 1
To(s) =6 — 38 + §$2,y1(8) =s—4,y5(s) = —12 + 35 532, (3.10)
3 23 1
y3(s) = =12+ 17s — =5 and yu(s) = —4 + —s — =5
2 3 2
Lemma 3.1. For the operator B3(g;u), there hods the estimates
(1) Bi(Liu) =1,
(2) Bi(t;u) = u,
(3) BY(tu) = u?,
(4) Bt u) = v?,
(5) B3t u) = ut 4 2,
(6) Bf(t5; u) = ud + 2Du5+100u4$140u3+80u2 + 96u5+240u22240u2—96u’
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3 6 _ 255u8 +645 5+705 44315u3

+ 194u6+870u +2660u4+2910u3+926u

_ 2280u®+6840u® +4800u4—1800u3—2580u +540u
5
S

(8) B3(t";u) = 5 (s"u” + 945s*u” 4 24155 ub + 442453u™ + 24155%u® 4 1480557 u°
— 6300s%u” —i— 945sut + 23345s3u® — 14070s%*u’ — 39600su” + 17955s3u?
+167305*u® — 138600su’ + 4991 53u> + 53900s%u* — 152040su” + 36610s%u®
—33600su? + 7210s*u? + 37800su® + 21000su? + 2630su),

(9) B3(t%u) = & (s%u® + 2660550 + 68605707 + 24899s*u® + 658057u® + 81900s*u’
+4186Os3u8—|—238035u5+11417Os4u6+19264033u7—22230032u8+7686034u5
+44765053u®—730800s%u’ —630000su8+19691s*u*+5211505%u° — 50750055
— 2520000su” + 275730s3u* + 534660s%u° — 3570000su° + 514505313
+8486805%*u* —18900005u° +362460s%u*4134400su* +474405%*u*+478800su?
+146412su® + 12012su).

Lemma 3.2. The moments of the operator (3.1) are given by

(1) B (t —usu) = BI((t — u)*u) = BI((t —u)u) =0,

(2) B((t —w)tu) = 247,

(3) g’((t—u) ) 20u2(2u3—:2u2+4u+1) + 24u(4+10us—410u3—4u3)7
u u2 3 u u u2 u3 u4 u5

(4) f((t—u) ) _ 15(;; ) + 5u(70u-+294 +53524 +462u*4154uP)

5u(108+516u+360u2 —960u> —1368u* —456u>)
+ 5 ;

7 6 5
(5) Bg((t _ U)S u) — Tu(45u"+180u +2740u +180ut+45u3)

7u(4060u7+16240u6+25630u +20050u4+7870u3+1270u )

+

+ 7u(13500u7+54000u6+101260u5+114780u4+78040u3+27780u +3760u)
56

+ —Tux 104(9u7+36u6+51u5+27u4)+7u(19200u3+68400u +20916u+1716)
7
S

The asymptotic order of approximation of B3(g;u) to f as n approaches infinity
18 discussed in the following theorem.

Theorem 3.3. Let g% € C.(I). Then

1 20u3 +5u +4u+ 1 2\3
lim (82(g:u)—g(u)) = "L g0 ) CECIICL LY o L0 00

S§—00 2

99 (u).

(u)+

Proof. Applying the operator B3(g;u) to the Taylor’s formula, we obtain

B3 g:u) — g(u) = BA(t — wyu)g'(u) + L BA(t — ) u)g ()
+ B3~ ) () + 5B — )5 w)g )
2 B = )P ) ) s B — )% )9 o)

+ BI(0(t, u)(t — u)%5u),

where 0(¢,u) — 0 as t — u.
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From the Lemma (3.2), we have

lim $*(B3(g: u) — glu)) = "L g

S—00 2

+ lim B2(0(t,u)(t — u)% u).
5—00

u?(2u® +5u® +du+1) (5

Now, we want to show that lim,_ . s*B? (6(¢,u)(t — u)%u) = 0.
For given € > 0 there is § > 0 such that if ‘i —u| <8 — |0(t,u)| < e and for
| —u| >4, then there is a constant C' > 0 such that [0(t, u)| < C.

6

83}33(9( u)(t —u)’; )‘<s Z ?’J(u)|9(t,u)|'§—u

Q—u’<§
j 6
+ 53 Z Py ;(u)]6(t, u)| ‘g —u
|J7u >4
, 0 5 ] 6 TLBC [e%¢} \ j 8
<n eZP&j(u) <; — u) + R ZP&j(u) (; - u)
k=0 k=0
1 s3C
< %0 (g) 5 —0 ( ) = o(1).
The proof of this theorem is completed. O

4. NUMERICAL RESULTS

The theoretical findings from the earlier sections will be analyzed in this section
using numerical examples.

Example 4.1. g;(u) = M u € [0,3].
sin(4u), u € [0, 4].
sin(37u) + 3sin (37u), u € [0,2].

Example 4.2. gy(u) =
) =

u) = e’ uel0,1].
) =
) =

Example 4.3. U

3
Example 4.4. g,
u os(2u), u € [0, 6].

(u+2)(u+3), ue 0,1

Example 4.7. g;(u) = sin(ry) ;¢ [0, 3].

eu

g
g
Example 4.5. ¢
g

5
Example 4.6. gg(u

(
(
(
(

Remark 4.8. The behaviors of the approximation Bl (g;u), B%(g;u) and B3(g;u)
are illustrated in Figures 1, 2 and 3.

Remark 4.9. Figures 4 and 5 illustrate the convergence of operators Bl(g;u),
B2(g;u), B3(g;u) and L, ,(g;u) to functions g4(u) and gs(u), respectively.

Remark 4.10. Figures 4 and 5 illustrate the convergence of operators Bl(g;u),
B2(g;u), B3(g;u) and V(g;u) to functions gg(u) and g;(u), respectively.

(u) + - g7 u) + =g
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